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Abstract

This thesis investigates the response alignment problem for Large Language Models
(LLM). Given two possible answers to a user query, the alignment problem consists of
suggesting the alternative closest to the end user's preferences, avoiding suggesting incor-
rect or harmful answers.

The goal of this thesis is to produce an algorithm capable of carrying out this process
by emphasizing a cost-e cient solution from a computational point of view and in the
number of samples employed.

To achieve the objective, we move a step of abstraction and formulate the alignment
problem as an o ine linear feasibility problem. In this problem, each answer is associated
with a vector of contexts which contains the values given to a set of properties that fully
characterize a response, such as length or clarity. The contexts vectors combined with
the user's preference constitute the constraints of the problem. The solution is an area of
feasibility that summarizes the user's inclination towards the context. Consequently, once
the problem is solved, we can directly suggest to the user answers that re ect his tastes,
generating them according to the identi ed area. We then conduct a theoretical analysis
in three distinct scenarios, where the unknown distributions governing the LLM's context
vectors follow an isotropic Gaussian, a non-isotropic Gaussian, or a binomial distribution.
We establish a theoretical guarantee of the sample complexity for each case. Lastly, we
validate our algorithm using a real dataset.

Experimental results show that compared to a baseline majority voting approach, in which
the suggestion is chosen as the mode of the suggestions of 31 LLMs, our solution is more
promising and correctly identi es the user's preference.

Keywords: Alignment, LLM, O ine Feasibility Problem, Sample Complexity






Abstract in Lingua ltaliana

Questa tesi indaga il problema dell'allineamento delle risposte per i Large Language
Models (LLM). Date due possibili risposte ad una domanda dell'utente, il problema
dell'allineamento consiste nel suggerire all'utente nale l'alternativa che piu si avvicina
alle sue preferenze, evitando di suggerire risposte errate o dannose.

L'obiettivo di questa tesi &€ quello di produrre un algoritmo in grado di e ettuare questo
processo enfatizzando una soluzione economica dal punto di vista computazionale e in
termini di numero di campioni utilizzati.

Per raggiungere l'obiettivo, facciamo un passo di astrazione e formuliamo il problema
dell'allineamento come un problema di feasibility lineare o ine. In questo problema ad
ogni risposta é associato un vettore di contesti che contiene i valori dati ad un insieme di
proprieta che caratterizzano pienamente ogni risposta, quali la lunghezza o la chiarezza.
| vettori dei contesti combinati con le preferenze dell'utente costituiscono i vincoli del
problema. La soluzione € un'area di feasibility che sintetizza la propensione dell'utente
verso gli speci ci contesti. Di conseguenza, una volta risolto il problema, possiamo diret-
tamente suggerire le risposte che rispecchiano i gusti dell'utente, generandole in accordo
con l'area identi cata. Conduciamo quindi un‘analisi teorica in tre scenari distinti, in
cui le distribuzioni sconosciute che governano i vettori di contesto del LLM seguono una
distribuzione gaussiana isotropa, gaussiana non isotropa o una binomiale. Per ciascun
caso stabiliamo una garanzia teorica sulla complessita del campione. In ne, valutiamo
I'algoritmo proposto utilizzando un set di dati reale.

| risultati sperimentali mostrano che rispetto a un approccio baseline di voto a mag-
gioranza, in cui la risposta suggerita & la moda dei suggerimenti di 31 LLM, la nostra
soluzione & piu promettente e identi ca correttamente la preferenza dell'utente in diversi
scenari.

Parole chiave: Allineamento, LLM, Problema di Feasibility O ine, Complessita del
Campione
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1 ‘ Introduction

Decision-making in Arti cial Intelligence (Al) often requires selection among multiple
potential outcomes, each of which carries distinct implications and trade-o s [1]. The
capability to make optimal selections among competing alternatives is of paramount im-
portance across numerous domains, including autonomous systems [2], recommendation
engines [3], medical diagnostics [4], nancial modeling [5], and Natural Language Process-
ing (NLP) [6]. A critical point in this process is the integration of alignment mechanisms,
ensuring that Al-driven decisions adhere to human values and expectations.

One of the most established and widely recognized applications of multi-output selection
in Al is within recommendation systems, as exempli ed by e-commerce platforms and
streaming services [3]. When a user searches, e.g., for a product or a movie, the system
must not only rank but also present the most pertinent options. The challenge is bal-
ancing competing goals such as relevance, diversity, and personalization to improve user
engagement. Human feedbacks acquired through user interactions serve to iteratively
re ne these recommendations over time, therefore become fundamental.

In the domain of medical diagnostics, Al-assisted systems frequently encounter the ne-
cessity to choose between multiple diagnostic hypotheses. Given a set of symptoms and
corresponding test results, an Al model may propose multiple plausible conditions that
explain the observed data [4]. The selection between these hypotheses becomes of vital
importance, as it can have signi cant consequences on patients, leading to the choice of
di erent treatment strategies.

Another well-known application in the use of Al decision-making systems can be found
in the nancial sector [5], where in algorithmic trading, Al systems continuously evaluate
multiple trading strategies in response to dynamic market conditions and associated risk
assessments. There is a trade-o in this industry between pro tability and risk mitigation,
demanding sophisticated optimization techniques and robust predictive modeling.

In the NLP eld, Chatbots and LLMs often generate multiple potential responses to a
given user query, and the most appropriate one must be selected based on contextual un-
derstanding and prede ned objectives. For instance, in addressing a complex inquiry, an
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Al system may generate one response that prioritizes accuracy and another that empha-
sizes simplicity. New paradigms, such as Reinforcement Learning from Human Feedback
(RLHF) [6], play a key role in ensuring alignment with user values.

In general, the selection of alternative outputs constitutes a fundamental challenge in Al
applications that necessitate a judicious balance between algorithmic optimization and
alignment with human-centered values.

Alignment of Large Language Models

LLLMs represent a specialized category of Al systems designed to process and generate
human-like text through the utilization of extensive training data. These models have
found widespread application within NLP tasks, including but not limited to text classi -
cation [7], translation [8], summarization[9], and conversational Al [10]. As computational
capabilities advance and training methodologies become increasingly sophisticated, LLMs
continue to proliferate across a diverse array of domains, spanning customer service [11],
healthcare [12], legal analysis [13], software development [14], education [15], and content
generation [16].

Early iterations of LLMs predominantly relied on rule-based systems and statistical mod-
els, which, while ensuring relative ease of alignment, constrained their exibility and
adaptability. However, with the advent of deep learning and transformer-based architec-
tures [17], contemporary models show substantially improved capabilities, allowing them
to understand contextual nuances, reason over extensive information, and dynamically
adapt to di erent linguistic styles.

Currently, research in the eld of LLMs predominantly focuses on two related objectives
improving model e ciency and re ning alignment strategies. The rst goal involves the
development of techniques such as model pruning, knowledge distillation [18], and adap-
tive inference that mitigate computational costs and reduce environmental impact. On
the other hand, alignment strategies seek to ensure that models produce outputs that
remain real, unbiased, and ethically valid [19].

The alignment of LLMs is an ongoing challenge necessitating a multidisciplinary approach

that integrates technical advancements, ethical considerations, and sustained human over-
sight. Notable alignment methodologies include RLHF, adversarial robustness testing and

prompt engineering.
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Motivation

With the advancement of increasingly powerful LLMs, the nancial and computational
resources required to align high-performance models have become prohibitive for all but a
few organizations, which rely on executing techniques that have no theoretical guarantees
that they will work. This implies the need to explore alternative approaches to align LLM,
which leverages response characteristics as a source to perform this process and provide
associated sample complexity.

Goal

The primary objective of this thesis is to understand the theoretical aspects of the LLM

alignment problem, providing an algorithm with theoretical guarantees and good exper-
imental performance at least in a simplied scenario. We focus on the study of the
sample complexity associated with the proposed approach and empirically evaluating its
e ectiveness on real-world data.

Original Contribution

The principal contribution of this research is the development of a novel framework for
aligning the selection process between two options with the preferences of a target entity,
speci cally in the context of aligning LLMs. While numerous existing approaches have
been proposed for LLM alignment this work introduces an alternative that has theoret-
ical guarantees. To do this we formulate the alignment problem as an o ine feasibility
problem, eliminating the need for iterative online interactions typical of the solutions pro-
posed in the state of art. This setting allows us to formalize a sample complexity for our
algorithm.

1.1. Thesis Outline

This thesis is structured into the following ve chapters, each addressing a key aspect of
the research.

In Chapter 2, we provide the technical tools that we will use during the thesis and then
present a review of the state of the art of LLM alignment, delivering a complete overview
of existing approaches and methodologies.

In Chapter 3, we introduce the mathematical modeling and formal problem formulation.
We de ne the problem setting in terms of inputs, outputs, and associated constraints.
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Speci cally, we model the o ine feasibility problem, where the constraints are represented
by the contexts associated with the two inputs, and the output is an estimator of the
target's preference.

In Chapter 4, we present our proposed algorithm for aligning a LLM and derive the
sample complexity associated with it across three di erent settings. Initially, we de ne
the theoretical framework within which our algorithm operates. Subsequently, we provide
a formal characterization of sample complexity for each scenario.

Chapter 5 details the experimental evaluation of the proposed solutions. We rst de-
scribe the experimental setup, then we discuss the results in depth, analyzing both the
guantitative and qualitative aspects of them.

Finally, in Chapter 6, we summarize the contributions of this thesis, outlining the strengths
and limitations of the proposed methodology. We also discuss potential directions for fu-
ture research, suggesting possible extensions and improvements to our approach.
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In this chapter we explore existing research and methodologies that are closely related to
the problems and solutions addressed in this thesis.

We begin by examining the problem of selecting the optimal alternative, a decision chal-
lenge that has been studied in elds such as decision theory, machine learning, and
economics. Various models are discussed, each o ering di erent trade-o s in terms of
e ciency, interpretability, and applicability in uncertain environments.

Next, we analyze the o ine linear feasibility problem, a computational problem where the
goal is to determine the existence of feasible solutions within a system of linear constraints.
We present widely used solution techniques highlighting their respective advantages and
limitations in e ciently solving the problem.

Additionally, we provide a comprehensive review of state-of-the-art methodologies for
aligning LLMs with human feedback. This section delves into recent advances in RLHF

and Supervised Learning approaches such as Directed Preference Optimization (DPO).
We describe the main challenges in model alignment, including trade-o s between utility

and harmlessness, computational costs, and inherent di culties associated with modeling

human preferences.

By presenting an overview of these related works, this chapter establishes the necessary
theoretical and methodological background that informs the subsequent contributions of
this thesis.

2.1. Related Problems and Solutions

2.1.1. Selection of the Optimal Alternative

The problem of selecting the optimal alternative between two given options, each char-
acterized by an associated feature vector, has been extensively examined across multiple
disciplines, including decision theory, machine learning, and economics [20]. Early sem-
inal contributions in this eld primarily investigated the computational complexity of
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decision-making processes and formulated foundational selection criteria.

In recent years, the development of advanced algorithms capable of identifying the opti-
mal (or near-optimal) alternative based on multidimensional feature representations has
gained signi cant attention. Contemporary literature typically frames this problem as a
multi-criteria decision-making (MCDM) challenge, wherein di erent attributes must be
systematically evaluated to determine the most favorable choice [21].

The selection process between two alternatives can be approached using various method-
ological paradigms, including deterministic and probabilistic models. This section pro-
vides a concise overview of key decision-making methodologies proposed in recent research,
spanning from traditional heuristic-based frameworks to probabilistic models.

Heuristic-Based Decision-Making

Heuristic-based decision-making methods provide an e cient mechanism for selecting be-
tween two alternatives. These approaches exploit approximations and intuitive reasoning
rather than exhaustive optimization techniques, and are therefore suitable for environ-
ments full of uncertainty.[22].

A common heuristic approach is the Weighted Sum Model (WSM), which ranks alterna-
tives by computing a weighted sum of feature values. Given an alternativk,, its score

S is computed as:
X
Si = Wi Xjj 3 (21)
j=1
wherew; represents the weight assigned to each feature axgl denotes the corresponding
feature value. The alternative with the highest computed score is selected [23]. Although
computationally e cient and easy to interpret, this approach assumes linearity and is

highly sensitive to weight assignments.

Another structured heuristic method is the Analytic Hierarchy Process (AHP), which
decomposes decision-making into a hierarchical framework [24]. Pairwise comparisons are
conducted to determine the relative importance of features, leading to the construction of a
comparison matrixA , from which priority weights w are derived through the computation

of the eigenvector corresponding to the largest eigenvalugay:

AW = oW : (2.2)

This method provides a structured evaluation framework and mitigates bias but is compu-
tationally more demanding than simpler heuristic approaches. While WSM o ers a rapid
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and interpretable decision-making process, AHP proves advantageous in structured as-
sessments requiring expert judgment. The selection of an appropriate heuristic approach
depends on factors such as problem complexity, domain expertise, and computational
constraints.

Probabilistic Decision Models

Probabilistic decision models facilitate the selection between two alternatives by estimat-
ing the probability of each option being optimal and subsequently choosing the alternative
with the highest likelihood.

A well-known probabilistic approach is logistic regression, which estimates selection prob-
abilities using a sigmoid function. Given a feature vectoX = (Xi;::;Xq) 2 RY, the
probability that an alternative is chosen is modeled as:

. 1
Ply=1X)= T o wxp (2.3)

where,w = (wq;Ws;::;;wg) 2 RY represents the weight vector, where each coe cient;
captures the contribution of the corresponding feature; to the decision boundary. The
bias termb 2 R serves as an o set, allowing exibility in de ning the decision boundary
independently of the feature values. The expression™ X + b de nes the log-odds of
selecting alternativey = 1, which is then transformed into a probability by the sigmoid
function.

This method is interpretable, computationally e cient, and provides probability estimates
[25]. However, it relies on the assumption of a linear relationship between features and
targets.

Another probabilistic approach is the Naive Bayes classi er, which leverages Bayes' the-
orem under the assumption of feature independence. The probability of an outcompe
given a feature setX = (xq;:::;Xq) 2 RY is computed as:

Yj
P(yiX) I P(y)  P(xijy) : (2.4)
i=1
This method is computationally e cient and performs well on small datasets while being
robust to irrelevant features. However, its assumption of feature independence can be
restrictive in practical applications.

Probabilistic decision models play a crucial role in decision-making under uncertainty.
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While logistic regression is preferred for its interpretability and e ciency in linearly sep-
arable problems, Naive Bayes proves advantageous for small datasets with independent
features. The selection of an appropriate probabilistic model depends on data complexity,
dataset size, and the degree of feature interdependence [26].

2.1.2. One Linear Feasibility Problem

The oine linear feasibility problem constitutes a fundamental class of computational
problems wherein the objective is to assess the existence of at least one point that satis es
a given system of linear constraints [27]. Formally, given a constraint system of the form:

Ax b; (2.5)

where A 2 R™ " denotes a coe cient matrix, X 2 R" represents the vector of decision
variables, andb 2 R™ is the constraint vector, the task is to determine whether there
exists an assignment ok that satis es all constraints.

Linear Programming as a Feasibility Approach

A widely adopted approach to addressing linear feasibility problems is through Linear
Programming (LP), which, instead of merely verifying feasibility, often seeks to optimize
a speci ed objective function [28]. In its standard formulation, a linear programming

problem is expressed as follows:

maxc'x subjectto Ax b (2.6)

wherec 2 R".

If this optimization problem admits a nite optimal solution, then it follows that the
corresponding feasibility problem possesses a feasible solution. Conversely, infeasibility
in the optimization framework implies the nonexistence of any satisfying solution for the
feasibility problem.

Among the methodologies for solving linear feasibility problems, the two most used
paradigms are the Simplex method [29] and the Interior Point method [30]. These ap-
proaches exhibit distinct properties that make them suitable for di erent problem cases.
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The Simplex Method

The simplex algorithm represents a classical and widely utilized technique for solving
linear programming problems, including feasibility determination [29]. It systematically
navigates the vertices of the feasible polyhedron to either identify an optimal solution
or establish infeasibility. It is particularly advantageous for small problems due to its
ability to provide exact solutions. However, despite its empirical e ciency, the simplex
method exhibits an exponential worst-case time complexity that i©(2"). Under certain
degeneracy conditions, it may also encounter cycling [31].

Interior-Point Method

An alternative to the simplex approach is provided by interior point methods, which
has gained importance due to its reduced polynomial complexity @(n3°L) (where L
is the number of bits of the solution) and their e ectiveness in dealing with large-scale
optimization problems [30]. However, its implementation is more complex.

In conclusion, the o ine linear feasibility problem constitutes a fundamental challenge
in optimization and computational mathematics. While the simplex method o ers in-
terpretability and exact vertex-based solutions, interior-point methods provide robust
performance for large-scale instances with enhanced numerical stability. The selection of
an appropriate algorithm is therefore contingent upon the speci c characteristics of the
feasibility problem at hand [32].

2.2. State of Art Review

2.2.1. Aligning an LLM

The task of aligning Machine Learning (ML) models with human feedback has been a
major focus of research since the early 2000s [6]. Pioneering research in this area has
focused primarily on elucidating the di culties associated with learning from human
preferences.

Lately, considerable progress has been made in developing algorithms that can align LLM
with human feedback. These advances take advantage of Reinforcement Learning (RL),
supervised ne-tuning, and scalable oversight techniques [33]. Contemporary research
conceptualizes the alignment problem as an optimization challenge that seeks to balance
model performance with interpretability and ethical considerations.

The alignment of models with human feedback can also be approached through explicit
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reward modeling or implicit preference learning. Additionally, alignment methodologies
can be categorized into online and o ine approaches, enabling models to be continuously
updated based on newly acquired human inputs [34].

This section provides a concise overview of the alignment methodologies proposed in recent
years. The surveyed approaches range from traditional RLHF to supervised learning
techniques, aiming to enhance alignment while mitigating biases and inconsistencies.

Reinforcement Learning from Human Feedback (RLHF)

RLHF [6] constitutes an advanced methodology within the domain of ML that integrates
human evaluative input to enhance the processes of computational models.

In detail, RL is based on the development of decision-making algorithms that seek to
maximize an objective function, thus guaranteeing the derivation of highly precise and
optimized outcomes. RL operates within a setting in which an agent iteratively inter-
acts with an environment, observing a state, and taking an action that yields a reward,
thereby learning an optimal policy through exploration and exploitation strategies [35].
Incorporation of human feedback into the reward function of RL systems has demon-
strated considerable e cacy, particularly in the domain of Al model alignment, where
ensuring the adherence to human values and expectations remains a signi cant challenge
[6]. By leveraging human preferences, RLHF circumvents the limitations of purely au-
tomated reward functions, which may struggle to capture nuanced ethical or contextual
considerations.

The process involves presenting annotators with example queries paired with two distinct
responses, from which they select the response that best aligns with given instructions.
These human-labeled preferences form the basis for generating a dataset that encodes nu-
anced distinctions that purely algorithmic methods might overlook. The resulting dataset
Is then used to train a reward model, which serves as the reward function for ne-tuning
the LLM using di erent algorithms, among which the most used currently is the Prox-
imal Policy Optimization (PPO). PPO is favored due to its stability and e ciency in
policy updates, allowing for iterative re nements that gradually improve alignment with
human-preferred outputs [36]. This iterative feedback loop between human annotators
and RL-based ne-tuning constitutes a powerful paradigm for developing Al models that
are both robust and aligned with human expectations.

Models such as InstructGPT, which follow this methodology, have demonstrated superior
performance compared to the original GPT-3 model, despite utilizing signi cantly fewer
parameters [33]. However, achieving both increased correctness and reduced toxicity
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remains a challenging task, as the quality of the model's outputs is highly dependent on
the instructions and objectives provided to annotators during training. This is primarily
due to the inherent tension between helpfulness and harmlessness. To address this issue,
some models incorporate dual annotation teams, one tasked with selecting the most useful
and honest responses, while the other evaluates the most harmful responses [37].

Figure 2.1: lllustration of the ne-tuning loop of HHGPT [37].

Additionally, RLHF models can operate in o ine settings by replacing PPO, which has
been observed to be unstable for language ne-tuning, with a Itering-based alignment
system. This approach incorporates Itering alignment to pre-screen samples, reward-
weighted regression to modify loss functions and emphasize impactful samples, and con-
ditional alignment to enhance adherence to human preferences. These methods achieve
strong results despite using about 9% of the computational resources needed for PPO
approaches. However, a drawback is the out-of-distribution issue, which arises because
models are trained on o ine datasets that lack the full diversity of real-world data [38].

Supervised Learning

Implicit preference learning involves re ning the models to better capture human pref-
erences without relying exclusively on explicit feedback. This approach enhances model
performance by subtly integrating human-like judgments into the training process.

A notable method in this domain is Direct Preference Optimization (DPO), which sim-
pli es the alignment process by directly adjusting the model based on human preferences,
thereby eliminating the need for a separate reward model or complex reinforcement learn-
ing loops. DPO formulates alignment as a supervised learning problem over preference
data, while achieving results comparable to traditional methods [39].
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Given a dataset of response pairés;y*;y ), where x represents the input or prompt
provided to the model,y* denotes the preferred response, aryd corresponds to the less
preferred response, DPO optimizes the objective function:

(y*jx)
L()=log ———=: (2.7)
(y jx)
where is the policy model, assigning probabilities to responses given an inpytand
represents its parameters, which are optimized to favor preferred responses. This objective
function encourages the model to assign higher probabilities to preferred responses without
necessitating an explicit reward model.

Although these algorithms are extensively employed in the ne-tuning process of a LLM,
they exhibit several critical limitations. In particular, the procedure for obtaining feed-
back constitutes a signi cant challenge, as it is not only computationally expensive but
also prone to issues related to data quality. Moreover, the alignment of the annotators'
judgments with the intended objectives remains suboptimal and di cult to accurately
assess, thereby introducing potential inconsistencies in the ne-tuning process [40].
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3 ‘ Problem Formulation and
Methods

In this chapter, we introduce the problem formulation and our methodological framework
for preference learning. We begin by de ning the problem of determining human prefer-
ence between two given responses, each represented as a feature vectornacamensional
space. A mathematical function is used to quantify the alignment of each response with
a human decision-maker's preference vector, and a comparison framework is established
to determine which response is preferred.

We proceed by discussing the o ine feasibility problem, which aims to determine a pref-
erence vector that best explains a given dataset of pairwise comparisons. We frame the
problem as a set of constraints on the preference vector and then, we analyze the statistical
properties of response feature vectors and their di erences.

To facilitate the analysis, several key assumptions are introduced. These assumptions
enable a structured approach to modeling human preferences and deriving theoretical
guarantees.

3.1. Interaction Protocol

Our interaction protocol begins with a user providing a query, in response to which two
possible answers are generateds; and A,. In general, the entities indicated axQ, A;
and A, can correspond to objects of di erent nature such as text, images and even music
les. However, within the scope of this study, these elements will be conceptualized as an
interaction with an LLM language used as a chatbot. Each answer is also associated with
a vector, c; for A; and c;, for A, both belonging toR". They represent the properties of
the corresponding responses and are calledntexts these can be easily extracted from
the responses using existing models. Speci cally, consideringli erent properties of the
answers (for example the length or the stylistic register), the-th element of the vector
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fully characterizes each response. Note that the user who provides the preference cannot
explicitly observe eitherc; or c,.

Furthermore, we consider a unknown preference vector 2 R", which represents the
preference for each context of the human decision-maker. Each element of this vecipy,
can assume a value within the interva] 1;1].

We assume that there exists a functiori : R" R" ! R, which, given an input vector

c (representing a response) and the preference vector, returns a numerical score. This
score represents how well the response characterizedcogligns with human preferences
as described by . The comparison of the scorefs(c,;v ) andf (c,; v ) determines which

response the human would prefer, with three possible outcomes:

" f(cy;v ) <f (cy;v ) indicating a preference for responsa,.
" f(cy;v ) >1 (c;v ) indicating a preference for responsa;.
" f(cy;v )= f(cy;v ) indicating indi erence between the two responses.

Our objective is to identify a feasible regiorV 2 R" within the n-dimensional hyperspace
that contains the preference vectox .

Algorithm 3.1 Iterative Interaction Protocol

Ensure: ldenti cation of feasible preference regiorv/
1: Initialization:  De ne the feasible regionv.  R"
2: while feasible regionV is not su ciently small do
3:  STEP 1. Generate responses

USER provides queryQ

LLM generates two responsed; and A,

LLM extracts context vectorscy;c, 2 R"

STEP 2: Collect preference

USER provides preference

STEP 3: Update feasible region

10:. 'V update_feasibility region( V;C1;CoP)

11: end while

12:

13: return Identi ed preference regionV

© o N o2 9 A
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3.2. 0O ine Feasibility Problem

To de ne the feasibility problem rigorously, we introduce the necessary notation and
underlying structure. LetD = f(c};cl; p)d<, be a dataset consisting ok samples, where
each samplé is associated with two feature vectors;, and c,. Additionally, each sample
is accompanied by a preference labp], which takes a binary value inf 0; 1g, indicating
the preferred option between the two, speci cally if thgy = 0 the rst option is preferred,
otherwise the second is the chosen one. There are also two unknown distributiéh&
such that:

ct Z ;¢ G ;

however, the preferences associated with each row are deterministic.

The goal is to determine a preference vect@r 2 R" that best ts a given set of pairwise
comparisons. The problem is structured so that the preference vectdr must satisfy
constraints that encode the preference relationships observed in the data. Speci cally,
suppose a given preference label |5 = 0, the dierence of the application off with
context vectors andv must be nonnegative, ensuring that the rst vector is at least as
preferred as the second. Mathematically, this is expressed as:

PBi = Lit(civ ) f(cav )<0g -

The feasibility problem is formulated by enforcing these conditions as nding that best
satis es the observed preference relationships.

3.3. Model Assumptions

The learning protocol introduced in the previous section is very general. In this section,
we introduce a set of assumptions to delimitate the focus of this work while preserving
its applicability to real-world scenarios. Each assumption re ects the problem's under-
lying structure and de nes the preference function's mathematical properties, ensuring a
reusable theoretical background to provide mathematical analyses of the problem.

Assumption 1. Linearity [20]
For everyc;v 2 R", we have:

f(c;v)=cv: (3.1)

This linearity assumption entails that the human preference score can be interpreted as
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a weighted sum of categorical attributes, wherein the vectar encodes the corresponding
weight coe cients. This assumption is justi ed by the fact that features can be extracted
from contexts in order to make the preference function approximately linear.

Assumption 2. Hypersphere Assumption
Letv 2 R", we have:

kv k=1 : (3.2)

This assumption is justi ed by the fact that, within the given setting, all points that are
scalar multiples of the same unit vector have equivalent solutions. In other words, they
share the same proportional relationships among the dimensions under consideration.

Assumption 3. Preference for Each Sample Assumption [41]
Letv 2 R", letc; G"andletc, Z ", then:

8i2f1:::;kg; Psz((c] c,)’v 60)=1 : (3.3)

In preference-based learning framework it is crucial that we can always distinguish between
options. This assumption ensures that we never encounter situations where where two
samples are indistinguishable in terms of their alignment withr .

Assumption 4. Independence of the elements of the feature vectors For every of
contextsc; G ";c, Z ", we have:

8i;) 2f1,::i;ng, 16 =) ci ? ¢y and Gy ? Gy (3.4)

This assumption simpli es both the modeling process and the computational complexity
of the problem and it allows us to study contexts individually.
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4 ‘ Proposed Algorithm and
Analysis

Following the theoretical foundation, in this chapter we rst introduce an algorithm to
estimate human preference vectors based on observed data. The algorithm constructs
a feasibility region for the preference vector, computes its mean, and normalizes it to
obtain a nal preference estimate. Then, we use this estimate to predict preferences for
new responses by evaluating their alignment with the learned preference structure.

Finally, we present a sample complexity analysis, determining the number of comparisons
required to achieve a reliable preference estimate. We analyse the sample complexity under
di erent probabilistic assumptions, including isotropic Gaussian, non-isotropic Gaussian,
and discrete feature distributions. We explore di erent probabilistic models to charac-
terize these feature distributions. By leveraging concentration inequalities, theoretical
guarantees on sample complexity are derived, providing insights into the e ciency and
reliability of the proposed preference-learning approach.

4.1. Proposed Algorithm

Let D be a dataset composed o triplets (c;;Cy;p), wherec,; and ¢, are context repre-
sentations of di erent answers, ando denotes the preference label. We now present the
Cutting Plane Preference Learner (CPPL) algorithm that leverages the feasibility region
derived from the dataset to construct a preference estimation model and make informed
decisions on new samples.
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Algorithm 4.1 Cutting Plane Preference Learner

Collect a datasetD: D f (ci;ch;p)g,

Find the feasibility region V de ned by the datasetD: find_ FP(D)! V
Compute the mean ofV: meafV)! v

Normalizev: normalize (v) ! ¢

Receive new samplefa;; €;; ay; €5)

Compute preference prediction:

SO if(er €)¢>0

Yoo _
* 1, otherwise
7. if §» =0 then
8: AssignA &
9: else
10: AssignA &
11: end if

The rst step of the algorithm involves initializing the dataset D, which comprisesk pairs

of context vectors(cy; c,) along with the associated preferenge The preference variable

p denotes which of the two context vectors was selected in the observed decision-making
process.

Next, the algorithm solves the feasibility problenfind_FP (D) to determine a set of possi-
ble preference vector¥ . In line 3, they are averaged to derive a representative preference
vector v. The choice of the midpoint, de ned as the mean for each coordinate of all fea-
sible vectors extracted fromV , minimizes the worst-case error that arises when the true
preference vectov resides at the extremes of the identi ed region.

In line 4, the preference vector is normalized to ensure it has unit length. This normal-
ization step is crucial for maintaining consistency in comparative computations.

At this stage, the algorithm is equipped with an estimated preference vect®r, which
serves as the foundation for predicting the user's choice. Speci cally, the algorithm is
designed to identify and suggest the response most aligned with the user's preferences.
To achieve this, it evaluates a new decision pair:

" a; and a, represent the newly available answers.

" €, and €, denote the corresponding context vectors associated with these choices.
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In line 6, the algorithm predicts the user's preference by computing the dot product of
the di erence between the feature vectors and the learned preference vector

A

If the dot product is positive, €, is preferred, leading tog, = 0.
" Otherwise, €, is preferred, resulting ing, = 1.

Finally, the algorithm determines the nal selectionA based on the predicted preference:

A

If 9 =0, it selectsa;.
" Otherwise, it selectsa,.

Once the feasibility regionV has been su ciently reduced and the candidate to represent
the user's preferences has been chosen, the algorithm for each new sample does not propose
the user a choice but directly provides him with the most suitable answer.

4.2. Context Vector Distribution Dissection

The feasibility problem depends strongly on the statistical properties of the feature vectors
c; andc,. However, the underlying distribution of these vectors is unknown and inherently
dependent on the LLM.

This uncertainty introduces additional complexity to our analysis, necessitating a formal
investigation of the associated random variables. Speci cally, the distribution of the
di erencec; c;is of central importance, as it directly impacts the feasibility conditions of
the problem. The choice of probabilistic representation for these distributions signi cantly
in uences the theoretical guarantees on sample complexity. Accordingly, the following
sections develop a framework for characterizing these distributions and parameterizing
their interactions.

Understanding the Structure of ci1 and c;

A prerequisite to analyzing the statistical properties ot; ¢, is a precise understanding
of the individual componentsc; and c,.

First, considering the support of these feature vectors, each element; and ¢, takes

Next, examining their distribution , we recognize that the feature vectors may either
follow identical distributions or di er in their statistical properties. Assuming a shared
distribution simpli es analytical treatment, yet allowing for di erences is necessary when
comparing responses generated by distinct models.
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Another critical aspect is theindependence of vector components. In many practical
scenarios, dependencies exist among elements, necessitating more sophisticated statistical
models for accurate representation. Formally establishing these characteristics enables
the parameterization of the distribution governing the di erence vectorc; c,.

Probabilistic Representations

To derive meaningful insights into sample complexity, we adopt speci ¢ probabilistic mod-
els forc,; and c,. Our study assumes independence between elements within the same
vector, as stated in Assumption 4, while allowing for potentially distinct distributions
between the two vectors.

A natural approach is to model the components dsinomial random variables . Specif-
ically, each elementy; or ¢; may be treated as a binomially distributed random variable,
i.e., Binomial(d; m) [42], whered denotes the number of trials andm the probability

of success in each trial. This interpretation is particularly relevant when features origi-
nate from counting processes or categorical assignments with a xed number of possible
outcomes.

Alternatively, a Gaussian approximation [43] may be employed for analytical tractabil-
ity. In this case, each element;; and ¢, is characterized by a mean ;; and 5, along
with variances fj and §j, estimated from the underlying discrete distributions. By the
central limit theorem, when the binomial parameterd is su ciently large, the binomial
distribution is well approximated by a normal distribution [44]. This Gaussian assumption
facilitates closed-form solutions in optimization and inference tasks.

By exploring these di erent probabilistic models, we enhance our exibility in charac-
terizing the distribution of c; c,. This, in turn, plays a fundamental role in deriving
theoretical guarantees on sample complexity and ensuring the robustness of the proposed
learning algorithm.

4.3. Sample Complexity

The analysis is divided into three cases. To ensure clarity, each scenario is addressed
separately, starting with the simplest case where c; ¢, is modeled as an isotropic
multivariate Gaussian distribution. The other two cases are treated subsequently and
are those of a non-isotropic Gaussian, in which importance sampling will be used to
return to the base case and that of a discrete distribution which will require more re ned
mathematical tools.



4| Proposed Algorithm and Analysis 21

To establish an upper bound on the number of samplds required to achieve a small
error, we use the feasibility region/ obtained by solving the o ine feasibility problem as

a measure of error. This region represents the set of feasible solutions within which the
true preference vectow is expected to lie.

By quantifying how V shrinks as the number of samples increases, we can determine the
conditions under which the estimated preference vectérremains su ciently close tov .

De nition 1 (Distance d). The Euclidean norm between the optimal solution and its
corresponding estimator* is de ned as the distanced:

d=k¢ v k: (4.1)
Accordingly, our objective is to ensure that the probabilityP(d < ) exceedsl |, i.e.,
Pd< )>1 (4.2)

In other words, we seek to guarantee, with high probability, that the error associated with
d remains below a prede ned threshold.

4.3.1. Isotropic Gaussian Distribution Case

Gaussian Approximation

We assume thatc; follows a multivariate normal distribution with mean ; and diagonal
covariance matrix 1, ensuring independence among its components. Similarky is
modeled as an independent multivariate normal vector with mean, and covariance
matrix ,, allowing for distinct distributions between the two feature sets.

Since the sum or di erence of Gaussian random variables remains Gaussian, the di erence
Cc1 C; follows a multivariate normal distribution. Applying the linearity of expectation,
the mean of the di erence vector is given by:

Elci c]= 1 2.

Likewise, assuming independence, the covariance structure satis es:

Cov[ci cCJ= 1+ 2
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Thus, we conclude the parametrization:

Ci C2 N (1 2, 1+t 2):

A special case arises when botty, and c, originate from the same distribution, char-
acterized by identical mean and covariance matrix . Under this assumption, the
expectation simpli es to:

Elc; c¢]=0;

indicating a zero-centered di erence vector. The covariance structure also simpli es as:

Covic; ¢]=2

As a result, the di erence vector follows:

ct ¢ N (0;2 ):

This formulation highlights the symmetric, zero-centered nature of the di erence distri-
bution and serves as a foundation for further analysis of sample complexity.

2d Case

We initially restrict our consideration to the two-dimensional (2d) scenario to analyze
this case study. This simpli cation facilitates the visualization of the problem and pro-

vides a conceptual foundation for understanding the intuition behind the derived sample
complexity.

The distanced'is a chord of the unitary circumference which subtends an angleat the

circle's center. The intervald'is determined by the two constraints closest to , which are
generated by the distribution ofc; ¢,. Imposing this condition is equivalent to ensuring
¥ close tov .
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Figure 4.1: 2d sample complexity setting visualization.

Lemma 1. In a 2d settingd = k¢ v k be a chord of the unit circle, and let be the
corresponding central angle. Then:

k¢ vk : (4.3)

Proof. The relationship between a chordf and its corresponding central angle is given
by:

d=2sin -
SN >

This follows from the well-known inequalitysinx ~ x for x 0. O

Now that we have established the relationship betweeiand , we proceed to determine
the sample complexity. To achieve this, we must rst demonstrate that the angle at which
the constraints arise is uniformly distributed over the interval ; ].

To establish this result, we analyze the arctangent of the ratio of the distributios; c».

Lemma 2. [45] If X;Y are independent standard normal random variables and =
arctan2(X;Y ), then is uniformly distributed over[ ; .
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Proof. By hypothesis,X and Y are i.i.d. N (0; 1). Their joint density is
. — 1 x2+y? . 2.
fxy (Xy) = > exp ~—~ forall (x;y) 2 R":

We de ne the transformation to polar coordinates by

8
<r

arctan2(x;y) 2 [ ; 1:

We denote this angle by in the statement of the theorem, so

Fixr Oand 2]

; ]. We compute

h

PR ]=P(X;Y)2

r ,
where

o= f(xy) 2 R?: g x2+y2 r arctan2(x;y) g:

BecauseX and Y are jointly continuous with the given density, we can express this
probability as an integral over . :

Z
PR ] = r; Ziexp XZ;yz dxdy :
In polar coordinates,
Xx= cos; y = sin; withJacobian ¥ =
Thus,
dxdy = dd :

The region . in polar coordinates becomes

(; ):0 r; (assuming )
Hence,
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First, integrate with respect to :
Z, h
2 _ 2 _ r2
exp - d = exp—o—l exp %
0
Next, integrate with respect to from to . Since the integrand no longer depends
on , 7

1 () o+
2 4 -

Putting these pieces together yields

. _ 2
PR ] = 5 1 exp 5
Di erentiate the function P[R r; ] with respect tor and . Because
_ - 1
@@rl e =re "2 and @@ u = o
we get the joint density of(R; ):
. r r2 .
fR; (r, ) = 2_ exp 2 1fr Og 1f g -
To nd the density of , integrate outr:
V4 1 r 1 }.Z 1 |
f = —exp 2 dr1 = — rexp = dr 1 :
( ) 2 p 2 f g 2 p 2 f g -
° |2 {z }

R
Here we used again the fact thato1 re "“=2dr = 1. Thus

1
f():2—1f g

which is precisely the density of the uniform distribution or{
where U indicates uniform distribution.

; ]. Hence U ( ; ),

]

Corollary 1. If the components of the vectoc; ¢, 2 R? are independent and isotropic

Gaussian, then:
( C2)2

( C2)1

arctan ul ; 1: (4.4)
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Having established that the constraint of our problem in this case are generated uniformly
in the plane, we are now prepared to derive the sample complexity, denotedlas

1

Theorem 4.1 (2d Isotropic Gaussian Sample Complexity)Let 2 [0; ], let 2 0;3 ,

let U U [ ; ]independent fori 2 [K]. Then, to achieve the condition
1 P 9i:U2 5;0 \9j:y 2 0;5 = Pyp ; (4.5)

the number of required samples satis es:

n@ Y

k 4 (4.6)

Proof. Calculate the probability of constraints in the intervals:
POIi2fL::kg:U2[ =200 ~ 9j2fL::kg: U 2 [0 =2]):
Use independence of events to combine the probabilities:
POi2fL kg U 2[ =20]) P9 2fL kg Y 2 [0, =2]) :
This becomes:

=1 P@Bi2fL::5kg: U2 =20]) 1 P@Bj2fL::kg: U Z[0; =2])) :

The individual probabilities are calculated based on the proportion of the angleto the
full circle 2 using the independence of th&), 2 [K]. The expression:

re ects the likelihood that at least one constraint falls within each interval.

Expand the squared term:
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Setting the latter 1 , rearrange terms to form an inequality involving :
_ k
5 2 =2 ’
2
I - Kl
o9 9 =2
2 1
k log - ;
log -
Upper bound using the inequalityﬁ 1: with x 2 (0; 1):
1 x
k log 2 4 :

Generalization

To extend sample complexity analysis from the two-dimensional case to an arbitrany
dimensional setting, we begin by examining the 2-norm of the di erence betwegn and
¢ in higher dimensions. In am-dimensional space, we can divide this 2-norm using

orientation of constraints. Moreover, as established in Lemma 2, each angular parameter
i is independently and uniformly distributed over the interval[ ; ], which forms the
basis for our probabilistic analysis.

As done in the 2d case, we set the amplitude for each angle to Geometrically, this

condition ensures that the feasible con guration is constrained within a hypercube whose

volume we want proportional to .

Theorem 4.2 (Sample Complexity Isotropic Gaussian im-Dimensions) In an n-dimensional
space, the number of required samplésto satis es P(d< ) > 1 is:
|
M t—m '
25 4
Kk g og =2 2. 4.7)
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Proof.
X 2
kv ¢ki = Vi W%
i=1
Sp, 2 2 :
21 Vo1 Vg1t vy Oy ; if n even _
P pnc 2 2 2 2 .
4 Vo1 Wit vy 07+ v, 0"+ v 07 otherwise

in the case of an odd number of, we establish an upper bound of the squared norm
by adding an additional term to the summation, where we pair ther-th coordinate with
an arbitrarily chosen one, specically the rst. Using the result of Lemma 1 and the
independence:
EP 2 2 si i 2- i
i1 sin5 if n even _

. Pbﬂc . . 2 . (LI 2 . )
"4 2siny + 2sin bfz“ ; otherwise

Since we set all; equal to the same :

]

This result demonstrates that the sample complexity scales as square root in the dimen-
sionality n 1. This re ects the intrinsic geometric complexity of higher dimensional
spaces: as the number of angular parameters increases, the di culty of obtaining high-
probability con gurations increases.
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Intuition Behind the 3D Case

If we apply what has been said in the three-dimensional case, the required solution cor-
responds to the area of a square projected onto the surface of the unit sphere.

This characterization is an over-approximation of the current feasibility are® : determin-
ing a sample complexity with high probability for this area guarantees the same guarantee
for V. This allows us to simplify the analysis while obtaining robustness in varying all
possible forms oV .

The error caused by the over-approximation is bounded by the diagonal of the projected
square that we set as and represents the maximum possible distance between any two
points within the square.

Figure 4.2: 3d sample complexity setting visualization.
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4.3.2. Non-Isotropic Gaussian Case

f(x)

X

Figure 4.3: Example of a non-isotropic Gaussiat (in blue) that dominates another
GaussianZ (in red).

Consider a non-isotropic Gaussian distributiorG N (; ) , where the mean deviates
from zero, thereby introducing a bias in the generation of constraints. To analyze this
case, we select an isotropic Gaussi@an N (0; 2l) that is fully dominated by G, that is
8x 2 R;f(X)es f(X)z (as depicted in Figure 4.3).

Lemma 3 (Importance Sampling Bound) The probability underZ can be rewritten using

importance sampling as:

_ z(x) 1 1= .
Pz(E)= Ec a(x) (Pc(E)) : (4.8)

Proof. Applying Hélder's inequality to the expectation term gives the desired result.

Pz(E) = Ez[ligg]
z(x)

= Ec mleg
1= 1=
Ec % Ecllicq
1=
= Ee % (Pe(E)* ©

Where:
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Pz (E): The probability of event E under the probability measure associated with
Z.

Ez[]: Expectation taken concerning the probability distribution ofZ.

ligq: Indicator function of the event E, which takes the value 1 ifx 2 E and 0
otherwise.

Ec[]: Expectation taken concerning the probability distribution ofG.

" z(x): Probability density function (PDF) of the distribution associated with Z.

" g(x): Probability density function (PDF) of the distribution associated with G.

B %: Likelihood ratio that reweights probabilities underG to probabilities under Z.

. A parameter 1, related to Hoélder's inequality, which is used to bound expec-
tations.

As a consequence, we can express:

Pz(E)=(
T200 g0t dx

Ps(E) 4.9

1) °
Having determined this, we have found an additive term that adds to the sample com-
plexity of the isotropic Gaussian case.

4.3.3. Discrete Case

If G is a discrete-valued distribution, the previous integral is no longer well-de ned. In
such cases, we approximat& with a Gaussian distribution, which introduces an irre-
ducible error term. This error impacts the sample complexity by imposing a lower bound
on the angle , preventing it from being reduced arbitrarily. This constraint arises because
there exists a regiorVvV in which all points represent equivalent solutions to our problem.
We now introduce our approach to derive the sample complexity in the discrete case.

Lemma 4 (Error Propagation). Let f : R" ! R be a di erentiable function. Let X
P"andY Q " be real-valued component-wise independent random vectors, with
and Q being two genericn-dimensional distribution. Assume that there exists a set of
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deterministic boundsf igiz;n 2 [0; 1]" such that
8i 2 [n] supjP(X; t) P(Y; 1t)j i (4.10)
t2R

Then we have

X
supjP(f (X)) t) P(fF(Y) B jir fjja i (4.11)
2R i20n]

wherejjr fjj; indicates the in nity norm of the gradient off .

Proof. The proof is a consequence of the mean-value theorem for integrals [46] and Holder
inequality [47]. O

Corollary 2 (Error Propagation for Normal Approximation of Binomials). Let X;
P" = fBin(di;m)gi2yy and Y, Q " = fN (dmj;dmi(1  m;)gi2ny. Then, we have

[48][49]
1

Cam@ my)

8i 2 [n] supjP(X; t) P(Y, 1) (4.12)
t2R

and, subsequently by Lemma 4, assuming that = m and d; = d for everyi 2 [n], we
have

supiP(f (X) t) PEY) 0 iir fiis p—m— (4.13)
t2R dm(l m)

Proof. Equation (4.12) is a consequence of the Berry-Esseen Theorem for the normal
approximation of random variables. Equation (4.13) is a trivial consequence of Lemma 4,
Equation (4.12) and the fact that all random variables are assumed to be iid. ]

As seen previously, the constraints are determined by the arctangent of the ratio of our
distributions, also in this case we study it.

Lemma 5 (Gradient of Arctan Function). Let f (X1;X2; X3;X4) = arctan ﬁ , for
X = (X1;X2; X3, X4) 2 R% Then

2
; 2 r ;2 : 2
1+r (X3 Xa) (X3 Xa)

jir fjj = (4.14)
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2
wherer? = X*1X2 |n particular, assuming x 2 N* and x3 6 X4, it holds that:

N p
jir fii1 2: (4.15)

Proof. This result is a consequence of the de nition of gradient and simple calculations.

O
Lemma 6 (Equality of two Binomial) . Let Xq; X i
lg =P X;{= X, isdened as:

Binomial(d; m), then the probability

xd 2

lg = m2 1 m*";

(4.16)

Proof.
Xd
PXi=X, = PXi=iPXy=i
i=0
The PMF of a Binomial(d; p) random variable X is
— 7\ = d i di.
P(X =1) = im(1 m)“ '
Therefore,
; d i d i H d i d i
P(X1=1) = i m@d m)*" PX,=1i) = i m(1l m)" "
hence,
— — d i d i i d i
PXi=X, = . m'(1 m) . m(@Q m)

Combining similar terms gives

d .
PXi=X, = i m? 1 m
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Lemma 7 (I4 Bound). Let X;Y " Binomial(d:m), let |4 = P X = Y , then it holds

that: L L L
I —+ p= p—"mor 4.17
¢« P33 dn m) (417)
Proof.
X:Y " Binomial(d;m); Xi:Y; ™ Bernoulli(m) :
We have:
xd xd
X = Xi; Y= Yi
i=1 i=1
So we can de neZ:
xd xd
Z=X Y= (X Y= Z;
i=1 i=1
whereZ; are iid.
E[Zi]=0 ; Var(Z;) = Var(X;)+ Var(Yj)=2m(1 m);
E[Z?1=] 1 P(Xi=0;Y;=1)+1 P(X;=1;¥,=0)+0 P(X;=Y))
=PX;i=0;Yi=1)+ P(X;=21;Y=0=2m(@ m):
Applying Berry-Esseen theorem:
. . C E[zZij%
supjP(z t) PG t ———
UPIPE 0 PG OT P e
whereG N (0;2md(1 m)).
SinceC i
supjP(z t) P(G t)j i —1 : (4.18)
2R 2" 2dm(I m) '

We are to bound:

P(Z=0)= P( 1<ZzZ< 1)=|:>( 1<{ZG< ]})+|3( 1<Z< 1){ZP( 1<G< l}):
(A) (B)

Bound of term (A):
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Z 1 2
(A) plzexp X dx; with 2=2dm(1 m);
1 2 °? 22
1 1
(A) P =

2 2 2 dm@ m
Bound of term (B):
(B)=P(Zz< 1) Pz 1+ PG<1) PG 1)

jPZ<1) PG<lj+jP(z 1) PG 1):
Using the Equation 4.18:

1
(B) pP=————:
2dm(1 m)
Putting the bounds of (A) and (B) together:
(A)+(B) Pt p— P
2 2 T dm@ m)

]

Corollary 3. Let f (x) = arctan 312 . Let X; P = Bin(d;m). Then, with proba-
bility 14, we have

p

supjP(f (Xi) t) PU 1t)j pL; (4.19)
t2R dm(l m)

whereU U [ ; ]is a uniform random variable.

Proof. First, note that the event X3 = X4 occurs with probability proportional to pl—a
Then, givenY Q 4= N(dm;dm(1 m)), we have that bothY; Y, andY; Y, are
distributed as zero-mean normal random variables. Thus, we have thifY) U [ ; ],
since the arctan of the ratio of zero mean normal random variables is distributed as a
uniformin [ ; ] as demonstrated in Lemma 2. The proof can be completed by simple

applications of Corollary 2 and Lemma 5. ]

Theorem 4.3 (Sample Complexity for Binomial in 2d) Let 2 0;% . Let X5 Qi2g; 274
Bin(d; m)* 4 be a dataset. Then, the expected number of samgtequired to obtain:

P 9i2(K:&2 50 \ 92[K:8§2 0 1 (4.20)
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where®, = arctan Xit Xiz g
X|;3 X|;4

log 2 L2 5
k ; with > +2 gmtlg 1; (4.21)
log L

2
2 2"'2 d;m+|d

p_
where ¢mn = P=2— andlq4 Pe+ - pP——

dm(l m) dm(@ m)’

Proof. We have to lower-bound the LHS:

P 9i2[k]:8 2 5;0 \' 95 2[k]:§ 2 O;E
=P 9i2[k]:8 2 E;O P 9 2[k]:8 2 O;Q
= 1 P 8i2[k]:82 ;0 1 P 8j2[k]:§ 2 0;5
0 120 1
Y Y
:@1 P @iz E;O A@l P @j% O;E A .
i2[k] i2[k]
Now, we noticed that:
=P g|2 5,0 JX1:X2 P(X]_ZXZ)+P @|2 E,O JXJ_S Xs P(X]_@ Xz)
lq+ P 8 2 E;ijlexz
Given that :
P 82 ;0 X=X, 1

2
P(X16 X2)=1 g 1:
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So, we have:

0 10 1
Y Y
@1 P82 0 AGL P 8§20, A
0 i2[k] i2[k] 1
Y
@1 P 6 5 *1 PG 0 +14A
0 i2[k] 1
Y
@ P& 0+1 P 8§ §+|dA
i2[K]
0 1
Y
@1 P U 5 +1 PU 0+2 am + lg A
0 i2[K] 1
Y
@1 P(U 0+1 P U 5 +2 am + lg A
i2[K]
[1] #12
Y 2 -
= @1 242 gmtlg A
i2[k]
!klz
2 3
=@ 522 amtla A

'y

2 3
1 2 2 +2 d;m+|d 1

The rst inequality is a consequence of Corollary 3. The remaining steps are simple
calculations. We solve the following inequality irk:

Dk

2 24 o4 :
2 d:m d é,
!
Klog 2 2+2 + | | .
g 2 d;m d Og E y
log 2
g k:
|og -

2 7
2

2 gm *lg

The proof can be concluded by noting that the true sample complexity also accounts for
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the discarded samples, i.e., the ones wheke.; = X4, and that sample complexity is

valid only with 252 +2 4+ 14 1 0

As done in the isotropic Gaussian setting, we can extend our reasoningrtedimensions
by de ning our generalized sample complexity for the Discrete case:

K : (4.22)
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5 ‘ Experiment and Results

In this chapter, we present experimental investigations to validate the theoretical frame-
work we established in previous chapters. We analyze constraint behavior in the feasibility
problem, examine feasibility region contraction under di erent con gurations, and eval-
uate the performance of the proposed preference-learning algorithm. Each experiment
follows a structured methodology, incorporating statistical techniques to ensure reliabil-
ity.

First, we investigate how constraints emerge in the feasibility problem by generating
constraint vectors under binomial and Gaussian distributions. We then examine how
these regions shrink as the number of constraints increases, computing their average size
across multiple runs and exploring di erent estimators for the optimal solution.

Next, we extend the theoretical analysis of the arctangent of the ratio of realizations
from di erent distributions. While prior work shows a uniform distribution for isotropic
Gaussian cases, we explore deviations under non-isotropic and binomial distributions to
assess their e ect on constraint uniformity.

Beyond synthetic simulations, we evaluate the Preference Dissection dataset [50], which
contains Al-generated responses and corresponding evaluations. We preprocess the dataset,
extract numerical representations, and conduct a feature selection process to retain the
most informative attributes while reducing redundancy.

Finally, we assess the Cutting Plane Preference Learner algorithm by reconstructing pref-
erence vectors using both real and synthetic data. We evaluate its predictive performance
across multiple xed reference points, benchmarking it against a majority-voting baseline
according to accuracy, precision, and recall.

The remainder of this chapter details each experiment's methodology, results, and key
observations on constraint behavior and preference learning.
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5.1. Constraint Simulation Experiment

The initial set of experiments conducted as part of our investigation focuses on how
constraints emerge within the feasibility problem framework, as outlined in Section 3.2.
Speci cally, we generated the constraint vectorg; and ¢, under the assumption that,

in various instances, their elements are sampled from either binomial or Gaussian distri-
butions with prede ned parameters. The objective of this approach is to examine how
the resulting constraints manifest geometrically, either in a two-dimensional plane or in
three-dimensional space. For visualization purposes, we con ned our analysis to these
two spatial dimensions.

The experimental design incorporates six distinct parameter con gurations, which are as
follows:

" Binomial distribution with identical success probability ( m) xed at 0.5

c; Binomial(3;0:5); ¢y  Binomial(3; 0:5):
~ Gaussian distribution with identical mean ( 1:5) and small variance ( 0:1):
¢j N (1:501);, cy N (1:50:1):
" Gaussian distribution with identical mean ( 1:5) but large variance ( 3):
cj N (1:53); ¢ N (1:53):
~ Gaussian distribution with distinct means and small variance ( 0:1):
cj N (3;01); ¢ N (0;0:1):
~ Gaussian distribution with distinct means and large variance ( 3):

c; N (3;3); ¢ N (0;3):

" Binomial distribution with di ering success probabilities

c; Binomial(3;0:8); c; Binomial(3; 0:2):
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5.1.1. Visualization of the Constraints

In the initial phase of this experiment, we simulated a run of our problem in two-
dimensional space using Gaussian con gurations to analyze the arrangement of constraints
and the evolution of the feasibility regionV (highlighted in yellow in the images) through-
out the experiment. We chos€1;1) as the xed point v . From Figure 5.1 we can deduce
that if the mean is di erent from 0 a bias is introduced in the generation of constraints.

(a) Same Mean, Small Variance.

(b) Same Mean, Big Variance.
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