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1. Introduction
This thesis covers the design, implementation,
and analysis of a dynamic inversion based con-
troller on a small scale drone. Quadrotors have
gained significant popularity in recent years for
their ease of use and numerous applications
such as environment monitoring and surveil-
lance. The control aspect of quadrotors is of
particular importance due to the absence of a
pilot. This work aims at studying an innovative
methodology for control of quadrotors.
The first part of the project includes a model-
ing and system identification campaign of the
quadrotor. The models were derived beginning
from the equations of motion with certain as-
sumptions for simplicity. A grey-box estimation
was used based on the output-error method cov-
ering the longitudinal, lateral, directional, and
vertical dynamics of the drone.
The identified plant was used to design a dy-
namic inversion controller architecture, lever-
aging the dynamics of the system. This
part included the formulation and simulation
in both Simulink and Software-In-The-Loop
(SITL), which provided an understanding of the
system behavior and tuning of controller param-
eters. Flight tests were performed once the con-
troller was ready at the FlyART laboratory of

Politecnico di Milano.
To assess the stability concerns of the dynamic
inversion methodology, a comprehensive look at
the robust stability of the controller was per-
formed. The analysis included classic methods
such as frequency analysis and Monte Carlo ap-
proach, as well as robust techniques in struc-
tured singular value analysis.

2. Experimental Setup
The work presented in this thesis was carried
out at the FlyART laboratory of Politecnico di
Milano. This laboratory hosts many research ac-
tivities for drones and other flying objects in its
arena. The drone used for this setup is the ANT-
X shown in Figure 1. The drone can be oper-
ated wirelessly through a ground control system
and is equipped with the necessary devices for
reading, communication, and computation. The
flight baseline autopilot of the ANT-X features a
cascade architecture which was used to perform
the identification experiments. The simulations
were performed on Simulink and a Software-In-
The-Loop simulator designed by ANT-X for the
drone platform.
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3. Grey-box identification
To design and implement the dynamic inversion
based controller, a structured model of the drone
was necessary. For this reason, a system identifi-
cation campaign was carried out on the ANT-X.
The model used is derived from the equations of
motion of the UAV which were linearized and de-
coupled under low-speed assumption. The com-
plete model features longitudinal, lateral, direc-
tional, and vertical dynamics which are the nec-
essary for successfully controlling these types of
quadrotors. Results are reported for each model,
the verification of the quality of the estimate was
done computing the variance accounted for be-
tween the identified model and validation data
[1], as well as the normalized root mean square
error as a measure of the fit.

3.1. Longitudinal model
The longitudinal model was identified using a
frequency domain approach starting from its re-
sponse to a long duration quadratic sweep signal.
The choice of input signal was carefully stud-
ied [2] as the longitudinal and lateral dynamics
are unstable and required testing in closed loop.
The linear longitudinal system is:

u̇
q̇

θ̇

=
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Xu Xq −g
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0

δlong

Where the vector of unknown parameters con-
tain the stability derivatives (Xu, Xq,Mu,Mq)
and the control derivatives (Xd,Md). u is the
longitudinal velocity in the body frame, ax is
the longitudinal acceleration defined in the body
frame, q the pitch rate defined in rad/s, and θ
is the pitch angle defined in rad. The results of
the identification are reported in Table 1:

Parameter Value σ%

Xu −0.1015/s 21.448
Xq −0.043954m/srad 18.86
Xδ 6.8626 m/s2 5.7967
Mu 3.191rads/m 7.8898
Mq 0.72024/s 13.919
Mδ 574.61rad/s2 0.99916

Table 1: Longitudinal model estimated parame-
ters and standard deviation

The model showed good fit with respect to vali-
dation data and the uncertainty was not exceed-
ingly high.

3.2. Lateral model
Similar to the longintudinal model, a frequency
domain approach was considered for the lateral
identification. The same injection sweep signal
was used and the model is defined as follows:
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Yδ
Lδ

0

δlat
Where the vector of unknown parameters con-
tain the stability derivatives (Yv, Yp, Lv, Lp) and
the control derivatives (Yd, Ld). v is the lateral
velocity in the body frame, ay is the lateral ac-
celeration defined in the body frame, p the roll
rate defined in rad/s, and ϕ is the roll angle de-
fined in rad. The results are shown in Table 2:

Parameter Value σ%

Yv −0.27567/s 15.543
Yp 0.01639 m/(srad 90.737
Yδ −2.645 m/s2 16.391
Lv 3.7846rads/m 9.1561
Lp 1.1364/s 10.333
Lδ 686.6rad/s2 0.81786

Table 2: Lateral model estimated parameters
and standard deviation

The lateral dynamics showed high standard de-
viation of the stability derivative for the roll rate
Yp, the parameter was excluded from the model
and assumed equal to zero. The nominal model
showed good fit with respect to validation data.

3.3. Vertical and directional dynam-
ics

The vertical and directional dynamics were in-
herently stable and both used a time domain
identification starting from the response to a
PRBS signal. The VAF and NRMSE of the re-
sults were good and the estimated parameters
had low standard deviations.
The directional model and results are reported
below, Where the vector of unknown parameters
contain the stability derivative Nr and the con-
trol derivative Nd. r is the yaw rate in rad/s, ψ
is the yaw angle in rad: ṙ

ψ̇

=
 Nr 0

1 0

 r
ψ

+
 Nδ

0

δdir (1)

The vertical model and results are reported be-
low, Where the vector of unknown parameters
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Parameter Value σ%

Nr −17.981/s 3.1124
Nd 257.06rad/s2 1.7156

Table 3: Directional model estimated parame-
ters and standard deviation

contain the stability derivative Zw and the con-
trol derivative Zd, where ω is the vertical veloc-
ity:

ẇ = Zww + Zδδvert (2)

Parameter Value σ%

Zw −0.615141/s 1.9633
Zd −23.748m/s2 0.3948

Table 4: Vertical model estimated parameters
and standard deviation

4. Dynamic inversion controller
design

A controller based on dynamic inversion was de-
signed to achieve stability and disturbance re-
jection. The controller featured an inner loop
for attitude and vertical velocity tracking and
an outer loop for longitudinal and lateral veloc-
ities. The design follows this methodology [3]:
Let us consider a MIMO system with state vari-
able x(t) ∈ Rn, input u(t) ∈ Rm and output
y(t) ∈ Rp. We can then write the system up-
date and readout equations as follows:

ẋ = Ax+Bu

y = Cx

(3)
(4)

For the purposes of the analysis, the matrix D
is omitted. Note that the inversion can be done
for any system with A ∈ Rnxn, B ∈ Rnxm and
C ∈ Rpxn. Next, we differentiate the output
equation until the explicit dependence of control
input u(t) is seen:

ẏ = CAx+ CBu (5)

The equation is then inversed to express the in-
put needed to drive an output in y:

u = (CB)−1(v − CAx)

v = ẏcmdf +Ke

e = ycmdf − y

(6)
(7)

(8)

where v is the pseudo command vector and K
is the compensator of e, which is the difference
between the filtered desired output ycmdf and
the measured output y.
The dynamic inversion also features filter blocks
to smoothen the input and allow for better
tracking.

4.1. Simulink model
The flight controller was modeled in Simulink
and simulated using the complete model, which
includes all the dynamics in a block diagonal
configuration. This simulation allowed for test-
ing the controller and obtaining a preliminary
tuning for the PID and PI parameters. The con-
troller was able to stabilize the unstable longi-
tudinal and lateral dynamics and provided good
tracking and accuracy.

4.2. Software In the Loop
A software in the loop simulator [4] was used
primarly to test and troubleshoot the controller
implementation of the complete auto-pilot archi-
tecture including the actuator model and com-
munication protocols. The SITL behaves simi-
larly to the real drone as it uses the same frame-
work of the flight control unit onboard the ANT-
X. This allows for ease of troubleshooting and
testing of the actuator model. The SITL model
is designed in a 3D software by Open Robotics
named Gazebo. Since the models are differ-
ent, adjustments to the controller were made
and comparison with the Simulink results are
reported in Figures 2 and 3 for the longitudi-
nal and lateral dynamics respectively. The SITL
simulation highlighted an important issue with
yaw dynamic model, which proved to be un-
stable (Figure 5). The vertical dynamics also
showed some difficulty with compensating the
gravity effects as shown in Figure 4 which was
rectified. Further tuning was performed obtain-
ing the results seen in Figure 6 for the yaw
dynamics with the final controller data are re-
ported in Table 5.

4.3. Flight test results
With the controller architecture and parameters
ready, a flight test was performed on the ANT-X
at the FlyART arena. The input for the veloci-
ties in all direction was a doublet of 0.5 m/s. The
yaw dynamics was tested using a doublet in yaw
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Gains KP KI KD

Roll angle 136 200 20
Pitch angle 136 200 20

Longitudinal velocity 1.8 1 -
Lateral velocity 1.8 1 -
Vertical velocity 1.8 1 -

Yaw rate 45 625 -

Table 5: Tuned controller parameters

angle of 30 deg. The results of the flight experi-
ment are reported in Figures 7, 8, 9, and 10. The
longitudinal, vertical, and directional dynamics
all performed well with very good tracking and
little overshoot. The modifications to the yaw
and vertical velocity models was able to amelio-
rate the system response. The lateral dynamics
showed slight error in tracking, which is due to
the small difference in the identified model with
respect to the longitudinal one.

5. Robust stability analysis
As discussed previously, dynamic inversion is
highly susceptible to uncertainty on the param-
eters and model quality, as it assumes perfect
knowledge of the model variables. This high-
lights the importance of designing a robustly
stable controller, able to handle the uncertainty
stemming from identification errors. For this
analysis, the inner loop attitude controller is
considered with the standard deviations of the
parameters defined in the identification process.

5.1. Uncertainty analysis
An uncertainty analysis on the inner loop was
performed studying the behavior of the open
loop system. The inversion creates a marginally
stable dynamic similar to an integrator. The
standard deviation defined in Gaussian distribu-
tion drives the poles of the system to the stable
or unstable region, which is highly undesirable.
In closed loop however, the controller is able to
stabilize the dynamics both nominally and in the
presence of uncertainty. .

5.2. LFT and structured singular
value analysis

To study the effects uncertainty using more ro-
bust methods, a SSV analysis was performed.
First the system was transformed into the M-
∆ form [5], which is an LFT form often used
in robust stability and analysis techniques. The

SSV provides bounds indicating the worst-case
scenario for the system’s performance under the
designated uncertainties.
• If µ ≤ 1, there is no uncertainty δ ∈ ∆ that

produces a singularity
• If µ ≥ 1, there exists an uncertainty δ ∈ ∆

that produces a singularity, meaning that
the system is not robustly stable to all sets
of uncertainty.

From Figure 11 we can see that the controller is
able to handle the parametric uncertainty.

5.3. Gap metric and Monte Carlo ex-
periment

Lastly, two iterative methods were performed
to simulate the system in the presence of per-
turbations. The first one is the gap metric
[6], which is a measure of how close a system
G1(s) is to system G2(s) in terms of controlla-
bility. In other words it provides a measure of
weather the same controller can stabilize both
systems. The second method is the Monte Carlo
approach, which was used to simulate a range of
perturbed systems and analyse their response to
check whether the model can shift to the unsta-
ble region. Both experiments used a set of 1000
simulations. The system was able to handle all
uncertainty with more noticeable sensitivity on
the yaw dynamics.

6. Conclusion
To summarize, the grey-box identification of a
quadrotor was performed starting from a de-
rived mathematical model. The identified plant
of the drone was used to design and fly test an
innovative controller based on dynamic inversion
techniques with good results in tracking and sta-
bility. The uncertainty concerns of the method
were addressed in a robust stability analysis, en-
compassing the inner attitude and vertical mod-
els of the drone.
An important finding is the instability in yaw
which was not detected using the nominal model
simulation. This highlights the importance of
using different techniques for troubleshooting
and analysis which was taken into consideration
moving into the robust stability part.
Further consideration can be discussed in the
tuning and identification process. The controller
parameter could be improved and other tuning
methods considered. The lateral dynamics es-
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timates could be enhanced and more research
performed on the quality of input/output signals
used for the identification. This would allow to
push the controller performance capabilities and
design it for specific mission profiles or maneu-
vers.
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Figures

Figure 1: ANT-X Drone

Figure 2: Longitudinal velocity simulated re-
sponse (SITL against Simulink)

Figure 3: Lateral velocity simulated response
(SITL against Simulink)

5

https://docs.px4.io/main/en/sim_gazebo_classic/
https://docs.px4.io/main/en/sim_gazebo_classic/


Executive summary Soufiane El Omari

Figure 4: Vertical velocity simulated response
(SITL against Simulink)

Figure 5: Yaw doublet simulated response
(SITL)
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Figure 6: Tuned yaw response (SITL)

Figure 7: Longitudinal dynamics flight test re-
sults
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Figure 8: Lateral dynamics flight test results

Figure 9: Directional dynamics flight test results

Figure 10: Vertical dynamics flight test results
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Figure 11: Structured singular value upper
bounds
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