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Abstract

Incremental Nonlinear Dynamic Inversion (INDI) has become a popular control method in
high-performance aerospace applications, as it reduces the need of a traditional scheduling
of the controller parameters through the flight envelope. However, being a model-based
architecture, the use of INDI can lead to a reduction of performance when uncertainties in
the controlled system are present. Adaptive control techniques, which have a rich history
in the aerospace field, can be used to compensate for the uncertainties, therefore achieving
more consistently the desired performance. This thesis focuses on the formulation for the
augmentation of an INDI controller with an L1 adaptive controller, specifically designed
to compensate for uncertainties lumped in a piecewise-constant approximation. Addition-
ally, a hedging-like modification to the predictor present inside the adaptive component
is proposed, to prevent instability during actuator saturation. The basic INDI controller
and the version with the adaptive augmentation are implemented as part of an autopilot
controlling a model of the longitudinal dynamics of an aircraft, and through an extensive
Monte Carlo analysis it is shown that the augmented controller achieves better perfor-

mance when uncertainties affect the system.

Keywords: nonlinear control; Incremental Nonlinear Dynamic Inversion; flight control

system; adaptive control; L1 piecewise constant.
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Abstract in lingua italiana

La tecnica di controllo nota come “Incremental Nonlinear Dynamic Inversion” (INDI) ¢
diventata popolare nelle applicazioni aerospaziali ad alte prestazioni, in quanto riduce
le necessita di scheduling dei parametri presente nei controllori tradizionali. Essendo
un’architettura basata su un modello del sistema, nel controllo tramite INDI si riscon-
tra una riduzione delle prestazioni quando sono presenti incertezze nel sistema con-
trollato. Le tecniche di controllo adattivo, che vantano una lunga storia nel settore
aerospaziale, possono essere utilizzate per compensare tali incertezze, permettendo di
recuperare prestazioni vicine a quelle desiderate in modo piul frequente, in presenza di dis-
turbi. Questa tesi si concentra sulla formulazione matematica per I'aggiunta al’INDI di
un controllore adattativo L1 progettato per compensare disturbi costanti a tratti presenti
nel canale di controllo, dovuti a una incertezza nel modello usato dal controllore INDI.
Inoltre, la tesi affronta le modifiche necessarie per prevenire 'instabilita del controllore
adattativo durante la saturazione degli attuatori. Il controllore INDI e la sua versione con
I’aggiunta del controllore adattativo sono stati implementati come parte di un autopilota
che controlla un modello della dinamica longitudinale di un aereo, e attraverso un’ampia
analisi Monte Carlo, si dimostra che I'aggiunta del controllore adattativo permette di ot-

tenere prestazioni migliori quando il sistema ¢ influenzato da incertezze.

Parole chiave: controllo nonlineare; Inversione Dinamica Incrementale Nonlineare; sis-

tema di controllo di volo; controllo adattativo; L1 costante a tratti.
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Introduction

A digital Flight Control System (FCS) present inside a Flight Control Computer (FCC),
employs a feedback of some signals to modify the dynamics of the aircraft, so that the
desired level of Flying Qualities (FQ) can be achieved. A Stability Augmentation System
(SAS) is the simplest linear controller which achieves this objective: it computes a control
signal which adds up to the pilot commands, rendering the desired aircraft response.(
reducing dangerous oscillations). A Control Augmentation System (CAS) is sometimes
employed, mainly in high-performance systems, to select task-tailored variables for the
pilot to control with the movement of the inceptors present in the cockpit. Autopilots
are control systems which aim at substituting partially or fully the presence of the pilot,
mainly on the control of variables with slow dynamics, such as altitude or position. Linear
control techniques were the rst to be employed in most systems, but given the fact that
the aircraft dynamics is nonlinear and can vary signi cantly throughout the envelope,

di erent control parameters are needed to ensure adequate and consistent performance
in all conditions. In the gain-scheduling (GS) approach, the controller parameters are
switched between the ones obtained for each design point, according to some scheduling
variables and rules. The gains are tuned in each design point such that a desired level
of Flying Qualities is achieved, and although systematic gain-scheduling techniques have
been developed, these techniques often require signi cant e ort from the control designer.

While the use of gain-scheduled control designs is the standard in the aircraft industry,
aircraft control has a lot to bene t from the use of nonlinear techniques, especially in high-
performance applications. This thesis investigates the theoretical aspects and the practical
implementation of two control techniques which o er an alternative to gain-scheduling:
Incremental Nonlinear Dynamic Inversion (INDI) andL ; adaptive control. The objective

Is to evaluate the possibility of using an INDI controller instead of a gain-scheduled one,
and to successively augment the control design with an; piecewise constant adaptive
controller, which compensates for uncertainties. Special care is devoted to saturation
e ects, which can seriously a ect the behavior of these control systems if not properly
accounted for.
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State of the art review

Nonlinear Dynamic Inversion (NDI) has emerged as a widely adopted multivariable con-
trol technique in aerospace applications [1],[2]. In fact, the design of the control system
of the X-35 research aircraft remains one of the most relevant milestones of NDI control
[3]. The architecture is characterized by two loops: an inner loop that performs algebraic
linearization using a system model, and an outer loop that essentially carries out pole
placement [4]. In aircraft control, the outer loop design de nes the desired ight behavior
[3] and, when combined with reference models for the longitudinal, lateral, and directional
dynamics [5], it directly incorporates Flying Qualities requirements into the architecture.
This design can signi cantly reduce the reliance on gain scheduling, although it has been
noted that certain elements, such as stick gains, might still require scheduling to scale
commands appropriately as control surface e ectiveness varies considerably throughout
the ight envelope [6]. Incremental Nonlinear Dynamic Inversion (INDI) modi es the NDI
structure by substituting part of the model in the controller with additional feedback sig-
nals. Wang et al. [7] have demonstrated that this modi cation allows for an increased
robustness both to disturbances and to model uncertainties. Although this architecture
was originally derived to rely on sensors for these signals, a distinction is made in be-
tween model-based and sensor-based INDI. In sensor-based implementations, a primary
challenge is the delay in measurements, which can be compensated by synchronizing the
signals using appropriate lters [8]. On the other hand, model-based INDI incorporates
an On-Board Model (OBM) within the architecture to compute the additional signals
without the need for extra sensors, however it has been pointed out that under these con-
ditions the scheme becomes similar to a standard NDI, since a full model is still required
[9]. Kumtepe et al.[9] have proposed also an hybrid strategy, which combines an OBM
with predictive lIter.

Adaptive control has also developed a rich history in aerospace. The main objective of
adaptive control is to have a controller which automatically adapts (through measure-
ments) to compensate for varying system dynamics. After an initial drive towards this
technology in the "brave era”, A setback was experienced due to the fatal crash of the
X-16 research aircraft [10].L, adaptive control [11] is an approach which was recently
developed as a modi cation to predictor-based model reference adaptive control MRAC
[12], with the aim at overcome the robustness issues typical of adaptive control [13] [14]
without losing out on performance. A variation of the approach consists in the; piece-
wise constant (PwC) controller, which substitutes a true dynamic adaptation with a linear
control law. This modi cation has been particularly successful in aerospace as it allows for
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linear analysis of the controller [15]. Moreovel, ; adaptive control has already achieved
multiple manned ight tests [16, 17], which render it one of the most promising applica-
tions of adaptive control in the aerospace eld at the moment. In fact, the stability of the
L, adaptive controller is less a ected by gain variations and time delays, in comparison
to a MRAC controller [15, 18, 19].

Several studies have explored combining NDI or INDI withL; adaptive control. In
most cases, the adaptive augmentation is applied in the outer loop of the NDI controller
[20],[21],[22],[23], leveraging the inner loop's linearization of the control variable dynamics.
Alternatively, some approaches augment the command directly at the system inputs [24],
taking advantage of the OBM present in model-based implementations. Moreover, the
augmentation can address the full system dynamics [22] or focus solely on the variables of
interest from the pilot standpoint [24], depending on the desired complexity and on the
available measurements.

The objective of this thesis is to demonstrate the reliability of an INDI controller aug-
mented with anL ; PwC controller in aircraft FCS applications. A well-designed INDI can
ensure a desirable dynamic response throughout the ight envelope under nominal condi-
tions. However, disturbances or model mismatches can degrade the performance, which
the L, PwC adaptive controller is intended to recover, by computing a compensating
input whenever o -nominal behavior is encountered.

Contributions

The focus of the thesis is the augmentation of an INDI controller with ah.; PwC con-
troller to address model uncertainties. Building on the work of Bhardwaj et al. [24], the
L, PwC controller is modi ed to prevent saturation from rendering the adaptation pro-
cess unstable. Due to the incremental nature of the plant and predictor in the adaptive
architecture, saturation limits are managed by estimating the current actuator output
with the OBM.

First, a design of an INDI controller is applied to the inner loop of a cascaded autopilot
which controls a model of the longitudinal dynamics of an aircraft. The designed control
system is compared to a modern gain-scheduled controller which was proposed by Gahinet
et al. [25] for the same aircraft model, with the objective to verify the advantages of INDI.

On the same model, the design of the adaptive augmentation is performed, and its e ec-
tiveness in compensating for uncertain aerodynamic data is evaluated through a Monte
Carlo analysis. This has allowed for an assessment of how inner-loop augmentation can
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positively impact the control objective of the outer loops as well.

Outline of the thesis

The thesis is organized to alternate between theoretical formulations and practical appli-
cations. In the rst part, the basic theory behind the INDI controller is introduced and
then applied to a cascaded longitudinal autopilot case study. The second part presents
the theory for augmenting the INDI controller with an L, PwC controller, followed by its
application to the same case study. Finally, the thesis concludes with a summary of the
ndings and suggestions for future research.

A

In Chapter 1 the formulation of the Incremental Nonlinear Dynamic Inversion
controller for a general nonlinear system is presented. model-based INDI will then
be focused, and the main challenges related to its use in aircraft control will be
discussed.

In Chapter 2 the application of an INDI controller for the design of a cascaded
longitudinal autopilot is presented. Speci cally, the INDI controller is implemented
in the inner loop, while the two outer loops are maintained linear. The performance
of the designed controller is compared to that of a more traditional gain-scheduled
controller.

In Chapter 3 the mathematical formulation for augmenting the INDI controller
with an L; PwC controller is presented. the objective is to compensate for model
mismatches. A modi cation to what was found in literature is also proposed to
prevent instability of the adaptive component during actuator saturation.

In Chapter 4 the augmentation with the L; PwC controller is applied to the inner

loop INDI controller of the cascaded autopilot designed in Chapter 2. The approach
is validated with disturbances and with a loss of e ectiveness of the elevator. A
Monte Carlo analysis is performed to evaluate the e ectiveness of the augmentation.

Chapter 5 concludes the thesis with nal remarks on the obtained results and
outlines potential directions for further research.



1 ‘ Incremental Nonlinear
Dynamic Inversion
preliminaries

Nonlinear Dynamic Inversion (NDI) is a nonlinear control technique which originates
from the Feedback Linearization (FL) approach (Slotine & Li [4]). Both methods aim at
linearizing the system exactly, via state feedback and through the use of a model of the
plant stored inside the controller. Incremental Nonlinear Dynamic Inversion (INDI) was
developed as a modi cation of NDI, reducing the model dependency [7] by substituting
a part of the model with additional feedback signals. In this chapter the key features of
INDI are discussed. Section 1.1 presents the control law for a general nonlinear system,
along with its implementation with the use of an On-Board Model. Section 1.2 presents
some considerations related to the application of INDI to ight control, explaining why it

is now a popular multivariable control design method. This chapter sets the ground for
the implementation of the baseline INDI to the case study presented in Chapter 2.

1.1. Basic INDI theory

In this section, the derivation of the Incremental Nonlinear Dynamic Inversion (INDI)
controller for a general nonlinear system is presented. This generality is one of the key
di erences with standard NDI, which is applicable only to input-a ne systems. After
the de nition of the control law for a general case, the integration of an OBM into the
architecture is discussed, which is a characteristic of model-based INDI [9].
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1.1.1. Derivation of general INDI control law

Consider a general nonlinear system of the following form:

f(x;u); (1.1)
y = h(x); (1.2)

wherex 2 R" is the state,u 2 R™ is the input vector, y 2 RP is the controlled output

(or Control Variable) andf :R" R™! R"andh:R"! RP are smooth vector
elds. If p < rank @u , some control allocation technique will be required to compute
the input u. Note that y does not necessarily represent directly measured quantities. In
fact, input output Feedback Linearization requires full-state feedback, so ensuring that
all states are measurable or estimable is a key design consideration. In the following
derivation, it is assumed that the output dynamics are of relative degree one, meaning
that the input appears explicitly in the rst time derivative of each scalar outputy; for

The output dynamics can be derived by applying the chain rule to equation (1.2):
_ @b .
y= @E (X;u); (1.3)

where 2'2 RP " is the Jacobian ofh(x). From equation (1.3), a Taylor expansion about
the current condition (denoted by subscript 0) is computed:

0 1
@h

— @f @f
= @xxo UO? @X(xo o) f_{z 0} @u(x0 » f_{ uO;A +0O( x% u?) (L4

where &' 2 R" " and &' 2 R" ™ are the Jacobians of (x;u) with respect to x and u,
respectively. Neglecting the higher order terms and properly rede ning some quantities,

equation (1.4) becomes:

Z_}lf’_{ 5 A(>} ;Uo) { 5 B(k} ;uo) {
@h « @h @©f 4 @h @©f 4
@XXO ot @XXo @X(Xo sUo) @XXO @U(Xo sUo) (15)

Yo+ A(Xg;Ug) X+ B(Xo;Ug) u:

The term involving the state increment x in equation (1.5) is neglected, assuming that
the input dynamics is much faster than the system dynamics. Moreover, the actuator
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dynamics is neglected, so that u  ugnwg Ug =I Ucmg, and the output dynamics is
given by:

Y Yo+ B(Xo;Uo) Ucmg: (1.6)

Equation (1.6) approximates the output dynamics well if the actuators are su ciently
fast and the linearization is computed at a su ciently high frequency. Note that the
computation of the input gain matrix B (Xo;Ug) 2 RP ™ strictly requires a model. The
quantities Xo and ug can be obtained either from measurements or via estimation. The
current output derivative yg can be obtained through a model of the dynamics, given that
Xo and ug are available, as:

h
= %Xxo f (Xo; Ug): (1.7)

If the physics of the problem allow it, sensors can replace the algebraic computation of
Yo in equation (1.7). In some applications, direct measurement g§ is possible; in other
cases, a numerical approximation of the output derivative from a measurement ypfcan

be used. As a nal alternative, a hybrid strategy combining sensor data and a model of
the dynamics may be applied [9].

Next, the pseudo control 2 RP is de ned, and by inverting equation (1.6) while substi-
tuting for y, the commanded incremental input ucmg can be computed as:

Uemd = B (Xo; Uo) 1( Yo); (1.8)

The nal step of the control law is the computation of the total commanded inputugmg
as
Uemd = Uo +  Ucmd: (1.9)

The result is that for any continuous and di erentiable (t) that respects the physical
limitations of the plant, the control computed through equations (1.8) and (1.9) yields:

y (1.10)

Thus, the pseudo control becomes the signal to be designed, whilis computed to invert
the dynamics accordingly. This is implemented as a double-loop structure: an inner loop
that computes an exact linearization of the output dynamics and an outer loop designed
using classical feedback techniques. Since exact linearization results in integration of the
pseudo control as output dynamics (equation 1.10), the outer loop will consist of a
controller that can be designed with linear methods to shift thep poles from the origin

to stable locations. Note that the linearized portion of the plant is decoupled, meaning
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that each component ; for i = 1;:::; p of the pseudo control is designed independently
considering as plant to be controlled the one shown in Figure 1.1 An example of a simple

Figure 1.1: Block diagram of the linearized portion of the plant, as seen from the outer
loop.

design of the pseudo control that achieves tracking of a setpoinft) 2 RP is given by a
linear error controller ., de ned as:

e = Ke (1.11)

whereK 2 RP P s a positive de nite diagonal matrix ande = r vy is the tracking error.
For high-performance tracking of a continuous and di erentiable reference signglt), a
feed-forward term , = r can be added to the error controller output ¢, yielding the total
pseudo control:

' (1.12)

If the command r(t) is not di erentiable, such as a step or doublet, a reference model
acting as a command Iter can be added to the architecture, making perfect tracking of
the reference signal a feasible control objective.

1.1.2. Model-based INDI

As pointed out earlier, the computation ofyy requires either a model, measurements, or
a combination of both. If an On-Board Model (OBM) is exclusively used to compute the
output derivative according to equation (1.7), the architecture can be denoted as model-
based INDI [9]. Given that a model of the dynamics is inherently inexact, when using
an OBM in the control law the true airframe dynamicsf in equation (1.7) is replaced by
an estimatef ,pm(Xo; Ug), Which is the best available representation of the system. In the
simplest case, this estimate is given by the nominal representation of the system obtained
from some model identi cation procedure. The output is therefore estimated by the OBM
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as follows:

_ @h
= @Xxo
The OBM is also used to estimate the input matrix by substitutingf o»mm iNnto equation
(1.5), yielding:

Yobm f obm(Xo; Uo): (1.13)

B obm(Xo; Ug) = @h Qb

@XXo @u (xo;u0)

The resulting control law for model-based INDI is obtained by substituting the terms
de ned in equations (1.13) and (1.14) into equation (1.8):

(1.14)

Uemd = Bobm(Xo; Uo) 1( des  Yobm): (1.15)

For systems with many inputs and complex models, computing the matriB opm(Xo; Uo)

as de ned in equation (1.14) may be challenging. Consequently, the partial derivative of
the dynamic model with respect to the input is often obtained via numerical perturbation
rather than through an analytical Jacobian. This approach becomes necessary when the
model contains look-up tables. Whenever the available hardware does not allow for real-
time computations, a viable option is to update the input gain matrix one column per
computer frame, cycling through allm inputs. The architecture of model-based INDI
described above is also depicted in Figure 1.2.

Figure 1.2: Integration of the On-Board Model in the model-based INDI architecture.

It should be pointed out that in its application to INDI as presented here, the OBM does
not integrate the model of the state dynamicd onm, and thereforexg is obtained from
other sources.

Recall that in the derivation of the INDI control law, actuator dynamics is neglected from
the state-space representation, assuming that the actuator is su ciently fast. In this way,



10 1| Incremental Nonlinear Dynamic Inversion preliminaries

the control input u appears explicitly in the rst time derivative of y. Nonetheless, it is
possible to consider a model of the actuator to better estimate the current inpu and,
therefore, also the current output time derivativeyy, as demonstrated in Figure 1.3.

Figure 1.3: Computation ofug inside the OBM through a model of the actuator.

1.1.3. Actuator saturation and Pseudo Control Hedging

Aside from actuator dynamics, another phenomenon associated with a physical actuator
IS saturation. This represents the limitation of the actuator's output, based on physical
limits or design constraints. When the command exceeds these limits, the actuator cannot
realize the commanded value. This e ect is described by the saturation functisaty ()

de ned as:

sat(u) =

8
EM; if u>M:

u; if M u M;
3

M; ifu< M:

Here, M represents the upper limit and M the lower limit of the actuator. Figure 1.4
shows the graphical representation of this function. The same saturation function is used
to model the physical limits of the actuators in terms of absolute position and rate of
movement, by applying it to the time derivative of the command.

Position saturation causes the actuator to become e ectively stuck at the limit position.

In over-actuated systems, in the event of saturation there exist control allocation schemes
that can redirect commands to alternative non-saturated actuators. However, in systems
where the number of available controls matches exactly the number of controlled outputs,
leads to a partial or total loss of controllability. Rate saturation does not result in the
complete loss of the actuator but can still be catastrophic, as it introduces an e ective
delay into the system. Specically, in aircraft control this delay may cause the pilot
to overshoot the commands repeatedly, leading to a case of Pilot-Induced Oscillations
(P10). Since avoiding saturationa priori is di cult, the objective could be to minimize
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Figure 1.4: The saturation function.

the duration for which it occurs.

Pseudo Control Hedging (PCH), developed rst by Johnson [27], aims to compensate the
reference command for unmodeled characteristics at the input, such as saturation. An
additional advantage of PCH is that it reduces the relative order of the dynamic inversion,
since the actuator dynamics were not inverted in the control law presented in Section 1.1.1.

The principle of PCH is now presented. As already mentioned, the use of the INDI control
law ucmg as de ned by equations (1.8) and (1.9) results ity = . However, due to the
presence of the actuator, the actual displacement,, will di er from the commanded
one. Consequently, the estimated pseudo contrélcan be calculated as:

N=yp+ B(Xo;Up) Uact; (1.16)

here, U = Uat Uog, Whereuy is the current actuator position. Using an estimate for
this quantity is also possible, although additional uncertainty is included in the control
system [28]. The hedging signaly, is obtained by subtracting the actual pseudo control
from the commanded one:

h = n (1.17)

The hedging signal is then used to scale down the reference commarslch that:

rh=1r h (1.18)

In this way, whenever unmodeled actuator e ects occur, the outer loop error controller
receives a hedged (scaled) reference signal, denoted,asvhich is practically achievable.
For example, this modi cation avoids driving the system further into saturation whenever
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the limits of the actuators are reached.

The use of PCH will avoid a wind-up of the control action, but will change the reference
signal of the controller. A loss of performance is therefore expected as the original signal
will be fundamentally disregarded in favor of a signal which does not induce saturation in
the actuators. For this reason it can be evaluated from case to case wether it is necessary
or not.

1.2. Considerations on INDI for aircraft control

Gain-scheduling has been a very successful nonlinear control method, especially for ight
control, as airframe dynamics can vary signi cantly across the system's envelope. How-
ever, because it requires trim, linearization, and design at multiple operating points, gain
scheduling can be expensive and may limit aircraft performance. Moreover, Nonlinear
Dynamic Inversion (NDI) has gained popularity [2, 26] as it directly accounts for the
changing dynamics of the aircraft in the control law. Additionally, the requirements in
terms of Flying Qualities (FQs), which are crucial in the design of a Flight Control System
(FCS), can essentially be enforced, given that the outer loop of an NDI architecture fully
de nes the CV dynamics when the inversion is accurate. For this reason, ease of design
is traded o for additional costs in developing an accurate model of the system.

1.2.1. Airframe dynamic model

The aircraft is considered as a rigid body; hence, its dynamics are governed by the Euler
equations expressed in the Body frame, along with attitude and position kinematics.
The system input generally consists of aerodynamic control surfaces. These are mobile
components located in various positions of the aircraft that are used to de ect the air ow
and generate moments on the airframe. For this reason, neglecting actuator dynamics
leads to the inputu appearing explicitly in the rst time derivative of the angular rates.

The rigid body can be described by a nonlinear state-space representation:

x = f(x;u) (1.19)
2 3
LCV
y = h(x) = dmcvs: (1.20)
NCV

In the state-space form shown in equations (1.19) and (1.20),2 R?® is the vector con-
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taining the Control Variables, which are generally related to the three angular rates. The
input u 2 RM represents the available control surfaces, and2 R'? is the state vector,
de ned as follows:

x=[U v w pqr X ¢ Ye Zef (1.21)

where[U;v;w]> = (V, g)B is the velocity vector of the center of gravity with respect to the
Inertial frame, expressed in the Body frame[p;q;1]> = (!, -s)B is the angular velocity
vector expressed in the Body frame[; ; [~ are the Euler angles, andXe;VYe; Z]” =
(p =8)' is the position of the center of gravity with respect to the origin of the Inertial
frame, expressed in the Inertial frame. Figure 1.5 helps visualize the reference frames.

Figure 1.5: Reference frames (from [29]).

1.2.2. Timescale separation in aircraft dynamics

Considering the dynamic model described above, the generation of di erent timescales
in the aircraft's overall response is now discussed. The dynamics of any variable with
respect to the inputs (in this case, the control surfaces) is de ned by a system with a
certain relative degree, or order. The order is equal to the number of derivations in time
that are required to relate the variable to at least one of the inputs. As a result, the
e ect of an elevator input on the aircraft's pitch rate dynamics appears faster than its
e ect on the pitch angle dynamics. In general, lower-order dynamics correspond to a fast
timescale, while higher-order dynamics correspond to a slower timescale.
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This phenomenon must be taken into account when selecting the CVs for each loop in
a cascaded controller, whether for Proportional-Integral-Derivative (PID), NDI, or INDI
controllers. The guideline is that the outer loop should operate on a slower timescale
than all inner loops. In this way, variables in inner loops can be assumed to achieve their
commanded values instantaneously, while variables in outer loops, with slower responses,
can be considered constant during the design of the inner loops.

In aircraft control, a cascaded structure where the output of one controller is the input

to the next, is common in autopilot design. For example, if an outer loop controlling

the velocity vector is desired, a middle loop controlling the aerodynamic anglegbank),
(angle of attack), and (sideslip), and an inner loop controlling the angular rateg,

g, and r can be selected [30]. A similar structure has also been applied for the design

of missile autopilots [31], and will be employed in the next chapter in the application of

INDI to a longitudinal model of an airframe.

1.2.3. Internal dynamics and choice of Control Variables

When the implementation of a dynamic inversion controller is such that the sum of the
relative degree of each variable is less than the number of states of the system, the system
Is denoted as "not fully feedback-linearizable". As a result, the complete dynamics after
the control law can be represented in a canonical controllability form for the CV dynamics,
along with a set of remaining uncontrollable motions. These residual motions depend on
the nature of the system and the selection of the CVs. Speci cally, if the output response
to the input exhibits non-minimum phase behavior, the internal dynamics will be unstable.

The normal acceleration at the aircraft's center of gravity for tail-controlled aircraft is
an example of a CV that generates unstable internal dynamics [2]. In this con guration,
vertical acceleration is produced with a downward (negative) elevator de ection, which
decreases the lift of the tail and generates a moment that increases the angle of attack,
thereby increasing lift. However, a faster initial response to a negative elevator de ection
is the decrease in lift that occurs before the aircraft begins to rotate. An NDI or INDI
controller would attempt to control this rapid, secondary e ect rather than the intended
primary e ect, leading to unstable behavior. For this reason, the CVs must be selected
carefully.

Sometimes, changing the CVs without altering their signi cance in terms of pilot per-
ception is an e ective solution. For example, using the vertical acceleration measured
at a longitudinal station located ahead of the aircraft's instantaneous center of rotation
removes the non-minimum phase behavior described above [26].
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In the simplest case, the three CVs denoted asCV;MCV;NCV in equation (1.20)
correspond to the angular rateg, g, r. This is true for general control of a rigid-body,
being a very common choice as it guarantees stable internal dynamics [2]. For aircraft
control, performance during maneuvers at a high angle of attack can be increased by
employing instead the stability axes (shown in Figure 1.5) angular ratgs, ¢, and rg
which are de ned as:

ps = pcos + rsin; (1.22)
% = Q; (1.23)
rs = psSin + rcos: (1.24)

For example, controlling the stability axes roll rate ( or roll around the velocity vector )
prevents the conversion of the angle of attack into sideslip during20 roll, which could
decrease performance and potentially damage the vertical empennage [26]. In more com-
plex designs, additional terms can be included in the de nition of the CVs to automatically
compensate for undesired e ectx.g, the generation of sideslip during a turn [1, 26].






17

2 ‘ Case study: INDI controller
design for longitudinal
autopilot

This chapter presents the implementation of an INDI controller in a simulation model
of the longitudinal dynamics of a tail-controlled aircraft. The airframe model was taken
from a Mathworks example [32] which implemented a cascade gain-scheduled autopilot to
control the angle of climb. The modi cation proposed here substitutes the inner loop lin-
ear controller with a model-based INDI controller, like the one presented in Section 1.1.2.
The scheduling will be removed completely, and it will be shown that even for a system
with variable dynamics inside its envelope, the INDI controller can be tuned for a single
ight condition. Section 2.1 presents a description of the considered longitudinal model of
the airframe. In Section 2.2 the implementation of the INDI controller in the inner loop
of the autopilot is discussed. Lastly, in Section 2.3 the designed controller is validated
and compared to the gain-scheduled controller.

2.1. Model description

The complete nonlinear model of the aircraft which was brie y introduced in Section 1.2
can often be divided into two separate control problems: one related to longitudinal
motion and another to lateral-directional motion. The longitudinal control problem is
the one investigated in this case study. While in Section 1.2, the aircraft rigid model was
introduced directly in its state space form, in this section the equations describing the
longitudinal motion will be derived explicitly from the Euler equations.

2.1.1. Equations of motion

Using the same notation introduced in Section 1.2 for the velocity and the angular rate,
the force and moment equilibrium are expressed in the body frame. Keeping in mind
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Figure 2.1: Representation of the longitudinal airframe with Body and Inertial frames.

the representation of the reference frames shown in Figure 1.5, the dynamics will have a
simpli ed form given by:

M = THEP (RS (1) (Vo) 2.
% 1s)® =(le) 'f(Ma)®  (118)°® le('i=8)’0; (2.2)

wherem is the mass of the airframe(F,)® and (F4)® are respectively the aero-propulsive
and gravitational force expressed in the Body framég is the inertia tensor with respect
to the center of gravity expressed in the Body frame, andM,)® is the aerodynamic
moment expressed in the body frame.

To investigate the longitudinal motion, only the rst and third component of the force
equilibrium in equation (2.1) are considered, together with the second component of the
moment equilibrium in equation (2.2). The traditional xed-wing aircraft presents a plane
of symmetry formed by the rst and third body axes. This property simpli es the inertia
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tensor, making some of the o -diagonal terms null, in particular:

2 3
IXX O IXZ

c=%30 1, o0f: (2.3)
IXZ O IZZ

Any motion outside the plane of symmetry is considered null, and developing the cross
products in equations (2.1) and (2.2) yields:

U= LH(F)E+(F)lg+ aw (2.9
w= CHFYS+(F)%G qU (25)
q= i(Ma)s; (2.6)

Iyy

where recall thatU and w are the the speed along the rst and third body axes respec-
tively, while g is the pitch rate. The gravitational force component{F4)? and (F4)2 can
be expressed through the use of the rotation operator from the Inertial frame to the Body
frame which in this case represents a planar rotation by, the pitch angle, so that:

(Fg)x = gsin()

(2.7)
(Fo)yt = g cos();

whereg = 9:81 n¥s? is the gravitational acceleration. The attitude kinematics,i.e. the
motion of the pitch angle , is simply given by:

—= 0 (2.8)

while the position kinematics can be obtained from the velocity vector expressed in the
Inertial frame (V, )" :
Xe=(V,8) e
de ( | B)I 1 (2.9)
Ze=(Vi=) 63
wheree; = [1;0;0F and e; =[0;0; 1] . Using the transformation from the Inertial frame
to the Body frame, the rst and third components of the velocity vector in the inertial
frame can be written as:

U cos()+ wsin( )

fs

(2.10)

B
1

U sin( )+ w cos():
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Although the position along the rst Inertial axis is technically part of the longitudinal
motion, it is neglected from the system's representation as it does not in uence the aircraft
response. Therefore, the complete system of equation describing the longitudinal motion
is given by:

S U= gsin( )+ gw+(Fy+ T)=m (2.11a)
% w=gcos() qU+ F,=m (2.11b)

a= My=lyy (2.11c)
% —=q (2.11d)
" h=Usin() wcos(); (2.11e)

where to simplify the notation some terms were rede ned, makind,)? = Fy and (F,) =
F,+ T, whereF, and F, are aerodynamic forces whil& is the total thrust force which is
considered aligned to the rst body axis. Note that for convenience the vertical position
will be represented by the altitudeh = z.. The mass and moment of inertia of the
considered airframe have nominal values given by = 204kg, 1,, = 247:4kgn?. Note
that since the control problem focuses on the rotational motion of the aircraft, the thrust
T is assumed constant, and the aerodynamic momeht, will not contain any control-
dependent terms, so that equation (2.11a) is not controlled.

2.1.2. Aerodynamic model

The aerodynamic forces and moments which in uence the airframe longitudinal motion
are assumed to depend only on the motion of the airframe in the plane of symmetry. This
assumption is necessary to avoid a coupling with the lateral-directional problem. The
forces and moments are generated by the relative motion between the body and the wind,
which yields the de nition of a Wind frame, aligned with the relative air velocity. The
Wind frame has the origin in the aircraft center of gravity, the rst axis aligned with
the velocity vector of the aircraft, the third axis perpendicular to the rst axis, in the
plane of symmetry of the aircraft and pointing downwards and the second axis forming
a right-handed coordinate system with the other two. However, when considering the
longitudinal motion, the Stability frame shown in Figure 1.5 is su cient to describe the
aerodynamic forces. In particular, only the angle of attack is necessary, which is de ned
as the angle between the rst Body axis and the relative velocity vector. By applying
basic trigonometry to Figure 2.1, the angle of attack is given by = tan 1({J—V). The
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aerodynamic forces and moments are then de ned as follows:

Fx(V;h) = % (h) VZSper Cx (2.12)
RVl )= o ()V2Se C(M; ) (2.13)
My(;q;V;h; )= % (M) VZSrer ret Cm(;a;M; ); (2.14)

whereV = P U2+ w2 is the norm of the velocity vector, is the air density, computed
with the International Standard Atmosphere (ISA) model,S,es and d.; are the reference
surface and length, respectively, whil€, and C,, are dimensionless force and moment
coe cients, which capture the dependence from the angle of attack, the pitch rate q,
the elevator de ection and the Mach numberM = v=g(h). In the de nition of the
Mach numbercs(h) is the speed of sound, also function of the altitude through the ISA
model. Note that the aerodynamic coe cient of the longitudinal force is constant, but
the force varies through speed and altitudeC,, the force coe cient along the rst axis, is
constant, and as mentioned earlier it in uences the longitudinal force equilibrium which
is not controlled.

Both the remaining aerodynamic coe cientsC, and C,, contain contributions due to the
angle of attack which include also air compressibility e ects, denoted &S,. and Cp,. ,
and linear contributions due to the elevator de ection through the control derivative<,.
and Cp,. :
C.(;M; )=C,. (M )+ C,. (2.15)

Con(osM; )=Cn (M )+ Crgq+ Cy; - (2.16)
The moment coe cient also contains a damping-in-pitch contribution C,.q. The term
of the aerodynamic model dependent on the angle of attack is nonlinear, and given by:

Cr((M)=a, °+hh jj+&(@ M=3) (2.17)
Cmi (M)=ay *+hnjj cu(7 83M): (2.18)

Table 2.1 and Table 2.2 present the nominal data for the aerodynamic coe cients as
presented in equations (2.15), (2.16), (2.17), (2.18). Figure 2.2 and Figure 2.3 show the
graphical representation of the nominal function<,. , C,,. , for three di erent Mach
numbers. It can be seen that the dependence on the Mach number becomes more signi -
cant for high angles of attack.

When evaluating a model-based controller in a simulation environment, if only one model
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Table 2.1: Nominal aerodynamic mo- . ,
Table 2.2: Nominal aerodynamic force
ment My parameters.

F, parameters.

Figure 2.2: Nominal contribution Cy,.

Parameter value
C 0:206 deg* Parameter value
m; . -
C. 0:034 deg
Cm: 1:719 (rackss) * :
a:q 0:000 2(15 dezf’ 3 | 0000103deg’
b 0:0195 deg? b, 0:009 45 deg?
Cm o-.051 deg? Cn 0:1696 deg*

to the aerodynamic moment coe cientC,,.

Figure 2.3: Nominal contributionC,. to the aerodynamic force coe cientC,.
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of the aircraft is available, a matching between the model in the controller and the true
plant is present. In fact for the validation of the design the aerodynamics of the plant are
reproduced exactly inside the OBM of the INDI controller. The simulation results in this
condition will be denoted as nominal. However, in real applications, the behavior of the
plant is not known exactly, and uncertainty in the aerodynamic model must be taken into
account. For this reason, when evaluating o -nominal behavior, a parametric uncertainty
is considered on the model.

Note that the linearity of the moment coe cient with respect to the elevator de ection
makes the system input-a ne in its state space representation, as it will be presented in
Section 2.2. For this reason, the design of the INDI controller is simpler because obtaining
the input gain will not require a linearization.

2.1.3. Gain-scheduled controller

The autopilot which was originally implemented in the Mathworks example [32] is a
cascade of three linear controllers, which is shown in Figure 2.4. The outer loop controls
an external setpoint of climb angle = through a proportional error controller,
whose gainKy < 0, de nes the input for the next controller, a,r as:

et = Kg( ref ): (2.19)

The middle loop is also a proportional error controller of gaiiK, < 0 controlling the
vertical accelerationa, = w, so that it produces a pitch rate setpointg.s for the inner
loop as:

Qer = Ka(az;ref az): (2-20)

Lastly, in the inner loop, the commanded elevator de ection (g IS computed with a
Proportional-Integral (PI) error controller, with proportional gain K, < 0 and integral
gain K; < 0, so that:

1
emd = Kp(Ger Q)+ K; E(Qef Q; (2.21)

where s denotes the Laplace variable. The aerodynamic model described in Section 2.1
makes the dynamics of the airframe vary a lot throughout the envelope, speci cally as
a function of the Mach number and the angle of attack. For this reason, the original
autopilot implemented in the Mathworks example was gain-scheduled, meaning that the
gains of the controller were parameterized across the envelope by de ning gain surfaces
[25]. The scheduling variables used to de ne these surfaces were the angle of attack
and the Mach numberM . Figure 2.4 shows the structure of the gain-scheduled cascaded
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controller.

Figure 2.4: Gain-scheduled cascaded autopilot presented in the Mathworks example [25].

The look-up tables contain the values of the controller gains as a function of the scheduling
variables, so that an interpolation can be used to update the gains as the airframe moves
across the envelope. In the next section, the design of the INDI controller that replaces
the innermost loop of this scheduled autopilot is presented. This new controller will be
tuned for a single ight condition achieving satisfactory performance in the full envelope.

2.2. INDI controller design

Retaining the control objective of tracking a climb angle reference.; , one could look
for a direct inversion of the dynamics of the climb angle. Although this can be done [23],
it requires the explicit computation of Lie derivatives of order higher than one, to obtain

a direct relation with the input, and the stability of the internal dynamics would need to

be veri ed. As mentioned in Section 1.2, cascaded which respect the timescale separation
principle can simplify the design by splitting it into the design of a higher number of
simpler controllers. In fact, cascaded dynamic inversions have been proposed for similar
systems in [30, 31]. However, after some testing with multiple DI controllers in cascade,
it was deemed su cient to have just an inner loop INDI, while maintaining the two outer
loops the same as in the original implemented autopilot but eliminating all scheduling.
Figure 2.5 represents the new cascaded autopilot design.
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Figure 2.5: Modi ed cascaded controller with inner loop INDI.

2.2.1. Inner loop INDI controller implementation

To derive the INDI control law following the formulation presented in Chapter 1, the
model of the system described by the set of equations (2.11) is rst transposed to a state
space form. It can be easily veri ed that substituting the de nitions of the aerodynamic
forces and moments from equations (2.13) and (2.14) into the model of the dynamics
yields an input-a ne representation, given by:

x=f(xX)+ G(X)u (2.22)
y=Cx=q: (2.23)

Where x = [U;w;q; ;h]” 2 R is the state vector,u= 2 Ristheinput,f : R>! R®
is a smooth vector eld, andG : R®! R® is a smooth function. To select the Control
Variable g from the state vectorx, C must be chosen a€ =[0;0; 1; 0; O].

Note that in the simulation environment, the input u of the system in equation (2.22)
will be substituted with u,. This is because the control input is the output of an
actuator modeled as a second-order lter, with complex conjugate poles of nominal natural
frequency! , = 150 rad=s and nominal damping ratio = 0:7. The actuator input will be
denoted asucng Symbolizing the control action computed by the INDI controller, which
neglects the presence of the actuator as already explained in Chapter 1. Note that the
actuator also contains saturation e ects: the de ection is restricted to Uy  Uemg  Um
while therateto Uy Ucmg Uw Whereuy = 30degand uy =500 degs.

To get the INDI control law, the state dynamics given by equation (2.22) is substituted
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in the time derivative of equation (2.23), leading to

y=Cx=C((f(X)+ G(x)u) = a(x) + B(x) u: (2.24)

Note that the expressions foa(x) = Cf (x) and B(x) = C G(x) in equation (2.24) can be

derived starting from the dynamics of the pitch rate, from equation (2.11c), and simply
substituting the de nition of the aerodynamic momentM, given by equations (2.14) and

(2.16):

1
q-= T (h)VZSref dref (Cm; (;M )+ Cm;q q+ Ch: ): (2-25)
yy
Leveraging the fact that:
V= P Uz + w?; (2.26)
=tan ! g : 2.27)
o S
U2+ w?
M = iy (2.28)

it is possible to de ne explicitly a(x) and B(x) of equation (2.24) as a function of the
variables of the state vectorx de ned above:

h [

1 Porror

a(X) = Tyy (h) (U2 + WZ) Sref dref Cm; tan ! % 1 l:SZ(h;Nz + Cm;q q (229)
1

B(X)= 57— (h)(U?+ W?) Sier s Ch; : (2.30)

N

Iyy

Linearizing equation (2.24) and neglecting the incremental state term because of faster
input dynamics, as it was presented in Section 1.1, the following expression can be written:

@B (x) u)

Qu .. u= g+ B(xo) u: (2.312)

4 Gt
For the implemented controller,xq is assumed to be measured exactly, whilg is com-
puted by feeding the total commandu.,g to a model of the nominal actuator, which
contains also saturation e ects:
Z t
Uo(t) = Gaut(t) saty, saty, [Uema( )]d (2.32)

ti
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where G, is the nominal actuator transfer function, given by:

1 2

Catl®) = G177 ZS+ 'z (2:33)

The OBM estimates ofa and B are denoted asa,,n, and Boy,. These are computed
by substituting the nominal valuesC,, , Cyq, Cr; , and Iy, inside equations (2.29) and
(2.30).

The incremental command of the INDI controller ucmg is therefore given by:

Uecmd = Bobm(Xo) 1( Cobm); (2.34)

where
Gbm = Agbm(X0) + Bobm(Xo) Uo: (2.35)

The pseudo control is de ned by the same PI controller which was used in the inner
loop of the gain-scheduled autopilot:

= Kp(Ger D+ Ki < (@ O (2.36)

where K, and K; are two scalar gains which must be positive in order to have stable
dynamics of the pitch rate as a result of the inversion.

The implementation of the inner loop INDI controller of the cascaded autopilot is shown
in detail in Figure 2.6.

2.2.2. Tuning of the linear controllers

In order to tune the gains in the new cascaded autopilot design, the procedure from the
example of the Mathworks gain-scheduled controller was retained. The only di erence
is that the new controller is no longer scheduled; therefore, the procedure was applied
in a single ight condition. The tuning method is similar to structured H; synthesis:
the H; norms of the transfer functions from exogenous signals,g, setpoints or dis-
turbances, to the performance outputsge.g. tracking errors, are minimized to get the
value of the controller gains. In a classiél; synthesis, a stacked requirements formu-
lation is used, where theH; norm of a combined transfer function, containing all of the
system requirements, is minimized. The MATLAB functionsystune allows for a more
exible controller tuning by integrating requirements on closed-loop transfer functions in
the frequency domain with other types of requirements such as step response steady state
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Figure 2.6: Implementation of INDI controller in the inner loop of the cascaded autopilot.
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gain, or closed-loop pole position constraints. This results in a non-smooth optimization
problem, which di ers from a classic stacked-requirementd; synthesis.

The tuning was performed for the ight conditionV = 700 m=s, h = 3048 m (100001},
which is the initial conditions used in the simulations which are presented in this thesis.
The same requirements which were used in the tuning of the gain scheduled controller in
[25] are considered:

A

The climb angle should track the reference ¢ with a response time ofls a
maximum steady state error of 2% and less than 30% overshoot. The requirement
is expressed in the frequency domain on the sensitivity functiofy from ¢ to
the tracking error e = (¢ asjjWySgjj1 < 1, where the weighting function is
Wy(s) =0:77 (s + 1:98)=(s + 0:03).

The a, loop should track well the reference,...; at low frequencies (belowl rad=s)
but should roll o at higher frequencies (abovelOrad=s) to mitigate noise. This
requirement is expressed agW,S.jj1 < 1, where S, is the closed-loop transfer
function from a;..ef t0 a,, and W,(s) is a weight which speci es the maximum gain
as a function of frequency, as shown in Figure 2.7b.

For the g loop, the requirement for disturbance rejection at the airframe input is
expressed agWySyjj1 < 1, where Sy is the closed loop transfer function from to
a, and Wy(s) = (0:255 + 1) =(150s).

The closed-loop poles resulting from the design should have a maximum damping
factor of 0:35

The solution was achieved after 35 iterations of the algorithm. The resulting gains are
Kg= 1323 K,= 0:0093 K, =18:51, K; = 67:57. The closed-loop transfer functions
obtained Sy, S;, and Sy are shown in comparison to their respective constraints in Fig-
ure 2.7a, Figure 2.7b and Figure 2.7c, respectively. The satisfaction of the constraints set
for the optimization problem is also represented by:

max(jjWg Sgjj1 ; ]Wa Sajj1 5 1JWa Sjj1 ) = 1:05

which is close to the case of perfect satisfaction, represented by a value of 1. Table 2.3
shows the closed-loop poles, all of which meet the minimum damping ratio requirement.
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(a) Tuning requirement 1: maximum tracking error e as a function of frequency.

(b) Tuning requirement 2: command tracking and noise rejection ina, loop.

(c) Tuning requirement 3: rejection of actuator disturbance in g loop.

Figure 2.7: Satisfaction of the tuning requirements on the closed loop transfer functions.
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Table 2.3: Closed loop poles resulting from the design of the INDI baseline controller in
the envelope pointV =700 m=s, h = 3048 m (10 000f}.

Poles [ ] |!, &L [ ]
-2.43+0.851i 2.57 0.944
-2.43-0.851i 2.57 0.944
-6.73+8.43i 10.8 0.624
-6.73-8.43i 10.8 0.624
-103+87.5i 135 0.763
-103-87.5i 135 0.763

OO WIN|F

2.3. INDI controller validation

The controller was implemented on the longitudinal model present in Simulink, where it
was simulated using Runge-Kutta of fourth order (RK4), with a xed time stepdt = 0:01s

A reference climb angle (¢ that spans the envelope in terms of altitude and speed was
used to validate the consistency of the design across the entire envelope. All simulations
presented are initialized atvV = 700m=s and h = 3048 m (or 10000f) with = =0

and g = 0rad=s. The o set from trimming the aircraft can be neglected as shown in [25].
First, simulation data for the nominal case are used to validate the model. Next, the
behavior of the system is evaluated in the case of a reduction in the control e ectiveness
and a realization of actuator position saturation.

2.3.1. Nominal conditions

Figure 2.8 shows the time history of the climb angle in response to the reference input

ref , TOr the autopilot with the inner loop INDI controller (blue), in comparison to the
gain-scheduled (GS) autopilot (green). The same gure also shows a comparison between
the commanded controlusg for both autopilots.

It can be seen that the GS autopilot has a slightly faster response, resulting in a higher
peak value of the commandi.,q. The INDI autopilot is slower in reacting to the change
in the reference signal, which in turn results in a lower peak value of the command. The
response with the two autopilots is still comparable, so the design of the autopilot with
the inner loop INDI controller is deemed satisfactory.

The validation of the INDI autopilot proceeds with the plot of the pseudo control ,
computed by the PI controller as de ned in Figure 2.6. In Figure 2.9 the pseudo control
is compared to the actual pitch acceleratiom of the airframe. Their similarity indicates
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Figure 2.8: Comparison of the climb angle and commanded control inputucmg for the
INDI and GS autopilots under nominal conditions.

that the inversion of the dynamics is correct, as also demonstrated in Figure 2.12, which
shows the time history of the reference pitch rate and the measured one.

Figure 2.13 shows the time history of the Angle of Attack, which has no limitations

in the considered model, but is always worth to evaluate, checking that the physics of
the problem are represented well: positive angles of attack are expected during pull-up
maneuvers of the aircraft, which are performed when the climb angle setpoint increases.

Figure 2.9: Time histories of the pseudo control and the pitch acceleration of the
airframe g of the INDI autopilot under nominal conditions.

The altitude and speed pro le for the same simulation are shown in Figure 2.10. Note
that the input gain is function of time through these two variables through the dynamic
pressure, which is de ned asy = 3 (h) V2 Figure 2.11 shows the time history of the
input gain during the simulation. Note that since this simulation considers nominal con-
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ditions, the input gain computed by the OBM reproduces exactly what is the e ectiveness
of the elevator de ection on the pitch acceleratiorg.

Figure 2.10: Time histories of the altitudeh and speedV of the INDI autopilot under
nominal conditions.

Figure 2.11: Time history of the input gain matrix B,om, computed by the OBM in the
INDI autopilot under nominal conditions.

Figure 2.12: Time history of the reference pitch ratg.; and the pitch rate of the airframe
g of the INDI controller under nominal conditions.
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Figure 2.13: Time history of the Angle of Attack of the INDI autopilot under nominal
conditions.

2.3.2. Control derivative degradation

The e ect on a reduced value in the control derivative is also evaluated. The gain-
scheduled autopilot and the designed INDI autopilot are compared on a simulation with
Cn. = 0:6C. . Both simulations are initialized atV = 700 m=s and h = 3048 m (or
10000f) with - = =0 andqg = Orad=s. Note that a degradation of the control
derivative in the case of the INDI controller corresponds to a reduction in the true input
gain B and an error in the input gain computed by the OBM,B pn,.

From Figure 2.14 it can immediately be seen that the INDI autopilot shows a good
robustness to an uncertainty which a ect the input gainB of the system. Notice that when
saturation occurs at approximately 18 seconds, the command "winds-up”, generating an
overshoot in the climb angle response. It is also noted that the commang,q4 in the
simulation with the GS autopilot is much higher if compared to the one computed by
the INDI autopilot, even before saturation occurs, as it can be seen at approximately
6 seconds in the simulation, and the response worsens when saturation is active. As a
result, The climb angle response of the GS autopilot is not acceptable.

For the simulation with the INDI autopilot, it is also shown in Figure 2.15 that the OBM
estimate of the acceleratiorg during the maneuvers is wrong, as the input gain matrix
Bobm IS computed with the nominal control derivative C,,. . However, it can be noted
that when saturation occurs, the estimate of the acceleration does not grow further than
a certain limit, since up, used to compute the acceleration according to equation (2.35),
contains also saturation e ects.

On the other hand, this choice for the computation ofiy results in the INDI controller
fundamentally losing its incremental nature during saturation. This is visible in Fig-
ure 2.16: The fact the ucng goes beyond the rate limits computed as uy dt is not
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Figure 2.14: Comparison of the time histories of the climb angle and of the command
Ucmg for the INDI and GS autopilots in a simulation with control derivative C,,. reduced
by 40 %

Figure 2.15: Time histories of the true pitch acceleration of the airframg and the one
computed by the OBM g,pm in @ simulation with control derivative C,. reduced by40 %
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Figure 2.16: Time history of the incremental command u.ng in a simulation with control
e ectivenessC,,. reduced by40%

indication of an actual rate saturation. It is simply a representation of the fact that while
the actuator is saturated in position,us = uy is xed, and ugmg gets computed as an
increment always with respect toup, making it larger and larger the controller is trying
to allocate a bigger moment while the pitch rate setpoint}es iS increasing.

If the saturation is not considered in the computation ofl, the result would be equivalent:
instead of seeing the incremental command increase, it would kg going beyond the
saturation, resulting in the same value oficng = Up +  Ucmg. HOwever, with this choice
the estimation of g by the OBM would be incorrect, given that it would be equivalent
to calculating the part of the pitch acceleration in equation (2.35) due to the elevator
de ection without considering the fact that the actuator is saturating.

Figure 2.17 shows that the autopilot tries to compensate for the decreased input gain
by increasing the commandgs , successfully completing the tracking mission without
incurring instability, although with a degraded performance. Note that in both cases
when the actuator is saturated the aircraft fundamentally loses controllability.

Figure 2.17: Time history of the pitch rateq in a simulation with control derivative Cy,.
reduced by40 %
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2.4. Final considerations

The designed INDI autopilot showcases a slower response if compared to the gain-scheduled
autopilot, but an increased robustness. More speci cally, the simulations here presented
have allowed for the veri cation of the robustness with respect to uncertainty if8 of the

INDI controller [7]. Moreover, this quality of the inner loop INDI, in this application, is
positively a ecting the outer loops, and speci cally the control objective of climb angle
tracking.

Since the designed INDI autopilot does not showcase a dangerous response during satu-
ration, the implementation of Pseudo Control-Hedging was avoided. On one hand, with
PCH the e ects of saturation could even be omitted from the formulation of thel
controller presented in the next chapter, since the baseline ensures that saturation is ex-
perienced for a very limited time at most. However, implementing PCH means to scale
the reference, possibly changing the the reference signal from one simulation to another
in the case of uncertainties. This also would not allow for an evaluation of the behavior
of the adaptive controller during events of saturation.

In the next two chapters the focus is on the design of an adaptive controller which aug-
ments the inner loop INDI, with the objective to compensate for any uncertainty which
can be matched inside the control channel. Without the use of an active saturation pre-
vention in the designed INDI, which was kept as simple as possible, the behavior of the
adaptive controller during saturation will have to be addressed directly, ensuring that the
adaptation remains correct even while in active saturation.
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3 ‘ L 1 piecewise constant adaptive
augmentation

In the rst two chapters of this thesis, the derivation of an INDI controller and the appli-
cation to the longitudinal model of an airframe were discussed. The focus is now switched
to adaptive control, with the objective to investigate the integration of a particular adap-
tive architecture, the L, piecewise constant (PwC) adaptive controller, with the INDI
controller. Sincel; adaptive control is a technique which originates from MRAC, in
Section 3.1 the predictor-based MRAC architecture is introduced, and the key modi ca-
tions to the architecture from which theL ; controller draws an advantage are presented.
Next, Section 3.2 presents the formulation of th&; PwC controller in augmentation to

a model-based INDI controller. Lastly, in Section 3.3, some remarks on the tuning of
the parameters of the controller and on the management of saturation e ects are made.
An intuitive and simple method to tune the predictor will be presented, and an hedging
strategy to allow for safe adaptation during saturation is proposed.

3.1. Introduction to adaptive control

In this section the basic aspects of adaptive control will be presented, focusing on predictor-
based architecture. An example of a Single-Input Single-Output (SISO) system taken from
[13] will be used to facilitate the understanding of the theory underlying model reference
adaptive control (MRAC). Next, the modi cations to the architecture which lead to L,
adaptive control (which is the focus of the chapter) will be discussed on the same SISO
example.

3.1.1. Adaptive control overview

Adaptive control has a rich history in the aerospace industry, which starts from the
beginning of 1950's where a lot of research e orts went into the development of high
performance aircraft. The objective was to overcome the challenge posed by the wide
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variety of conditions that the aircraft would experience within its envelope. The idea
behind adaptive control is to design a controller that has the capability of changing
its parameters through an internal process of measurement evaluation, and adjustment
to adjust to a changing environment, either external or internal to the vehicle control
[33]. Thus, the main idea was to eliminate the need for scheduling, allowing consistent
performance over the ight envelope.

The peak in of research towards adaptive control architectures was the testing of the
MH-96 control system on the X-15 experimental aircraft [10]. The adaptive FCS was suc-
cessfully used on many ights, until the day in 1967 when a ight test ended disastrously,
resulting in the death of the pilot and the destruction of the aircraft. After the crash,
the application of adaptive control to manned aircraft was abandoned for many years. In
more recent times, model reference adaptive control (MRAC) gained interest, and thanks
to advances in control theory, the robustness issues which lead to the crash of 1967 were
understood more deeply. Two main branches of MRAC exist: in direct MRAC the con-
troller parameters are tuned directly by the adaptation process, while in indirect MRAC
the adaptation estimates the uncertainty which is then used to compute the control law.

No matter the choice, in a MRAC architecture fast adaptation is a desired property, but
without a correct tuning of the adaptation process it might lead to an important loss of
robustness and an increase in noise sensitivity [13, 14]. The adaptive control approach
was designed starting from a predictor-based MRAC architecture, with the objective to
deal with these issues. Thd.; controller has also already been tested successfully in
manned ights [16, 17].

3.1.2. Predictor-based MRAC basics

In this section a simple Single-Input Single-Output (SISO), system will be considered to
explain the basic principles behind predictor-based MRAC. This sets the ground for the
modi cation to the architecture introduced by the L, approach, which will be explained
using the same system in Section 3.1.3.

Consider the plant
()= anpx+ b(u+ x); (3.1)

wherex(t) 2 R is the state,u(t) 2 R is the control input, a,, 2 (0; 1 ) de nes the desired
dynamics,b2 (0;1 ) is the known input gain, and is an unknown constant uncertainty
with a known bound | | max - 1he objective is to de ne the input u(t) so that x(t)
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tracks a reference (t) 2 R. The ideal controller is given by

Ua(t)= X + ke (3.2)

wherek, = a,=bis a gain which ensures that usingi = ujy in equation (3.1) yields a
zero steady-state error between the state and the reference. Note that the rst term in
equation (3.2) cancels the uncertainty in the plant exactly, yielding thedeal system

Xm() = @nXm + an; (3.3)

wherexn(t) 2 R is the state. However, the controller in equation (3.2) is not feasible,
since is unknown. A general feature in MRAC is to compute an estimaté through
some adaptive law. If the estimate is close to the true value, it can be expected that
the compensation of the uncertain factor will be successful. The MRAC control law is
therefore de ned as:

Unrac (1) = X + ke 1 (3.4)

In the predictor-based approach, an error signal between the state of the plant and the
state of a predictor is used to adapt the estimaté. The predictor in this example will be
formulated as follows:

R2(t)= an®+ bu+ %); (3.5)

where®(t) 2 R is the state of the predictor. This component replicates the parameteriza-
tion of the uncertainty in the plant of equation (3.1), but substitutes the true uncertainty

with an estimate "(t) 2 R. The idea is that if the prediction errorx =% x has stable
dynamics, the predictor will follow the plant behavior. This is ensured by designing the
dynamic adaptation law of the estimate” with Lyapunov-like theorems, so that

%) = X % (3.6)

where 2 (0;1 ) is the adaptation gain.

Notice that the same inputu enters in both the plant and the predictor. Also note that,
since the predictor includes the estimaté in its dynamics, using the MRAC control law
will achieve perfect cancellation of the ternix in equation (3.5), leaving

2(t)= amR+ amm (3.7)

which shows that the predictor is actively following theideal system To ensure that the
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plant achieves the control objective, this result must be combined with the boundedness
of the prediction error. If the predictor follows the ideal model, and the prediction error
dynamics is stable, the plant will also follow the ideal model. This is the general method
by which predictor-based adaptive schemes achieve the control objective and is illustrated
in Figure 3.1.

Figure 3.1: Visualization of how a predictor-based adaptive scheme achieves the control
objective.

3.1.3. L, adaptive control basics

When designing a control law, a mathematical model of the plant is employed. This model
approximates the true system behavior to a certain degree of con dence. Typically, the
control designer is provided with a frequency range over which the model is accurate. This
range is often referred to as the available bandwidth of the system. The limitation arises
because high-frequency dynamice,g, structural modes or noise, are deliberately omitted
to maintain the model simple. Operating a controller beyond the available bandwidth
leads to degraded performance and may even induce dangerous system behavior. This
issue is especially relevant for high-gain controllers.; adaptive control [11, 34] modi es
the predictor-based MRAC architecture by considering a less ambitious control objective.
The compensation of the uncertainties will be performed only over a selected range of
frequency.

Using as an example the same SISO system used in equation (3.1), and the dynamics of
the predictor given in equation (3.5), theL; controller u_,(s) 2 R is de ned as

U, (s) = C(S) Umrac (S); (3.8)
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whereC(s) is a stable low-pass lter, whileun, s (S) is the Laplace transform of the control
law de ned in equation (3.4). Therefore, theL, control law is a ltered version of the
MRAC control law.

By de ning the referencel ; controller as

ULt (S) = C(S) Uia (S); (3.9)

the L, reference systems given by the substitution ofu, , e (S) inside the plant:

Xret () = H(S)C(s) ki r + H(S)(1 C(8)) Xrer (9); (3.10)

whereXef (1) 2 R is the state, and

H (s) = S+bam: (3.11)

Note that the L, reference systemrepresents the best, safe, control objective: com-
pensating only for the part of the uncertainty whose frequency lies within the available
bandwidth of the system. In fact, equation (3.10) shows that the high-frequency part of
the uncertainty is present in the reference system, as it is not compensated for. Note
that u_,.ef cannot be implemented since it contains the true uncertainty. However, with
a similar argument to the one made for MRAC, usingi,, inside the predictor yield the
dynamics of the reference system, since the both the control law and the predictor contain
" Once more, With a reasoning similar to the one used for the predictor-based MRAC,
the plant will also follow this reference model if the prediction error remains bounded.
For this to be true, the L1 norm condition

JG(s) jiL, < L (3.12)

must be veried, whereG(s) = (1 C(s))H(s). It can be demonstrated that thelL,
norm of the transfer function in equation (3.12) tends to 0 as the frequency over which
the uncertainty is compensated is higher. This corresponds to having a large cut-o
frequency for the designed lterC(s). This means that the cut-o frequency of the lter
should be maximized, while staying within the system's available bandwidth limits.

This modi cation to the control objective allows the use of the same adaptation law of the
predictor-based MRAC architecture (equation (3.6)), but without the concern of limiting
the gain . In fact, the use of the Iter C(s) guarantees that the speed of adaptation is
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Figure 3.2: BasiclL ; architecture as a modi cation of the predictor-based MRAC.

decoupled from the robustness of the system [13], which is whyshould be set as high
as the available CPU allows. Figure 3.2 showcases the di erence between MRAC and
adaptive control, which lies in the presence of the lIter in the control law.

Notice that in both architectures the controlu(t) enters in the same way inside the plant
and the predictor, meaning that the error dynamics is not modi ed when the control law
is changed from one to the other.

In the next section a modi cation to the standard L, adaptive controller, known asL ,
piecewise constant (PwC) adaptive controller will be presented. Speci cally, the controller
will be derived as an augmentation to an INDI controller, which is the objective of the
work.

3.2. Formulation of model-based INDI L, piecewise
constant augmentation

In the L, PwC adaptive controller, the dynamic adaptation law in equation (3.6) for the
standard L ; is replaced by a piecewise inversion of the prediction error dynamics. This
modi cation makes the controller essentially linear, as will be shown in Section 3.3. In
aircraft control problems, this is fundamental as widely trusted linear analysis methods
could then be applied directly in the event of an aircraft certi cation process, without the
need for a linearization of the controller.
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This section presents the formulation of thelL; PwC controller in augmentation to a
model-based INDI baseline controller. In the augmentation approach, the adaptive con-
troller is added to an existing baseline controller that meets the control objective under
nominal conditions. Therefore, the augmenting controller should ideally have no e ect
when uncertainties are absent. Since a universal representation for both linear and non-
linear controllers does not exist, the formulation of the augmenting adaptive controller
may vary on a case-by-case basis. For the augmentation of NDI and INDI controllers,
various approaches exist in the literature, di ering mainly in whether the augmentation
is applied to the pseudo-control [23, 35] or to the inputu. The latter approach is pre-
sented, following the derivation in [24]. The augmentation will leverage the presence of
the OBM to simplify the predictor structure.

A general representation of a nonlinear system is considered, as in Section 1.1, given by

f (x;u); (3.13)
y = h(x): (3.14)

Recall that x(t) 2 R" is the statey(t) 2 RP is the controlled output of the INDI controller,
and u(t) 2 R™ si the input vector, with m p.

Plant To formulate the control problem for the adaptive augmentation, it must be
decided which part of the system will be included in what will be called plant. In the
context of NDI control, one could consider both the controlled output dynamics and the
internal uncontrollable dynamics as part of the system. In the formulation presented
here, the plant will consist only in the dynamics of the controlled outpul. This choice
results in a simpli ed controller structure, where all of uncertainty can be matched and
compensated for, provided that the input gain matrix is not singular.

Given the dynamics ofy, linearized at the current condition denoted by subscripD, as
derived in equation (1.6), it is denoted as 2 R™ ™ an unknown, positive de nite control
e ectiveness matrix which acts as a multiplicative uncertainty on the input gain matrix
B, so that:

Y=Yo+B  Ucmad: (3.15)

Moreover, it is assumed that there exists a known compact convex $etsuch that 2 F

and that a nominal control e ectiveness g is known. B = B(Xq; Ug) 2 RP ™ denotes the
known input gain matrix, which in the case of model-based INDI was denoted &s,.
To simplify the notation, the subscript is dropped in the context of this formulation.
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Uemd(t) 2 R™ is the incremental command, which is de ned as:

Uemd = Up +  Uag; (3.16)

where up(t) 2 R™ is the incremental command of the INDI controller, while uaq4(t) 2

R™ is the incremental command of thel ; adaptive controller. Note that since we are
augmenting the INDI controller, it is important to include also its input in the predictor
and not just the adaptive, to prevent the adaptive controller from ghting the baseline.
This is di erent from what was done in Section 3.1, where the adaptive controller was the
sole one, and it included a feed-forward term to achieve tracking of the reference. In this
case, the baseline incremental input already takes care of the tracking function, and the
adaptive input is used to compensate for uncertainty in the control channel.

Next, it is considered that the true time-derivative of the controlled output in the current
condition (yp) is not known exactly, but rather an estimate computed by the OBMyyp, IS
available. Note that the subscript "0" is dropped, as it was done in Chapter 1, to shorten
the notation. Equation (3.15) can therefore be rewritten by considering the residual error
Y  Yoom:

Y=Yobm+ B Uema + (Yo Yobm): (3.17)

By summing and subtracting the termB ¢ ucmg in equation (3.17), it follows that:

Y= Yoomt+ B Umd B o Uemd* (MO Yobm)

= Yoom*+ B[ 0 Uemd +ﬁ 0) Ucmd{'; B * (Yo Yobmf] (3.18)

m

zxobm"'B[ 0o Uemd t m]:

In equation (3.18) (t) 2 R™ is a lumped uncertainty which is matched inside the control
channel. Then, since all of the uncertainty is multiplied by the input gairB, it is possible
to compensate for it by simply including an estimate of ., in the adaptive incremental
command uyq, Similar to what was done in the SISO example presented in Section 3.1.

Predictor  The predictor replicates the parametrization of the uncertainty which was

used to model the plant, but substitutes the unknown uncertainty with an estimate
"m(t) 2 R™. The prediction dynamics is given by

9‘—= Yobm * B ( o Ucmd * Am) L (9 y)’ (3-19)
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where, §(t) 2 RP is the state of the predictor andL 2 RP P is a positive de nite matrix

that serves as a stabilizing gain for the predictor error dynamics. In fact, withouL

the dynamics of the predictor would be an integration of the signajopm, Which is not
acceptable as it corresponds to a marginally stable system, where in the presence of a
disturbance the signal would be completely altered. The estimafg, (t) 2 R™ is computed
using a piecewise constant adaptation law based on the prediction errg(t) 2 RP, de ned

as

y=% v (3.20)

Error Dynamics Di erentiating yt) in equation (3.20), using the plant and predictor
dynamics from equations (3.18) and (3.19) yields

¥ =% y= Ly+B("m m) (3.21)

where to ease the notation, the estimation error of the matched uncertainty can be de ned
as

Substituting this de nition into equation (3.21) results in

Wt)= Ly+ B~ (3.23)

The solution to the ODE (3.23) for an arbitrary initial time tq is given by the sum of the
free propagation of the initial error and a convolution integral representing the response
to the estimation error:
Z tot+t
Wio+ 1) = e M y(to) + elttrt IR~ ()d: (3.24)
to
The solution within a single time step of lengthly is now considered, wher&; is a tunable
parameter representing the sampling time of the adaptation law. Considering witi2 N,

applying the change of variable = I T transforms equation (3.24) into:
Z g
W(i+1) Ts)=e "T=yWiT)+ et IBA,(iTs+ )d
Z - 0 (3.25)

et IB (iTe+ )d:
0

In this expression, equation (3.22) was used to separate the two terms contributing to the
forced response. Equation (3.25) introduces the concept of piecewise constant adaptation,
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which uses®, to compensate for the prediction error resulting solely from the propagation
of the previous time step's error,e “TsyiTs). This requires enforcing the following
equality:

quality z.

et IBA (iT)d = e 'T=WiTy): (3.26)
0

Note that equation (3.26) indicates that, despite this cancellation, if ,(t) 6 O for t 2
[iTs; (i+1) Ts), the error will continue to accumulate between time steps. After computing
the integral on the left-hand side of equation (3.26) and rearranging terms, the equality
becomes:
LTs H 1 LTs A (i - 0N-
e WiTs)+ L “(Ipp € ""°)B*"(iTs)=0; (3.27)

whereB = B(Xgq; Ug) IS assumed constant during the time interval de ned byfs.

Parameter Update Law To conclude the derivation of the update law, the implicit
equation (3.27) is solved for,,, yielding:

Am(t) = KL (T)W(iTs) 8t2[iTs(i+1)Ts) (3.28)

where
KL,(T)= B *(p,, e'™) tLetTs (3.29)

is a gain that depends on the two tunable parameterk; and L. SinceTs is constant,K  ,
renders the parameter update law proportional to the prediction erroyt). This shows
that the L, PwC controller does not include a true dynamic adaptation, and that its
nature facilitates the analysis through linear methods without requiring any approxima-
tion.

Substituting the parameter update law de ned in equations (3.28) (3.29) into equation
(3.21) yields the following expression for the prediction error at the end of each time
interval: Z -

Wi +1) Ts) = et IB (iTs+ )d: (3.30)
0

This error is the residual term from the inversion of the error dynamics, as discussed
earlier. Since the update law cancels the propagation of the error from the previous
interval, reducing T decreases the maximum prediction error. However, a small&g
demands greater computational power, posing a limitation in real-time implementations.
Furthermore, a smallerTs increases the adaptation gairkK_,(Ts), making the feedback
loop of adaptation more susceptible to robustness issues.
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Control Law  Recall that the plant is given by equation (3.18), where the total incre-
mental input is the sum of the baseline incremental command, designed to ensure tracking
of the pseudo-control , and of an adaptive incremental command. Since the baseline con-
troller is assumed to meet performance objectives under nominal conditions, the adaptive
input should simply compensate for the matched uncertainty in the plant. This leads to
the following adaptive control law:

Uad(S) = o1 C(S)*m(S); (3.31)

where 7, is the Laplace transform of",(t), and C(s) 2 R™ ™ is a diagonal matrix
composed oin stable, unit DC-gain, low-pass lters:

C(s) =diag(Cy(s);:::;Cn(9)): (3.32)

The role of the lters in the L1 PwC controller is the same as in the standart ; introduced

in Section 3.1: they prevent high-energy content, resulting from fast adaptation, from

entering the plant. Consequently,Ts, which has a similar function as the adaptation gain
in the standard L ;, should be set as low as the CPU allows. The simplest choice for

the lters' transfer functions is given by:

_ ! Cji N C T .
Ci(s) = st 8i 2 [1;:::;m] (3.33)
where! .; is the Iter bandwidth, which is maximized subject to the limits imposed by
the available bandwidth, and such that theL ;-norm condition [11]

1G(9)jjL, <k (3.34)

Is satis ed, wherek is a small positive value, and the transfer function matrixg(s) 2 RP ™
is de ned as:
G(s)=(slp p+ L) 'B(lm m C(9)): (3.35)

Note that the L; norm of G(s) is also called the peak-to-peak gain of a system, and is
de ned for a proper and exponentially stable transfer function as:
Z 1
1G(S)iiL, = i jo( )id; (3.36)

whereg(t) is the inverse Laplace transform of5(s). Note that the valuek in equation 3.34
can be computed exactly based on known quantities [36], and methods for optimal design
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of the lters C(s) have been proposed [37]. In the application described in the next chap-
ter, the lter bandwidth is selected conservatively with respect to the actuator bandwidth,
checking boundedness of the prediction error in simulation.

3.3. Implementation remarks

In this section additional considerations will be made regarding the; PwC controller
described above. The role of the predictor stabilizing gain will now be explained in more
detailed in Section 3.3.1. In Section 3.3.2 the issue of saturation in the actuators will be
addressed. A strategy to prevent thd., controller from becoming unstable under active
saturation will be proposed for the incremental plant, described by equation (3.18).

3.3.1. Tuning of the predictor stabilizing gain

In addition to the formulation presented above, Figure 3.3 facilitates understanding the
decoupling aspect of thé.; adaptive controller. The block diagram is obtained by closing
the loop, combining equations (3.23) and (3.28), under the assumption that the prediction
error is piecewise constant. The lter, which is part of the control law, does not a ect
the error dynamics because it enters identically in the plant and in the predictor. Since
the system is linear, the feedback scheme shown in Figure 3.3 allows for a clear and
meaningful understanding of howL a ects the adaptive controller. The stabilizing gain

Figure 3.3: The decoupling between the fast adaptation loop and the Itered control.

of the predictor, L > 0, is analogous to the gain in a classic Luenberger observer [38],
as it enhances prediction robustness. However, unlike a classical observer, the predictor
in an indirect adaptive architecture should track the plant behavior not via the action

of L, but rather through the adaptation of . For this to occur, the prediction error
¥(t) must be allowed to accumulate. A large stabilizing gail. damps the error too
quickly, preventing proper adaptation. Consider also that the predictor in the presented
formulation integrates y,om. However, an INDI controller which is designed correctly
should realize stable dynamics of the controlled outpwt, as a result of the design of the
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pseudo control . As a consequence, the incremental plant dynamics of equation (3.18)
with p poles in the origin is actually expected to behave similarly to an exponentially
stable system, as long as:

Yoom(t)  Y(1): (3.37)
For this reason, having a large stabilizing gaih should not be needed.

One fundamental design objective of the adaptive controller is to accurately estimate dis-
turbances. In the case of a constant disturbance, this translates inté (0) = 1, where
F (s) denotes the transfer function from the true uncertainty ,, to the estimated uncer-
tainty . The block diagram in Figure 3.3 can be obtained by combining the prediction
error dynamics in equation (3.23) with the proportional update law in equation (3.28).
An assumption is also made thae(t) = e(iTg) 8t 2 [iTg; (i +1) Tg). Itis well shown how
the L, adaptive control law is ltered while the adaptation speed is una ected byC(s).
Figure 3.3 can also be used to derive the DC-gain of the closed loop transfer function
F (s). For simplicity, consider a SISO system, wherp = m = 1. Then, F (s) will be
given by:

F(s)= K., (s ( L+BK.) 'B

1 elTs 1|_e LTs

s+L+ 1 elts YLeLTs (3.38)

Le LTs e LTS

sl elTs +L 1+ g tel'ls
L

where the de nition of K, of equation (3.29) was used. From equation (3.38) it follows
that F (0) = e -Ts, so that

FoO°1 (3.39)

This property is exploited in the tuning design of thel. ; PwC controller presented in the
next chapter.

3.3.2. Hedging-like modi cation for actuator dynamics and sat-
uration

As mentioned earlier, the predictor should include all known information regarding the
model. This is fundamental because any part of the system which is omitted from the
predictor dynamics will generate a mismatch error between the plant and the predictor.
In the derivation of the L; PwC controller presented above, the actuator dynamics was
neglected in the same way that it was neglected in the formulation of INDI presented in
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Section 1.1.

For the INDI controller, it was shown that using Pseudo Control Hedging (PCH) the
actuator dynamics and saturation can be includec posteriori to scale the reference.
Despite the fact that PCH is vastly used in dynamic inversion schemes, in the case study
of the longitudinal autopilot it was shown that without it, a wind-up of the commanded
input is experienced. Nevertheless, it was shown that there is no fundamentally dangerous
behavior of the system.

In adaptive schemes, not including a phenomenon as determining as saturation inside the
predictor will most of the times result in the prediction error becoming unstable. The
modi cation of the predictor to include characteristics of the actuator lies in the general
category of hedging techniques.

Considering the presence of an actuator with dynamics given b$,(s),including also
position and rate limits, the following modi cation to the predictor is proposed,

W =Yoom L@ Y)+B( o Uat+"m); (3.40)

with U, (t) de ned as
Z, q
Uact(t) = Ga(t) sat . sat m Uemg( ) d uo(t); (3.41)
whereG,4(t) is the inverse Laplace transform o6,(s), ug(t) is the estimate of the current
output of the actuator computed by the OBM, and recall thatucmg(t) =  Uema(t) + Uo(t)
is the total command.

Adding the actuator dynamics and saturation to the predictor will prevent an additional
prediction error to be generated. A di erence between the actuator model and the true
actuator would result in an additional (small) term in the lumped matched uncertainty

m,» Which is expected to be visible only during maneuvers, whereucng 6 0. The
inclusion of saturation is more critical in preventing the prediction error from building
up. With the proposed modi cation, if the actuator saturates, the predictor will not be
forced by ucmg, but rather by a scaled command.

This modi cation to the predictor will be implemented and validated in the next chapter,
where the augmentation through anL; PwC controller to the baseline cascaded INDI
autopilot will be presented. It will be shown that the output of the adaptive component
will not grow out of bounds in the event of saturation, and that it will continue estimating
the injected disturbance correctly.
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4 ‘ Case study: Augmentation of
INDI controller of longitudinal
autopilot

In this chapter the longitudinal autopilot with the inner loop INDI which was designed

in Chapter 2 will be augmented using the.; PwC controller, following the derivation
presented in Chapter 3. In Section 4.1 the implementation details are presented, and
the tuning of the parameters of the controller is discussed. In Section 4.2 the design will
be validated by injecting disturbances in the control channel, and saturation events with
and without the hedging presented in Section 3.3 will be compared. In Section 4.3 the
metrics used for the comparison of the baseline and augmented controller in the nonlinear
simulations are presented, these will be used in a Monte Carlo analysis to compare the
performance of the baseline controller, which is the autopilot designed in Section 2.2, and
the L, augmented controller.

4.1. L4 controller design

The formulation presented in Section 3.2 with the hedging modi cation discussed in Sec-
tion 3.3.2 is applied here to the inner loop INDI controller. The controller will be then
tuned considering as objective a correct steady-state estimation of the matched uncer-
tainty, which is a crucial aspect in the case of th& ; adaptive controller, given that it has

a fast response by design.

4.1.1. Implementation of the L, controller

To apply the L, augmentation to the inner loop of the longitudinal autopilot designed in
Section 2.2, consider the dynamics of the Control Variablg(t) = q(t) 2 R linearized at
the current condition (denoted by subscript 0). As presented in Section 2.1, the airframe
includes an actuator which uncertain model is described by the Laplace transfer function
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Gact(S). Therefore, the dynamics of the pitch rate can be expressed as

4= %+ B U (4.1)

wherey(t) 2 R is the current acceleration, de ned in equation (2.35), an@ (xo) 2 R is
the input gain, de ned in equation (2.30). u,(t) 2 R is the incremental change in the
elevator position, which is de ned as:

Z t
d
Uact(t) = Gact(t) SatuM Satqu a ucmd( ) d UO(t); (4-2)
0
where recall thatugng =  Uemg® Up =  Up+  Uagt Ug in this case is the total commanded

elevator de ection. The true input gain B and the accelerationg, are how considered
unknown, due to uncertainty of the aerodynamic coe cientsC,,. , C.q and Cy,. present
in equations (2.29) (2.30). In this way the plant dynamics can be reordered following
passages similar to the ones used in equation (3.18), so that

d= Gbm t Bobm( 0 Mact + m); (43)

where o =1, n(t) 2 R is the matched uncertainty, and “u, is an estimate of the
elevator position incremental change given by:
Z t

d
Auact(t) = Gact(t) SatuM Satu_M a ucmd( ) d UO(t); (4-4)
0
where G,(t) is the inverse Laplace transform of the nominal actuator transfer function,
de ned in equation (2.33). The hedging modi cation of the predictor discussed in Section
3.3.2 naturally comes out by replicating the behavior of the plant including the actuator

nominal model:
Q-= Gbm L (q CI) + Bobm( 0 Mgt + 7 m) (4-5)

whereL 2 R is a positive gain and”n,(t) 2 R is the estimate of the matched uncer-
tainty. Once the plant and the predictor have been de ned, the derivation of thé. ; PwC
controller follows the exact same passages presented in Section 3.2. The prediction error
=1 (¢ has the following dynamics

gt)= L&+ Boom("m m); (4.6)
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so that the parameter update law is:

"m0 = K (T) &(iTs); 8t 2 [iTs; (i +1) Ts) (4.7)

with
KL, (Ts)= Byp, (1 elTs) tLe s (4.8)

Therefore, the adaptive incremental command will be given by

Uaa(S) = o7 C(8)"m(S) (4.9)

where C(s) is a scalar transfer function which represents the low-pass Iter of the,
controller.

The integration of the presentedL; PwC controller with the existing baseline controller
Is shown in Figure 4.1. The focus is placed on the inner loop INDI of the full autopilot,
since the outer loops are not modi ed by the augmentation. Note that with the proposed
architecture, the OBM (omitted from the gure) is used by both controllers.

4.1.2. Tuning of the L, controller

To complete the design of the ; adaptive controller, the values foiTs, L and C(s) must be
chosen. as already mentioned, for controllers that need to run in real time, the sampling
time Ts of the piecewise constant adaptation law should be chosen as low as the available
CPU allows. In this thesis, since the controller will be simulated in Simulink]Ts = 0:01

Is chosen, which is equal to the xed simulation time step.

The predictor stabilizing gainL is tuned with the objective of estimating the matched
uncertainty ,, with a steady-state estimation error~, close to zero. To obtain a zero
steady-state estimation error, the DC gain of the transfer functior (s) de ned in Sec-
tion 3.3 as the closed-loop transfer function from, to ~, (Figure 3.3) should be one,
e, F (s=0)=1.

Figure 4.2 shows the bode plot oF (s) for dierent values of L with T = 0:01s It

is evident that the steady-state gain of the estimation process$; (0) gets close to 1 as
the predictor gain becomes lower, just as it was demonstrated in Section 3.3.1. Fig-
ure 4.3 shows in detail the value oF (0), as a function ofL, which is represented by an
exponential curve with negative exponent.

Since the adaptation process of the controller is extremely fast by design, the steady-state
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Figure 4.1: Implementation ofL,; PwC controller in augmentation to inner loop INDI of the cascaded autopilot.
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Figure 4.2: Magnitude bode plot ofF (s) with respecttolL, for T =0:01s

gain is a fundamental aspect of the adaptive law. However recall that = O is not an
option, as some stabilization of the prediction dynamics is needed. In fact, withoutthe
dynamics would be marginally stable, and a common phenomenon such as an initialization
error could make the adaptive controller blow up . A gairL = 0:1 was therefore selected,
as it yields a steady-state estimation error,, of approximately 0.1%, which was deemed
to be enough for the considered application.

Figure 4.3: DC gain ofF (s) with respecttolL, for T =0:01s.

The remaining tunable component of theL; PwC controller is the lter C(s). While
optimal design methods exist [37],for the implementation presented here the Iter was

chosen as a simple rst order stable transfer function with unit DC gain, given by:
L

C(s) = s+ 1,

(4.10)

with Iter bandwidth ! = 50rad=s. This value was chosen conservatively with respect
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to the nominal actuator bandwidth ! ; = 150rad=s, which in the simulation model can
be seen as the limit of the available bandwidth.

4.2. L, controller validation

In this section the implementation of theL ; PwC controller will be validated. In Sections
4.2.1 and 4.2.2 disturbances will be injected at= 10s at the level of the actuator, as
shown in Figure 4.4. With no additional sources of uncertainties, thie; PwC controller
should estimate the injected disturbance as precisely as possible, and it will be shown that
it is crucial to use the hedging strategy proposed in 3.3.2. In Section 4.2.3, no disturbance
will be injected, but rather a degradation in the control derivativeCy,. is investigated, to
see how the augmentation a ects the wind-up e ect which was noticed in the simulations
with the degradation which were presented in Section 2.3.2, in which the INDI autopilot
was compared to the gain-scheduled autopilot.

4.2.1. Constant disturbance

Figure 4.4: Representation of how the disturbance is injected in the system.

A constant disturbance is here used to voluntarily saturate the actuator, and evaluate the
behavior of the adaptive controller with and without hedging modi cation, as presented
in Section 3.3.2. The simulations are initialized alv = 700m=s and h = 3048 m (or
10000f) with = =0 and g = Orad=s, with the same reference climb angle,es
which was used in the nominal simulation. A disturbancel = 10degis injected at

t = 10s, and the gures presented show a comparison between the simulation results
obtained with the L; controller disabled, thelL; controller active but without hedging,
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and the L, controller active with hedging also active.

From Figure 4.5 it can be seen that the baseline controller on its own is capable of rejecting
the constant disturbance almost completely in approximately 3 seconds, while in the case
of the augmented controller most of the transient is eliminated, and the disturbance is
rejected almost instantaneously. The baseline controller on its own was expected to be
able to reject a constant disturbance with satisfactory behavior as the tuned PI controller
de ning the pseudo control has a relevant integral contribution.

Figure 4.5: Time history of the climb angle of a nonlinear simulation for the case of
inactive L ; without hedging, active L ; without hedging, and activeL ; with hedging, with
a constant disturbance injected in the actuator position.

From Figure 4.6 it is evident that the actuator saturates at approximatelyt = 18s. This
results in an unstable behavior of the system when tHe; controller is active and hedging
IS not used, as it is also evident from the inspection of the time history of the climb angle
in Figure 4.5. Notice that if the loop around theL ; controller is not closed, and hedging
is disabled, the estimate®,, will also contain the part of the commanded input that goes
beyond the position saturation limits, but the simulation does not become unstable, since
the adaptive incremental input, which is what is causing instability, is excluded from the
predictor. It is also shown in Figure 4.6 that when the actuator saturates, the commanded
input of the augmented controller remains slightly lower. This can be attributed to the fact
that when the adaptive compensation is active, the pitch rate tracking error is lower and
therefore the wind-up e ect is more limited. This is a general feature which was observed
in all of the saturating simulations, and will be shown more evidently in Section 4.2.3.

Lastly, Figure 4.7 shows the time histories of the commanded incremental inputs for the
simulation with the L, PwC controller with the hedging term in the predictor. The
adaptive incremental input matches the estimate of the uncertainty shown in Figure 4.8.
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Figure 4.6: Time history of the commanded inputu.g of a nonlinear simulation for
the case of inactivel ; without hedging, active L; without hedging, and activelL ; with
hedging, with a constant disturbance injected in the actuator position.

Note that when the L, controller is active, the contribution of the baseline controller
changes by a lot with respect to the case with the standalone baseline: after the initial
fast compensation of thel; PwC controller, the baseline controller actually cancels the
incremental command u,g, which would make the actuator saturate. Notice also that
the compensation with the activeL; PwC controller is not perfect, as the Iter C(s)
present in the control law is preventing a perfect compensation for high frequency signals.

Figure 4.7: Time history of the baseline incremental commanduy,, adaptive incremental
command Uy, and total incremental command ucng Of a nonlinear simulation in the
case of activeL; with hedging, with a constant disturbance injected in the actuator
position.

Another important feature of the augmentation can be extracted from Figure 4.8: In the
absence of any uncertainties and disturbances (befdre 10s), there is no activity of the
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adaptive controller. This guarantees that in the nominal case the adaptive controller will
not interfere with the baseline, which is a desired property of any control augmentation
scheme.

Figure 4.8: Time history of the matched uncertainty estimate',, of a nonlinear simulation
for the case of inactive. ; without hedging, activelL ; without hedging, and activel ; with
hedging, with a constant disturbance injected at the plant input.

These results prove that given the baseline controller designed in Section 2.2, the hedging
modi cation to the predictor is fundamental. The estimation of the constant disturbance
yields an almost null steady state error, proving that the tuning performed in Section 3.3.1
was correct. With this speci ¢ disturbance, the baseline controller still performs quite well,
as the integrator present in the inner loop allows for good compensation.

4.2.2. Sinusoidal disturbance

Given the fact that the hedging modi cation was shown to be necessary to ensure a stable
adaptation, The L, controller without hedging is no longer considered. Therefore, from
now on we will di erentiate between baseline controller referring to the INDI autopilot
without the adaptive augmentation and L ;-augmented controller for the case autopilot
which contains theL ; piecewise constant augmentation of the inner loop. The simulations
are initialized at V = 700m=s and h = 3048 m (or 10000f) with - = =0 andqg=

0 rad=s, with the same reference climb angle.s which was used in the nominal simulation.

In this section a sinusoidal disturbancel = 5 sin(2t) degis injected att = 10s.

The di erence in the compensation between the two controllers is now very noticeable
from Figure 4.9 and Figure 4.10. The simulation with thd ;-augmented controller shows
an almost complete compensation of the sinusoidal disturbance. The baseline controller is
still achieving a partial compensation, as it can be seen from Figure 4.10, which highlights
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that the elevator command between the two cases does not di er by much.

Figure 4.9: Time history of the climb angle of a nonlinear simulation with the baseline
controller and with the L;-augmented controller, with a sinusoidal disturbance injected
at the plant input.

Figure 4.10: Time history of the total commandu.,g Of a nonlinear simulation with the
baseline controller and with thel ;-augmented controller, with a sinusoidal disturbance
injected at the plant input.

Note that in Figure 4.11 the estimation of the injected disturbance remains correct even
if the disturbance is not exactly piecewise constant, since the disturbance is slow enough
if compared to the sampling timeTs of the update law.

For the case of thel ;-augmented controller, 4.12 shows the two contributions uy and
Uag to the total incremental command, Ucmg.

These results highlight that in the case of a sinusoidal disturbance, tthe -augmented con-
troller outperforms the baseline controller. Nevertheless the performance of the baseline
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Figure 4.11: Time history of the estimated matched uncertainty,, of a nonlinear simula-
tion with the baseline controller and with theL ;-augmented controller, with a sinusoidal
disturbance injected at the actuator position.

Figure 4.12: Time history of the baseline incremental command uy, adaptive incre-
mental command u,q4, and total incremental command u.mg Of a nonlinear simulation
with the L;-augmented controller, with a sinusoidal disturbance injected at the actuator
position.
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can still be considered adequate, proving once more good disturbance rejection qualities
of the INDI controller.

4.2.3. Control derivative degradation

For a last validation of the design, thelL ;-augmented controller is compared with the
baseline controller in the case of a degradation in the control derivativ@,. . The same
scenario was used in the comparison of the gain-scheduled autopilot and the INDI au-
topilot, in Section 2.3.2. The simulations are initialized atv = 700 m=s and h = 3048 m
(or 10000f) with = =0 and q= 0rad=s, with the same reference climb anglees
which was used in the nominal simulation. There is no disturbance injected in the control
channel, and a degradation in the control derivativeC,,, by 40% is considered.

Figure 4.13: Time history of the climb angle of a nonlinear simulation with the baseline
controller and with the L ;-augmented controller, with degradation of the control derivative
Cn. by 40%

Figure 4.13 shows that with both controllers, in the event of a position saturation, an
overshoot of the reference climb angle is experienced. However, with theaugmented
controller the overshoot is less pronounced. This can be attributed to the smaller pitch rate
tracking error achieved by thel ;-augmented controller, which can be seen in comparison
to the baseline in Figure 4.16a and 4.16b. Figure 4.14 further proves that the augmentation
is bene cial, as it essentially reduces the peak value of the commang.,q, therefore
allowing for a quicker recovery from wind-up in comparison to the baseline controller.

Figure 4.15 shows the time history of the estimated uncertainty for the simulation with
the L ;-augmented controller. Coherently with the derivation of the matched uncertainty
m Which was done in equation(3.18), the estimation is high during the maneuvering parts
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Figure 4.14: Time history of the total commandu.ng Of nonlinear simulations with the
baseline andL ;-augmented controllers, with a degradation of the control derivativE,,,.
by 40 %

Figure 4.15: Time history of the estimated matched uncertainty*,, of a nonlinear simu-
lation, with a degradation of the control derivative C,,. by 40 %
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of the mission, where u 6 0. It is also visible that when saturation occurs, the estimate
does not grow further, thanks to the inclusion of saturation e ects in the predictor.

(a) Baseline controller (b) Li-augmented controller

Figure 4.16: Time history of the pitch rateq and reference pitch ratege; of nonlinear
simulations with baseline andL ;-augmented controllers, with degradation of the control
derivative Cy,. by 40%

Since the considered model of the aircraft contains only one control surface, while actively
saturating the performance of the two controllers will be the same, given that the aircraft
loses controllability. In fact as it can be seen from Figures 4.16a and 4.16b, the lower
overshoot in the climb angle response with the ;-augmented controller is due to a lower
pitch rate error g, which is achieved previous to the time instants in which saturation
occurs. This shows that the objective set for the adaptive augmentation is met: to
compensate for uncertainties and to avoid inducing instability during active saturation.
Since the saturation portion of the simulations does not o er any more information to
the comparison of the two controllers, in the next section a full Monte Carlo analysis will
be carried out, but without saturation e ects in the actuator, so that the performance of
the two controllers can be compared e ectively for the full length of the simulations.

4.3. Monte Carlo analysis with parametric uncertainty

In this section, the behavior of the system in the presence of an estimation error of the
OBM is considered. Speci cally, no disturbance is injected in the system, but rather the
aerodynamic coe cients in uencing the pitch rate dynamics will be considered uncertain.
This uncertainty can be matched in the input channel, as demonstrated in Section 4.1,
and can therefore be compensated for by the; PwC controller. The uncertainty was
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de ned on the parameters which a ect the dynamics of the pitch rate, as that is the part
of the cascaded autopilot on which thé ; PwC controller acts. A25 %range of variation

for am, bm, Cn, Cmq and Cp,,  with a uniform distribution was considered. The nominal
values for these parameters are those present in Table 2.1. Moreover, the saturation e ects
of the actuators were not considered, in order to allow for an unconditioned evaluation of
the two controllers. Note that the uncertainty on C,,. is the only one which a ects the
true input gain B, while the other uncertainties a ect only the pitch accelerationg of the
system. Recall that these two quantities enter di erently in the lumped uncertainty™,,
with the term arising from an uncertain B being proportional to the incremental input.

Section 4.3.1 presents the metrics which will be used to compare the performance of
the baseline and thel ;-augmented controllers. In Section 4.3.2 the comparison between
the two controllers in terms of climb angle tracking performance is presented, while in
Section 4.3.2 similar metrics are used to compare the pitch rate performance, in which
a higher in uence of theL; PwC controller is expected, since the augmentation focuses
on the pitch rate dynamics. The number of samples for the Monte Carlo analysis was
xed at 100, and the simulations are all initialized atV = 700 m=s and h = 3048 m (or
10000f) with- = =0 and g = Orad=s, using the same reference climb anglges
which was used in the nominal simulation.

4.3.1. Performance evaluation metrics

Since the model is nonlinear, methods based on the direct analysis of the time histories of
the signals are used to evaluate the performance. For applications of tracking of a reference
signals, these techniques generally resort to the quanti cation of the tracking error, or of
the control activity. Here the control activity is not considered as for the purpose of this
Monte Carlo analysis the saturation e ects in the actuator are disregarded. Moreover the
control activity is more relevant in pilot-in-the-loop evaluations, to assess the workload
experienced by the pilot.

Other methods which are common in the evaluation of the design of a FCS rely on the
evaluation of the poles of the linearized system in multiple conditions across the envelope.
This is commonly done as the poles have been correlated to the Flying Qualities of the
aircraft. However, the considered model of the longitudinal airframe has a rather simple
aerodynamic model, and showcases the performance of a hypersonic vehicle. These two
features do not allow for a direct comparison with the requirements which are generally
used for traditional xed-wing aircraft.

Consequently, the climb angle tracking erroe = ¢ and the pitch rate tracking error
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€ = Qe qWwere considered for the evaluation of performance. The tracking of the climb
angle reference is considered since it represents the control objective of the autopilot. The
pitch rate is also investigated since its dynamics is the focus of the augmentation, so it is
logical to compare the baseline antl ;-augmented controllers on the tracking error of the
referenceges , Which is computed by the acceleration-control middle loop.

The L, norm and the L; norm represent a typical way in which the most relevant
information can be extracted from the time history of an error signal. For a simulation
of duration t; (which in this case is set att09 the norms of the two tracking errors are
de ned as follows:
S,
ts
je(Ojrdt  jiejiL, = Stugje (i
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0
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Moreover, to obtain more meaningful results, these norms will be normalized with respect
to the references, so that the performance metrics will be de ned as:
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Note that the reference climb angle is the same for all the simulations, and corresponds to
the one that was used in the nominal simulation in Section2.3. The reference pitch rate,
on the other hand, results from the computation of the two controllers in the outer loops
of the cascade, and therefore the scaling term inside the metrics will be speci c for each
simulation.

In order to evaluate the consistency of the response between the uncertain simulations
and the nominal one, robustness metrics are de ned as:
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RLz;q =

wheree nom and egnom are the two tracking errors in the nominal simulation, performed
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with the baseline controller as a standalone, angl jj is the Frobenius norm of a diagonal
matrix which contains the multiplicative uncertainty on each of the parameters, di erent

for each simulation. This metric is used to assess how much the response of the system
changes relative to the nominal one, scaled by the amount of uncertainty present in the
simulation. It is evident that for both metrics, the lower is the value, the better is the
controller is performing in the Monte Carlo analysis.

4.3.2. Evaluation of climb angle tracking

First, the tracking of the climb angle reference is evaluated. Figure 4.17 and Figure 4.18
show the obtained time histories of the relative climb angle tracking erra...; , which is
de ned as: o

€irel = T (4.14)
with jj e JjL, = 45deg being the highest value of the climb angle reference across the
simulations.

Figure 4.17: Envelope of the time histories of the relative climb angle errer, generated
from the nonlinear Monte Carlo analysis with baseline controller.

It can be seen that the climb angle response obtained with the baseline controller has a
higher variability with respect to the nominal case. The envelope of the time histories
with the L;-augmented controller shows that in the event of uncertainties the response
remains very similar to the nominal one.

The higher spread of the uncertain simulations with the baseline controller result in some
cases showcasing even a lower tracking error with respect to the nominal case. Forlthe
augmentation, the lower spread is caused by the fact that non-nominal e ects will always
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Figure 4.18: Envelope of the time histories of the relative climb angle errer; generated
from the nonlinear Monte Carlo analysis withL ;-augmented controller.

be compensated for, without considering how they would a ect the climb angle tracking
performance, which is not the focus of the augmentation.

The quantitative evaluation of the response can be seen in Table 4.1, which presents the
statistics for the metricsM_,. M_,. R_,. R, ., obtained with the baseline andL ;-
augmented controllers. Although the di erence from the time histories in Figure 4.17

Table 4.1: Comparison of performance and robustness metrigs ,. , M, . , R_,. and
R., . (max, min, mean , standard deviation ) generated from Monte Carlo analysis,
with baseline andL ;-augmented controllers.

M.,. M., . RL,. R, .
Baseline L;-aug.| Baseline L;-aug.| Baseline L;-aug.| Baseline L;-aug.
max | 0.2228 0.2174| 0.2909 0.2713] 2.2066 0.4994| 1.0696 0.2813
min | 0.2137 0.2135 0.2651 0.2693| 0.0508 0.0094| 0.0283 0.0069
0.2167 0.2158 0.2728 0.2703| 0.6263 0.1415| 0.3062 0.0782
0.0020 0.0009] 0.0056 0.0004| 0.4102 0.0954| 0.2037 0.0513

and Figure 4.18 seems evident, the performance metrics show only a slight improvement
given by the use of thel ;-augmented controller. This can be attributed to the fact that
the uncertainty was introduced directly only in the inner loop, and the cascade structure
of the baseline controller allows for an overall good robustness, since the fast inner loop
will compensate for the outer loops. However, the role of the adaptive augmentation is
evident by looking at the robustness metric®k_,. andR_, . . The lower values obtained
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in these metrics highlight that the L ;-augmented controller presents a lower variability in
the response with respect to the nominal simulation.

The box plots are used as an extensive representation of the statistics of the Monte Carlo
simulation. Figure 4.19 shows the comparison between the two controllers regarding
the performance metrics, while Figure 4.20 focuses on the two robustness metrics. It
IS once more very visible how there is less variation in the performance metrics of the
L ;-augmented controller, and that the di erence with respect to the nominal simulation,
showcased by the robustness metrics, is reduced if compared to the baseline controller.
Nevertheless the baseline controller is still capable of maintaining more than adequate
performance, through the compensating action of the fast inner loop INDI controller.

Figure 4.19: Box plot comparison of the performance metriéd, ,, andM_, . generated
from the nonlinear Monte Carlo analysis with baseline and ;-augmented controllers.

Figure 4.20: Box plot comparison of the robustness metrid®_,. and R, . generated
from the nonlinear Monte Carlo analysis with baseline and ;-augmented controllers.
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4.3.3. Evaluation of pitch rate tracking

The Monte Carlo analysis proceeds with the evaluation also of the pitch ratg The
L, PwC adaptive augmentation was designed to act directly on the dynamics of the
pitch rate, so it is expected that this comparison will highlight an even higher di erence
between the baseline and th& ;-augmented controllers. Figure 4.21 and Figure 4.22 show
the obtained time histories of the relative pitch rate tracking erroreg.e;, which is de ned
as: e,

e (*4.19)
Notice that as anticipated, the e ect of uncertainties in theq loop is much more visible,
and with both controllers there is an evident di erence between the nominal simulation
and the uncertain ones. However, it is also clear that with thé& ;-augmented controller
an improvement in the tracking of the pitch rate reference}e; is encountered.

Figure 4.21: Envelope of the time histories of the relative pitch rate erra,i generated
from the nonlinear Monte Carlo analysis with baseline controller.

Note that at approximately 28 seconds, it can be seen that even in the nominal simulation
some damped oscillations arise in thg loop. Across the uncertain simulations, in the
case of thel. ;-augmented controller these oscillations are ampli ed but still stable. In the
uncertain simulation with the baseline controller, in some cases the response is similar
to the one obtained with the augmented controller, but in others an unstable oscillatory
behavior starts to build up. Although less visible, the e ect of these oscillations was
present also in the time history of the climb angle error, in Figure 4.17, at the same
time mark. The climb angle response is less a ected by these oscillations as the cascaded
structure, if correctly tuned, allows for good robustness to uncertainties in the inner loop.
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