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1. Introduction

Elastic seismic imaging relies on the simulation
and analysis of elastic wave-fields, in which com-
pressional (P) and shear (S) contributions are
generally superposed. In isotropic linear elas-
tic media, P-waves are associated with compres-
sional deformation, whereas S-waves are associ-
ated with shear deformation. In heterogeneous
configurations, and especially in the presence of
interfaces and free surfaces, these modes inter-
act and convert into one another.

P-S wave-field separation is therefore useful
both for analyzing elastic wave propagation and
for improving seismic imaging workflows. In
elastic reverse time migration, separated wave-
fields can reduce artifacts due to undesired
modal correlations, while in Elastic Full Wave-
form Inversion (E-FWI) they provide a way to
mitigate parameter cross-talk, in particular the
coupling between Vp and Vg, a well-known dif-
ficulty in multiparameter elastic inversion [1].
This thesis focuses on Poisson-based P—S sepa-
ration methods, following the line of Helmholtz-
type approaches proposed in [3, 4]. In these for-
mulations, the P component is identified with
the irrotational part of the elastic wave-field and
reconstructed as the gradient of a scalar po-
tential obtained by solving an auxiliary Poisson

problem, while the S component is recovered by
subtraction. This strategy is computationally
attractive, since it reduces vector-field separa-
tion to scalar elliptic problems that can be effi-
ciently treated, in rectangular domains, by fast
transform-based solvers.

However, in bounded computational domains,
the Poisson equation alone does not uniquely de-
fine the separation: the auxiliary problem must
be closed with boundary conditions. In many
existing implementations, these conditions are
not prescribed explicitly, but are implicitly de-
termined by the numerical solver, for instance,
through sine transforms (see [4]) or FFT-based
periodic extensions (see [3]).

The main contribution of this thesis is a
boundary-aware reinterpretation of Poisson-
based P-S separation, based on the Helmholtz—
Weyl decomposition. This viewpoint makes ex-
plicit the role of the boundary conditions used to
close the auxiliary Poisson problem and allows
their mathematical, physical and numerical con-
sequences to be analyzed. Based on this frame-
work, the thesis studies Neumann, Dirichlet and
mixed formulations, develops efficient staggered-
grid-consistent solvers, and investigates the use
of separated fields in adjoint-state gradient com-
putations for Elastic Full Waveform Inversion.



2. Methodology

2.1. Helmholtz—Weyl formulation

The starting point of the thesis is the clas-
sical irrotational/solenoidal criterion for elas-
tic wave-field separation. In homogeneous, un-
bounded and isotropic elastic media, P-waves
correspond to the irrotational component of the
elastic field, whereas S-waves, and, in two di-
mensions, SV-waves, correspond to its solenoidal
component. In more general configurations, in-
volving heterogeneities or domains that are not
unbounded in every direction, this identification
is no longer exact in a strict modal sense, but
it is adopted as a physically meaningful opera-
tional criterion. In bounded computational do-
mains, this criterion is formulated through the
Helmholtz—Weyl decomposition theorem, which
provides the mathematical framework for in-
terpreting P—S separation as a decomposition
of a vector-valued function into its irrotational,
solenoidal and harmonic-gradient contributions,
with the latter being simultaneously curl-free
and divergence-free.

Within this framework, the P component is re-
constructed as the gradient of a scalar potential
obtained by solving an auxiliary Poisson prob-
lem driven by the divergence of the total field.
The S component is then recovered as the resid-
ual between the original field and the recon-
structed P field. The separation workflow can
therefore be summarized as

—Af=—div(u) in
u — —
BCs on 0f) (1)

— up=Vf — ug=u—up

Consequently, in bounded domains, the choice
of boundary conditions for the auxiliary Pois-
son problem becomes part of the mathematical
definition of the separated fields.

2.2. Boundary closures and numeri-
cal solvers

Two boundary closures are explicitly ana-
lyzed: the Poisson—Neumann formulation and
the Poisson—Dirichlet formulation, respectively
defined by

Vf-Uv=wu-0 on0f)
f=0 on o

These choices correspond to different assign-
ments of the harmonic-gradient contribution: in
the Poisson—Neumann formulation, this contri-
bution is included in the irrotational P compo-
nent, whereas in the Poisson—Dirichlet formula-
tion it is assigned to the solenoidal S component.
Therefore, the two boundary closures define two
mathematically distinct P—S separations. The
explicit treatment of the non-homogeneous Neu-
mann case, less common in standard Poisson-
based implementations, is one of the distinctive
aspects of the work.

The theoretical formulation holds in both two
and three space dimensions, while the numerical
developments and experiments of the thesis are
specialized to the two-dimensional P-SV setting.
The numerical workflow is carried out snapshot
by snapshot: for a given snapshot of the elastic
wave-field, the separation is performed accord-
ing to the procedure (1). The numerical Pois-
son solvers are designed to be consistent with
the staggered-grid arrangement inherited from
the elastic finite-difference solver and are imple-
mented through fast trigonometric transforms,
so as to keep the computational cost compatible
with large-scale seismic simulations.

For the Dirichlet formulation, the thesis adopts
a different numerical strategy from the explicit
finite-difference discretization of differential op-
erators employed in the Poisson-Neumann case.
Instead, the solver exploits the analytical spec-
tral representation of the continuous Poisson so-
lution, which is explicitly computable in rect-
angular domains. The corresponding coeffi-
cients are approximated from the information
available on the staggered grid. This yields a
continuous-like spectral approach based on nu-
merical quadrature, while retaining a log-linear
asymptotic complexity compatible with fast-
transform methods. This strategy has the ad-
vantage of being exact for wave-fields that are
band-limited with respect to the trigonometric
spectral expansion underlying the solver, and
the spectral-content analysis performed on the
numerically simulated wave-fields confirms that,
in the tested configurations, the modes carrying
the relevant energy lie within the spectral reso-
lution of the grid.

The comparison between the Neumann and
Dirichlet closures motivates a Poisson—mixed
formulation specifically designed for fluid free-



surface configurations. In this case, the bound-
ary is split as 02 = I'y U I'p, where 'y de-
notes the physical free surface and I'p the ar-
tificial boundaries equipped with absorbing lay-
ers. Non-homogeneous Neumann conditions are
imposed on I'y, whereas homogeneous Dirichlet
conditions are imposed on I'p, namely

Vf-'=u-v only
f=0 onI'p

The P scalar potential is decomposed into a har-
monic lifting of the Neumann datum and a resid-
ual contribution satisfying homogeneous mixed
boundary conditions. Both contributions ad-
mit analytical representations in rectangular do-
mains, leading to a solver that follows the same
continuous-like spectral strategy used for the
Dirichlet formulation.

2.3. Application to Elastic Full Wave-
form Inversion

Finally, the thesis studies the incorporation of
P-S separation into the computation of adjoint-
state gradients for Elastic Full Waveform Inver-
sion, in the spirit of mode-decomposition-based
strategies such as [2], with the aim of mitigating
cross-talk between the Vp and Vg updates. The
forward and adjoint wave-fields are first sepa-
rated into their P and S components, and the
gradients are then constructed by selecting spe-
cific modal time cross-correlations between the
separated fields. In particular, only P—P correla-
tions are retained for the modified Vp gradient,
whereas P—S, S-P and S-S interactions are re-
tained for the modified Vg gradient.

3. Results
3.1. Boundary-induced artifacts and
mitigation

A first result of the thesis is the physical in-
terpretation of the boundary conditions and of
the associated boundary artifacts. The Poisson—
Neumann formulation implicitly enforces a van-
ishing normal trace for the residual S component
at the boundary:

ug-v =0 on 02 (2)

whereas the Poisson—Dirichlet formulation en-
forces the tangential component of the recon-
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Figure 1: Land Marmousi-II configuration used
to assess Poisson-based P—SV separation in an
effectively unbounded setting. Right: P-wave
velocity model Vp. Left: vertical component
of the full wave-field at ¢t ~ 0.50s, generated
by an explosive Ricker wavelet source with cen-
tral frequency fo = 10 Hz, injected at (zs, z5) =
(1.25km, 0.50 km).
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Figure 2: Comparison between Poisson—
Neumann (left column) and Poisson—Dirichlet
(right column) separations in the land
Marmousi-II  configuration with absorbing
layers on all boundaries. The vertical compo-
nents of the reconstructed P field (top row) and
SV field (bottom row) at ¢t &~ 0.50s are shown.

structed P field to vanish at the boundary:
up-7=0 on 9N (3)

As a consequence, the two closures may generate
dual leakage mechanisms. The Neumann clo-
sure may induce S-to-P leakage when an S wave
reaches the boundary with a non-vanishing nor-
mal component, while the Dirichlet closure may
induce P-to-S leakage when a P wave reaches



the boundary with a non-vanishing tangential
component. The artifacts observed in the two-
dimensional numerical tests can therefore be in-
terpreted as consequences of the mathematical
closure used to define the auxiliary Poisson prob-
lem in a bounded domain.

Based on this interpretation, the thesis adopts a
mitigation strategy consisting of extending the
separation domain so as to include the absorb-
ing layers. Numerical tests in effectively un-
bounded configurations, i.e., with all boundaries
equipped with absorbing layers, show that, ow-
ing to this strategy, the boundary-induced ar-
tifacts are strongly mitigated. As a result, the
Poisson—-Neumann and Poisson—Dirichlet formu-
lations produce practically equivalent separated
wave-fields within the inner physical region, even
in realistic heterogeneous models. This con-
firms that the artifacts associated with artifi-
cial boundaries can be strongly reduced by mak-
ing the interaction between the wave-field and
the boundary of the separation domain negli-
gible. An example in a realistic heterogeneous
model is shown in figures 1 and 2. Only the ver-
tical component is displayed, both for the full
wave-field and for the separated wave-fields ob-
tained with the Poisson—Neumann and Poisson—
Dirichlet separation strategies.

3.2. Fluid free surface configurations

This picture changes in the presence of a free
surface. In this case, the boundary is physical
and the choice of the Poisson closure becomes
essential, especially in fluid free surface config-
urations. Since fluids do not support shear-
wave propagation, any SV component recon-
structed inside the fluid region can be inter-
preted as numerical leakage. The numerical re-
sults show that the Dirichlet closure may gener-
ate spurious P-to-SV conversions near the fluid
free surface. This observed behavior agrees
with the implicit constraint (3) imposed by the
Poisson—Dirichlet formulation, which is not com-
patible with the purely compressional nature
of the wave-field in a fluid medium. By con-
trast, the Poisson—Neumann formulation implic-
itly imposes the boundary constraint (2), which
is consistent with the absence of shear waves
in the fluid, and has been shown to suppress
this boundary-induced leakage mechanism. This
suggests that explicitly accounting for the phys-
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Figure 3: Homogeneous fluid free surface test
at t = 2.0s, generated by an explosive Ricker
wavelet source with central frequency fy = 5 Hz,
injected at (xs,zs) = (5.0km, 1.5 km). The ver-
tical component of the full wave-field (top-left)
is shown as a reference, while the other pan-
els compare the vertical SV component recon-
structed with the Poisson—Dirichlet (top-right),
Poisson-Neumann (bottom-left) and Poisson—
mixed (bottom-right) formulations. The insets
show rescaled views of the residual SV signal.

ical nature of the boundary can mitigate free-
surface-induced artifacts that remain problem-
atic in the recent FFT-based Poisson separation
approach proposed in [3].

The numerical behavior of the Poisson—mixed
formulation confirms the twofold motivation be-
hind its construction. The non-homogeneous
Neumann boundary condition imposed at the
fluid free surface suppresses the structural
boundary-induced P-to-SV leakage observed
with the Dirichlet closure. At the same time,
the residual SV signal inside the fluid, inter-
preted as numerical noise rather than as a struc-
tural artifact associated with the Poisson clo-
sure, is reduced by approximately one order of
magnitude compared with the finite-difference
Poisson—Neumann solver. This improvement
can be reasonably attributed to the continuous-
like spectral approach employed for the numer-
ical solution. This behavior is illustrated in
figure 3, which compares the vertical SV com-
ponents obtained with the Poisson—-Neumann,
Poisson—Dirichlet and Poisson—mixed formula-



tions in a homogeneous fluid configuration.

In more realistic configurations, the free sur-
face behavior remains coherent, although addi-
tional artifacts appear near the fluid-solid in-
terface and are observed for all three separation
strategies.

3.3. Application to Elastic Full Wave-
form Inversion

In the E-FWI application, the numerical re-
sults show an asymmetric effect of the separated-
gradient strategy on the Vp — Vg coupling. On
the one hand, the imprint of compressional
structures in the Vg updates is reduced. This
behavior is interpreted as the removal of the di-
rect volumetric pathway of the Vp — Vg cou-
pling from the modified Vg gradient. After the
modal selection, the residual coupling can only
persist through deviatoric strain correlations in-
volving at least one S component. On the other
hand, the coupling in the opposite direction re-
mains essentially unchanged, consistently with
the fact that the modified Vp gradient coincides
with the standard one at the continuous level.
The cross-talk mitigation is therefore targeted
and asymmetric, rather than a complete decou-
pling of the multiparameter inverse problem.
This effect is illustrated in figures 4 and 5 for
a two-inclusion model, characterized by a ho-
mogeneous background in which two circular
anomalies are embedded: one affecting only Vp,
in the upper-left region, and the other affect-
ing only Vg, in the bottom-right region. The
two anomalies are spatially separated in order
to better assess the effects of the Vp — Vg cou-
pling during the inversion. Figure 5 displays the
residual model errors, computed as the differ-
ence between the final reconstructed model and
the true model, both for the inversion with the
separated-gradient strategy and for the standard
inversion. The comparison shows that the Vp
residual remains essentially unchanged, whereas
the separated-gradient strategy substantially re-
duces the imprint of the compressional structure
in the Vg residual.

In the numerical tests performed, this modifica-
tion of the gradient did not lead to any observed
deterioration of the convergence behavior of the
optimization algorithm.
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Figure 4: Two-inclusion E-FWI test case. The
true Vp (right) and Vg (left) models are shown
together with the acquisition geometry.
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Figure 5: Residual Vp (top row) and Vg (bottom
row) model errors in the two-inclusion E-FWI
test. Left column: inversion with separated-
gradient strategy; right column: standard inver-
sion.

4. Conclusions

The central message of this thesis is that bound-
ary conditions in Poisson-based P—S separation
are not a secondary numerical detail, but an in-
trinsic part of the mathematical definition of the
separation in bounded computational domains.
If this role is not made explicit, the boundary
closure is effectively delegated to the numeri-
cal solver and becomes embedded in the chosen
computational procedure.

The Helmholtz—Weyl decomposition makes this
ambiguity explicit. It shows that Neumann
and Dirichlet closures assign the harmonic-
gradient contribution differently between the re-
constructed P field and the residual S field. As a



result, the separated fields have different bound-
ary properties and physical meanings, leading
to dual leakage mechanisms that can be inter-
preted, predicted and mitigated.

In practice, when the boundaries are artificial,
these artifacts can be strongly reduced by ex-
tending the separation domain into the absorb-
ing layers, making the Neumann and Dirichlet
formulations practically equivalent in the phys-
ical bulk. The distinction becomes essential
at physical boundaries: near a fluid free sur-
face, the Neumann closure is consistent with
the absence of shear-wave propagation in the
fluid, whereas the Dirichlet closure may induce
spurious P-to-SV contamination. The proposed
mixed formulation addresses this issue by com-
bining Neumann conditions on the physical free
surface with Dirichlet conditions on the artificial
boundaries. It preserves the physically coherent
behavior of the Neumann closure at the fluid
free surface, while reducing residual SV numeri-
cal noise through a spectral solver analogous to
the one developed for the Dirichlet formulation
and retaining the same log-linear complexity.
The application to Elastic Full Waveform In-
version shows that the same modal-separation
framework can also inform the construction of
adjoint-state gradients. Selecting modal corre-
lations yields a targeted and structurally asym-
metric mitigation of Vp — Vg cross-talk, con-
tributing to more reliable Vg updates in the
tested configurations, but without producing a
complete decoupling of the multiparameter in-
verse problem.

Several directions may be considered for fu-
ture developments of this work. From the
numerical point of view, the proposed two-
dimensional algorithms are conceptually ex-
tendable to three-dimensional rectangular do-
mains, where the same staggered-grid structure
and fast-transform strategy can be generalized.
However, since the present framework strongly
relies on structured grids and rectangular ge-
ometries, an important perspective is the de-
velopment of efficient boundary-aware Poisson
solvers and discrete projectors compatible with
discretizations on unstructured meshes and gen-
eral geometries. From the application point of
view, future work should investigate whether the
separated-gradient strategy introduced in this
work can effectively improve parameter cross-

talk reduction and reconstruction quality within
E-FWI or imaging workflows in more realis-
tic seismic configurations. Finally, a major
perspective is the extension of the boundary-
aware separation framework to anisotropic me-
dia, where the classical irrotational/solenoidal
criterion should be replaced by projection opera-
tors based on the anisotropic polarization struc-
ture.
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