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1. Introduction
Quantum computing (QC) promises compu-
tational capabilities beyond the reach of
classical machines. Among the various
paradigms for quantum information process-
ing, in measurement-based quantum computation
(MBQC), computation proceeds through adap-
tive single-site measurements on a pre-entangled
resource state known as a cluster state (CS) [1],
shifting the experimental burden from gate en-
gineering to state preparation. Thus, making
a reliable and scalable CS is the central chal-
lenge. Additionally, a two-dimensional lattice
topology is the minimum requirement for uni-
versal MBQC [2]. Continuous-variable (CV)
systems, encoding quantum information in the
quadratures of bosonic modes, enable determin-
istic CS generation. Large-scale 2D CVCS have
been demonstrated in the optical domain [3, 4],
but this milestone had not yet been reached in
the microwave domain: the best prior result was
the generation of square-ladder cluster states in
a microwave frequency comb [5], a structure that
grows only along one dimension.
This thesis closes that gap on two fronts. On the
experimental side, we demonstrate for the first
time the generation of two-dimensional CVCS in
a microwave frequency comb using a supercon-

ducting Josephson Parametric Amplifier (JPA).
We demonstrate both square and honeycomb-
lattice topologies, and we verify entanglement
through nullifier measurements showing squeez-
ing below vacuum which is robust with respect
to lattice size and frequency spacing (manuscript
in preparation). On the theoretical side, we in-
troduce the Pump Projection Method (PPM),
an analytical solution to the inverse paramet-
ric problem: given any target scattering matrix,
corresponding to a desired entanglement struc-
ture or device functionality, the PPM determines
in closed form the pump waveform required to
realize it. This method, currently under review
for publication in PR Applied [6], also enables
the design of microwave devices such as multi-
port circulators.

2. Experimental Results
2.1. Measurement and Pumping

Scheme
The experimental platform consists of a JPA
operating in reflection mode near ω0/2π ≈
4.2GHz, cooled to ∼10mK in a dilution refrig-
erator. The JPA is a LC oscillator whose induc-
tance is provided by a SQUID, making the res-
onance frequency tunable via an external mag-
netic flux. When driven by a multi-tone pump
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waveform applied to the flux port, the JPA en-
ables parametric mixing between the discrete
modes of the microwave frequency comb. These
modes are defined as ωn = ω0+n∆, with integer
index n and tunable spacing ∆. Injecting quan-
tum vacuum fluctuations into the JPA input
port, each pump tone at frequency Ωk ≈ 2ω0 +
k∆ promotes two-mode squeezing interaction
between the mode pair (n, −n+ k), building up
multimode entanglement across the comb. Co-
variance matrix reconstruction is performed us-
ing a multi-frequency lock-in platform, which si-
multaneously modulates/demodulates all comb
modes.
Two distinct two-dimensional topologies are pro-
grammed by selecting appropriate pump config-
urations. For the square lattice, four pump
tones at frequencies Ω±1 = 2ω0 ± ∆ and
Ω±Nx = 2ω0±Nx∆ generate horizontal and ver-
tical nearest-neighbor connections respectively,
where the integer Nx sets the width of the lat-
tice. For the honeycomb lattice, the tones
at Ω±1 are combined with tones at Ω±(Nx−1) =
2ω0 ± (Nx − 1)∆, which breaks the square sym-
metry and introduces the three-way connectivity
characteristic of the honeycomb graph. In both
cases, the relative phases of the pump tones are
engineered to suppress unwanted higher-order
intermodulation products and preserve the in-
tended canonical graph connectivity. Figure 1
illustrates the frequency comb structure with the
pumping scheme, the cylindrical topology of the
lattice arising from the periodic boundary con-
ditions in the frequency domain, the representa-
tive bulk single-mode graph, and the unrolled
square lattice graph. An analogous pumping
scheme is implemented for the honeycomb lat-
tice; the corresponding graph representation is
omitted here as it does not add qualitative in-
formation beyond the square-lattice case.

2.2. Nullifier Verification
The CS correlations are experimentally veri-
fied through measurements of the nullifier vari-
ances Var(N̂i). For an ideal CVCS associated
with adjacency matrix A, the nullifier operators
N̂i = p̂i −

∑
j Aij x̂j have vanishing variance; in

practice, squeezing below the vacuum reference
(0 dB) constitutes a sufficient witness of multi-
partite entanglement.
Figure 2(a) shows the nullifier variances as a
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Figure 1: (a) Microwave frequency comb cen-
tered at ω0, with spacing ∆ between adjacent
modes. Pump tones applied near 2ω0 pro-
mote pairwise parametric couplings. (b) Three-
dimensional cylindrical representation of the
square lattice embedded in the one-dimensional
frequency comb via periodic boundary condi-
tions with period Nx. (c) Single-mode corre-
lations. (d) Unwrapped two-dimensional square
lattice graph; dashed lines indicate the periodic
connections closing the cylinder.

function of a global quadrature rotation angle
θ. For both topologies, the nullifiers reach a
clear minimum below the vacuum reference at
the optimal angle (dashed vertical lines), achiev-
ing approximately −1.2 dB. This constitutes di-
rect experimental evidence of CS correlations
distributed over a two-dimensional graph.
Figure 2(b) shows the nullifier variances ver-
sus normalized pump amplitude g/g3dB. Three
regimes are observed: weak correlations at low
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Figure 2: (a) Nullifier variances as a function of
the global quadrature rotation angle θ for square
(blue) and honeycomb-lattice (orange) topolo-
gies. Dashed vertical lines indicate the optimal
rotation angle; shaded areas represent statistical
uncertainties. (b) Nullifier variances at the op-
timal θ vs. normalized pump amplitude g/g3dB.
Inner/outer error bars denote intra-graph stan-
dard deviation and total measurement uncer-
tainty, respectively.

pump power, an optimal squeezing window at
intermediate power, and degradation at high
pump power. The physical origin of this behav-
ior is discussed in Sec. 2.3.
The scalability of the approach is assessed in
Fig. 3, which reports the nullifier variances as a
function of pump power for different total mode
numbers N (with N ≈ N2

x for the square lat-
tice). No systematic degradation is observed
with increasing N , confirming that cluster-state
correlations are robust with respect to lattice
size within the platform constraints. The inset
shows the dependence on the frequency spac-
ing ∆, varied digitally between measurements.
Nullifier values remain consistent across the ex-
plored range [1 kHz, 1MHz], with only a slight
degradation at large ∆ attributable to the finite
JPA bandwidth, as outer comb modes exceed
the amplifier bandwidth and experience reduced
gain. Taken together, these results confirm the
robustness of the generated states against varia-
tions in both lattice size and measurement band-

Figure 3: Nullifier variances vs. pump strength
for different lattice sizes N . Inset: nullifier vari-
ances vs. frequency spacing ∆;

width.

2.3. Physical Origin of the Optimal
Pumping Regime

The existence of an optimal pump strength,
i.e. the pump power related to the best
squeezing, is explained by a minimal two-mode
model incorporating dissipation. The dynam-
ics of a signal-idler pair coupled by a single
pump at Ω0 = 2ω0 is governed by the two-
mode squeezing (TMS) Hamiltonian ĤTMS ≈
ω0

[
ã†1ã2 e

i(ωi−ωj)t+h0 e
iΩ0t

(
ã†1ã

†
2 + ã1ã2

)]
+c.c.

and it is computed with the Lindblad master
equation with dissipation at rate γ:

˙̂ρ = − i

ℏ
[ĤTMS, ρ̂] + γ

∑
j=1,2

D[âj ] ρ̂. (1)

The steady-state squeezing, computed numeri-
cally via QuTiP, is shown in Fig. 4 for varying
pump amplitude and loss rate γ. In the ideal
lossless case (γ = 0), squeezing improves mono-
tonically with pump strength. For any finite γ,
a well-defined optimum emerges: at low pump
powers the parametric interaction is too weak
to overcome vacuum fluctuations, while at high
pump powers dissipation increasingly corrupts
the amplified quadratures, causing degradation.
This competition between coherent amplifica-
tion and loss is in direct qualitative agreement
with the nullifier measurements of Fig. 2(b),
and confirms that the observed degradation of
squeezing at higher power is a consequence of
unavoidable dissipative losses.
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Figure 4: Simulated squeezing vs. pump am-
plitude for different effective loss rates γ (color
scale). The horizontal dashed line marks the
vacuum reference (0 dB); the black dash-dot line
is the lossless case γ = 0.

2.4. Hidden Entanglement Analysis
Nullifier verification confirms the presence of CS
correlations, but does not rule out additional
unwanted correlations in the covariance matrix.
The covariance matrix V can be decomposed as
V = A+U, where A encodes the canonical xipj-
type correlations associated with the CS graph,
and U captures xixj- and pipj-type correlations
that do not belong to the intended graph struc-
ture. We refer to the latter as hidden entangle-
ment. In the context of MBQC, such unwanted
correlations can propagate errors through the
measurement protocol and must therefore be
characterized.
To quantify hidden correlations, we define the
hidden entanglement ratio (HER) as the normal-
ized sum of selected off-diagonal elements of U:

HER(g) =
∑
k∈K

mk(g)

m0(g)
, (2)

where mk(g) is the mean modulus of the k-th
off-diagonal of U at pump amplitude g, m0(g) is
the mean modulus of the main diagonal, and K
is the set of diagonals corresponding to higher-
order mixing processes not belonging to the in-
tended graph (Ksq = {±2,±2Nx} for the square
lattice; Khc = {±2,±(Nx − 2),±Nx} for the
honeycomb lattice).
Figure 5 shows the HER as a function of g/g3dB
for both topologies, together with representa-
tive U matrices at low pump power and at the
optimal squeezing point. At low and interme-
diate pump powers, HER remains within the

shaded low-HER region, where unwanted cor-
relations are negligible with respect to the dom-
inant graph structure. At higher pump ampli-
tudes, HER grows rapidly due to higher-order
nonlinear mixing processes, though this regime
is of no practical interest as squeezing itself de-
grades (Sec. 2.3). The HER is robust with re-
spect to both N and Nx for both topologies,
confirming the scalability of the approach.

3. Pump Projection Method
3.1. Inverse Parametric Problem
The direct parametric problem consists of com-
puting the scattering matrix S produced by a
given pump waveform pL(t). The inverse prob-
lem reverses this task: given a target S⊙, deter-
mine the pump waveform that realizes it. Prior
approaches relied on numerical optimization or
machine learning, without guaranteeing an exact
solution. The PPM solves this problem analyti-
cally.

3.2. Orthogonal Basis of Coupling
Matrices

The multimode dynamics of the JPA is governed
by the quantum Langevin equation, which in
the frequency-comb basis takes the matrix form
iM a⃗ =

√
γ a⃗in, where a⃗ is the vector of mode

amplitudes and γ is the coupling rate to the
transmission line. The scattering matrix is re-
lated to M by S = iM−1 − I. Each pump tone
induces a well-defined coupling pattern in M ,
which decomposes as

M = Md +
∑
k∈LF

Lk +
∑

k′∈HF

Hk′ , (3)

where Md encodes detunings, Lk and Hk′ are
the coupling matrices induced by low-frequency
(LF, at Ωk = k∆) and high-frequency (HF,
at Ωk′ = 2ω0 + k′∆) pump tones, respectively.
LF pumps implement frequency-conversion pro-
cesses; HF pumps implement two-mode squeez-
ing. Each matrix factors as Lk = lkL

+
k + l∗kL

−
k ,

where L±
k contain only {0,±1} entries encod-

ing the coupling geometry, and lk ∈ C is the
pump amplitude (analogously for HF pump am-
plitudes hk′).
The key structural result is that the full set
Bpara = {L±

k ,H
±
k′} forms an orthogonal basis

for the space of all physically realizable coupling
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Figure 5: Hidden entanglement analysis for square (a-c) and honeycomb (d-f) lattices. (a, d) Hidden
entanglement ratio (HER) vs. normalized pump amplitude g/g3dB for different lattice sizes N and
widths Nx. The shaded region marks the low-HER regime where unwanted correlations are negligible.
(b, e) Matrix U at low pump power. (c, f) Matrix U at the optimal squeezing point.

matrices, with respect to the Hilbert-Schmidt in-
ner product (A,B) = Tr(A ·BT ).

3.3. Closed-Form Solution
Since Bpara is orthonormal, the pump ampli-
tudes are recovered by direct projection. Given
S⊙, the target coupling matrix is

∆M⊙ = −i(S⊙ + I)−1 −Md, (4)

and the pump strengths follow immediately as

l
(∗)
k =

(∆M⊙, L
±
k )

∥L±
k ∥

, h
(∗)
k′ =

(∆M⊙, H
±
k′)

∥H±
k′∥

.

(5)

Equations (4)-(5) constitute the PPM: an ex-
act, non-iterative inversion that returns the am-
plitude and phase of the required pump tones.
The method is validated numerically on 104 ran-
domly generated scattering matrices, recovering
the original pump waveform to numerical pre-
cision (∥S⊙ − Srec∥2 ≈ 0) across all tested sys-
tem sizes, and confirmed experimentally on the
JPA [6].

3.4. Application: Mode Circulation
As a demonstration of the PPM’s design capabil-
ity beyond CS engineering, we apply it to syn-
thesize a 13-mode circulator a device in which
power circulates between modes in one direction
only (counter-clockwise in Fig. 6(d)), while be-
ing strongly suppressed in the opposite direc-
tion. The target scattering matrix is designed
in the quadrature basis to enforce symplecticity
constraint. Since ideal circulation is not phys-
ically realizable for arbitrary magnitudes due
to symplecticity constraints, an iterative phase-
optimization procedure is used to find the closest
realizable target. Figure 6 shows the designed
target |S⊙|, the pump waveform returned by
the PPM, the experimentally measured |Sexp|,
and the representation of the device’s func-
tionality. Strong circulation is achieved: the
counter-clockwise channels appear at approxi-
mately −6dB, while the clockwise channels are
suppressed below −20dB across all 13 frequency
modes.
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d)

Figure 6: (a) Target scattering matrix |S⊙| in the quadrature basis. (b) Pump waveform returned by
the PPM: amplitudes (top) and phases (bottom). (c) Experimentally measured |Sexp|. (d) Schematic
representation.

4. Conclusions & Outlook
This thesis demonstrated the experimental gen-
eration of two-dimensional CVCS in a mi-
crowave frequency comb, with square- and
honeycomb-lattice topologies. We also intro-
duced the PPM as an exact, closed-form solution
to the inverse parametric problem. The gen-
erated states satisfy the nullifier criterion with
squeezing up to ∼1.2 dB below the vacuum ref-
erence, and exhibit robustness with respect to
lattice size and frequency spacing. A dissipative
Lindblad model explains the observed optimal
pumping regime as a trade-off between coher-
ent amplification and unavoidable losses. Hid-
den entanglement analysis confirms that higher-
order nonlinear contributions remain negligible
up to optimal squeezing power. These results
establish a systematic and scalable and pro-
grammable methodology for engineering multi-
mode entanglement in the microwave domain.
Several directions emerge naturally from this
work. The PPM framework is not limited to the
topologies demonstrated here: triangular lat-
tices or states tailored to specific quantum al-
gorithms could be programmed using the same
projection procedure. The integration of non-
Gaussian operations, through photon subtrac-
tion or Kerr-type nonlinearities, would promote
the platform toward universal CVQC. Mitiga-
tion of hidden entanglement through iterative
or machine-learning-assisted pump optimization
remains an open challenge. Integration with
quantum error correction protocols and hybrid
discrete-variable architectures represents a nat-
ural next step toward fault-tolerant MBQC in
the microwave domain.
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