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Abstract

The objective of the research is to investigate recent developments in the field of deep
learning to perform real-time guidance of low-thrust spacecraft. The methods based
on deep learning meet the requirements for designing optimal trajectories on-board. In
particular, the methods are suitable for the implementation on spacecraft computers given
the limited computing power available. Thus, the ultimate goal of the research is to take a
small step forward in the development of spacecraft capable of exploring the Solar System

autonomously.

The research is based on physics-informed neural networks, a particular architecture de-
veloped to solve partial differential equations. The purpose of physics-informed neural
networks is to increase the reliability and to overcome the data dependence of standard
networks by exploiting the physics behind the problem in the training process of the

networks.

The dissertation focuses on how the Hamilton-Jacobi-Bellman theory of optimal control
can be exploited to build physics-informed neural networks. The end goal is to design a
neurocontroller, i.e. a neural network-based controller, capable to guide the spacecraft to
the final destination with reliability while minimizing specific performance indices, such

as the mass of propellant required.

The work analyzes in detail an efficient method for creating databases of optimal trajec-
tories used to train neural networks and in particular it extends the method to specific
interplanetary transfers. The performance of physics-informed networks is then compared
with that of standard networks in the context of Earth-Venus and Earth-Mars transfers,
providing insights on why some architectures turn out to be more successful. In general,
physics-informed networks prove to be more effective than standard networks, particu-
larly in the context of fuel-optimal control problems. Nevertheless, the networks still lead
to relatively large final position and velocity errors of the spacecraft with respect to the

target, therefore, this issue needs to be further investigated in future research.

Keywords: physics-informed neural networks, real-time guidance, low-thrust spacecraft,

interplanetary trajectories optimization
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Sommario

L’obiettivo della ricerca € sfruttare i recenti sviluppi nel campo dell’apprendimento pro-
fondo per eseguire la guida in tempo reale di veicoli spaziali a bassa spinta. I metodi basati
sull’apprendimento profondo soddisfano i requisiti necessari per progettare traiettorie ot-
timali a bordo. In particolare, i metodi sono adatti all’implementazione sui computer dei
veicoli spaziali, data la limitata potenza di calcolo disponibile. L’obiettivo finale della
ricerca ¢ quindi quello di fare un piccolo passo avanti nello sviluppo di navicelle spaziali

in grado di esplorare autonomamente il Sistema Solare.

La ricerca si basa sulle reti neurali informate dalla fisica, una particolare architettura
sviluppata per risolvere equazioni differenziali parziali. L’obiettivo di queste reti neurali
é quello di aumentare 'affidabilita e superare la dipendenza dai dati delle reti standard,

sfruttando la fisica alla base del problema nel processo di addestramento delle reti.

La dissertazione si concentra su come la teoria Hamilton-Jacobi-Bellman del controllo
ottimale possa essere sfruttata per costruire reti neurali informate dalla fisica. L’obiettivo
finale ¢ quello di progettare un neurocontrollore, cioé¢ un controllore basato su reti neu-
rali, in grado di guidare il veicolo spaziale verso la destinazione finale con affidabilita

minimizzando specifici indici di prestazione, come la massa di propellente richiesta.

Il lavoro analizza in dettaglio un metodo efficiente per ottenere traiettorie ottimali utiliz-
zate per addestrare le reti neurali e in particolare estende il metodo a specifici trasferimenti
interplanetari. Le prestazioni delle reti informate dalla fisica vengono poi confrontate con
quelle delle reti standard nel contesto dei trasferimenti Terra-Venere e Terra-Marte, anal-
izzando 1 motivi per cui alcune architetture si rivelano piu efficaci. In generale, le reti
informate dalla fisica si dimostrano superiori a quelle standard, in particolare nei problemi
di minimizzazione del carburante. Tuttavia, le reti si rivelando ancora imprecise in quanto
si assiste a errori relativamente grandi di posizione e velocita finali del veicolo rispetto al

bersaglio. Questo aspetto deve dunque essere ulteriormente analizzato in ricerche future.

Parole chiave: reti neurali informate dalla fisica, guida in tempo reale, veicoli spaziali a

bassa spinta, ottimizzazione di traiettorie interplanetarie
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1 ‘ Introduction

Far out in the uncharted backwaters
of the unfashionable end of the
western spiral arm of the Galaxy lies
a small unregarded yellow sun.!

Douglas Adams

1.1. Motivation

In the context of interplanetary low-thrust transfers, the current approach consists of
designing the spacecraft trajectory during the mission planning phase. In the operational
phase, the ground control center is responsible for tracking the reference trajectory by
continuously calculating corrective maneuvers and by communicating the instructions to
the spacecraft. This approach su ers from two main drawbacks. The rst issue is the
dependence of the spacecraft on the ground control center during the entire cruise in
order to monitor the transfer. The second problem is the inability of the spacecratft to
quickly react to unforeseen events: in these cases the trajectory must be recalculated on-
ground and then uploaded to the spacecraft computer. Therefore, the goal of the current
research is a paradigm shift toward fully autonomous spacecraft capable of recomputing
the trajectories on-board. In this regard, the primary obstacle is the computational cost of
the algorithms used to solve trajectory optimization problems. Thus, the studies focus on
nding new techniques which can run on current on-board computers and they meet the
following additional requirements. First, the algorithm must be able to nd optimal, or

at least suboptimal, trajectories, i.e. characterized, for example, by the shortest transfer
time or by the least mass of propellant consumed. In addition, the algorithm must be
reliable and robust, meaning it must converge and produce feasible trajectories in every
situation faced by the spacecraft. In this regard, deep learning is a possible solution
to the problem presented. Indeed, studies and computer simulations have shown that

1Douglas Adams, The Hitchiker's Guide To The Galaxy [2].
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neural networks can be even more e ective than traditional approaches in speci ¢ space-
related problems [18, 42]. Despite the encouraging results, deep-learning-based methods
still struggle to impose themselves. The main cause is the reliability of neural networks,
that is, the impossibility of knowing a priori with certainty how networks behave when
subjected to external inputs, especially if these inputs come from an environment that

is particularly di erent from the training environment of the network. Indeed, reliability

is a key concern in space and thus the issue must be overcome in order to promote the
adoption of these techniques. Therefore, the question that prompted the present research
is:

How can a reliable algorithm based on neural networks be developed to design low-thrust
transfers of spacecraft?

The reliability problem can be addressed within the framework of physics-informed neu-
ral networks [37]. This recent paradigm has been applied to solve ordinary and partial
di erential equations by embedding in a smart way the equations during the training
process of the networks. The procedure can be applied also in optimal control problems
to leverage the physical laws governing the problem under consideration. The objective of
the manuscript is therefore to preliminary investigate physics-informed neural networks
in the context of spacecraft guidance. The research aims to initiate a path that leads to
a general procedure for e ectively addressing the complex problem of autonomous space-
craft guidance based on the physical description of the problem. The work speci cally
focuses on searching for answers to the following research question:

How can physics be exploited to build physics-informed neural networks for on-board
guidance of spacecraft?

The work then intends to take a step forward in a preliminary attempt to evaluate the per-
formance of physics-informed networks to understand the main strengths and limitations
of these architectures. In this regard, the following research question arises naturally:

What is the performance of physics-informed neural networks compared with standard
networks in the context of spacecraft guidance?

1.2. Neural Networks in Spacecraft Guidance

In this section, the objective is to indicate to the reader the most relevant works re-
lated to the application of neural networks to perform spacecraft guidance. To begin the
overview, the work by Dachwald [11] is a successful example of deep learning applied to
interplanetary trajectory optimization. In the study, neural networks and evolutionary al-
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gorithms are combined into an evolutionary neurocontroller to guide solar sails spacecraft
by optimizing the total transfer time and the propellant mass consumed. In the research
by Sanchez-Sanchez and Izzo [40], on the other hand, neural networks are exploited to
produce optimal controls in real-time in the context of landing problems of quadcopters,
spacecraft and rockets. In this study, the authors demonstrate that neural networks are
able to replicate the simulated optimal landings. To continue, the work by Cheng et al. [8]
focuses on minimum-time two-dimensional orbit transfer problems and in particular, the
authors introduce an interesting methodology to enhance the performance of classical tra-
jectory optimization solvers by relying on trained neural networks. In addition, the work
presents an interesting cooperation strategy among multiple neural networks to improve
the terminal guidance accuracy of interplanetary transfers. This technique is applied also
in the context of fuel-optimal transfers by Yin et al. [46]. The work of Rubinsztejn et al.
[38], instead, analyzes in depth the performance of neural networks in the context of fuel
and energy-optimal transfers subjected to missed thrust events. The authors demonstrate
that neural networks are particularly robust against these unexpected events. In contrast,
the limitations of deep learning are particularly highlighted by Li et al. [27] who show that
neural networks are not able to guide the spacecraft to the target orbits, in time-optimal
problems, with accuracy. It must be emphasized that in all these works, standard neural
networks are considered to solve the related problems. In fact, the earliest example of
application of physics-informed neural networks is the work by 1zzo et Oztiirk [17] where
neural networks are trained to approximate the value function for real-time guidance of
spacecraft in fuel-optimal problems. It should be noted, however that the authors did
not explicitly use the term physics-informed neural networks to refer to the architectures
presented. Indeed, they claimed that the methodology was developed independently from
the emerging eld of physics-informed neural networks introduced by Raissi et al. [37]
by expanding the original idea presented by Lagaris et al. [24]. In this context, 1zzo et
Oztirk have applied the same methodology also for time-optimal transfers of spacecraft
subjected to constant acceleration [16]. To conclude the overview, physics-informed neural
networks are exploited also in the work by Schiassi et al. [41] to address optimal planar
orbit transfers. It is worth noting that the study follows a completely di erent direction
with respect to the work of 1zzo et Oztiirk and in particular it relies on the theory of
functional connections formulated by Mortari [34].



1.3.

| Contents

Manuscript Structure

The manuscript is organized as follows:

A

Chapter 2 presents the mathematical formulation of neural networks and describes
some of the algorithms used in the context of supervised learning. In addition, the
chapter discusses and explores through an example the new paradigm of physics-
informed neural networks.

Chapter 3 introduces the mathematical theory of optimal control problems and
summarizes the main theoretical results of Pontryagin's and Hamilton-Jacobi-Bellman
principles of optimal control.

Chapter 4 formalizes the structure of the optimal low-thrust transfer problem an-
alyzed in the work and presents some practical techniques exploited to solve it.

Chapter 5 addresses the problem of creating a database of optimal trajectories to
train the neural networks and introduces the concept of trust band used to discuss
the reliability of neural networks. In addition, the chapter describes the models
of standard and physics-informed neural networks, with emphasis on the relevant
di erences between them.

Chapter 6 presents the general methodology adopted to investigate the case studies
and analyzes the results obtained in the context of an Earth to Venus and an Earth
to Mars transfers. In conclusion, the chapter provides insights into the numerical
implementation of the algorithms used in the study.

Chapter 7 concludes the work by summarizing the main results and by presenting
possible directions for future research.



2 ‘ Physics-Informed Machine
Learning

Deep Blue was only intelligent the
way your programmable alarm clock
is intelligent. Not that losing to a $10
million alarm clock made me feel any
better. !

Garry Kasparov

2.1. Feedforward Neural Networks

Arti cial Neural Networks or simply Neural Networksare essentially function approxima-
tors [12, 14]. Given a generic functioh := R™ ! R", a neural network de nes a function
on the same domain and codomain, i.eN (j ) = R™! R", and learns the parameters

2 RP which result in the best function approximation off (). Neural networks generally
consist of an input layer, a number of hidden layers and an output layer. In feedforward
neural networks the information ows from the input layer to the output layer without
cycling. The layers are represented by maps of the type:

dl(j My=Rm 1 RO i=1;:1 1 (2.1)

where| denotes the total number of layers composing the network and! 2 RP are the
trainable parameters associated with each layer. The neural network function is de ned
from the layer maps as follows:

N(xj)=(d" " = gf)x) (2.2)

1In 1997, IBM Deep Blue beat world chess champion Garry Kasparov in a series of six games. It was
the rst time a computer proved to be superior to a chess grandmaster.
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where =[ @ U7 collects in a single vector all layers parameters. Note that the
layers must have the correct number of inputs and outputs for the previous relationship
to be valid. The layers are composed of computational units called neurons which receive
an input and return a response which is governed by the neuron activation process. The
activation process, from a mathematical perspective, is the evaluation of a nonlinear
function, the neuron activation function, on the input of the neuron. The output of a
layer LIl composed oin neurons,yl! 2 R™, is de ned as the collection of the responses
of all neurons in the layer:

wherey] Wy is the output of the j -th neuron, x[! is the inputand M :R! R
denotes the neuron activation function. Let us consider the layets'! and LI*Y | composed
of m and n neurons, respectively. Theg -th neuron of LI*Y receives as input a linear

combination of the output of LI

[l _

= wilyl e gl =15n (2.4)
k=1

where the parameterSNj[L] 2 R are referred as weights and are associated with the con-
nections betweerLl'l and the j -th neuron and the parametertf] 2 R is called bias and

it is associated with thej-th neuron. A scheme of a feedforward neural network with a
detailed view on the working principle of a neuron is reported in Figure 2.1.

Figure 2.1: Schematic representation of a feedforward neural network.
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The response of the layet.[* can be compactly expressed in matrix form as follows:

yirtl = Blogy Lyl 4 iy (2.5)

whereW[1 2 R" ™ is a matrix whose rows are the weights associated with each neuron in
the layer LY and b'l 2 R is a vector whose components are the biases associated with
each neuron in the layelLl*Y . The layer activation function, [1:= R"! R", is simply:

D) =1 Yoos Beor (2.6)

where the same nonlinear function is usually used as the neuron activation function for
all neurons in the same layer. The maps of the layer are thus de ned as:

glxj My= Bwllx+ g j=1;:01 1 (2.7)

where the vector of layer parameters,il 2 R(™*"  consists of the entries of the weights
matrix, rearranged in vector form, and the components of the biases vector.

2.2. Supervised Learning

In Supervised Learning neural networks are trained by exploiting a labelled dataset, i.e

a collection of inputs and the corresponding correct outputs. In this regard, the training
can be decomposed in a sequence of phases. In the rst phase, the inputs contained in
the dataset are fed to the network which in turn predicts the corresponding outputs. In
the second phase, the predicted outputs are compared with the correct outputs trough
an evaluation metric called the loss function. Finally, the network adjusts the parameters
to minimize the loss function, that is, to nd the best t of the data. Let us consider a
labeled datasetD := f(x();y))g’; and let us de ne the following quantities:

X =[O x@O] Y = [yW; oy @ 9 = [y D 99 (2.8)

whereX 2 R™ 9 collects all the inputs of the datasetY 2 R" 9 collects all the correct
outputs of the dataset,¥ = N(Xj ) 2 R" ¢ collects all the predicted outputs of the
network and m and n denote the input and the output size of the network. The loss
function, I( jD) = RP! R, is de ned as follows:

I( jD) = metric(Y ;¥) (2.9)
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Note that the metric in the previous expression can be de ned in di erent ways, for
example, it is possible to consider the Mean Square Error (MSE) or the Mean Absolute
Error (MAE) as follows:

xd o .
MSE (Y;¥) = n—ld ky®  pDK2 (2.10)
i=1
1 X .
MAE (Y;¥) = — ky® 9k, (2.11)

i=1

2.2.1. Gradient Descents Methods

The most popular algorithm to update the neural networks parameters during the training
process isGradient Descent[39]. In gradient descent, the loss function is minimized by
taking repeated steps in the direction opposite to the gradient of the loss function. In fact,
the aim is to update the parameters so that the loss function decreases, so the following
must hold:

[( +hd)<I() (2.12)

whereh 2 R is a coe cient, d 2 RP is the direction of parameters update and 2 RP
denotes the current parameters. This condition can be re-expressed by rearranging the
terms and by taking the following limit:

I( +hd) I()

- <0 (2.13)

lim
h! 0

It can be noticed that the left-hand side of the expression is the directional derivative of
the loss function, thus it must ber I( )7d < 0. To satisfy this condition, the simplest
choice is to select the direction of parameters update as follows:

Therefore, in gradient descent, the rule to update the parameters can be expressed as:

k+1 = kK r |( k) (215)

where 2 R.qis a coe cient which governs the size of step in the opposite direction of the
gradient and it is called learning rate. It should be pointed out that a small learning rate
leads to slow convergence, while a too large learning rate can cause oscillations around
minima. It must be noticed that in this naive version of gradient descent all the parameters
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are updated with the same learning rate. The most popular variant of gradient descent
is the ADAptive Moment estimation (ADAM) algorithm [22]. ADAM computes adaptive
learning rates for each parameter and to this aim it considers exponentially decaying
averages of past gradients as follows:

me= 1mg 1+(1 ) 1 «) (2.16)
V= oWk 1+ (1 2)r 1 k)? (2.17)
where my and vy are the biased estimates of the rst and the second moments of the

gradient and i; , 2 [0;1) are tunable parameters. The estimates of the moments are
then bias-corrected:

m
My = (2.18)
1 1
o= K (2.19)
1 2
so that the ADAM parameters update rule become:
kel = k  P=—"" (2.20)

O +

where is a small value used to avoid division by zero. The authors of the ADAM
algorithm suggests the default values; = 0:9, , =0:999and =10 8 An example of
application of gradient descent is reported in Figure 2.2, where a loss function depending
on two parameters is considered. It must be noticed that the direction of parameters
update is orthogonal to the contour lines of the function, as per de nition of gradient.

Figure 2.2: Gradient descent for a two-dimensional function.
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2.2.2. Quasi-Newton Methods

In Newton's method, a second order Taylor expansion of the function is considered [5]:

I( +d) 1()+rlI()d+ %dTH|( )d (2.21)

Let us introduce the following auxiliary function,g = RP ! R, which is de ned as the
right-hand side of the previous expression:

gd)=1()+ri() d+ %dTH|( )d (2.22)

The gradient of this function is:

rog(d=rl()+ H()d (2.23)

In order to minimize the auxiliary function, the following necessary condition must hold
r g(d) =0, and thus the following relation can be obtained:

d= Hi() r1I() (2.24)

In Newton's method, the rule to update the parameters can then be expressed as follows:

1= ko Hi(k) i) (2.25)

where 2 R, is a coe cient which governs the step size. It should be noted that New-
ton's method is a second-order method, which means that the algorithm needs the Hessian
of the function, whereas in gradient descent, a rst-order method, only the gradient is
required. From a computational point of view, the Hessian can be expensive to evaluate,
hence the emergence of quasi-Newton methods. In quasi-Newton methods, the Hessian
is approximated to speed up computations. The most popular quasi-Newton variant is
the BFGS method from the the names of the creators: Broyden, Fletcher, Goldfarb and
Shanno and its limited computer memory version L-BFGS. An example of application of
Newton's method is reported in Figure 2.3 where a loss function depending on a single
parameter is considered. It can be noticed that the function is rst locally approximated
by polynomials of second degree and then these polynomials are sequentially minimized.
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Figure 2.3: Newton's method for a scalar function with = 1.

2.2.3. Adaptive Activation Functions

The neural activation functions play a fundamental role in neural networks. Note in
this regard that if the activation functions are linear then the neural network becomes
a linear regression model. Therefore, the role of the activation function is to introduce
nonlinearities so that the network is able to replicate complex tasks. In addition, it
should be noted that the activation function is directly involved in the evaluation of the
derivatives of the loss function with respect to the parameters in the minimization process.
Therefore, the training outcome of neural networks is highly dependent on the selection of
the activation function. It is not an easy task to select the activation function because it
is closely related to the problem at hand, and a trial and error procedure is usually carried
out. This procedure requires computational resources, so it is generally not possible to nd
the best option for a speci c problem. To enhance the representation capabilities of the
activation functions a trainable parameter is introduced in the mathematical formulation
of the function [19, 20]. Let us consider a generic activation function,’= R! R, then

its adaptive version, aqapive = R! R, can be expressed as follows:

adaptive(X): ( X ) (2.26)

where the parameter 2 R is referred as slope and is adjusted during training, exactly like
the other parameters, while 2 [1;+1 ) is a xed scale factor which is used to accelerates
the convergence towards the global minima. Note that the slope parameter and the scale
factor may be di erent for each neuron in the network. Following the work of the authors,
the slope is initialized such that =1 regardless of the value of the scale factor.
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2.2.4. Loss Landscape

The minimization of the loss function is a di cult task. The outcome of the training
process depends strongly on the architecture of the neural network and on the selection
of the parameters of the optimizer. The process of design choices can be imagined as
locks picking, it is a very delicate process and the exact combination of parameters must
be found. The e ects of the various choices can be understood with loss function display
techniques. Nevertheless loss function are high-dimensional so dimensionality reduction
techniques must be applied in order to visualize these functions [26]. The easiest technique
consists of selecting two vectors of parameters,; , 2 RP and plot the values of the loss
function along the line which connect these dimensional vectors. This line can be
parameterized to de ne the following auxiliary functionf =[0;1]! R:

fFO)=1A )1+ 2) (2.27)

wherel( ) denotes the loss function. The plot of the auxiliary function is a representation
of the so called loss landscape. This technique can be extended to thedimensional
case as follows. The rst step is to select a vector of paramete’?é RP and two random

vectors ; 2 RP. Then, the following auxiliary function,f =1 1! R, can be de ned:
fG; )=1"+ + ) (2.28)
where the intervall R can be selected, for example, ds=[ 1;1]. If the parameters

vector is selected as the result of the optimization process it is possible to have a represen-
tation of the loss landscape around the optimizer convergence point. It must be noticed
that to have a meaningful representation the following Iter normalization technique, must

be applied [26]. Let us denote the collection of the layers parameters’as [ "11;:::; 1 1]
wherel denotes the total number of layer in the neural network. The same partition can
be applied to the random vectors, i.e. =[ 0 U 4] =1 [l I U] The following
replacements must be made in the evaluation of the function de ned in Equation (2.28):

. KMl
[i] [l]t [i]ti i=1;:00 1 (2.29)
. ki
[i] [']Q =100 1 (2.30)

k Tk,
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2.3. Physics-Informed Neural Networks

The prediction ability of neural networks depends heavily on the data exploited during
the training process. In the naive setting of supervised learning, it is not possible to
know a priori how the trained networks behave on all possible meaningful inputs not
considered during training. This unpredictable nature could be catastrophic in physical
problems solving. Thus, the main limitation of neural networks is the reliability. Let us
consider, for example, the following one-dimensional thermodynamic problem. A plane
wall is subjected to an internal heat source. The wall is thermally insulated on one side
and it exchanges heat trough convection on the other side. It is well know that the steady
state distribution of the temperature inside the wall is the solution of the heat equation:

8
EDZT(X)+ 9-0 x2[0L] (2.31a)

DT(x)=0 X =0 (2.31b)
TT(x)= Ty + qFL x= L (2.31c)

where andL denote the thermal conductivity and the thickness of the wall, respectively,

g is the heat generated per unit volume per unit second;; is the temperature of the

air surrounding the wall and h is the convective heat transfer coe cient. Note that
Equations (2.31b) and (2.31c) express the boundary conditions of the problem. The
temperature distribution can be approximated with a neural network, i.eT() N (] ).

To train the network the temperature can be measured at a nite number of points and

a labeled dataset consisting of pairs of positions and corresponding temperatures can be

created, i.ef (xf,i;ta; Tég)ta)g{‘:"i‘a . The loss function is then formulated as follows:

Woa .
! mo N P i )P (2.32)

data data

Idata( ) =

data ;_;

The trained network should be able to predict the correct temperature at any point on the
wall, but there is no guarantee that the network will not predict a negative temperature,
I.e below the absolute zero, at a given point. This is obviously not possible from a physical
point of view, but no one has taught the network that this is not acceptable. The basic
paradigm of supervised learning may thus fail, but it should be noted that the knowledge
of the physical laws governing heat transfers is not used at all. To this aim, let us expand
the loss function as follows:

1( ) = lode( )+ Toa( )+ lbee( )+ laata( ) (2.33)
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where the individual terms can be expressed as:

1 %de h I

loce( ) = DN (xJe] )+ - (2.342)
ode ;_;
lba( ) =[D N (0j )J? (2.34b)
. qL 2
lbe( )= N(Lj ) Ti+ Y (2.34c)

It can now be seen that the structure of the heat equation is imposed on a nite number of
collocation pointsxgc}e fori = 1;:::; nege by the loss term in Equation (2.34a). In addition,
the reaming loss terms ensure that the boundary conditions of the problem are satis ed.
It should be pointed out that the derivatives of the neural network function with respect
to the inputs can be e ciently evaluated by exploiting automatic di erentiation , namely
the methodology already used by minimization algorithms to evaluate the derivatives of
the loss function with respect to the parameters of the network. The physical constraints
imposed on the training process amplify the content information of the observed data.
Therefore, the neural networks become able to generalize even if few examples are avail-
able for the training process. In addition, note that the the loss term related to the
data, Equation (2.32), is not strictly necessary, therefore, if process measurements are
not available, it is still possible to solve the problem. The procedure presented can be
even extended to solve system identi cation problems. Suppose that the convective heat
transfer coe cient is unknown in Equation (2.31a). This coe cient can be included in
the list of trainable parameters of the network and the loss function can be de ned as
| = RP R! Rj(;h) 7V I1(;h). Thus, the heat transfer coe cient is estimated as a
by-product of the minimization process. The variants of neural networks presented are
called Physics-Informed Neural Networkg37]. Physics-informed neural networks are thus
function approximators that exploit the knowledge of any physical laws, which govern a
given problem, in the training of the network. To a more general extend, physics-informed
neural networks can be exploited to approximate the solutions of partial di erential equa-
tions. Let us consider for example a generic partial di erential problem on the unknown
functionu = R"! R:

( Flu(x)]= h(x) x2 (2.35a)

BluxX)]=g(x) x2 @ (2.35b)

where R", F[]is the nonlinear di erential operator, B[] is the operator de ning the
boundary condition andh = R"! R andg:= R"! R are problem-specic functions.
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The unknown solution of the problem can be approximated by a neural network:

ut) N (j) (2.36)

The network can then be trained to minimize the following loss function:

IC)="ele()*+ 'els( )+ luaa( ) (2.37)

where! ;! g 2 R are the weights introduced to balance the di erent loss terms:

XF )
= = FINGE P (2.382)
j=1
Xs .
() = ni BIN (x4} )12 (2.38b)
j=1
s | |
lawa( )= N ) ueP? (2.380)

data j=1
wheref (xg ))gj”:Fl are the datapoints where the structure of the partial di erential equation
Is imposed and similarlyf (xg))gj”:Bl are the datapoints where the boundary condition is
imposed, nally, f(x(d’a)ta)gj”;‘al‘a are the datapoints where the unknown function of the
problem is known, for example because of a measurement process.
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3 ‘ Optimal Control Problems

Tanquam ex ungue leonem
[I recognise the lion by its claw].

Johann Bernoulli

3.1. Mathematical Formulation

Let x(t) 2 R" be the state of a dynamical system at a generic time instant and similarly,
let c(t) 2 C R™ be the external control applied to the system, where the subsé&t
represents the vector space of admissible controls. Suppose that the dynamical evolution
of the system is described by the functioh : R R" C! R", then a generic optimal
control problem can be formally stated as follows [29]:

Z,
C?;iznc J(e() = (trix(te)) + L (t; x(t); c(t)) dt (3.1a)
subjectto  x(t) = f (t;x(t);c(t)); (3.1b)
X(ti) = xi; (3.1c)
(ts;x(t¢)) =0: (3.1d)

wheret;;t 2 R denote the initial time and the nal time of the problem, respectively.
Note that the nal time could be unknown, for example in time-optimal problems. The
initial state of the system isx; 2 R" while the function : R R"! R' with | n
describes the terminal constraints imposed on the state of the system. The objective is
to nd the control function ¢ = [t;;t;]! C, i.e. the optimal control, which minimizes
the cost functional of the problemJ : C ! R, where clearlyC = fc: [tj;t;]! Cg. In
particular, note that the cost functional is composed of the following terms: the terminal
cost function :R R"! R and the running cost functionL :R R" C! R.

LJohann Bernoulli made this remark after receiving an anonymous solution to theBrachistochrone
Problem and recognizing that the solution was the work of Isaac Newton.
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3.2. Pontryagin's Maximum Principle
Let us introduce the Hamiltonian of the systerH :R R" C R"! R:
H(p;g;rs) = L(p;a;n)+ hs;f(p;q;n)i (3.2)

The following necessary conditions, referred as Euler-Lagrange equations, must be met
for a minimum of the cost functional [5]:

8
3 x(t) = @H (tx(t);c(t); (1)) (3.38)
B4t)= @H (t;x(t); c(t); (1) (3.3b)
" 0= @H(t;x(t);c(t); (1) (3.3¢)

where (t) 2 R" is the costate of the dynamical system. Pontryagin's Maximum Principle
states that Equation (3.3c) can be replaced with the following expression to evaluate the
optimal control function:

c(t)= arggzrréin H(t; x(t);c; (1)) (3.4)

The system of Equations (3.3) can then be simpli ed as follows:

(&(t): @H (t; x(t);c (t); (1)

(3.5)
(t)= @H(tx(t);c (t); (1)

where it is implied that the control is evaluated with Equation (3.4). To solve this system
of 2n ordinary di erential equations, a total number of 2n boundary conditions are needed
[30]. In the case where the nal time is unknown, the conditions becona + 1 and this
is the case considered in the remainder of the section. The initial conditions of the
problem, Equation (3.1c), providen boundary conditions and the terminal constraints,
Equation (3.1d), provide | equations on the nal state of the system, so there are still
n+1 | missing boundary conditions. Let us explicit the independent variables in the
terminal constraints function : (v;w) 7! (v;w) and in the terminal cost function

s (v;w) 7! (v;w). The state of the system at the nal time must respect the terminal
constraints and thus the following equations must hold:

d i(te;x(te)) = @ i(te;x(te))dv+ h@ i(tr;x(t¢)); dwi = 0; i=1;:51  (3.6)
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The previous equations can be solved to obtalrdi erentials as a function of the remaining
n+1 | dierentials. The | dierentials obtained can be substituted in the following
transversality condition:

[H(tr;x(t);cte); () @ (tr;x(t)ldv h () + @ (tr;x(t))i;dwi =0 (3.7)

to get an expression which depends only an+1 | independent di erentials. To satisfy
the expression obtained, the coe cients multiplying the remaining di erentials must be
set to zero, thus obtaining a system ofi +1 | equations:

Ni(te;x(tr); (t))=0; i=1;z5n+1 | (3.8)

The problem consisting of the system of di erential equations, Equations (3.5), and the
boundary conditions, Equation (3.1d) and Equations (3.8), can be reformulated as a two-
point boundary value problem and solved with shooting methodologies [30]. In this regard,
note that the only unknowns of the problem are the initial costate, ; 2 R", such that

(tj) = i, the costate normalization factor and the nal time. If these variables are know,
the dynamic evolution of the system can be obtained by integrating Equations (3.5). Let
us introduce the shooting function : R" R! R"*:

(te5x(te))

N; (trsx(te); (tr))

(iste)= _ (3.9)
Nnsz 1(teX(t); ()

The shooting problem can be then formalized as follows:
nd ( j;ty) suchthat ( i;tt)=0 (3.10a)
subjectto  x(t) = @H (t;x(t);c (t); (1)); (3.10b)
()= @H(tx();c ) (1); (3.10c)
x(t) = X;; (3.10d)
(t)= (3.10e)

To solve the problem, it is su cient to nd the zeros of the shooting function, and thus
root- nding algorithms can be exploited. Note that the algorithms require an initial guess
which is di cult to provide because the costate has no physical meaning.
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3.3. Hamilton-Jacobi-Bellman Principle

The cost functional in Equation (3.1a) can be interpreted in a more general sense as a
function of the initial time and the initial state as welli,e.J:R R" C! R:
Z,
J(tisxise()) = (te;x(t)) + L (t; x(t); c(t)) dt (3.11)

t

It is possible to introduce the value function, : R R"! R, representing the minimum
value of the cost functional for an arbitrary initial time and initial state [6]:

(T; X) = Crp)iQCJ(T;X;c( ) (3.12)

The Hamilton-Jacobi-Bellman principle states that the value function should satisfy the
following partial di erential equation with the associated boundary condition:

8
<@ (T:X)= minH(T;X;c@ (T:X))  8X 2RMT 2 [ti;t] (3.132)

(tr; X) = (t5;X) 8X 2R": (t;X)=0 (3.13b)

It must be noticed that if the value function is known then the optimal control can be
evaluated along an optimal trajectory as follows:

c (t)=argmin H (t;x(t);c; @ (t;x(t))) (3.14)
c2C
Therefore, considering Equation 3.4, the following must hold along an optimal trajectory:

=@ (tx() (3.15)

Thus, a link is established between the costate introduced in the Euler-Lagrange equations
and the value function de ned in the Hamilton-Jacobi-Bellman principle.
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4 ‘ Problem Statement

We can't solve problems by using the
same kind of thinking we used when
we created them.

Albert Einstein

4.1. Problem De nition

The problem considered is a fuel-optimal low-thrust transfer between two planets in the
Solar System. The orbits of the planets are assumed to be circular and coplanar. The
spacecraft is modeled as a point mass and is subject to the gravitational attraction of the
Sun and to the thrust force determined by its propulsion system. Let us introduce the
state of the spacecraft at a given time instank(t) 2 R®. The state of the spacecraft can
be expressed in polar coordinates as follows:

X(t) = [r(t); ();v(t);v (t);m(t)]" (4.1)

wherer(t) 2 R, is the radial position, (t) 2 R is the angular position,v,(t);v (t) 2 R
are respectively the radial and tangential components of the velocity antd(t) 2 R.q is
the mass. Letu(t) 2 [0;1] be the thrust throttle factor and (t) 2 A R? be the unit
vector representing the thrust direction, where clearhA = fv 2 R2jkvk, = 1g and the
following notation is used (t) =[ ,(t); (t)]'. Note that it is also possible to indicate
the direction of the thrust through the thrust angle, (t) 2 ( =2; =2), de ned as:

r (1)
(1)

A schematic representation of the problem is reported in Figure 4.1.

(t) = arctan

(4.2)
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Figure 4.1: Model of the low-thrust transfer problem.

Let us introduce the following dimensionless coe cients:

Trnae T Trna T, T2
ag= G = S gg= O (4.3)
m; L¢c I'sp Qo M; L2

where is the Sun gravitational parameter,Lc and T¢ are the characteristic length and
time of the problem, Trax, Isp and m; are the maximum thrust, the speci ¢ impulse and
the initial mass of the spacecraft andy, is the standard gravitational acceleration. The
motion of the spacecraft, in dimensionless form, can be described by the following system
of ordinary di erential equations:

rjt)—vr(t)
_v(
0}
2
v (t) = vE(t) 1, u® () 4.2)

@ e Mm@
i)V () u(t) (1)
v (t) = ‘O + m(

"m(t)=  ayu(t)

The control will also be referred ag(t) 2 C  R3, wherec(t) = [u(t); (t); (t)]" and
it must be C = f(u;v;w) 2 R®ju 2 [0;1]” (v;w) 2 Ag. Therefore, the dynamics of the
spacecraft can be expressed compactly ®&) = f (x(t);c(t)), with f = R> C! RS,
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The initial conditions of the spacecraft can be stated as:

- T
X(t)= ri; ;0 r_3 m; (4.5)
|

wheret; 2 R denotes the initial time whiler; 2 R.o and ; 2 R are respectively the
orbital radius and the angular position of the departure planet. The nal state of the

spacecraft must respect the condition (t;) =0, with = R®! R#* de ned as:
2 3
r(te) e
(tr)  +
X)) =8 |y 5=0 (4.6)
v 2

wheret; 2 R denotes the nal time whiler; 2 R.o and ¢ 2 R are respectively the
orbital radius and the angular position of the arrival planet. In summary, the nal radial
and angular positions and nal radial and tangential velocities of the spacecraft are xed,
while the nal mass is free. In addition, note that the nal time is left free and must be
obtained by solving the optimal control problem, so the problem can be classied as a
free-time partially xed endpoint control problem.

4.2. Optimal Control Problem Formulation

The fuel-optimal control problem can be formally stated as follows:

Z,
CEr;iznC J(c()) = a . L (c(t)) dt (4.7a)
subjectto  x(t) = f (x(t);c(t)); (4.7b)
X(ti) = X; (4.7¢)
(x(t))=0: (4.7d)

where the running costL = C! R takes the formL(c(t)) = u(t) and clearly, based on
the previous considerationC = fc = [t;;t;]! Cg. It can be noticed that the terminal
cost is absent in this formulation. To conclude, note that the following applies:
Z, Z,
J(e()=a ut)dt= m(t) dt = m(t)) m(t;) (4.8)

t t
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The cost functional then quanti es the mass transformed in energy to reach the nal
target, i.e. the propellant mass required for the transfer.

4.2.1. Homotopy Technique

The fuel-optimal problem introduced in the previous section is notoriously di cult to
solve with shooting methodologies. The main reason is that the optimal time evolution of
the thrust throttle factor presents a discontinuous bang-bang structure. To smooth the
problem, the running cost is slightly modi ed as follows:

L(c(t) := u(t)  log[u()(1 u(t))] (4.9)

where 2 R ; is the homotopy coe cient. Note that the homotopy coe cient de nes a
class of problems and in particular, if = 0, the original formulation of the cost functional

Is restored. The homotopy technique can be summarized as follows. The problem de ned
by =1 is solved rst because the root- nding algorithms converge more frequently with
random initial guesses. The homotopy coe cient is then slightly decreased to de ne a
second optimal problem, and the solution obtained in the previous step is provided to
the solver as initial guess. Finally, the same procedure is repeated iteratively until the
homotopy coe cient is zero, resulting in the fuel-optimal solution.

4.2.2. Costate Normalization Technique

It must be noticed that, despite the introduction of the homotopy technique it is still
complex to provide a good initial guess of the initial costate to the root- nding algorithms.
To overcome this di culty the initial costate is constrained on a unit high-dimensional
hypersphere thus reducing the range of possibilities. To this aim, the cost function is
modi ed as follows:

Z,

J(e()) = o2 ) u(t)  logu(t)(1 u(t))] dt (4.10)
where o 2 R.( is the costate normalization factor. Note that this parameter does
not change the nature of the problem. Let us introduce the costate of the spacecraft,

(t) 2 R®, which is denoted:

=0 () @ w@®; v ®; m@® (4.11)
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The normalization factor is then selected such that the following condition is satis ed:

)+ A+ F)+ S+ R+ §=1 (4.12)

Note that this additional constraint is added to the de nition of the shooting function.

4.2.3. Consequences of Pontryagin's Maximum Principle

The Hamiltonian of the problem,H = R®> C R®! R, can be expressed as follows:

H(p;a;n = oaL(g+ hf (p;0i (4.13)

The necessary conditions, i.e. the Euler-Lagrange equations, to minimize the cost func-
tional take the subsequent form:

8
3 x(t) = @H (x(t); o(t); (1)) = f(x(t); c(t)) (4.143)
5 ~t)= @H (x(1);c(t); (1)) (4.14b)
T 0= @H(x(1);c(t); (1)) (4.14c)
In particular, the compact system of Equations (4.14b) can be expanded as:
8
_ v (1) Mv (1) . wOVE) v Ow v (1)
AU O L O R O (1)
—()=0
v (v (1)
~ ()= O+ O (4.15)
_ (t) vV (1) v (O ()
~O% Ty o o
_ . w(Bu(t) (1) v (Hu(t) (1)
. —m(t) =a m2(t) +a m2(t)

The optimal control is evaluated by applying Pontryagin's Maximum Principle instead
of considering Equation (4.14c). In this regard, let us introduce the following auxiliary
functionQ = R> R®! R3:

Q(p;r) =argmin H(p;c;r) (4.16)
c2C
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The optimal control is then obtained by evaluating the previous expression on the state
and the costate of the spacecraft:

c () = Q(x(t); (1) (4.17)

In detail, for the problem considered the auxiliary function is de ned as follows [4]:
2 3
2 Z
2 +S(X(); M)+ 47+ Sx(); (1)
. _ (t)
Q(x(t); (1) = vr 4.18
(x(t); (1) Ok (4.18)

v (1)
k (Dk

where the notation (t) =[ ., (t); v (t)]" is used. Note that the function introduced in
the previous expressionS = R® R®! R, is called switching function and if evaluated
on the state and costate of the spacecraft takes the form:

a; om(t)

sx(t): @)y=1 -mB ak. Ok
0

(4.19)

To conclude, it is worth noting a property of the Hamiltonian valid for the problem
presented. Let us introduce the auxiliary functiong == [t;;t¢]! R:

g(t) = H(x(t); c(t); (1) (4.20)
Note that the following simpli ed notation is used:
@H (x(t);ct); ()= @H( );  ?=(p;a;n) (4.21)
The system of Equations (4.14) implies that:

a(t) = h@H( )ix(V)i + @H( )+ h@H( ); (V)i
h(0: XD + @H () + h(t); (V) (4.22)

=0

The conclusion is that the Hamiltonian, evaluated along an optimal trajectory, is constant.



4| Problem Statement 27

4.2.4. Shooting Problem Formulation

To derive the boundary conditions of the problem, let us consider the constraint function,
=R%! R*w7! (w). The following necessary conditions must be met:

di=dw =0 i

1;::4 (4.23)
Note that, the transversality condition of the problem can be expressed as:

H(x(t);c(t); (tr))dv h (t);dwi =0 (4.24)

The di erentials obtained in Equation (4.23) can be then substituted in the transversality
condition to obtain the following relation:

H(x(ts); cte); (t))dv  m(ti)dws =0 (4.25)

To satisfy this relation, the coe cients multiplying the di erentials must be set to zero,
so the following boundary conditions are nally obtained:

( H(x(t:);c(te); (t:))=0 (4.26a)
m(ti) =0 (4.26b)

To express the conditions in words, the Hamiltonian and the mass costate evaluated
at the nal time must be zero. Note that, considering that the Hamiltonian must be
constant along an optimal trajectory (cf. Equation (4.22)), it can be concluded that the
Hamiltonian it is always zero. The shooting function, = R> R R,y ! R, is then
de ned by considering the boundary conditions just obtained and the relation introduced
to determine the costate normalization factor, Equation (4.12), as follows:

2 3
(X(tr))
(ot o= H(x(tr); c(te); (tr)) 4.27)
m(tf)

PR @i 21
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4.2.5. Consequences of Hamilton-Jacobi-Bellman Principle

To complete the section, let us introduce the value function : R® ! R, which is a
function of the initial state of the spacecraft but not of the initial time because of the
properties of the problem studied. It should be remembered that the value function is
the minimum value of the cost functional of the optimal control problem, and in the
context of spacecraft guidance it represents the optimal transfer cost. Speci cally, in the
fuel-optimal problem, the transfer cost corresponds to the mass of propellant required
to reach the target planet. The Hamilton-Jacobi-Bellman equation can be simpli ed as
follows for the problem stated:

8
<mnH(X; ;@ (X)) =0 X 2 R® (4.28a)
©(X)=0 8X 2 R°: (X)=0 (4.28b)

In particular, from the previous discussion, the minimizer of Equation (4.28a) can be
evaluated by considering Equation (4.18), as follows:

c=Q(X;@ (X)) (4.29)

It must be emphasized that the knowledge of the value function is su cient to evaluate
the optimal control given the state of the spacecraft:

c ()= Qx(1); @ (x(1))) (4.30)

Therefore, by exploiting this relation, it is clear that the spacecraft can be controlled
with a feedback control law. To conclude, by comparing Equation (4.30) and (4.17) it is
evident that along an optimal trajectory:

=@ (x(1) (4.31)

In particular, this relation will be exploited in the construction of physics-informed neural
networks together with the Hamilton-Jacobi-Bellman equation.
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5 ‘ Neurocontroller

The rst ultraintelligent machine is

the last invention that man need ever
make, provided that the machine is
docile enough to tell us how to keep it
under control.

Nick Bostrom

The objective of the present work is to design a neurocontroller, i.e. a neural network-
based controller, capable of steering the spacecraft from di erent initial states to the
nal target. The neurocontroller should be able to output the optimal controls given the
current state of the spacecraft, such that the spacecraft can be autonomously guided in
closed-loop. This general problem can be split in two minor problems. The rst consists
in constructing a database of optimal trajectories which can be exploited to train neural
networks. The second problem encapsulates every aspect related to the creation and the
training process of neural networks.

5.1. Database of Optimal Trajectories

The straightforward approach to create a database of optimal trajectories would be to
perturb the initial state of the nominal trajectory and to solve the corresponding opti-
mal control problem characterized by the new set of initial conditions, thus generating a
new optimal trajectory. This approach scales very poorly because of the computational
di culties associated with two-point boundary values problems with shooting methodolo-
gies. Therefore, in order to generate such a database, the backward generation method,
introduced by 1zzo et Oztlrk [17], is exploited. It should be noted that the method was
originally presented for a transfer between two orbits and in this work it is extended to
the rendezvous problem discussed in the previous chapter.
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5.1.1. Backward Generation Method

The database is populated starting from the nominal trajectory without the need of
solving additional shooting problems. To this aim, the rst step consists in perturbing
the components of the nal state and costate of the spacecraft of the nominal trajectory.
The perturbations cannot be arbitrary because the following conditions must be respected:

" The nal radial and angular positions and the nal radial and tangential velocities
of the spacecraft must coincide with the arrival planet ones.

" The mass costate must be zero due to the transversality condition.

Therefore, these components cannot be perturbed and are kept constant while the re-
maining free components are randomly perturbed as follows:

Pt )= P9t )+ i 0 =150 Nree (5.1)

where (t;) represents a generic free component at the nal time and 2 R is the
associated perturbation, de ned as:

= Vi (5.2)

where 2 R, is the perturbation size andv; is a coe cient sampled from a uniform dis-
tribution U( 1;1). There is still a constraint which must be considered: the Hamiltonian,
evaluated at the nal time, must be zero because of the transversality condition. In order
to meet this constraint all the free components are perturbed, except one denotq‘?}’(tf)
and referred as unknown variable, so®"(t;) = J-°'d(tf) + ; is still to be determined.
Let us de ne an auxiliary function, g: R! R, as follows:

9( j) = H(X"™¥(te);c (tr); "(t) (5.3)

The perturbation of the unknown variable is then evaluated by solving the root- nding
problem: g( ;) = 0. The perturbed nal state can be numerically propagated backward in
time to obtain an optimal trajectory. It must be highlighted that the trajectory obtained
does not start where the nominal trajectory starts but it ends where the nominal trajectory
ends. Note that in this procedure the costate normalization factor is kept constant, so
it is common to all the back-propagated trajectories. In order to populate the database,
each optimal trajectory is sampled at random time instants and the sets composed by the
states, costates, transfers cost and controls are stored in the database.
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5.1.2. Trust Band De nition

The optimal trajectories generated by exploiting the backward generation method could
be very di erent in nature with respect to the nominal trajectory. To design a neurocon-
troller, whose purpose is to guide the spacecraft from the vicinity of the departure planet
to the arrival planet, it is desirable to generate trajectories close to the nominal one. The
reason is that the neural networks can focus on learning patterns over a limited region of
space, and thus smaller databases and simpler networks can be adopted in the training
process. To this aim, the perturbation size in Equation (5.2) is nely tuned so that the
initial positions of the back-propagated trajectories lie within a circle centered on the
departure planet, the radius of the circle being referred as maximum distance. The result
Is a beam of trajectories which presents a thickness constantly decreasing going from the
departure planet to the arrival planet, indeed it is worth remembering that all the trajec-
tories converge to the same nal position. The region de ned by the beam of trajectories,
from which the database samples are obtained, will be referred as trust band. For the
sake of clarity, consider as example the transfer between the ctitious plandtielicon and
Terminus!. An example of the e ect of the perturbation size is reported in Figure 5.1
where high, medium and low perturbation sizes are used to generated the optimal trajec-
tories. Note that the concept of trust band can be clearly appreciated in the last gure.

Figure 5.1: E ects of the perturbation size.

It must be noticed that the neural networks are trained on samples belonging to the
trust band, so the neurocontroller is expected to be e ective in driving the spacecraft
from any position (and overall meaningful spacecraft state) within the trust band to the

llsaac Asimov, Foundation Series [3].
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target planet. Note that, during the guidance, the networks are tested on their ability

to generalize, since the spacecraft states are most likely di erent from those seen during
training. Nevertheless, if the spacecraft remains within the trust band the networks are
tested on samples similar to those considered during training. Therefore, the goal is to
keep the spacecraft within the trust band as much as possible to increase the probability
of reaching the target planet. It should be noted, however, that as soon as the spacecraft
approaches the arrival planet, the trust band narrows, and thus, if the guidance is not
perfect, there is a high probability of leaving this region and thus the neurocontroller may
experience a drop in performance because over generalization capabilities are requested
to the neural networks.

5.2. Neural Network Models

In this work, standard neural networks and physics-informed neural networks will be
implemented within the neurocontroller. The main di erence between these networks is
the way the costate is predicted from the information about the spacecraft state, the
optimal control is then evaluated according to Equation (4.18).

5.2.1. Standard Neural Networks

Standard neural networks directly predict the costate given the state of the spacecratft.
Therefore, provided a database composed by pairs of optimal states and optimal costates:
D = f(x('); ('))g{‘;l, the training of the networks consists on minimizing the loss function:

I( iD :ixnk“) N (x®j k3 5.4
(jiD) e (x* ] )kz (5.4)

i=1
where the neural network function is dened asN (j ): R®! R®. The main limitation
of this approach is that the network heavily rely on the training data, thus the selection
of the database is crucial. In addition there are no constraints, derived from the physics
of the problem, imposed during the training process which can increase the reliability of
the networks. A scheme of standard neural networks is reported in Figure 5.2.

5.2.2. Physics-Informed Neural Networks

The aim of physics-informed neural networks is to overcome the data-dependent nature of
standard neural networks. In particular, the networks try to nd the best approximation
of the value function, i.e. () N (; ), whereN(j ):R®! R. Therefore, physics-
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Figure 5.2: Schematic representation of a standard neural network.

informed networks aim to predict the optimal transfer cost from the given spacecraft state.
The costate is then obtained as the gradient of the neural network function. It's worth
remembering that, for the problem under consideration, the value function is exclusively
a function of the state, therefore the network has access to all the information needed
to correctly predict the transfer cost. The value function must satisfy the Hamilton-
Jacobi-Bellman partial di erential equation, formulated in chapter 4, and reported here
for simplicity:

8
<argminH(X;c;@ (X))=0 X 2 R®° (5.5a)
c2C

(X)=0 8X 2R>: (X)=0 (5.5b)

where the minimizer can be computed as = Q(X; @ (X)). In theory, it is possible

to construct a physics-informed neural network which is trained to satisfy the previous
di erential equation. Strictly speaking, a database of optimal trajectories is not required
to achieve this objective: ctitious spacecraft states can be randomly sampled and the
previous relations can be imposed as soft constraints during training. However, it is not
easy to de ne the sampling process: although some limits on the components of the state
can be derived from the physics of the problem, it is not clear how to combine them to form
a meaningful spacecraft state, i.e. a condition similar to what the spacecraft encounters
during transfer. Therefore, a more straightforward approach is adopted: instead of trying
to satisfy Equation (5.5a) on random states, this condition is imposed on the states
included in the database. Therefore, given a database of optimal statd3::= f(x(i))g{‘;l,
the following loss term can be considered during the training process:

xn . .
W(iD)= =7 OO QuO; ) §)? (5.6)
=1
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where ﬂ) = @N (x(i)j ), i.e the costate is computed as the gradient of the neural network
function evaluated at the given state belonging to the database. Nevertheless, it is not
su cient to satisfy just Equation (5.5a) because, in order to correctly solve the di erential
problem, the boundary condition, Equation (5.5b), must be considered. To this aim, the
straightforward option would be to sample random states¢l) 2 R5 such that (x{)) =0
fori =1;::;m, to minimize the following loss term:

e jD)= — [N (%] )] (5.7)
i=1
Although, this is not the approach followed in this work. Instead, given a database
composed by pairs of optimal states and optimal transfers cod = f(x(i); (i))gi”;l the
boundary conditions of the problem are indirectly imposed by considering the loss term:

. 1 X y -
1(jiD)== [©O N xVj)P (5.8)
m i=1
Finally, an additional loss term can be considered, this component leverages the fact that
the gradient of the value function must correspond to the costate introduced in the Euler-
Lagrange equations. Therefore, given a database composed by pairs of optimal states
and optimal costates:D = f(x('); ('))g{il, the following loss term can be included in the

training process:
1 X .
(D)= ¢ 1 k@ Pk (5.9)
i=
where it worth remembering that f“” = @N (x(i)j ). The loss components introduced
can be combined together in di erent ways to build the loss function and this aspect
will be addressed in details in the chapter dedicated to the case studies. A scheme of

physics-informed neural networks is reported in Figure 5.3.

Figure 5.3: Schematic representation of a physics-informed neural network.
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6 ‘ Case Studies

Each problem that | solved became a
rule which served afterwards to solve
other problems.

René Descartes

6.1. Introduction

Th research will analyze two case studies in which the main di erence is the value of the
homotopy coe cient considered in the de nition of the optimal control problem. The rst
case study is a transfer from Earth to Venus, and for this problem the coe cient is set to

= 1. In the second case study, a transfer from Earth to Mars, the coe cient is selected
as =10 °. In this case, note that the value of the coe cient is su ciently small such
the problem can be considered a fuel-optimal transfer. The physical constants adopted
for the case studies are given in Table 6.1.

Table 6.1: Physical constants.

Quantity Value
Astronomical Unit (AU) 1:496 1CFkm
Sun Gravitational Parameter 1:327 10" km3=%?
Standard Gravitational Acceleration 9:807 10 km=¢’
Sun-Earth Distance 1:.000AU
Sun-Venus Distance 0:723 AU
Sun-Mars Distance 1:.524 AU

To formulate the equations of motion in dimensionless form, the astronomical unit is
chosen as characteristic length and the characteristic time is selected so that the Sun's
dimensionless gravitational parameter, i.e. the coe cients in Equations (4.3), is unitary.
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6.2. Neural Networks

The numerical implementation of neural networks is based on TensorFlow 2 [1]. It must
be noted that the training functions of physics-informed networks are coded from scratch
due to the composite nature of the loss functions. In addition, in order to train the neural
networks with L-BFGS, an interface is created with the implementation of the method
available in the TensorFlow Probability library.

6.2.1. Models

For each case study, four dierent neural networks models are investigated. The rst
model is a standard neural network denote& while the remaining models are physics-
informed networks denoted?;, P, and P;. The composite loss functions exploited to train

physics-informed networks are constructed from the individual loss terms introduced in
Chapter 5 as follows:

le,( JD)=1(jD)+ 1(]jD) (6.1)
le,( JD)=1( D)+ wl( D) (6.2)
le,( JD)=1( D)+ 1 (jD)+ wla( D) (6.3)

where ; 4 2 R are the weights introduced to balance the di erent terms. In this work,
the weights are setto =10 and 4 =1 but the selection process remains a critical open
point because of the dramatic impact on the training outcome. Recall that the database,
which is common to all neural networks, is de ned a® = f(x; @; O, y®. Oygm
and collects the states, costates, transfers costs and controls sampled from the optimal
trajectories.

6.2.2. Training Process

In the analysis, the database is divided into training, validation and test datasets with
the proportions60% 20% 20% The standard neural networks are trained with ADAM
with a learning rate of 1 10 # for a maximum number of iterations set to20000while
the physics-informed networks are trained fot 000iterations with ADAM with a learning
rate of 5 10 #, and then with L-BFGS for a maximum number of iterations 0f200Q
The remaining settings of ADAM and L-BFGS are kept at their default values, except
for the number of correction pairs to approximate the Hessian matrix, which is set to
50. In training physics-informed neural networks, ADAM is used to properly initialize
the search for minima because L-BFGS tends to stop in the early phase on local minima.
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In order to avoid the over tting of the training dataset the training is stopped after the
loss function has not decreased by at leagt 10 7 in the last 100 iterations on the
validation dataset. The adoption of this technique is particularly useful for comparing
di erent neural network models. In fact, the goal is to obtain the best performance
for each neural network, and depending on the model, this may require more or fewer
iterations. Therefore, the methodology is exploited to avoid setting a predetermined
number of iterations while still getting the most out of the training process.

6.2.3. Architectures

For all neural networks models, the hyperbolic tangent function is selected as neuron
activation function. The reason is that, at the preliminary stage, the hyperbolic tangent
function proved to be superior to other activation functions such as the sigmoid and the
softplus. The hyperbolic tangent function, tanhi= R! [ 1;1]is de ned as:

e 1

tanh(x) = o 1

(6.4)

In particular, in the neural networks the adaptive version of the function is implemented
with a scale factor of10 and an initial slope of1=10. Several architectures, which di er

in number of hidden layers and number of neurons per hidden layer, are trained for each
model. The best architecture is then selected based on the following metric which is
evaluated on the validation dataset:

u - u (6.5)

where the individual components of this metric are de ned as follows:

X .
m ju® UE\II)
1
m

1

j (6.6a)

arccosh @; i) (6.6b)
i=1
and uﬂ) and ﬂ) are the controls predicted by the networks trough Equation (4.18):
3
()

. Uy o _
= 4 (i)5 = Q(x®; 1) i=1::0m (6.7)
N
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i.e. considering the optimal states included in the databases and the corresponding pre-
dictions of the costates by the networks. It is worth remembering that ) = N(x"j )
in case of standard neural networks andﬂ) = @N (x(i)j ) in case of physics-informed
networks. Note that the metric de ned in Equation (6.5) is only a quantity useful for
comparing architectures on the basis of a single number. To conclude, note tifat P;
and Pz can be tested also on the ability to predict the transfer cost from a given state of
the spacecraft, and so the following metric is introduced for this purpose:

— 1 s (i) (OFERY . .

= N(x"] )j for Py; Py; P3 (6.8)
i=1

6.3. Neurocontroller Performance Evaluation

The neurocontroller is evaluated on the trajectories included in the test dataset, in par-
ticular, it is asked to propagate the initial states of these trajectories. The resulting
trajectory is referred as neural trajectory for simplicity. Note that the nal integration
time of the neural trajectory is selected to coincide with the time of ight of the corre-
sponding test trajectory. To evaluate the performance of the neurocontroller the following
metrics are introduced:

A : :
P= = [F®O(t))2+r? 2rO(te ) ry cos( O (tr)) (6.9a)
L S
r— o2
e D OO (6.9b)
i=1
11X ~ .
J = J‘]r(1IC))minaI J(E:))ntroller J (6-9C)

i=1

wheren denotes the total number of test trajectories while O (t;), O(t;), v (t;) and

v (t;) are the nal radial ad angular positions and the nal radial and tangential velocities
of the spacecraft after propagating the trajectory with the neurocontroller. It is worth
remembering thatr; and ; are the radial and angular positions of the target planet. To
conclude,Jr(,io)minal denotes the values of the optimal cost of the transfer while anlif))mm”er
Is the cost of the transfer obtained with the neurocontroller. In other terms, the rst two

metrics quantify the average nal position and velocity errors relative to the target while
the last metric is used to evaluate the optimality of the neurocontroller in steering the

spacecraft to the nal destination.
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6.4. Earth-Venus Transfer

The rst case study considered is the transfer from Earth to Venus. The characteristics
of the spacecraft and the data of the problem are reported in Table 6.2.

Table 6.2: Earth-Venus: data of the problem.

Quantity Value
Maximum Thrust 0:30N
Speci ¢ Impulse 3000s
Initial Mass 1500 kg
Planets Angular Separation 180 deg
Homotopy Coe cient 1

The nominal trajectory is characterized by a total time of ight of ty = 1:1755yr and
a propellant mass consumption oR25678kg The trajectory is shown in Figure 6.1a
while the time histories of the optimal control and the Hamiltonian, evaluated along the
nominal trajectory, are reported in Figure 6.1b. In particular, it can be noticed that the
Hamiltonian is basically zero along the trajectory, as predicted by the theory.

(a) (b)

Figure 6.1: Earth-Venus: nominal trajectory.

The characteristics of the database and the parameters selected to generate it from the
nominal trajectory are reported in Table 6.3. The small number of trajectories is chosen
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to speed up the training process but the limited amount of data can be theoretically
overcome with physics. In fact, the physical constraints imposed during the training
virtually enrich the dataset as neural networks exploit the datapoints to understand the
physics of the problem.

Table 6.3: Earth-Venus: characteristics of the database.

Quantity Value
Maximum Distance 5 10°km
Perturbation Size 10 3
Unknown Variable m(ts)
Number of Trajectories 100
Number of Samples per Trajectory 100

The positions where the datapoints are sampled along the optimal trajectories are dis-
played in Figure 6.2a, note that only a fraction of the positions is reported. In particular,
the positions are highlighted according to the thrust throttle factor value of the corre-
sponding datapoint.

(@) (b)

(€)

Figure 6.2: Earth-Venus: visualisation of the database.
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It is worth noting how the trust band contains within it all the datapoints, as per de ni-
tion. This band presents a decreasing thickness in the transition from Earth to Venus and
in particular, Figure 6.2c shows the evolution of its thickness as a function of the angular
position of the spacecraft during the transfer. Finally, in Figure 6.2b the two-dimensional
histogram of the datapoints positions, in cartesian coordinates, is reported. With regard
to the datapoints, the histograms of the states, costates and transfers costs included in
the database are reported in Figure 6.3.

Figure 6.3: Earth-Venus: histograms of the datapoints.

In particular, it can be noticed the peaks in the histograms of the radial position and the
tangential velocity of the spacecraft. These peaks are the re ection of datapoint sampling
on the last portion of the trajectory where all the trajectories overlap (cf. Figure 6.2b).

In addition, it is worth underlying the di erent range characterizing the entries of the
database. To reduce these di erences, normalization and standardization techniques of
the database elements were attempted, but the performance of the neural networks was
reported to be worse, so in the end the raw elements were provided to the networks. In
Table 6.4 the metric de ned in Equation (6.5) is reported for di erent architectures of the
neural networks models considered.
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Table 6.4: Earth-Venus: comparison between architectures.

4/32" 4/64 8/32 8/64

S 172 10%® 207 10° 196 10° 1:49 10 3M
P, 130 10°® 908 10 4 113 10° 373 10°3
P, 1:15 101! 166 10! 163 10! 165 101
P;, 106 10°® 879 10 4 119 10° 330 10°3

" number of hidden layers/number of neurons per hidden layer
Mbold font indicates the best results for each model

It can be seen that the standard neural network performs better with a larger architecture,
whereas this is generally not the case for physics-informed networks. Figure 6.4 shows the
evolution of the loss function during the training process for the best architectures of the
various models.

(a) S[8=64] (b) P1[4=64]

(c) P2[4=32] (d) Ps[4=64]

Figure 6.4: Earth-Venus: loss evolution.
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The best architectures are evaluated on the ability to predict the optimal controls and the
transfers costs from the states included the test dataset. The values of the metrics de ned
in Equation (6.6) and in Equation (6.8) are reported in Table 6.5. It can be noticed that
the neural networks are accurate in the predictions with the only exception &,. Note
that, according to the split between train, validation and test datasets, the results are
based on2000datapoints.

Table 6.5: Earth-Venus: prediction errors by the networks.

Thrust Throttle Error Thrust Angle Error Transfer Cost Error

(ol ] () [deg] () [kdl

S [8/64] 7:66 10 * 0.230 -

P, [4/64] 588 10 * 0.140 0.08
P, [4/32] 855 10 2 16.050 0.61
P [4/64] 575 10 * 0.136 0.04

" indicates the best model architecture

The best architectures are also implemented in the neurocontroller to guide the spacecraft
in closed loop. Table 6.6 shows the position, velocity and optimality errors as de ned in
Equations (6.9). It is worth underlying that the results are based o20neural trajectories.

Table 6.6: Earth-Venus: performance of the neurocontrollers.

Position Error Velocity Error Optimality Error

( ) [km] ( v) [kms 1] ( 4) [kl
S [8/64] 1615 1P 1:692 10 2 0.05
P, [4/64] 1465 10 1:586 10 2 0.04
P, [4/32] 1109 10 2:643 13.31
Py [4/64] 1571 10 1:604 10 2 0.04

" indicates the best model architecture

Clearly, the nal errors are not negligible and a corrective maneuver would be needed to
close the gap to rendezvous with the target planet. Despite the good prediction capabili-
ties of the controls by the networks (cf. Table 6.5), it is evident that the accumulation of
these small inaccuracies leads to signi cant nal position and velocity errors by control-
ling the spacecraft with the neurocontroller. In this regard, it must be emphasized that
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the optimality error does not give a complete picture because the cost of the additional
maneuver should be added to the cost of the transfer performed with the neurocontroller.
It can be noticed that physics-informed networks perform slightly better than the stan-
dard network. The neurocontroller based oiP,[4=32] presents the worst performance: it
seems that the network is unable to replicate the optimal controls. The problem is not
necessarily due to the way the loss function is conceptually conceived, but it could be
the way the function is mathematically formulated. In other words, the issue may be the
minimization of this type of loss function. To try to shed light on this, the loss landscape
around the point of convergence foP,[4=32] is compared with that of P3[4=64], which is
the best network according the metric given in Table 6.4. To cross-check the consistency
of the results, three di erent couples of random directions are considered in the evaluation
of the landscape. The results are reported in Figure 6.5 and 6.6.

(a) (b) (©)

Figure 6.5: Earth-Venus: loss landscapes fé%[4=32]

(@) (b) (c)

Figure 6.6: Earth-Venus: loss landscapes fé%:[4=64]
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