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1. Introduction

Functional Data Analysis (FDA) has gained sig-
nificant attention in recent years, earning a cen-
tral role in statistical research. For functional
data we often, but not always, intend a set of
curves defined in an infinite-dimensional space,
where each curve represents a realization of an
underlying random process. Within this frame-
work, functional clustering has also emerged as
topic of interest, which formally refers to the
unsupervised task of grouping a set of curves
in distinct subsets, named clusters, in such a
way that instances within a group are similar
to each other while they are dissimilar to in-
stances of other groups. Various methods have
been developed, each leveraging different char-
acteristics of functional data. Moreover, sev-
eral classification schemes have been proposed
in order to have a systematic description, such
as those by [2]. Among the main categories, we
can identify: raw data methods, which cluster
functions based on their observed values on a
discrete grid of their domain; filtering methods,
which first approximate curves using a basis ex-
pansion, leading to a finite-dimensional repre-
sentation, and then perform clustering on the
resulting finite-dimensional objects; distance-

based methods, which rely on functional dis-
tance metrics to quantify similarities between
Notably, the latter category is over-
lapping with the previous two, as the choice of
distance metric determines whether the method
aligns more closely with raw data approaches
or filtering approaches. While existing methods
achieve well-separated functional clusters, they
primarily focus on partitioning rather than un-
covering the underlying mechanisms driving the
observed curves. This limitation became evident
to us during the analysis of a dataset containing
the profiles of different antigen reactions. These
curves seem to follow a shared pattern, consist-
ing of an initial stable phase followed by a rapid
decline at different intensity levels. The vari-
ation in these levels is driven by differences in
the reagent concentration applied to the antigen,
suggesting that the observed curves are governed
by an ordinal latent structure, where a spe-
cific cluster membership corresponds to a differ-
ent magnitude of the common underlying effect.
Traditional clustering techniques do not explic-
itly capture this ordinal nature nor estimate the
latent component influencing curve generation.
To address this, we introduce K-Models, a new
clustering approach tailored for functional data

curves.



with an underlying ordinal structure. By group-
ing functions based on a common latent effect
and structuring clusters according to its inten-
sity in an ordinal manner, K-Models not only
produce meaningful partitions but also provide
estimates of the underlying function and cluster-
specific coefficients, enhancing interpretability.

2. Methodology

In the context of functional data clustering
where latent groups are inherently endowed with
an order relation, we consider a set of func-
tional observations {fi(t)}X,, where each func-
tion takes values in R and is defined on a com-
mon domain 7 C R. Given a number of clus-
ters K, the goal is to find an optimal partition
C* ={Cj,...,C}%} into which divide the curves.

2.1. K-Models

Unlike traditional clustering approaches, this
procedure explicitly assumes that the latent
classes follow an ordinal structure. Specifically,
if C; and Cj are two latent classes, we assume
C; < Cj whenever the amplitude of the under-
lying effect g in C; is smaller than in C;. This
ordering is reflected by the estimated parame-
ters. In this setting, we consider the following
cluster-specific functional linear model:

fi(t) = Bor + Birg(t) + €i(t)
= ¥((9, Bk),t) +&i(t)

where the curve f; belongs to the cluster Cp,
with k& € {1,...,K}. The parameters B, =
[ﬁok, ﬁlk]T consist of a scalar intercept Bgr and
a scalar coefficient (15 that linearly modulates
the function g, defined on the same domain 7
as the observed curves!. Lastly, the term ;(t) is
a functional random process with the null func-
tion as its mean, i.e., E[g;(t)] =0 for all ¢t € T.
The function g captures the hidden phenomenon
underlying the generation of the curves f;, while
the coefficients Sy capture its effect within the
specific cluster C. Crucially, the ordinal na-
ture of the latent classes is entirely determined
by the values of 31, as they define a hierarchi-
cal ordering of the clusters, according to their
increasing values. The complete procedure for

teT, 1)

1 . . . .
For notional convenience, we introduce the function

¥»((g,8k),t) = Box + Bikg(t), representing the cluster-
specific structural component.

the estimation of Model 1 is outlined in Algo-
rithm 1. Specifically, in step j.1, the coefficients
ﬂi are estimated using a function-on-function
regression approach [1]. At this stage of the
algorithm, the function §?~'—estimated in the
previous iteration—is used as a functional co-
variate. Subsequently, in step j.2, the perspec-
tive is reversed: a function-on-scalar regression
[4] is employed to update g, using the newly es-
timated coefficients as scalar predictors. Lastly,
in step j.3 the cluster memberships are updated
and then reordered based on the coefficient ,6’{ i
This step can be performed using one of two fol-
lowing reassignment strategies: (1) Best-fitting
model, with each curve reassigned to the cluster
C5,, whose model yields the lowest residual error,
so that = argmingeqs, .y | f; — 0@, A |12+
(2) Coefficients proximity, with each curve re-
assigned to the cluster Cj, whose estimated co-
efficients are closest to those obtained for that
curve alone. Specifically, 3; is estimated us-
ing a function-on-function regression with only
fi as whole dataset, using ¢’ as the functional
covariate. The new cluster is then assigned as

k = argminge gy 18 — B2

Algorithm 1 K-Models Pseudo Algorithm

Input: A functional dataset {fi(¢)} |, number
of clusters K
Output: Clusters partition C, estimated com-
mon effect § and cluster-specific coef-
ficients {Gk}le
1 Initialize: Randomly divide the curves into K
groups and let g equal to the pointwise mean
of the dataset, i.e. §°(t) = + Zfil fi(®)
2 Iter j:
j-1) Built K different models, one for each
cluster, and estimate the coefficients ﬂAi,
through function-on-function regression:

filt) = B |+ Bl 7 (1) +eilt).

j.2) Estimate the function ¢/ using the whole
dataset, through function-on-scalar regres-
sion:

Fi(t) = B+ Bl 8 ()| + eatt).

j.3) Update the cluster membership for each
curve, reorder according to the increasing
values of Blk

3 until convergence;




Based on these two reassignment strategies, we
implement two versions of the K-Models, respec-
tively referred to simply as K-Models (i.e. best-
fitting model) and K-Models v2 ("version 2",
i.e. coefficient proximity). Two additional re-
finements are introduced. The first is a repop-
ulation mechanism. Since some clusters may
experience a sharp reduction in the number of
assigned curves after the first iterations?, when-
ever the number of curves assigned to a cluster
falls below a predefined threshold, an additional
set of curves is randomly reassigned to that clus-
ter3. The second is a multiple-start approach,
employed to mitigate the impact of the random
initialization.

2.2. Competitor methods
2.2.1. K-Means

The first clustering method used as a compari-
son is the well known K-Means. Its idea is to
partitions data by minimizing the total dissimi-
larity between curves and their cluster centroids,
defined as Zszl > € d?(f;, z). Specifically,
a centroid is a representative element of the clus-
ter, computed as the pointwise mean of its ob-
servations, i.e. z(t) = ﬁzfﬁ% fi(t). The
algorithm iteratively assigns each curve to the
closest centroid—based on the distance metric
d—and updates the centroids Z = {z1,..., 2K}
accordingly. In this study, similarity between
curves is measured using the L2-norm, so that

d(fis z) = lfi — 2l 2
2.2.2. PAM

Partitioning Around Medoids (PAM), also
known as K-Medoids, follows the same objec-
tive as K-Means—minimizing total dissimilar-
ity within clusters—but replaces centroids with
medoids, defining the so called Total Deviation
asTD := Zszl > ec, A(fismy). A medoid my
is the data point within each cluster that mini-
mizes the total dissimilarity to all other points,
Le my = argmingec, Y r e, d(fi, fj)- No-
tably, unlike centroids, which are computed as
averages, medoids must be actual data points,
making PAM more robust to outliers. The algo-
rithm consists of two mains steps: (1) Build, ini-
tializes the K medoids by choosing for K times

2Resulting in a stagnation of the algorithm.
3The threshold and the number or curves reassinged
depend on the dimensionality of the dataset used.

the instance which yields to the smallest T'D
(e.g. choosing at first the closest curves to all
the others); (2) Swap, iteratively improves the
clustering by considering all possible swaps be-
tween a medoid and a non-medoid instance and
applying the one which reduces at most T'D. As
in K-Means, we use the L?-norm as dissimilarity
measure for the curves.

2.2.3. FPCA & K-Means

Unlike previous methods, this approach falls
into the category of filtering methods, since the
idea is now to first reduce the dimensionality of
the functional dataset using Functional Princi-
pal Component Analysis (FPCA), before apply-
ing clustering. The functional observations are
so approximated as linear combinations of ba-
sis functions, by exploiting the Karhunen-Loéve
expansion: let F' be a stochastic process, sup-
posed belonging to L?(7), this can be expressed
as F(t) = p(t)+> 2, ayi(t) for all t € T, where
p(t) := E[F(t)] is its mean function, {¢;};°, are
the principal functions and {oy}°; the corre-
sponding principal component scores. Applying
this expansion to a functional dataset { f;(¢)} X,
we are able to extract the first p principal com-
ponent scores corresponding to each curve, with
p suitably chosen, and build the multivariate
dataset {a;}Y,, with a; € RP. Clustering is
then performed using K-Means presented in Sec-
tion 2.2.1, with the key difference that similarity
is now measured using the Euclidean distance
between score vectors instead of the L?-norm on
curves.

3. Validation

To assess the performance of the proposed clus-
tering methods, we employ two widely used
evaluation metrics: the Variability Ratio and
the Silhouette Score. These two measures pro-
vide complementary perspectives on cluster-
ing quality, offering both a global and a lo-
cal evaluation of the resulting partitions. The
first metric is defined as the ratio between the
Between-Cluster Sum of Squares (BSS) and the
Within-Cluster Sum of Squares (WSS), where
BSS = S0, Nilluk — poll2, and WSS =
She1 Y pee, Ifi — pkl22, with Ni the num-
ber of curves in cluster Cy, while pi(t) :=
NLkaZECk fi(t) is their pointwise mean, and
po(t) == %Zf\il fi(t) is the global pointwise



mean. A higher ratio quantifies how well-
separated the clusters are relative to their in-
ternal cohesion. The second metric is instead
the well known Silhouette Score [5]. It captures
local clustering behavior, allowing for the iden-
tification of misclassified observations for those
positioned near cluster boundaries. This score
ranges between -1 and 1, with higher values cor-
responding to better partitions of the curves.

4. Simulation study

Our novel method and the presented competi-
tors are firstly tested on a series of Monte Carlo
simulations, in order to assess the performances
of K-Models and its ability to reconstruct the
structural components of a stochastic process.
Each of the 30 simulations consists of N = 400
curves, defined on 7 = [0, 1] and divided in K =
4 known groups. The data follow the structure
of Equation 1, with g(¢) = sin(5t) as common ef-
fect. The ordinal structure instead is defined by
the coefficients Sy Y N(0,22), and in the same
way Bok i N(0,0.8%). A stochastic noise com-
ponent g;(t) introduces variability across curves.
Figure 1 illustrates an example dataset from a
single simulation. The methods from Section 2
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Figure 1: Simulated functional dataset, with
cluster specific coefficients.

are applied for a number of clusters K as input
from 2 to 7. The Monte Carlo estimation of met-
rics proposed in Section 3 is shown in Figure 2.
Overall, the results are quite similar for all pro-
posed methods, with the exception of K-Models
v2, which generally performs slightly worse for
most values of K. Meanwhile, K-Models demon-
strates results comparable to the other methods,
maintaining a good level of cluster separation
while offering better interpretability of the clus-
ters and the underlying stochastic process that
generated the curves. An interesting observa-

Silhouette Score

Variability Ratio

== Real Clusters
K-Models
K-Models.v2
K-Means
PAM

Figure 2: Monte Carlo estimation of the Silhou-
ette score and of the Variability ratio.

tion emerges for K = 4, where the partitions
obtained by the different methods can be com-
pared to the original clustering of the curves.
In this context, K-Models v2 appears to be the
closest to the real partition when looking at the
Silhouette Score. This method performs partic-
ularly well for the curves that are more 'border-
line’, showing its ability to handle ambiguous
cases more effectively. Through the real parti-
tion of the data we are also able to compute
different valuations commonly used for super-
vised classification models, with relative Monte
Carlo estimations shown in Table 1. From these
we see how both versions of K-Models demon-
strate competitive performances, making them
a viable alternative for clustering tasks where
reconstructing the true partition is of interest.

K-Models K-Models v2 K-Means PAM fPCA & K-Me.
Accuracy 922 +10.2 903 £10.3 81.7£16.5 92.1 £ 10.8 93.4 £ 85
Precision {92.1 +10.3  90.2 +10.3 80.8 £ 17.4 92.0 & 10.9 93.4 £85
Recall {921 +104 90.7+9.7 803+179 923+ 104 93.5 £ 84
ARI 0.9 +0.1 08 +02 08+02 0902 0.9 £0.1

Table 1: Monte Carlo estimation of the classifi-
cation performance for each method for K = 4.
Values are reported as mean + standard devia-
tion. ARI stands for Adjusted Rand Index.

In this simulation study, we have the possibil-
ity to compare the true underlying quantities
with the corresponding estimates obtained from
our K-Models. As instance, Figure 3 illustrates
the cluster-specific curves, structured according
to Equation 1, where each curve is determined
by the estimated coefficients Blk; and the shared
component g, for the run of our Monte Carlo
study displayed in Figure 1. Examining the esti-
mated g, we observe that the model successfully
captures the overall shape of the true function

= fPCA + K-Means
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Figure 3: Results of the K-Models with K = 4
for an example run.

g. However, g tends to exhibit a slightly lower
amplitude, an effect compensated by the esti-
mated coefficients ﬁlk, which assume larger ab-
solute values. This interplay suggests that while
local distortions in amplitude and sign may oc-
cur, the model preserves the functional structure
and relationships within the data.

5. Case study: ROI curves

This case study analyzes biosensor signals, rep-
resented by a dataset consisting of a video sig-
nal acquired at a rate of one frame per second,
recorded using a reflectometric sensor. Each
frame captures the intensity of reflected light at
a given time point. Within the sensor, 1035
points were identified, each containing a spe-
cific concentration of the t-BSA antigen, ar-
ranged in a regular grid, thus defining 1035 re-
gions of interest (ROI). To prepare the data for
the analysis, a two-step preprocessing pipeline
[3] is applied: (1) light correction, to account
external illumination variations and sensor sur-
face irregularities; (2) functional data construc-
tion, through a log-ratio transformation and a
smoothing splines regression. The final dataset
is displayed in Figure 4. The clustering method
presented in Section 2 are applied with K as in-
put varying from 2 to 7, with relative evaluations
shown in Figure 5. Results indicate that no sin-
gle method outperforms the others. However, K-
Models v2 exhibits the weakest performance, re-
gardless of the chosen K. In contrast, K-Models
demonstrates significantly better results. A key
insight is that while almost all methods perform
competitively only in terms of the Variability
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Figure 4: ROI curves.
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Figure 5: Evaluation of the clustering methods
applied to ROI curves, for K =2,...,7.

Ratio, only K-Means and K-Models achieve op-
timal performance across both metrics. This in-
dicates that, in this case study, our approach ef-
fectively balances two crucial aspects of cluster-
ing: maximizing the separation between groups
and ensuring accurate assignments, particularly
for observations near cluster boundaries. Other
methods tend to compromise on at least one
of these aspects, whereas K-Models achieves a
more optimal trade-off. Both metrics show an
inflection at K = 5, suggesting this as the opti-
mal choice via the Elbow Rule. Given this fact,
Figure 6 displays the estimated g and Bk from
our K-Models, with the corresponding cluster-
specific curves. This plot clearly shows how the
latent phenomenon ¢ is modulated across clus-
ters through the coefficients 51;. The increasing
trend confirms the ordinal nature of the cluster-
ing, where each group represents a different level
of the common effect. Notably, ng remains sta-
ble across clusters, indicating similar baseline re-
sponses, while Blk determines the variation. The
first cluster (811 = 0.0531) shows a nearly flat
response, suggesting minimal reagent concentra-
tion, whereas the last cluster (815 = 3.2081)



exhibits strong amplification, corresponding to
the highest concentration. This progression in
Blk confirms that K-Models captures reactivity
levels effectively, rather than just partitioning
curves.
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Figure 6: Results of the K-Models applied to
ROI curves, with K = 5.

6. Discussion

This study provides a broad evaluation of the
K-Models framework, highlighting its strengths
and limitations relative to established func-
tional clustering methods. K-Models v2 ex-
hibits weaker clustering performance, likely due
to its update strategy, which relies solely on es-
timated coefficients Bk: disregarding important
functional variations. However, it excels in iden-
tifying borderline cases, as seen in the simu-
lated scenarios, suggesting its potential in appli-
cations where subtle cluster distinctions are cru-
cial, and also gives robust results in recreating
the true partition. Conversely, K-Models (first
version) proves to be a competitive alternative
to existing methods, achieving comparable or
superior results while offering an additional in-
terpretative advantage. Unlike traditional clus-
tering techniques, K-Models estimates both the
latent structure § and cluster-specific coeffi-
cients Bk, providing deeper insights into the
data structure. This dual benefit—strong clus-
tering performance and enhanced interpretabil-
ity—makes K-Models particularly valuable in
contexts where understanding the underlying
process is as important as the clustering itself.

7. Conclusions

The vast array of clustering methods for func-
tional data underscores the field’s importance
within mathematical and engineering commu-
nities. However, in many contexts—such as
the ROI curves analyzed in this study—existing
techniques do not always provide the most
suitable tools for capturing both partitioning
structure and underlying data-generating mech-
anisms. The K-Models approach introduced in
this work successfully addresses both aspects by
defining a clustering framework based on a lin-
ear functional model. This allows for the estima-
tion of a latent effect driving the observed curves
and evaluates its manifestation across clusters.
A key advantage of this formulation is its ability
to define an ordinal partition, where clusters are
naturally ranked based on the strength of the
common effect—an absent feature in traditional
functional clustering methods. As discussed in
Section 6, we are satisfied with the clustering
performance of K-Models, which demonstrates
competitive results while offering enhanced in-
terpretability. Both versions of the method ex-
hibit distinct strengths, suggesting that future
research could explore a hybrid approach, com-
bining their respective update strategies to max-
imize their advantages. Additionally, extend-
ing the functional model beyond the linear set-
ting—e.g. exponential, logarithmic, or polyno-
mial—could enhance its flexibility and appli-
cability to more complex real-world scenarios.
In conclusion, integrating these advancements
could further improve the method’s effectiveness
while preserving its strong interpretative capac-
ity, making K-Models a valuable tool for func-
tional clustering in diverse applications.
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