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1. Introduction

As the number of objects in Low Earth Or-
bit (LEO) continues to grow, collision avoidance
has become a frequent and complex operational
challenge. The increasing density of space debris
and active constellations frequently results in
multi-encounter scenarios, where a single opera-
tional satellite faces multiple potential collisions
within a short prediction horizon [1]|. Tradition-
ally, Space Surveillance and Tracking (SST) op-
erations process these conjunctions as isolated
events. However, mitigating risks individually
without considering the global context may lead
to operational inefficiencies and excessive pro-
pellant consumption [2]|. Therefore, a transition
from single-event assessment to global risk esti-
mation is required to support operational safety
and optimize collision avoidance manoeuvres.

1.1. State of the Art

The assessment of orbital safety is based on the
detection and evaluation of physical conjunc-
tions. A conjunction is defined as the event
where the relative distance between two space
objects reaches a global minimum, known as the
Time of Closest Approach (TCA) |3|. At this ex-
act instant, assuming rectilinear relative motion,
the relative position vector is strictly orthogonal

to the relative velocity vector.

Because the state vectors of the objects are sub-
ject to uncertainties, the exact miss distance
cannot be determined. Instead, the operational
risk is quantified probabilistically. The standard
approach, formulated by Akella and Alfriend [3],
projects the three-dimensional Gaussian uncer-
tainties of both objects onto the conjunction
plane (the B-plane), which is perpendicular to
the relative velocity. The Probability of Colli-
sion (P,) is then evaluated by integrating the re-
sulting 2D probability density function over the
combined Hard-Body Radius (R) of the objects.
The probability is computed as:

1 1
Po=— /exp (ATPLlA) dx (1)
s ‘PJ_’ 2

where x = [¢,7]T is the projected relative posi-
tion, A = x—Xg is the deviation from the nomi-
nal miss distance xq, P, is the projected relative
covariance matrix, and D = {(x) : ||x|| < R}

This analytical method is computationally effi-
cient and is widely used in modern SST opera-
tions. However, this metric is designed to evalu-
ate individual events in isolation. When dealing
with multi-event scenarios, standard operational
frameworks need to combine these individual P.
values into a unified metric of total risk. To



manage the unknown statistical correlation be-
tween consecutive encounters, the assessment is
bounded by the Fréchet-Hoeffding inequalities
[4].

The theoretical lower bound assumes maximum
overlap between events (i.e., total positive cor-
relation), while the upper bound assumes the
events are mutually exclusive, leading to a sim-
ple summation approximation [5]. These limits
strictly bound the Total Probability of Collision
(TPoC) for N events:

N . N
max{P(4;)} < P < min (1, ;P(Ai)) (2)

Because current analytical tools primarily pro-
vide individual probabilities (P(A;)), an alter-
native operational approach estimates the total
risk by assuming complete statistical indepen-
dence between the events, calculating the prod-
uct of survival probabilities:

N
TPoC~1-]](1-P(A)) (3)

=1

However, both the summation bound and the
independence assumption may introduce inac-
curacies in operations. Statistical dependence
between encounters is generated by two primary
mechanisms. First, the initial state uncertainty
of the common satellite propagates coherently
across all successive events, physically linking
the position errors. Second, uncertainties in the
dynamic propagation models, particularly atmo-
spheric drag, act as a common process noise that
simultaneously affects the trajectories of all in-
volved objects over the analysis window [6, 7).
These shared sources of error invalidate the inde-
pendence hypothesis [8]. Consequently, to pre-
vent both the overestimation of risk and the ex-
ecution of unnecessary collision avoidance ma-
noeuvres, it is necessary to develop advanced
analytical frameworks that compute the exact
joint collision probability by directly modelling
the present correlations.

1.2. Problem Statement

This thesis focuses on the accurate quantifica-
tion of the total collision risk in correlated multi-
encounter scenarios. For the sake of simplicity,
the problem is restricted to sequences of two
events, A1 and Ao, occurring in a short period of

time within LEO. The total risk is defined as the
probability of the union of these events, which is
expanded using the inclusion-exclusion principle

[9]:
P(A1UA2) = P(Al) + P(Ag) — P(AlﬂAg) (4)

While individual probabilities P(A;) and P(As)
are computed using standard analytical meth-
ods, the main challenge is the determination of
the joint probability P(A; N A2). To account
for the physical correlation, a global state vec-
tor x is constructed by concatenating the rela-
tive position vectors of both encounters. If r,(¢;)
represents the position of the primary satellite
and rg, (t;) represents the position of the i-th
secondary object at epoch t;, the global state
vector is defined as:

.= [91] _ [ra(tl) —rp(tl)] (5)

p2 rs, (t2) — rp(ta)

The associated global covariance matrix explic-
itly models the cross-correlation generated by
the common states and the shared atmospheric
drag uncertainties:

Y ZJ12]
Y = 6
[221 329 (6)

The joint probability is thus obtained by inte-
grating the multivariate joint probability density
function over the respective collision domains
(Dy and Dy):

P(A1 N Ay) = /D [ Necumac @

By evaluating scenarios involving distinct secon-
daries, repeated encounters, and environmental
perturbations, the overestimation or underesti-
mation of the collision risk introduced by tra-
ditional operational assumptions is mathemati-
cally evaluated.

2. Methodology

To accurately compute the total collision risk in
multi-encounter scenarios, a progressive analyt-
ical framework is proposed. Before studying the
full three-dimensional orbital mechanics, a sim-
plified two-dimensional formulation—referred to
as the "Toy Problem"—has been developed.
This preliminary step isolates the fundamen-
tal sources of statistical correlation, verifying



that the presence common uncertainties force
the joint probability to deviate from the sim-
ple product of independent marginals. Building
upon these statistical principles, the framework
is generalized to address 3D orbital dynamics.

2.1. Two-Dimensional Toy Problem

The baseline 2D scenario consists of a primary
vehicle moving along a longitudinal axis, en-
countering two secondary objects (pedestrians
i € {1,2}) crossing its path at different epochs
(t; and t3). The relative lateral distance at the
crossing time is defined as z; = xp,;(t;) — x ().
A collision event (A;) is triggered when this dis-
tance falls below a Hard-Body threshold (W),
such that A; = {]z;| < W}.
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Figure 1: "Toy Problem" configuration.

By progressively introducing uncertainty
sources, the mathematical behaviour of the
joint probability has been evaluated as:

P(Al N AQ) = //D f(Zl,Zz) dz1 dzo (8)

where the integration domain D is defined by
the lateral limits of both collisions:

D ={(21,22) : |21 < W, [2o| < W} (9)

2.1.1 Cases of Study

The analytical resolution demonstrated that if
all initial positions are strictly independent and
the vehicle is deterministic, the covariance be-
tween events is zero (Cov(Zi, Z2) = 0), allow-
ing the joint probability integral to factorize
into independent components (P(A; N Ag) =
P(A1)P(Az)). However, realistic shared uncer-
tainties generate the following specific correla-
tion structures:

Common Primary Uncertainty. Introduc-
ing initial positional uncertainty to the vehicle
(Xy ~ N(MXU,O%(U)) statistically couples the
relative distances Z; and Z5. The covariance
evaluates strictly to the primary’s variance:

Cov(Z1, Zs) = 0%, (10)

Because p # 0, the joint probability integral
cannot be evaluated as a simple product. In-
stead, it must be solved using a conditional prob-
ability factorization (fz, z, = fz fz,z, ). This
transforms the calculation into a nested integral,
where the mean and variance of the second event
are updated based on the first (z1). This mathe-
matical decoupling establishes the approach for
the 3D orbital case, where the primary’s state
error will link the consecutive conjunctions.

Repeated Secondary Encounters. When
the primary intersects the identical secondary
object (X,) twice, the shared pedestrian uncer-
tainty further increases the cross-covariance:

Cov(Zy, Zs) = 0%, + O'gfp (11)

In this limit situation , the correlation coefficient
approaches unity (p — 1). Consequently, the
conditional variance collapses towards zero, and
the conditional PDF approximates a Dirac delta
function. The 2D joint integral simplifies into a
single 1D integration over the marginal distri-
bution of the first event, as the second collision
becomes a deterministic geometric condition.

Environmental Disturbances. A common
external perturbation, modelled as a "wind"
field W ~ N(0,0%,), was introduced, affect-
ing objects based on kinematic sensitivity coef-
ficients (k;). This shared dynamic noise creates
an additional covariance term:

COV(Zl, Zg) == O'%(U + kleO"z,V (12)

Even if the initial states of all objects are per-
fectly independent, this external force couples
the events. The integration requires the full bi-
variate normal formulation, and the conditional
probability factorization, where the correlation
strength is strictly modulated by how sensitive
each object is to the wind (k1, k2). In LEO sce-
narios, this effect represents the physical ana-
logue of atmospheric density errors, which add
a targeted bias to the global covariance matrix.



These findings suggest that the joint probability
must be evaluated using conditional probability
frameworks. Consequently, the 3D methodology
requires a global covariance matrix capable of
capturing state propagations and environmental
sensitivities across multiple epochs.

The advanced analytical resolution developed
for the 3D orbital space is structured into a
mathematical pipeline: the formulation of the
high-dimensional joint integral, the geometric
reduction of the problem space using B-plane
projections, the statistical decoupling of the in-
tegration domain through the Schur comple-
ment, and finally, the construction of the global
covariance matrix.

2.2. Full Joint Probability Integral

The two-dimensional "Toy Problem" established
that the joint probability of two correlated col-
lision events (A; and Ag) is obtained by inte-
grating the bivariate normal Probability Density
Function (PDF) over the respective lateral col-
lision domains [10].

Extrapolating this logic directly to 3D orbital
mechanics, the relative position between the pri-
mary and the k-th secondary object at the Time
of Closest Approach (i) becomes a 3D random
vector: zj = rg, (t) — rp(tr). Consequently, the
joint probability P(A; N Az) requires a 6D inte-
gration of the multivariate normal distribution
over the two spatial collision volumes defined by
the respective Hard-Body Radii (R; and Ra):

reanan = [[[[ [[[ @ andz o3

where D = {(z1,22) | ||z1]| < Ri,||z2]| < R2}
and f(z) is governed by the 6 x 6 global covari-
ance matrix 3y capturing the physical correla-
tion between the two epochs:

2.3. Dimensionality Reduction

Solving a 6D integral numerically is computa-
tionally demanding for routine operations. To
improve efficiency, the classical Akella-Alfriend
dimensionality reduction is extended to the
double-conjunction scenario. This method lever-
ages the assumption that relative motion is recti-
linear and velocities remain constant during the
brief duration of each individual encounter.

For each encounter ¢, an orthogonal conjunction
frame is defined. The n; axis is aligned with
the relative velocity v(t;), while the orthonor-
mal basis {&;, (;} defines the B-plane (the plane
orthogonal to the relative velocity). The trans-
formation matrix C; maps vectors from the in-
ertial frame to this conjunction frame:

n;

C; = ¢ (15)
<

A projection matrix T is then applied to ex-
tract only the components within the B-plane,
removing the component along the relative ve-
locity. To apply this to the joint 6D problem,
a combined transformation matrix T is defined
to simultaneously rotate and project the rela-
tive position vectors and the global covariance
matrix onto their respective B-planes:

[Tc o
T_[ 0 T*cg] (16)

This operation effectively reduces the 3D col-
lision volumes into 2D circular cross-sections,
transforming the full spatial covariance into a
4 x 4 projected matrix without losing probabil-
ity information:

p p
*Z = TEZTT = E*ZTl Z*1,2 (17)
Z1,2 Zo

where the superscript * denotes variables pro-
jected onto the 2D conjunction planes. This re-
duces the mathematical problem to a 4D inte-
gral.

2.4. Statistical Decoupling

While the problem is successfully reduced to 4D,
the integration over the two disjoint circular col-
lision domains remains statistically coupled by
the off-diagonal correlation block E*Zu. To de-
couple the integral physically and mathemati-
cally, the Schur complement factorization is ap-
plied to the projected covariance matrix [11].
This theorem allows the 4D Joint PDF to be fac-
torized into a marginal PDF for the first event
(f2,) and a conditional PDF for the second event
( f2,) z,)- The conditional covariance of the sec-
ond encounter, known as the Schur complement,
is given by:

_ § *—1
*Z2|Z1 - 222 - }212Z1 2}12 (18)



Furthermore, the expected location of the sec-
ond event is dynamically shifted as a linear func-
tion of the position of the first encounter (z7):

* * * *—1/ % *
'U’Z2|Z1 =Mz, + 2Z21EZ1 (Zl - N‘Zl) (19)

Through the Schur factorization, the coupled 4D
integral is efficiently transformed into two nested
2D integrals:

Py = [ f2,7) I Tz, dridzi (20)

Where D; = (z) : ||z}|| < R; for i € {1,2}.
Here, the outer integral evaluates the marginal
probability of the first conjunction over its B-
plane, while the inner integral computes the con-
ditional probability of the second conjunction
given a particular geometric realization of zj.
To resolve this expression, a dynamic numerical
meshing strategy is implemented. The continu-
ous integration domains are discretized into fi-
nite summations, with the grid resolution adapt-
ing dynamically based on the Hard-Body Radius
and the magnitude of the covariance matrices.

2.5. Construction of the Global Co-
variance Matrix

The utility of the entire integration and decou-
pling process relies on the characterization of the
6 x 6 unprojected global covariance matrix 3.

2.5.1 Diagonal Blocks

The diagonal blocks represent the total covari-
ance of the relative position vector at each en-
counter evaluated independently. This matrix
combines the propagated state covariances of the
primary (3,,) and the specific secondary object
(X, ), augmented by the correlated environmen-
tal uncertainty. Using the relative sensitivity
vector S, 1, which quantifies the displacement
caused by atmospheric density errors (0?,), the
diagonal covariance is given by:

B2 = B )+, (1) +Sret kS 0, (21)

2.5.2 Off-Diagonal Block

The off-diagonal cross-correlation block (Xz, ,)
represents the physical coupling between t; and
to. To map the uncertainty from the first en-
counter to the second, the orbital dynamics

are linearized using the State Transition Matrix
(STM), denoted as ®(t2,t1). Expanding the co-
variance expectation yields three distinct corre-
lation mechanisms:

1. Primary State Correlation: The initial
state error of the common primary satellite
propagates between t; and ts.

2. Secondary State Correlation: If the pri-
mary encounters the identical secondary ob-
ject twice, the secondary’s state error also
propagates. If s1 # so, this term vanishes.

3. Environmental Correlation: FErrors in
atmospheric density predictions act as a
common bias affecting the trajectories of all
involved objects over the analysis interval.

Combining these three effects, the complete ana-
lytical expression for the cross-correlation block
is defined as:

P

EZLQ - [ETP(I’: + Erqu’;rvp]

Primary

+ (5] + 3,0, ]

(22)

Secondary (If repeated)
T 2
+ Srel,l Srel,QUp
———
Environmental

where all covariance matrices X are evaluated
at time 1, and all state transition matrices ®
propagate the state from t; to ts.

2.5.3 Theoretical Bounds of the Condi-
tional Covariance

The mathematical variance reduction (Eq. (18))
and the spatial displacement of the conditional
mean (Eq. (19)) jointly represent the physical
coupling between events. The behaviour of this
statistical formulation is governed by the matrix
construction defined above:

Case 1: Influence of the Primary Object.
When interacting with distinct secondary ob-
jects, the variance reduction and mean displace-
ment are determined by the relative magnitudes
of the covariances. If the secondary uncertain-
ties dominate (O(X%,,) < O(X,,)), the vari-
ance reduction and mean shift are minimal, al-
lowing the joint integral to be closely approx-
imated by the product of independent proba-
bilities (P P,). If the covariances are balanced



(0(%,,) = O(%;,)), a noticeable partial reduc-
tion occurs. Finally, if the primary’s covariance
dominates (O(X,,) > O(X,,)), the Schur re-
duction term scales directly with the primary co-
variance, and the conditional mean ”*ZQ| Z shifts
significantly. However, the total vanishing of
E*Zz| 7, is not possible; the independent contribu-
tion of the second secondary object establishes a
strictly positive lower bound. In this dominant
regime, the joint integral diverges notably from
the independent assumption, requiring the full
nested evaluation.

Case 2: Re-encounter with the Same Sec-
ondary. In an ideal, unperturbed Keplerian
case where STMs approximate the identity ma-
trix (exactly the same encounter one period
later), the cross-terms cancel the diagonal block,
reducing the conditional covariance towards the
null matrix (Z*ZQ| z, — 0). In this theoreti-
cal limit, the second conditional PDF converges
to a Dirac delta function 6(z% — u*22|Zl), where
the conditional mean deterministically maps the
spatial deviation of the first event to the sec-
ond. This effect collapses the complex nested
integral into a simpler evaluation governed pri-
marily by the first event’s marginal distribu-
tion. Under realistic conditions, orbital per-
turbations and STM deviations prevent perfect
cancellation, leaving a reduced but strictly pos-
itive definite dispersion. This case presents the
most extreme results, going from a totally neg-
ative correlation between events, leading to a
null joint probability (upper Fréchet-Hoeffding
bound), to a full positive correlation, obtaining
a near-total overlap between the events (lower
Fréchet-Hoeffding bound) depending on how the
displaced conditional mean aligns with the sec-
ond collision geometry.

Case 3: Environmental Uncertainty. The
atmospheric error covariance matrices are con-
structed by multiplying a sensitivity column vec-
tor by a row vector, producing a matrix with
a rank of one. Physically, this means the posi-
tion uncertainty added by drag only moves along
a single line. Consequently, the mathematical
subtraction in the Schur complement only op-
erates along that exact direction, leaving or-
thogonal directions completely unaffected. Sim-
ilarly, the conditional mean u*22| 7, 18 exclusively

displaced along this specific aerodynamic axis.
Thus, atmospheric correlation alone cannot re-
duce the conditioned covariance to zero. As a
result, the joint probability integral becomes di-
rectionally coupled, modifying the final collision
risk only if the relative B-plane geometries align
with this specific perturbation line.

3. Results

This section presents the numerical validation
and analytical results obtained from the mod-
els developed in this thesis. The analysis is di-
vided into two main sections: the evaluation of
the simplified two-dimensional "Toy Problem"
to establish fundamental physical behaviours,
and the application of the full three-dimensional
orbital model to realistic multi-event scenarios.

3.1. Two-Dimensional Toy Problem
Results

The evaluation of the "Toy Problem" yielded
valuable insights regarding the physical drivers
of statistical correlation. To validate the analyt-
ical expressions, Monte Carlo simulations were
performed. The required number of samples N
was estimated to ensure statistical convergence
using the standard formula for confidence inter-
vals [12]:

212—04/2(1 B PC)

e2P,

For a confidence level of 95% (Z ~ 1.96), an
expected probability of collision on the order of
1072, and a relative error of € = 1%, the nec-
essary sample size was determined to be on the
order of 107. With this setup, the theoretical
limits of the probability of the union Eq. (2)
were verified across all experiments.

The analysis encompassed the sequential scenar-
ios introduced in Section 2: independent objects
(Case 1), an uncertain primary vehicle inducing
coupling (Case 2), a repeated secondary object
presenting a correlation limit (Case 3), explic-
itly correlated secondary objects (Case 4), and a
common environmental disturbance (Case 5). A
comprehensive numerical overview is presented
in Table 1, illustrating how the independent as-
sumption systematically fails as shared uncer-
tainty increases.

Based on these numerical results, the impact of
correlation was found to be highly dependent on
the relative geometry of the encounters. Figure

N > (23)



Table 1: Summary of the 2D "Toy Problem" re-
sults. The analytical TPoC is compared against
the simplified independent assumption.
Legend: a: Same-Side geometry; b: Opposite-
Side geometry. Roman numbers (i-iv) denote
progressive parameter variations: increasing ve-
hicle uncertainty (Cases 2 and 5), and decreasing
correlation strength (Case 4).

Case | Conf. Anal. Simp. Rel. Err
TPoC [-] | TPoC [-] [%]

[Case 1] - [ 0.0342 | 00342 | ~0.00 ]
a.i 0.0220 0.0220 0.04
a.ii 0.0904 0.0989 9.42
Case 2 a.iii 0.2426 0.3175 30.80
b.i 0.0221 0.0220 0.03
b.ii 0.1012 0.0989 2.26
b.iii 0.3465 0.3175 8.38
Case 3 a 0.0300 0.0435 44.70
b 0.0169 0.0169 0.39
a.i 0.0242 0.0281 16.00
a.ii 0.0273 0.0281 2.78
a.dil 0.0283 0.0281 0.65
Case 4 a.iv 0.0283 0.0281 0.70
b.i 0.0283 0.0281 0.70
b.ii 0.0283 0.0281 0.65
b.iii 0.0273 0.0281 2.78
b.iv 0.0242 0.0281 16.00
a.i 0.0565 0.0558 1.24
a.ii 0.1295 0.1337 3.26
Case 5 a.dii 0.2696 0.3279 21.60
b.i 0.0537 0.0558 3.85
b.ii 0.1364 0.1337 1.98
b.iii 0.3584 0.3279 8.51

2 visually represents a generic result from Case
2 (Conf. ii), where the geometrical influence is
clearly shown.

The relationship between geometry, uncertainty
scaling, and the resulting total risk can be sum-
marized in the following patterns:

The Geometry Effect: Same-Side vs. Op-
posite-Side. The relative error of the inde-
pendent assumption (PyP;) fluctuates drasti-
cally depending on whether the events share
the same side. When the secondary objects are
positioned on the same side of the primary’s
path (Configuration a), a positive correlation
(p > 0) implies that a deviation leading to a
collision in the first event likely triggers a col-
lision in the second. As observed in Table 1,
this alignment drives the actual joint probabil-
ity higher than the independent product. As a
result, the independent formula severely overes-
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Figure 2: The two fundamental geometric con-
figurations evaluated: Same-Side (case a) where
both events occur on the same lateral side of
the primary’s path, and Opposite-Side (case b)
where they occur on alternating sides. This dif-
ference produces a shift of the relative positions
results obtained from the Monte Carlo method,
varying the number of samples that enters into
the double collision area

timates the TPoC. Figure 3 demonstrates how,
as the primary’s uncertainty (ox,) increases in
Case 2, the actual risk approaches the theoret-
ical lower bound, drifting away from the sum-
mation formula. Figure 4 corroborates this by
showing that directly increasing positive corre-
lation (Case 4) steadily reduces the accumulated
risk.

Collision Probability vs Vehicle Uncertainty
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Figure 3: Case 2 (Same-Side): TPoC evolution.
The actual risk shifts towards the lower limit as
primary uncertainty grows.

Conversely, if the secondary objects are located
on opposite sides of the primary’s nominal path
(Configuration b), a positive correlation implies



Collision Probability vs Correlation Coefficient
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Figure 4: Case 4 (Same-Side): TPoC as a func-
tion of the imposed correlation (p). Positive cor-
relations group the events, reducing risk.

that a deviation towards the first object moves
the primary away from the second. The events
tend to become mutually exclusive (Ping — 0).
In this specific geometry, the simple summation
formula (P; + P>) provides an accurate estimate
of the TPoC. Figure 5 demonstrates how the
TPoC remains aligned with the upper bound re-
gardless of the primary’s uncertainty. Figure 6
shows an inverted trend for Case 4: negative
correlations group the events and lower the to-
tal risk.
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Figure 5: Case 2 (Opposite-Side): TPoC re-
mains aligned with the simple summation upper
bound as events become mutually exclusive.

The Correlation Limit (p — 1). Case 3 ex-
plored the extreme scenario of the primary inter-
secting the exact same secondary object twice.
This physical condition forces the correlation co-
efficient to approach unity. In this limit, the
conditional probability density approximates a
deterministic line, indicating that the second

Collision Probability vs Correlation Coefficient
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Figure 6: Case 4 (Opposite-Side): The correla-
tion trend is inverted; negative p reduces total
risk.

event’s occurrence is strictly dictated by the spa-
tial outcome of the first. In the Same-Side con-
figuration, this nested geometry forces the joint
probability to equate the minimum of the indi-
vidual probabilities (Pin2 & P)), as depicted by
the collapsed variance in Figure 7. Here, the in-
dependent approximation fails drastically, yield-
ing a relative error of 44.7%.
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Figure 7: Monte Carlo validation for Case 3 (Re-
peated Secondary). The samples align along a
deterministic path, visually demonstrating the
collapse of the conditional variance.

Environmental Perturbations and Cou-
pled Errors. Case 5 introduces a common
wind disturbance (W). The results highlighted
the shifting nature of correlation. When the
wind variance dominates (Configuration i), the
correlation is modulated strictly by the relative
aerodynamic sensitivities (k;) of the objects, but



the error achieved is lower than the obtained
when the vehicle’s uncertainty dominates. How-
ever, as the vehicle’s position uncertainty in-
creases (Configuration i), the common position
error begins to dominate the covariance matrix,
and the scenario reverts to the highly correlated
behaviour observed in Case 2. In this vehicle-
dominated regime, the independent approxima-
tion error scales up significantly, reaching 21.6%
in the Same-Side geometry (Table 1).

These 2D results confirm that the independent
approximation fails systematically depending on
the geometric configuration and the origin of
the correlation. These observations establish
the physical baseline for the complete 3D orbital
analysis.

3.2. Three-Dimensional Problem Re-
sults

This section numerically validates the extensive
theoretical results derived from the previous an-
alytical framework. But before the parametric
analysis, the methodology has been validated
against a Monte Carlo (MC) simulation over a
selected multi-event scenario. To ensure statisti-
cal convergence, the required number of samples
was estimated using the Dagum bound formula-
tion (Eq. (23)) [12]. Considering an expected
collision probability on the order of 1072, a tar-
get relative error of 10%, and a 95% confidence
interval, the necessary sample size was deter-
mined to be 10°. The comparison between the
empirical results and the analytical integration
yielded a relative error for the Total Probability
of Collision (TPoC) of 1.33%. As this devia-
tion remains well within the defined statistical
margins, the validity of the B-plane projection
and the Schur complement decoupling methods
is confirmed for the operational 3D environment.
To evaluate the operational impact of neglect-
ing inter-event correlations, the model was ap-
plied to two main scenarios: the influence of a
common primary object (Case 1) across different
uncertainty regimes, and the effect of encounter-
ing a repeated secondary object (Case 2) under
ideal and perturbed conditions. A comprehen-
sive overview of the analytical results and the
relative errors introduced by the standard oper-
ational approximation is presented in Table 2.

The numerical results outlined in Table 2 pro-
vide a clear indication of how orbital geometry

Table 2: Summary of the 3D orbital multi-
encounter results focusing on the Total Proba-
bility of Collision (TPoC). The analytical TPoC
is compared against the simplified independent
assumption (P; + P, — P1 Ps).

Case | Configuration | Anal. | Simp. | Rel. Err
TPoC | TPoC (%]
[ [
A (Dominant 0.536 | 0.540 0.63
Case 1: | Sec.)
Common | B (Balanced) 0.508 | 0.522 2.71
Primary | C (Dominant 0.442 | 0.471 6.53

Pri.)

Ideal 0.067 | 0.127 89.56
Case 2: | Unperturbed
Repeated| Realistic 0.138 | 0.137 1.23

Sec. Perturbed

and uncertainty scaling influence the final risk
metrics. These behaviours can be analysed se-
quentially:

Analysis of the Common Primary Ob-
ject (Case 1). This scenario evaluates a single
primary satellite encountering two distinct sec-
ondary objects, where the statistical coupling is
driven by the primary object’s initial state un-
certainty. The data suggests that the validity
of standard operational metrics is highly depen-
dent on the relative covariance regimes.

In Configuration A (||3,|| < ||Xs]]), the small
primary covariance introduces limited cross-
coupling. As observed in Figure 8, the Schur
complement reduction on the second B-plane is
minimal, and the assumption of statistical in-
dependence yields a relatively low TPoC error
(0.63%).

Independent Events (30) Conditioned Events (30)

1 Conj. 1 Conj. 1 (1)
0.04 0.04
[ Conj. 2 Conj. 2 (Schur)
+  Origin (Secondary) Conditional Means
0.02 HBR = 0.0125 km 0.02 +  Origin (Secondary)
g = HBR = 0.0125 km
£ £
~ 0.00 + ~ 0.00 +
2 2
Q Q
N . N ]
-0.02 -0.02
-0.04 -0.04
-0.04 -0.02 000 002 0.04 -0.04 -0.02 000 002 0.04
Xi [km]| Xi [km]|

Figure 8: Projection of covariance ellipses onto
the B-plane for Configuration A. Given the dom-
inant secondary covariance, the variance reduc-
tion and spatial displacement of the conditioned
mean are minimal.



However, as the primary covariance grows rela-
tive to the secondaries (Configurations B and C,
illustrated in Figures 9 and 10), the statistical
correlation links the spatial geometries of both
events more rigidly.

Independent Events (30) Conditioned Events (30)

1 Conj. 1 Conj. 1 (1)
0.04 . 0.04 "
[ Conj. 2 Conj. 2 (Schur)
+  Origin (Secondary) Conditional Means
0.02 HBR = 0.0125 km 0.02 +  Origin (Secondary)
=) =) HBR = 0.0125 km
£ £
- 0.00 + < 0.00 u
3 R}
N . N
-0.02 -0.02
-0.04 -0.04
-0.04 -0.02 000 002 0.04 -0.04 -0.02 000 002 0.04
Xi [km] Xi [km]

Figure 9: B-plane projection for Configuration
B. With balanced covariances, a more noticeable
variance reduction and a slight displacement of
the conditioned mean begin to appear.

In the primary-dominant regime (Configuration
C, Figure 10), treating these events as isolated
occurrences leads to an estimation error of 6.53%
in the accumulated risk. While this specific
TPoC deviation might seem moderate, it stems
from a significant underestimation of the joint
intersection, indicating that neglecting correla-
tion mathematically forces an overestimation of
the total risk. Furthermore, relying on the sim-
ple summation bound (P; + P) overestimates
the actual risk by more than 20% across all con-
figurations. It should be noted that this sub-
stantial deviation arises not only from neglecting
the statistical correlation but also from the aca-
demic design of the test cases. To ensure numer-
ical precision and clearly observe the coupling
effects, the conjunctions designed have been de-
termined to obtain a considerably higher PoC
than those typically encountered in routine op-
erations. Consequently, the standard assump-
tion that individual probabilities are sufficiently
small to safely neglect their intersection becomes
invalid in this context.

Analysis of a Common Secondary Object
(Case 2). Case 2 evaluates the correlation
generated when the primary satellite encoun-
ters the identical secondary object at two suc-
cessive epochs. Because both objects propa-
gate their initial errors simultaneously, the cross-
covariance terms approach the magnitude of
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Independent Events (30) Conditioned Events (30)

[ Conj. 1 —— Conj. 1 (31)
0.04 N 0.04
[ Conj. 2 —— Conj. 2 (Schur)
+  Origin (Secondary) Conditional Means
0.02 HBR = 0.0125 km 0.02 +  Origin (Secondary)
T = HBR = 0.0125 km
= =
~ 000 < 0.00 +
N N
-0.02 -0.02
-0.04 -0.04
-0.04 -0.02 000 002 0.04 -0.04 -0.02 000 002 0.04
Xi [km] Xi [km]

Figure 10: B-plane projection for Configuration
C. The dominant primary covariance produces a
substantial variance reduction and a highly pro-
nounced spatial displacement of the conditioned
mean.

the main diagonal blocks, leading to more pro-
nounced statistical dependencies.

The results illustrate the complex nature of re-
peated encounters. In the Ideal Unperturbed
scenario (Figure 11), the dynamics emulate
the correlation limits observed in the 2D "Toy
Problem"; the correlation coefficient approaches
unity. The conditional covariance practically
vanishes, driving the joint probability to roughly
equate the minimum of the individual proba-
bilities (Pjn2 ~ P;). Using the assumption of
independence in this theoretical state presents
a substantial deviation, heavily overestimating
the TPoC with a relative error reaching 89.56%.

Independent Events (30) " Conditioned Events (30)

Conj. 1 (1)

Conj. 2 (Schur)
Conditional Means

0.10
[ Conj. 1

[ Conj. 2

0.05 +  Origin (Secondary) 0.05
HBR ~ 0.0125 km

0.00 +
o
-0.05

-0.1
0 —%.10 -0.05 0.00 0.05
Xi [km]|

+  Origin (Secondary)
HBR - 0.0125 km

0.00 | |
L)
0.05

0.1
0.10 0 —l?).ll'] -0.05 0.00 0.05 0.10
Xi [km)]

Zeta [km]|
Zeta [km)]

Figure 11: B-plane projection for the Ideal Un-
perturbed scenario (Case 2, Config A). The con-
ditioned covariance approaches a null matrix,
and the conditioned mean dictates the determin-
istic location of the second encounter.

When realistic orbital perturbations are intro-
duced (Figure 12), the mathematical cancella-
tion of the Schur complement is disrupted. The
conditional covariance retains a positive disper-
sion. More importantly, differential perturba-
tions displace the conditional mean away from



the origin in the second B-plane. Depending on
the relative trajectory geometry, this spatial dis-
placement can shift the expected location of the
second encounter outside the collision volume,
driving the joint probability effectively to zero
and suggesting the events become mutually ex-
clusive. These dynamics indicate that analytical
modelling via Schur decomposition provides a
more descriptive framework to estimate the true
spatial location and accumulated risk of subse-
quent encounters in perturbed environments.

Independent Events (30) " Conditioned Events (30)

0.10

[ Conj. 1 Conj. 1 (X1)
1 Conj. 2 Conj. 2 (Schur)
0.05 +  Origin (Secondary) 0.05 Conditional Means
_ HBR = 0.0125 km . +  Origin (Secondary)
é é HBR - 0.0125 km
< 0.00 + < 0.00
20.05 e -0.05
0.1 -0.1
,%_10 -0.05 0.00 0.05 0.10 ,%_10 -0.05 0.00 0.05 0.10
Xi [km]| Xi [km]|

Figure 12: B-plane projection for the Realistic
Perturbed scenario (Case 2, Config B). Pertur-
bations and STM deviations prevent perfect can-
cellation, leaving a strictly positive definite dis-
persion and displacing the conditional mean.

4. Conclusions

This thesis has presented an analytical approach
to evaluate the Total Probability of Collision in
scenarios involving multiple orbital encounters.
By exploring the physical reasons why uncer-
tainties are shared between events, the proposed
mathematical framework offers a more realis-
tic perspective on accumulated risk compared
to the traditional assumption of statistical inde-
pendence. This work aims to provide a solid aca-
demic foundation that could eventually support
the planning of safer and more efficient collision
avoidance manoeuvres.

A significant step in this research was the tran-
sition from a simplified two-dimensional model
to a complete three-dimensional orbital environ-
ment. The initial 2D "Toy Problem" was es-
sential to build intuition, isolate the fundamen-
tal causes of statistical correlation, and confirm
the basic mathematical behaviours. However,
moving to the 3D space revealed a much wider
and more complex variety of geometric config-
urations. In a realistic setting, the way un-
certainties evolve over time and how different
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orbital planes intersect create overlapping risks
that cannot be fully captured by simple rules.
Through this analytical lens, a few key be-
haviours were observed. First, when a primary
satellite faces multiple distinct objects, the re-
lationship between the events is heavily influ-
enced by which object carries the most uncer-
tainty. If the primary vehicle’s uncertainty is
the largest, the encounters tend to become corre-
lated. In such situations, treating them as com-
pletely separate events may lead to a noticeable
overestimation of the total risk. Second, when a
satellite encounters the exact same object more
than once, the correlation is inherently strong.
However, this connection is highly sensitive to
the small variations caused by natural orbital
perturbations. These subtle dynamic changes
dictate how the geometries align in subsequent
encounters, which can drastically alter the final
joint probability, making the events either highly
nested or mutually exclusive.

Overall, this research has addressed the multi-
encounter problem from an operational point of
view. But the priority has been to ensure math-
ematical consistency and a clear understanding
of the physical relationships, developing the the-
oretical groundwork and using academic exam-
ples to prove the validity of the method.

4.1. Future Lines of Work

To build upon the theoretical progress achieved
in this thesis, two main areas for future research
are suggested:

e Numerical Validation of Environmen-
tal Effects: The analytical ideas developed
regarding shared environmental noise, par-
ticularly atmospheric drag, would benefit
from thorough numerical testing in realistic
Low Earth Orbit simulations. The theoreti-
cal model suggests that atmospheric density
errors create a very specific, single-direction
correlation [13] that depends on how simi-
larly the objects react to drag. Interest-
ingly, if the objects share the same phys-
ical and aerodynamic properties, this spe-
cific relative correlation might even cancel

Verifying these subtle directional ef-
fects through extensive numerical methods
is a natural continuation of this study.

e Extension to Multiple Encounters: A
logical next step is to expand the current

out.



methodology, which focuses on pairs of con-
junctions, to sequences involving any num-
ber of events. The basic mathematical the-
ory applied here can be generalized to find
the triple, quadruple, or higher-order joint
probabilities by adding more nested inte-
grals to the formulation. However, it is im-
portant to be cautious regarding the com-
putational cost. Calculating these multidi-
mensional integrals demands a significant
computational effort. Future work would
need to explore advanced numerical integra-
tion techniques to manage this processing
time while keeping the analytical precision
intact.

References

(1]

2]

13l

4]

[5]

[6]

Romain Garmier and Jan Siminski. Col-
lision risk assessment for multiple encoun-
ters. Proceedings of the 8th European Con-
ference on Space Debris, 2021.

Zeno Pavanello, Laura Pirovano, Roberto
Armellin, Andrea De Vittori, and Pierluigi
Di Lizia. A convex optimization method for
multiple encounters collision avoidance ma-
neuvers. In AIAA SCITECH 2024 Forum,
Orlando, FL, 2024.

Maruthi R. Akella and Kyle T. Alfriend.
The probability of collision between space
objects. Journal of Guidance, Control, and
Dynamics, 23(5):769-772, 2000.

Fréchet. Généralisation du
théoréme des probabilités totales. Funda-
menta Mathematicae, 25(1):379-387, 1935.

Maurice

Ryan C Frigm, Matthew D Hejduk, Lau-
ren C Johnson, and Dragan Plakalovic. To-
tal probability of collision as a metric for
finite conjunction assessment and collision
risk management. In Advanced Mauwi Op-
tical and Space Surveillance Technologies

(AMOS) Conference, Maui, HI, 2014.

Stephen J Casali, Doyle T Hall, Daniel E
Snow, Matthew D Hejduk, Lauren C John-
son, Bruce B Skrehart, and Luis G Baars.
Effect of cross-correlation of orbital error on
probability of collision determination. In

AAS/AIAA Astrodynamics Specialist Con-

12

7]

8]

19]

[10]

[11]

[12]

[13]

ference, number AAS 18-272, Snowbird,
UT, 2018.

NASA. Nasa conjunction assessment hand-
book, appendix n: Pc calculation ap-
proaches. NASA CARA Program, 2024.
Update 3/20/24.

Doyle T Hall, Luis G Baars, and Stephen J
Casali. A multistep probability of collision
computational algorithm. In AAS/AIAA

Astrodynamics Specialist Conference, AAS
23-398, Big Sky, MT, 2023.

George Boole.  An Investigation of the
Laws of Thought on Which are Founded the
Mathematical Theories of Logic and Proba-
bilities. Walton and Maberly, London, 1854.

Arak M. Mathai and Hans J. Haubold.
Probability and Statistics: A Course for
Physicists and Engineers. Walter de
Gruyter / De Gruyter Open, 2018. Open
access edition; freely available PDF via De
Gruyter Open / OER portals.

Fuzhen Zhang, editor. The Schur Comple-
ment and Its Applications, volume 4 of Nu-

merical Methods and Algorithms. Springer,
2005.

Salvatore Alfano.  Satellite conjunction
monte carlo analysis. In AAS/AIAA As-
trodynamics Specialist Conference, AAS 09-
233, Pittsburgh, PA, 2009.

Matthew D Hejduk and Daniel E Snow.
The effect of neutral density estimation er-
rors on satellite conjunction serious event
rates. Space Weather, 16(7):849-869, 2018.



	Introduction
	State of the Art
	Problem Statement

	Methodology
	Two-Dimensional Toy Problem
	Cases of Study

	Full Joint Probability Integral
	Dimensionality Reduction
	Statistical Decoupling
	Construction of the Global Covariance Matrix
	Diagonal Blocks
	Off-Diagonal Block
	Theoretical Bounds of the Conditional Covariance


	Results
	Two-Dimensional Toy Problem Results
	Three-Dimensional Problem Results

	Conclusions
	Future Lines of Work


