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1
Introduction

Turbulence modeling has become an essential aspect of many engineering devicesô performances. In
combustion chambers, turbulence increases fuel/air mixing, reducing emissions; in wind turbine design,
the knowledge of the turbulence in the incoming flow and the bladesô boundary layer is essential to in-
crease their energy production. In nautical design, delaying the occurrence of turbulence in boundary
layers over the foil surfaces improve aerodynamic efficiency; in Formula 1 cars design, the generation
and control of turbulent flow features such as wakes and highly vortical structures are vital to increase
the car performance. There is, therefore, a significant demand for new techniques to simulate, predict,
and analyze turbulent flows. However, the representation of these turbulent motions is very challeng-
ing due to significant and irregular variations of the fluid velocity field both in position and time and
the additional practical needs of numerical stability and computational efficiency. Therefore, even the
most complicated models need radically simplifying assumptions about the structure of the underlying
turbulence.

In this context, Computational Fluid Dynamics (CFD) analyses have become an essential tool for
several practical and industrial problems. Analysis of turbulent flows using Direct Numerical Simulation
(DNS) and Large-Eddy Simulations (LES) started almost sixty years ago, with the pioneering work of
Smagorinksy in 1963 [39]. Over the past half-century, they have more and more supplemented exper-
imental measurements, fostered by continuous computer power growth. Nevertheless, the Raynolds
average Navier-Stokes (RANS) models are still the most widely used methods in academia and in-
dustry. These rely entirely on modeling assumptions to represent turbulent characteristics, leading to
lower computational requirements. Moreover, their solutions directly provide the mean flow, making
them computationally very tractable and appealing for engineering applications.

Although new and increasingly complex models are being developed [52, 29], most of the RANS
methods used in industrial and academic CFD solvers were formulated and published in the 1980s,
and 1990s [7, 51]. Surprisingly the hypothesis at the heart of these models dates a century before,
when J. Boussinesq postulated a linear relationship between Reynolds stresses and mean strain rate
tensors, twenty years before Reynolds stresses were even formulated [4]. The averaged equations
are then closed by defining a scalar constant, determining the proportionality between the two tensors,
with independent turbulent quantities, computed with additional transport equations. These closure
models are called Linear Eddy Viscosity Models (LEVM). It is essential to notice that Boussinesqôs
assumption is a strong hypothesis, which does not hold in many engineering-relevant flows, such as
those with curvature, impingement, and separation [5]. Even for simple shear flows, it cannot capture
the anisotropic nature of the Reynold stresses. Accuracy is, therefore, a critical aspect of LEVM.

A classical approach to predict these modelsô success or failure has relied on domain expertise and
statistical data analysis, possibly switching to more sophisticated closures or high fidelity large-eddy
simulations. However, the recent dramatic improvement in modern machine learning (ML) strategies
has brought a fresh perspective to the problem. Several authors used ML to identify and model Reynold
stress tensor discrepancies between RANS simulation and high-fidelity data. Ling and Templeton [21]
compared support-vector machines, adaboost decision trees, and random forests to classify and predict
high-uncertainty regions in the Reynold stress tensor. Parish and Duraisany [13] used anML framework
and Bayesian field inversion to build corrective models based on inverse problems. Singh et al. [38]
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later used these models to develop a neural-network enhanced correction for the Spalart-Allmaras
model. Ling et al. [22] developed a deep neural network architecture to model the anisotropic Reynolds-
stress tensor, based on a more general effective-visxosity hypothesis. The architecture is built on the
tensor polynomial decomposition proposed by Pope [31] and it embeds Galileian invariance in the
tensor predictions .

This work aims to study the accuracy of RANS simulations in the formation and evolution of a
wingtip vortex to identify potential approaches to improve Boussinesqôs hypothesis using an ML frame-
work. This flow type was chosen because of its modeling complexity and relevance in many practical
industrial applications. The development and interactions of the primary and secondary vortices gen-
erated by the wing cap, combined with the high curvature of the streamlines and the high velocity and
pressure gradients in all three directions, make it particularly challenging to model. Nevertheless, the
characterization of the vortical structures shed from lifting surfaces is of primary importance on wind
turbines, helicopter blades, propeller cavitation in ships, high-lift configurations of aircraft, and the high-
performance automotive industry [2, 35, 34].

This projectôs initial objective was to compute and compare LES and RANS simulations of the three-
dimensional turbulent flow over a NACA-0012 half wing mounted at wall to study the accuracy of LEVM
on wingtip vortex, and identify input and output variables to be used in an ML-based model. However,
due to the setup of the simulations and the computing time requirements, we were not able to obtain
statistically steady LES solutions to present in this work. Therefore, the results obtained with a Negative
Spalart-Allmaras [1] and a Menterôs Shear Stress Transport turbulent models [26] will be compared with
the experimental data proposed by Chow et al. [8] and the RANS simulations of Churchfield et al. [9] at
a free stream Reynolds number Re = 4:3 x 106 and Mach numberM = 0:14. Furthermore, we studied
the effects of the Reynolds number performing the same simulations at Re = 1:2 x 106 and M = 0:1,
comparing with the LES results of Lombard et al. [24]. To solve the RANS equations, we use the open
source software SU2 [43].

In Chap.2 we present a theoretical background of turbulence models, providing an overview of
the main challenges and differences between LES and RANS. Chap.3 reports a description of the
flow investigated and the computational setup defined for the simulations. In Chap.4 we analyze the
results obtained with the RANS simulations and compare them with the reference results. Moreover,
we present a qualitative overview of the instantaneous flow computed with implicit LES simulations on
10% of the wing span. The latter can be helpful in the future development of the work to improve the
mesh refinements. Chap.5 is dedicated to discussing future work to enhance turbulence closure using
supervised learning methods, starting from what was observed in the results.



2
Theoretical background

Turbulence is one of the last unsolved problems of classical physics. Although it can be defined using
physical laws, its description is challenging due to its non-linear, multiscale, chaotic nature. Neverthe-
less, turbulence phenomena play key roles in many practical engineering problems. Engineers rely on
turbulence models to study these complex flows, tring to find the best compromise between an accurate
description of the physics and computational efficiency.

2.1. Turbulence models
In a continuum mechanic framework, the Navier-Stokes equations, complemented by the thermody-
namic equation for the fluid state and empirical laws for the diffusion coefficients dependency on the
other variables, represent a complete mathematical model to study turbulent flows. The solution is
obtained numerically using Partial Differential Equations (PDE) algorithms. A first intuitive approach is
directly applying those algorithms to the unsteady Navier-Stokes equations (DNS). However, one would
need to resolve all the physical flowôs space-time scales, equivalent to requiring the numerical resultôs
space-time resolution scale to be as refined as the continuous problem one. This can be extremely
constrictive in the case of turbulence, characterized by scales of very different sizes. Researchers have
developed LES and RANS models to overcome this limit. These methods decrease the computational
cost by solving the equation at a coarser level of the fluid system description.

To better understand the multiscale nature of turbulence and the differences in DNS, LES, and
RANS models, we firstly review the basic concepts of Richardsonôs energy cascade and Kolmogorov
hypotheses. In Richardsonôs view, turbulence is considered a sea of eddies of different sizes. An
ôeddieô eludes a precise definition. It can be seen as a region of the flow of size l, characterized by a
turbulent motion, which is at least moderately coherent over this area. Besides having a characteristic
size, each eddie is associated with a velocity u(l) and a timescale �(l).

A length l0, comparable to the flow scale L, characterize the eddies in the largest scales. Their
characteristic velocity u(l0) is in the order of the root mean square turbulence velocity fluctuations
u0 = ( 2

3k)1/2, comparable to uL, the characteristic flow velocity. The Reynolds number of these eddies
is therefore comparable to the one of the flow (i.e., is large), so direct effects of the viscosity are negligi-
ble. Richardson theorizes that these large eddies, created by the mean flow, are unstable and break up
into smaller eddies, transferring their energy to them. Then the process continues until the Reynolds
number Re = u(l)l/� is sufficiently small that the eddie motion is stable, and molecular viscosity effec-
tively dissipates the kinetic energy. Kolmogorov added to this theory, formulating hypotheses that help
quantify and characterize these different scales.

Local isotropy hypothesis: At sufficiently high Reynolds numbers, the small-scale turbulent
motions (� = l << l0) are statistically isotropic.
First similarity hypothesis: At sufficiently high Reynolds numbers, the statistic of small-scale
motions has a universal form that is uniquely determined by the molecular viscosity � and the rate
of dissipation �.
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2.1. Turbulence models 4

Second similarity hypothesis: At sufficiently high Reynolds numbers, the statistic of themotions
of the length scale l, with � << l << l0, have a universal form uniquely determined by the rate of
dissipation �.

These hypotheses define three length scale ranges: an energy-containing range and a universal
equilibrium range, divided into an inertial sub-range (lDI < l < lEI ) and a dissipation range (l < lDI ).
The suffixes EI and DI stand for the demarkation between the energy range (E) and the inertial sub-
range (I) and between the inertial sub-range and the dissipation range (D). An illustration of these
different scales and the energy distribution within them is presented in Fig.2.1. The energy bulk is
contained in the larger eddies and is transferred to the smaller ones via the inertial sub-range. In the
smaller scales, all the directional bias of the larger scales is lost (local isotropy hypothesis). The length �,
the velocity u� and time ��, characterizing these scales, can be uniquely defined by the dissipation rate
� and the molecular viscosity � (first similarity hypothesis). In the inertial sub-range, the viscous effects
are negligible, and inertial effects determine the motions (second similarity hypothesis). A central point
in this formulation is that the rate of energy transfer T (l) to the smaller scales balances the dissipation
rate, i.e., T (l) � �. That is, the rate of transfer from the larger scales determines the constant rate of
energy transfer to the inertial sub-range, hence the dissipation rate. Or, from a modeling perspective, a
correct definition or modeling of the smaller scales is needed to correctly represent the larger structures
of turbulence, which are the ones of interest.

Energy-containing range Universal equilibrium range

Inertial sub-range Dissipation rangePProduction

Energy transfer

T (l)

Dissipation

Log(  )

L
og

( 
   

  )

Figure 2.1: Illustration of the energy spectrum for homogeneous isotropic turbulence at high Reynolds number. In the center of
the wave number range, the curve exhibit power-law behavior defined by the Kolmogorov -5/3 law, i.e., E(�) = C��2/3��5/3,

where C� is a constant. Common values for lEI and lDI are L/6 and 60�, respectively.

To illustrate the critical issues in resolving all the physical flowôs space-time scales, let us consider
statistically homogeneous and isotropic turbulence. For this type of flow, the Kolmogorov hypothesis
allows for a quantification of the ratio between the larger and the smaller scales:

L

�
= O

�
Re3/4

�
�L

��
= O

�
Re1/2

� (2.1)
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Therefore for three-dimensional space, O
�
Re9/4

�
degrees of freedom are needed to represent all

the spatial flow scales. Even if the time ratio varies as O
�
Re1/2

�
, the use of an explicit time-integration

algorithm leads to a linear dependency of the time step to the mesh size. Therefore a Direct Numerical
Simulation would require solving the Navier-Stokes equations O

�
Re3

�
times to calculate the evolution

of the solution for a duration equal to the characteristic time of the most energetic scale. Aeronautical
applications usually deal with large Reynolds numbers (it can reach up to 108). Therefore the computa-
tional requirements would be greater than the resources currently available. To compute the solution,
more tractable models, obtained by introducing a coarser flow system description level, are defined.
Fig.2.2 illustrates an example of this concept. Large eddie simulations reduce the number of degrees
of freedom of the numerical solution by projecting the solution on an ad-hoc function basis and solving
only the low-frequency modes in space. Raynolds Average Navier Stokes models directly compute the
solutionôs statistical average. Here the statistical character of the solution prevents a fine description
of physical mechanisms.

DNS LES RANS
Figure 2.2: Different levels of spatial description for a DNS, LES and RANS channel flow simulation. Adapted from [45].

As illustrated by the energy cascade concept, a dynamic coupling exists between all the scales
(mathematically represented by the non-linearity of the Navier-Stokes equation). Therefore, the cor-
rect representation of the solved scales is obtained only by correctly modeling the non-solved scalesô
interactions by introducing statistical models that reflect the global or average actions. These will be
further discussed in Sec.2.1.1 and 2.1.3.

2.1.1. Large Eddie Simulations
LES formulation aims to reduce the computational cost by solving the equations in a coarser compu-
tational grid. As learned from the Kolmogorov theory, the larger energy-containing scales are directly
affected by the flow geometry and thus are the ones of interest. On the contrary, the smaller scales
have, to some extent, a universal character. When resolving in a coarser grid, the method cannot
describe the smaller turbulent motions (sub-grid scales). As a result, these will be cut off from the solu-
tion, as shown in Fig.2.3. To still solve the larger motions, the LES formulation must correctly represent
the interaction between the larger and smaller scales, which implies accurately expressing the energy
transfer rate at the inertial sub-range.

Because large-eddy simulation implies unresolved energy, two essential points must be considered.
The method must avoid non-linear aliasing (accurately representing energy transfer and destruction)
and correctly describe backscatter (inverse energy transfer from small to large scales). Two primary
ways are identified to address these criticalities: the explicit large eddie simulations approach and the
implicit approach.

In an explicit approach the velocity U(x; t) is decompose into the sum of a filtered (resolved) compo-
nent U(x; t) and a residual (sub-grid scale) component u0(x; t). The filtered velocity U(x; t) represent
the three dimensional and time-dependent motion of the large eddies, the new unknown. The equa-
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under-resolved sub-gridresolved

PHYSICAL SPACE FOURIER SPACE

Figure 2.3: Illustration of large eddie simulations resolved and cut-off scales in the physical and Fourier space. Three zones
can be defined: the resolved range, corresponding to the larger scales, an under-resolved or sacrificed range, and a sub-grid
range, corresponding to the smaller scales. The cut frequency demarcates the separation between the frequencies present in

the numerical solution and those that are not. For an LES solution, it is usually placed where the scales start to show
self-similarity (dissipation repeats itself at different scales).

tions for its evolution are derived from the Navier-Stokes equations through a filtering operation and
then are solved numerically. This operation can be defined in different ways depending on the model.
The most common is to express the low-pass filter as a convolution product. The derived equations
contain an un-closed term in the momentum equation: the sub-grid tensor (or residual stress tensor),
which arises from the non-linear term of the Navier-Stokes equations. The closure is obtained by intro-
ducing a model for it, which must provide turbulent synchronization (avoid aliasing) and catch the effect
of the smaller scales on the larger ones (backscatter). Because the equations are solved numerically,
alongside the modeling definition, one should consider the numerical method choice. There are two
viewpoints to this end: in one, the filter and model are identified independently of the numerical method,
which implies independently of the grid employed. Hence, the dispersion and dissipation errors of the
numerical method are supposed to be low enough to provide an accurate solution to the filtered equa-
tions. The alternative point of view is that modeling and numerical issues should be combined. In
practice, the two are interwoven to some extent.

In an implicit approach, no filtering is introduced. The unsteady Navier-Stokes equations are nu-
merically solved on a coarser grid by projecting the solution on an ad-hoc function basis. The solution
physics entirely depends on the numerical method. Its dissipation is directly used to model the sub-
grid dissipation rate, such that the model predicts an accurate rate of energy transfer. Therefore, the
dissipation and dispersion errors of the numerical method directly affect the energy spectrum and the
convective terms, respectively. For these reasons, the choice of the numerical scheme has significant
importance. Low-order schemes are usually inadequate due to high numerical dispersion and dissi-
pation. High-order schemes reduce the dissipation localizing it at higher frequencies of the energy
spectrum and decrease the numerical dispersion, accurately representing the turbulent convection.
The Discontinuous Galerkin method (DGM) is a well-suited candidate for developing an implicit LES
approach because they allow for higher order scheme formulation in a finite element framework.
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High-order scheme

Low-order scheme

Figure 2.4: Illustration of the energy spectrum modeled by different numerical schemes. Low-order schemes introduce
numerical dissipation at a broader range of frequencies, resulting in a non-physical description of the energy spectrum, thus of
the larger turbulent motions. Instead, high-order schemes accurately represent the inertial sub-range slope (directly linked to

the energy transfer and dissipation) by adding numerical dissipation only to the higher frequencies of the spectrum.

2.1.2. Discontinuous Galerkin Method
DGM is a finite element method (FEM), which uses a discontinuous interpolation combined with a
Galerkin variational formulation. Considering a general system of N coupled convection-diffusion-
source equations in conservative form, defined in a D dimensional domain 
:

@qm

@t
+ r � fm + r � dm + sm = 0; 8qm 2 U (2.2)

where the subscript index m = 1; :::; N corresponds to a variable, q represent the conserved variables,
f 2 UN�D the convective flux vector, d 2 UN�D the diffusive flux vector, and s 2 UN the source
term. FEM is based upon a mesh (or grid), which approximates the domain 
 by a collection of simple
geometrical elements e:

lim
h!0


h = 
; 
h = [ee (2.3)

where h is the characteristic mesh size. The solution space UN of Eq.2.2 is then approximated using
the grid as a support, such that:

lim
h!0

UN
h = UN (2.4)

where UN
h is called the trial space. The terms ~um of the solution state vector ~u 2 UN are expressed as

the linear combination of shape functions �j , which constitute a suitable set of basis functions for Uh:

~um � um = umi�i Uh = span f�j ; j 2 [0; U ]g (2.5)

The scalars umi represent the expansion weights associated with the variable m with respect to
the i-th shape function �i. In the trial space UN

h these basis are chosen as the columns of the matrix
� = (�11 �12 ::: �1U ::: �N1 �N2 ::: �NU ). We can therefore rewrite the solution as:

u = umi�mi: (2.6)
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Since the solution is approximated, Eq.2.2 can not be satisfied everywhere in the domain. There-
fore the equations are re-defined using the weak formulation as a Galerkin Variational problem, which
requires the equations residual to be orthogonal to all members v of a test space VN

e = UN
h .

L(u; v) =

Z



v

�
@q

@t
+ r � f + r � d + s

�
dV = 0; 8v 2 UN

h (2.7)

where the sum over the variable index m is implied and the test functions v can also be expressed as
linear combinations of the same basis used for u.

v = vmi�mi (2.8)

Using this framework, Discontinuous Galerkin methods define Eq.2.7 by choosing as trial space
a broken vectorial space (often polynomial). Its elements consist of vectors of functions that are fully
regular within each mesh element but not necessarily continuous across elements. These guarantee
DGM greater freedom of shape function choice than the classical continuous FEM. The possibility
of being discontinuous across elements makes the shape function construction easy and flexible: any
shape function can be supported on a single element, and the interpolation can change from element to
element (usually the order). Another significant difference between the DG and continuous FEmethods
is the presence of additional terms in the Galerkin variational formulation, arising from the element
boundary fluxes. Using a Discontinuous Galerkin formulation Eq.2.7 is rewritten as follow:

X
e

Z
e

v
@q

@t
dV +

X
e

Z
e

rv � hdV +
X

e

Z
e

vsdV +
X

f

Z
f



�
u+; u�; v+; v�; n

�
dS = 0; 8v 2 UN

h (2.9)

where f represent the element faces, h stand for f or g or their sum, n the normal direction to the
element boundary (for each element + symbol define the outward pointing normal, while - the opposite
direction), and 
 is the interface flux. For consistency the latter should be chosen such that for a
continuous solution u+ = u� = ~(u), and h(u+) = h(u�), the following relation is satisfied:



�
u+; u�; v+; v�; n

�
= JvK � h(~u): (2.10)

where J�K define the jump operator JxK = x+n+ + x�n�.
Eq.2.9 provides a general derivation of the Discontinuous Galerkin formulation. The user have great

freedom in the flux function 
 (u+; u�; v+; v�; n) choice. We will now give a brief overview of how this
term can be treated to assure stability in the case of convective and diffusive fluxes.

Considering the hyperbolic subsystem, DGM can be interpreted as an extension of first-order Finite
Volume Methods (FVM) to high-order [19]. FVM uses the integral form of the convection equations to
compute the cell average evolution of the conservative variables �qi, for every mesh element i. The
flux balance of every element is then approximated as the sum of the interface fluxes to each of the j
neighbouring cell:

Vi
@�qi

@t
+

X
j\i 6=;

Z
fij

f̂ � n dS (2.11)

where f̂ � n is the approximation of the numerical fluxes through the faces. Its computation depends
on two elements: the reconstruction and the flux function. The first defines how the solution at the
faces is extrapolated from the cell average �qi, using the neighborhood average cell values �qj . The
second specifies the flux estimation through the boundary from the two reconstructed state vectors on
either side of the face. An important observation is that the reconstruction step determines the order
of accuracy of the Finite Volume discretization. We can now see the Discontinuous Galerkin Methods
as an alternative way to increase the order of the method. Instead of reconstructing the solution at the
desired accuracy order from the cells averages, DGM increases the polynomial order in the elements.
Following this philosophy, it can be proven that the DG flux function 
f of a hyperbolic problem can be
defined as follow:


f

�
u+; u�; v+; v�; n

�
= JvK � n H

�
u+; u�;n

�
(2.12)
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whereH (u+; u�;n) is the Finite Volume flux function. Defined in this way, DGM inherits the consistency
and stability of FVM resulting from the choice of the interface flux H.

Even if historically Discontinuous Galerkin Methods dealt with hyperbolic problems only, several
discontinuous finite element formulations were developed for elliptic problems. These methods are
also now considered DGM. One can distinguish two classes of methods: the Interior Penality Methods
(IPM) and the Lifting Methods. The first can be seen as a generalization of classical continuous finite
element methods. The interface fluxes here are defined using a generalization of the boundary penalty
methods. An additional penalty term (marked in green), penalizing the difference between the desired
solution and the current one, is added to the variational formulation for each element separately to
impose continuity of the solution u across the domain:

X
f

Z
f


d

�
u+; u�; v+; v�; n

�
dS =

X
f

�f

Z
f

JvK � JuK dS
+

X
f

Z
f

JvK � ffD � rugg dS

+
X

f

�

Z
f

JuKffD � rvgg dS

(2.13)

where �f is to be chosen such that the positive contribution of the penalty term dominates the boundary
flux term (in red), retained for consistency. Therefore to maintain coercivity, �f has to be larger than a
locally defined critical value �c. The blue term is added in variation of the classical formulation, if � = 1
we obtain a symmetric boundary penalty method (the symmetry of the bilinear form a(u; v) is lost in the
classical formulation where � = 0). If � = �1, the boundary flux no longer impacts coercivity, and �f ,
in theory, does not have a critical value (it should only be greater than zero). The underlying principles
and stability analyses of the Interior Penality Methods are quite close to the standard FEM. The Lifting
Methods use an auxiliary variational problem to obtain an estimate of the solution gradient, which is
then used in a second step to discretize the elliptic equations.

2.1.3. Reynolds Average Navier-Stokes equations
RANS formulation decreases the computational cost of the simulation by introducing statistical models
to compute the statistical solution average directly. The user can solve the modeled equations on a
coarser grid than the one used for DNS or LES computations, significantly reducing the processing time.
However, the statistical character of the solution implies that all the frequencies of the turbulence energy
spectrum are modeled, which prevents a fine description of the turbulence physical mechanisms.

The modeled equations are derived from the conservative form of the Navier-Stokes equations
through a Reynolds decomposition and averaging. The velocity vector is expressed as the sum of two
contributions: the mean velocity U field and an instantaneous fluctuation u0 field:

u = U + u0: (2.14)

Then the governing equations are rewritten through an averaging operation (usually an average
ensemble [30]). Considering an incompressible flow as an example, one would have:

r � U = 0 (2.15)
�DUj

�Dt
= �r2Uj �

@


u0

ju
0
i

�
@xi

� 1

�

@ hpi
@xj

(2.16)

where � is the flow density, � the viscosity, p the pressure, h�i express the averaging operation, and
�D(�)/ �Dt is the mean substantial derivative, which expresses the rate of change following a point moving
with the local mean velocity U :

�D (�)
�Dt

=
@ (�)
@t

+ U � r (�) : (2.17)
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A consequence of the continuity equation (Eq.2.15) is that r � u0 = 0. Therefore both U and u0 are
solenoidal fields.

For a general three-dimensional flow, Eq.2.15 and 2.16 are a set of four independent equations
governing the mean velocity field. However, these equations contain more than four unknowns. The
velocity covariances



u0

iu
0
j

�
of Eq.2.16 are un-closed terms, which appear from the averaging operation

of the Navier-Stokes equations due to the non-linear convection term. These new unknowns take the
name of Reynolds stresses. Making an analogy with the viscous stresses, they can be interpreted as
apparent stresses arising from momentum transfer by the fluctuating velocity field. They also charac-
terize the different behavior of the instantaneous velocity field u to its average U . Before analyzing the
Reynolds stress models proposed to close the equations, we briefly review the properties of



u0

iu
0
j

�
.

The Reynolds stresses are the components of a second-order tensor, which is symmetric positive
semi-definite. Its diagonal components hu0

iu
0
ii are normal stresses, while the off-diagonal components

are shear stresses. The distinction between these two terms is dependent on the coordinate system
choice. An intrinsic tensor decomposition can be made using isotropic and anisotropic stresses. By
defining the isotropic component as 2

3k�ij , the deviatoric part is defined as follows:

rij =


u0

iu
0
j

�
� 2

3
k�ij (2.18)

where �ij is the Kronecker delta, and k is the turbulent kinetic energy, defined to be half the trace of
the Reynold stress tensor k = 1/2 hu0

iu
0
ii. An important point in this decomposition is that only the

anisotropic component aij effectively transports momentum.

u0

iu
0
j

�
= aij +

2

3
k�ij : (2.19)

Eq.2.15 and 2.16 can be closed by introducing a model that relates the Reynolds stress tensor to
averaged quantities. The main closure, used in most of the RANS methods in industrial and academic
CFD solvers, is the turbulent-viscosity hypothesis, or Boussinesqôs hypothesis, after Joseph Boussi-
nesq. He proposed it in 1872 during the French Academy of Sciences meeting (the interested reader
can find the meeting report in [4]). According to this hypothesis, the deviatoric Reynold stress R is pro-
portional to the mean rate of strain of the fluid S (symmetric part of the mean velocity gradient tensor)
through a scalar quantity �T , called turbulent viscosity:



u0

iu
0
j

�
� 2

3
k�ij = ��T

�
@Ui

@xj
+
@Uj

@xi

�
(2.20)

where sij = 1
2

�
@Ui

@xj
+

@Uj

@xi

�
. Eq.2.20 allows to reduce the number of unknowns in Eq.2.15 and 2.16,

the 9 unknown components of the Reynolds stresses are replaced by one scalar unknown �T (x; t).
The closure is finally obtained with an additional transport equation for the evolution of turbulence
quantities. As example, two-equation models (such as k � " [7] and k � ! [51]) express the turbulent
viscosity as a combination of two turbulent quantities (k and " or the specific dissipation rate !) for
which additional transport equations are defined. Empirically defined model constants allow for tuning
the models for different cases. Instead, one equation models (such as Spalart-Allmaras (SA) [41])
provides an equation for the evolution of one quantity, in the case of the SA model, ~nu, which is then
linked to the effective viscosity �eff (x; t) = �+ �T (x; t) with a non linear functional relationship. These
models are called Linear Eddy Viscosity Models (LEVM), due to the linear relation imposed by Eq.2.20.

A major advantage of the turbulent-viscosity hypothesis is that by replacing Eq.2.20 in Eq.2.16 one
obtains the Reynolds equations in the same form as the Navier Stokes equations:

�DUj

�Dt
=

@

@xj

�
�eff

�
@Ui

@xj
+
@Uj

@xi

��
� 1

�

@

@xj

�
hpi +

2

3
�k

�
(2.21)

where �eff is the effective viscosity, and hpi + 2/3�k is the modified mean pressure field. Although it
provides a convenient closure to the Reynolds equations, the accuracy of Boussinesqôs hypothesis is
poor for many flows.

The turbulent-viscosity hypothesis can be divided in two parts: an intrinsic assumption and a spe-
cific assumption [32]. The first implies that at each point and time, the Reynolds stress anisotropy
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�7�K�H �S�U�H�V�V�X�U�H �J�U�D�G�L�H�Q�W �J�H�Q�H�U�D�W�H�V �I�O�R�Z �Z�K�L�S�S�L�Q�J �D�U�R�X�Q�G �W�K�H �W�L�S�� �Z�K�L�F�K �L�Q�G�X�F�H �G�H�Y�L�D�W�L�R�Q �R�I �W�K�H �V�X�U�I�D�F�H
�V�W�U�H�D�P�O�L�Q�H�V�� �R�X�W�E�R�D�U�G �R�Q �W�K�H �S�U�H�V�V�X�U�H �V�L�G�H �D�Q�G �L�Q�E�R�D�U�G �R�Q �W�K�H �V�X�F�W�L�R�Q �V�L�G�H��

�$�W �W�K�H �Z�L�Q�J �F�D�S�� �W�K�H �I�O�R�Z �V�H�S�D�U�D�W�H�V �D�Q�G �U�R�O�O���X�S �L�Q�W�R �D �Y�R�U�W�H�[�� �I�H�G �E�\ �W�K�H �E�R�X�Q�G�D�U�\ �O�D�\�H�U �Y�R�U�W�L�F�L�W�\
�F�O�R�V�H �W�R �W�K�H �W�L�S�� �$�V �W�K�H �Y�R�U�W�H�[ �P�R�Y�H�V �G�R�Z�Q�V�W�U�H�D�P�� �L�W �U�R�O�O�V �X�S �P�R�U�H �D�Q�G �P�R�U�H �R�I �W�K�H �Z�L�Q�J �Z�D�N�H �X�Q�W�L�O �L�W�V
�F�L�U�F�X�O�D�W�L�R�Q �L�V �Q�R�P�L�Q�D�O�O�\ �H�T�X�D�O �W�R �W�K�D�W �R�I �W�K�H �Z�L�Q�J�� �*�U�R�Z �>���� �@ �U�H�S�R�U�W�V �W�K�D�W ������ �R�I �W�K�H �F�L�U�F�X�O�D�W�L�R�Q �H�Q�W�H�U�V
�W�K�H �W�L�S �Y�R�U�W�H�[ �Z�L�W�K�L�Q �R�Q�H �F�K�R�U�G �R�I �W�K�H �W�U�D�L�O�L�Q�J �H�G�J�H�� �6�H�Y�H�U�D�O �D�X�W�K�R�U�V �U�H�S�R�U�W �W�K�H �S�U�H�V�H�Q�F�H �R�I �V�H�F�R�Q�G�D�U�\
�D�Q�G �W�H�U�W�L�D�U�\ �Y�R�U�W�L�F�H�V�� �Z�K�L�F�K�� �D�V �W�K�H�\ �E�H�F�R�P�H �Z�U�D�S�S�H�G �X�S �L�Q�W�R �W�K�H �S�U�L�P�D�U�\ �Y�R�U�W�H�[�� �F�D�X�V�H �D �U�D�S�L�G �F�K�D�Q�J�H
�R�I �G�L�U�H�F�W�L�R�Q �R�I �W�K�H �Y�R�U�W�H�[ �F�R�U�H �>�������� ������ ������ �@�� �7�K�L�V �E�H�K�D�Y�L�R�U �L�V �U�H�S�R�U�W�H�G �L�Q �W�K�H �O�L�W�H�U�D�W�X�U�H �D�V �´�Y�R�U�W�H�[ �N�L�Q�N�´��
�7�K�H �Y�R�U�W�H�[ �F�H�Q�W�H�U�O�L�Q�H �X�Q�G�H�U�J�R�H�V �D �V�X�G�G�H�Q �V�S�D�Q�Z�L�V�H �F�U�R�V�V���I�O�R�Z �D�F�F�H�O�H�U�D�W�L�R�Q �D�W �W�K�H �E�H�J�L�Q�Q�L�Q�J �R�I �W�K�H
�N�L�Q�N�� �D�Q�G �D�W �L�W�V �H�Q�G�� �L�W �U�H�V�X�P�H�V �L�W�V �R�U�L�J�L�Q�D�O �G�L�U�H�F�W�L�R�Q�� �7�K�H �Z�L�Q�J �F�D�S �V�K�D�S�H �L�V �U�H�S�R�U�W�H�G �W�R �L�Q�I�O�X�H�Q�F�H �W�K�H
�Y�R�U�W�L�F�H�V �O�R�F�D�W�L�R�Q �D�Q�G �W�K�H �Q�X�P�E�H�U �R�I �Y�R�U�W�L�F�H�V �I�R�U�P�L�Q�J �>���� �@�� �*�X�L�Q�L �>���� ������ �@ �D�Q�G �*�X�L�Q�L �	 �%�H�Q�D�U�G �>���� �@ �U�H�S�R�U�W
�W�K�D�W �D �¶�P�R�U�H�¶ �D�[�L�V�\�P�P�H�W�U�L�F �Y�R�U�W�H�[ �V�K�H�G�V �I�U�R�P �D �U�R�X�Q�G�H�G �Z�L�Q�J�W�L�S �Z�L�W�K �V�W�U�R�Q�J�H�U �Y�R�U�W�L�F�L�W�\ �Z�L�W�K�L�Q �L�W�V �F�R�U�H
�F�R�P�S�D�U�H�G �W�R �D �V�T�X�D�U�H���W�L�S �Z�L�Q�J��

�5�$�1�6 �V�L�P�X�O�D�W�L�R�Q�V �Z�H�U�H �F�R�Q�G�X�F�W�H�G �X�V�L�Q�J �W�K�H �I�L�Q�L�W�H �Y�R�O�X�P�H �R�S�H�Q �V�R�X�U�F�H �V�R�I�W�Z�D�U�H �6�8�� �W�R �V�W�X�G�\ �W�K�H
�I�O�R�Z�� �)�X�U�W�K�H�U�P�R�U�H�� �L�P�S�O�L�F�L�W �/�(�6 �F�R�P�S�X�W�D�W�L�R�Q�V �Z�H�U�H �F�D�U�U�L�H�G �R�X�W �R�Q ������ �R�I �W�K�H �Z�L�Q�J �V�S�D�Q �Z�L�W�K �S�H�U�L�R�G�L�F
�E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �X�V�L�Q�J �W�K�H �'�L�V�F�R�Q�W�L�Q�X�R�X�V �*�D�O�H�U�N�L�Q �V�R�I�W�Z�D�U�H �$�5�*�2��

���������&�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q
�7�K�H �U�H�F�W�D�Q�J�X�O�D�U �K�D�O�I���Z�L�Q�J �Q�X�P�H�U�L�F�D�O�O�\ �L�Q�Y�H�V�W�L�J�D�W�H�G �K�D�V �D �1�$�&�$���������� �S�U�R�I�L�O�H�� �Z�L�W�K �D �U�R�X�Q�G�H�G �Z�L�Q�J �F�D�S
�D�Q�G �W�U�D�L�O�L�Q�J �H�G�J�H�� �,�W�V �D�V�S�H�F�W �U�D�W�L�R �L�VAR = 0 :75�� �D�Q�G �L�W �L�V �P�R�X�Q�W�H�G �P�L�G�Z�D�\ �X�S �D �Z�D�O�O �D�W �L�W�V �T�X�D�U�W�H�U �F�K�R�U�G��
�S�L�W�F�K�H�G �X�S �E�\10�ƒ��

�7�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q�� �V�K�R�Z�Q �L�Q �)�L�J���������� �L�V �E�D�V�H�G �R�Q �W�K�H �W�H�V�W �V�H�F�W�L�R�Q �R�I �W�K�H �O�R�Z���V�S�H�H�G �Z�L�Q�G
�W�X�Q�Q�H�O �X�V�H�G �E�\ �&�K�R�Z�� �O�R�F�D�W�H�G �L�Q �W�K�H �)�O�X�L�G �0�H�F�K�D�Q�L�F�V �/�D�E�R�U�D�W�R�U�\ �R�I �1�$�6�$ �$�P�H�V �5�H�V�H�D�U�F�K �&�H�Q�W�H�U�� �7�K�H
�Q�X�P�H�U�L�F�D�O �W�H�V�W �F�D�V�H �H�[�D�F�W�O�\ �U�H�S�U�H�V�H�Q�W�V �W�K�H �Z�L�Q�J �W�X�Q�Q�H�O �F�U�R�V�V���V�H�F�W�L�R�Q0:66c �[ 1c�� �Z�K�H�U�Hc �L�V �W�K�H �D�L�U�I�R�L�O
�F�K�R�U�G�� �+�R�Z�H�Y�H�U�� �L�W �X�V�H�V �D �J�U�H�D�W�H�U �V�W�U�H�D�P���Z�L�V�H �G�R�P�D�L�Q �H�[�W�H�Q�WL �W�R �D�V�V�X�U�H �W�K�D�W �W�K�H �F�R�P�S�X�W�H�G �V�R�O�X�W�L�R�Q �L�V
�I�U�H�H �R�I �E�R�X�Q�G�D�U�\ �H�I�I�H�F�W�V��L �Z�D�V �V�H�O�H�F�W�H�G �V�X�F�K �W�K�D�W �W�K�H �G�R�P�D�L�Q �P�L�P�L�F �&�K�X�U�F�K�I�L�H�O�G�¶�V �R�Q�H �I�R�U �W�K�H �5�$�1�6
�F�R�P�S�X�W�D�W�L�R�Q�V �D�Q�G �W�K�D�W �R�I �/�R�P�E�D�U�G �I�R�U �W�K�H �/�(�6 �V�L�P�X�O�D�W�L�R�Q�V��

�7�K�H �U�H�I�H�U�H�Q�F�H �I�U�D�P�H �X�V�H�G �L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q�V �L�V �D �&�D�U�W�H�V�L�D�Q �F�R�R�U�G�L�Q�D�W�H �V�\�V�W�H�P ��x��y�� z���� �,�W�V �R�U�L�J�L�Q
�L�V �O�R�F�D�W�H�G �D�W �W�K�H �Z�L�Q�J �W�U�D�L�O�L�Q�J �H�G�J�H�� �7�K�Hx �D�[�L�V �L�V �D�O�L�J�Q�H�G �Z�L�W�K �W�K�H �V�W�U�H�D�P���Z�L�V�H �G�L�U�H�F�W�L�R�Q�� �W�K�Hz �D�[�L�V �L�V
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�������� �&�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q ����

�7�H�V�W �F�D�V�H L l1 l2

�&�K�R�Z �H�W �D�O��1:813c 0:396c 1:417c

�&�K�X�U�F�K�I�L�H�O�G �H�W �D�O��5:5c 2:5c 3c

�/�R�P�E�D�U�G �H�W �D�O��10c 3c 7c

�5�$�1�6 �6�8�� 5:5c 2:5c 3c

�/�(�6 �$�5�*�2 10c 3c 7c

�7�D�E�O�H ���������6�W�U�H�D�P���Z�L�V�H �G�R�P�D�L�Q �H�[�W�H�Q�WL �I�R�U �G�L�I�I�H�U�H�Q�W �W�H�V�W �F�D�V�H�V�� �7�K�H �Y�D�O�X�H�Vl1 �D�Q�Gl2 �F�R�U�U�H�V�S�R�Q�G �W�R �W�K�H �G�L�V�W�D�Q�F�H �R�I �W�K�H �Z�L�Q�J
�T�X�D�U�W�H�U �F�R�U�G �W�R �W�K�H �L�Q�I�O�R�Z �D�Q�G �R�X�W�I�O�R�Z �E�R�X�Q�G�D�U�\�� �U�H�V�S�H�F�W�L�Y�H�O�\��

�G�L�U�H�F�W�H�G �W�R�Z�D�U�G�V �W�K�H �Z�L�Q�J �W�L�S�� �D�Q�G �\ �L�V �G�L�U�H�F�W�H�G �R�U�W�K�R�J�R�Q�D�O �W�R �I�R�U�P �D �U�L�J�K�W���K�D�Q�G�H�G �F�R�R�U�G�L�Q�D�W�H �V�\�V�W�H�P��
�D�V �V�K�R�Z�Q �L�Q �)�L�J����������

�,�Q �K�L�V �S�D�S�H�U�� �&�K�R�Z �Z�D�U�Q�V �D�J�D�L�Q�V�W �V�L�J�Q�L�I�L�F�D�Q�W �L�Q�Y�L�V�F�L�G �H�I�I�H�F�W�V ���P�L�U�U�R�U �H�I�I�H�F�W�V�� �O�L�Q�N�H�G �W�R �W�K�H �S�U�R�[�L�P�L�W�\
�R�I �W�K�H �Z�D�O�O�V�� �Z�K�L�F�K �P�R�V�W �O�L�N�H�O�\ �L�Q�I�O�X�H�Q�F�H �E�R�W�K �W�K�H �S�U�L�P�D�U�\ �D�Q�G �V�H�F�R�Q�G�D�U�\ �Y�R�U�W�L�F�H�V�� �/�R�P�E�D�U�G �D�O�V�R �Q�R�W�H�G
�W�K�D�W �W�K�H �V�L�J�Q�L�I�L�F�D�Q�W �E�O�R�F�N�D�J�H �F�U�H�D�W�H�G �E�\ �W�K�H �Z�L�Q�J �L�V �O�L�N�H�O�\ �W�R �F�D�X�V�H �D�Q �D�E�V�R�O�X�W�H �S�H�U�F�H�L�Y�H�G �D�Q�J�O�H �R�I �D�W�W�D�F�N
�D�U�R�X�Q�G ���ƒ �K�L�J�K�H�U �W�K�D�Q �W�K�H �R�Q�H �L�P�S�R�V�H�G �E�\ �W�K�H �J�H�R�P�H�W�U�\�� �7�K�H �Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q�V �G�R �Q�R�W �U�H�S�U�R�G�X�F�H
�W�K�H �E�R�X�Q�G�D�U�\ �O�D�\�H�U �W�U�L�S�S�L�Q�J �P�H�F�K�D�Q�L�V�P �X�V�H�G �L�Q �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �V�H�W�X�S �R�I �&�K�R�Z�� �0�R�U�H�R�Y�H�U�� �W�K�H �Z�L�Q�G
�W�X�Q�Q�H�O �V�H�F�W�L�R�Q�V �X�S�V�W�U�H�D�P �D�Q�G �G�R�Z�Q�V�W�U�H�D�P �R�I �W�K�H �W�H�V�W �V�H�F�W�L�R�Q �D�Q�G �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �W�K�H �S�U�R�E�H�V �S�U�H�V�H�Q�F�H
�D�U�H �Q�R�W �P�R�G�H�O�H�G�� �0�F�$�O�L�V�W�H�U �D�Q�G �7�D�N�D�K�D�V�K�L �>���� �@ �U�H�S�R�U�W �W�K�D�W �W�K�H �W�U�L�S�S�L�Q�J �R�I �W�K�H �E�R�X�Q�G�D�U�\ �O�D�\�H�U �Q�H�D�U �W�K�H
�O�H�D�G�L�Q�J �H�G�J�H �L�Q�F�U�H�D�V�H�V �W�K�H �Y�R�U�W�H�[�¶�V �G�L�D�P�H�W�H�U �E�\ ������ �D�Q�G �G�H�F�U�H�D�V�H�V �W�K�H �L�Q�E�R�D�U�G �P�R�Y�H�P�H�Q�W �R�I �W�K�H
�S�U�L�P�D�U�\ �Y�R�U�W�H�[ �D�O�R�Q�J �W�K�H �V�S�D�Q��

�)�L�J�X�U�H ���������6�L�P�X�O�D�W�L�R�Q�V �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q�� �7�K�H �I�O�R�Z �L�V �D�O�L�J�Q�H�G �Z�L�W�K �W�K�Hx���D�[�L�V�� �7�K�H �O�H�Q�J�W�K�Vl1 �D�Q�Gl2 �D�U�H �W�K�H �G�L�V�W�D�Q�F�H �R�I
�W�K�H �Z�L�Q�J �T�X�D�U�W�H�U �F�R�U�G �W�R �W�K�H �L�Q�I�O�R�Z �D�Q�G �R�X�W�I�O�R�Z �E�R�X�Q�G�D�U�\�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H �O�H�Q�J�W�K�VL ��l1 �D�Q�Gl2 �F�K�D�Q�J�H�V �L�Q �U�H�O�D�W�L�R�Q �W�R �W�K�H �W�H�V�W

�F�D�V�H �F�R�Q�V�L�G�H�U�H�G ���V�H�H �7�D�E������������



�������� �%�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V ����

�7�H�V�W �F�D�V�H�,�Q�I�O�R�Z �W�X�U�E�X�O�H�Q�F�H�7�X�Q�Q�H�O �Z�D�O�O�V �2�X�W�I�O�R�Z

�&�K�R�Z �H�W �D�O�� I < 15�� �Q�R �V�O�L�S ��

�&�K�X�U�F�K�I�L�H�O�G �H�W �D�O��I = 0 :1�� �Q�R �V�O�L�S �&�R�Q�V�W�D�Q�W �P�D�V�V �À�R�Z �U�D�W�H

�/�R�P�E�D�U�G �H�W �D�O�� �1�R�W �P�R�G�H�O�H�G�I�U�H�H �V�O�L�S �'�R�Q�J �H�W �D�O�� �R�X�W�I�O�R�Z �%�& �>���� �@

�5�$�1�6 �6�8�� I = 0 :1�� �I�U�H�H �V�O�L�S �&�K�D�U�D�F�W�H�U�L�V�W�L�F�V���E�D�V�H�G �5�L�H�P�D�Q�Q �%�& �>���� �@

�/�(�6 �$�5�*�2 �1�R�W �P�R�G�H�O�H�G�I�U�H�H �V�O�L�S �0�H�V�K �F�R�D�U�V�H�Q�L�Q�J

�7�D�E�O�H ���������3�U�L�Q�F�L�S�D�O �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �G�L�I�I�H�U�H�Q�F�H�V �I�R�U �W�K�H �Q�X�P�H�U�L�F�D�O �D�Q�G �H�[�S�H�U�L�P�H�Q�W�D�O �V�H�W�X�S�V��I = u0/ U �L�V �W�K�H �W�X�U�E�X�O�H�Q�F�H
�L�Q�W�H�Q�V�L�W�\�� �Z�K�H�U�Hu0 �L�V �W�K�H �U�R�R�W���P�H�D�Q���V�T�X�D�U�H �R�I �W�K�H �W�X�U�E�X�O�H�Q�W �Y�H�O�R�F�L�W�\ �I�O�X�F�W�X�D�W�L�R�Q�V �D�Q�GU �L�V �W�K�H �P�H�D�Q �I�O�R�Z �Y�H�O�R�F�L�W�\��

���������%�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V
�7�D�E�������� �U�H�S�R�U�W�V �W�K�H �S�U�L�Q�F�L�S�D�O �G�L�I�I�H�U�H�Q�F�H�V �L�Q �W�K�H �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V ���%�&�� �X�V�H�G �E�\ �H�D�F�K �V�H�W�X�S�� �6�S�H�F�L�D�O
�D�W�W�H�Q�W�L�R�Q �L�V �J�L�Y�H�Q �W�R �W�K�H �R�X�W�I�O�R�Z �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �F�K�R�L�F�H �G�X�H �W�R �W�K�H �S�U�H�V�H�Q�F�H �R�I �W�K�H �O�R�Z���S�U�H�V�V�X�U�H
�Y�R�U�W�H�[ �F�R�U�H�� �,�I �D �F�R�Q�V�W�D�Q�W �S�U�H�V�V�X�U�H �R�X�W�À�R�Z �E�R�X�Q�G�D�U�\ �L�V �X�V�H�G�� �W�K�H �Y�R�U�W�H�[�� �J�H�Q�H�U�D�W�H�G �D�W �W�K�H �Z�L�Q�J�W�L�S
�D�Q�G �F�R�Q�Y�H�F�W�H�G �G�R�Z�Q�V�W�U�H�D�P �R�X�W �R�I �W�K�H �G�R�P�D�L�Q�� �Z�R�X�O�G �H�Q�F�R�X�Q�W�H�U �O�D�U�J�H �S�U�H�V�V�X�U�H �J�U�D�G�L�H�Q�W�V�� �2�Q�O�\ �W�K�H
�Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q �R�I �&�K�X�U�F�K�I�L�H�O�G �H�W �D�O�� �P�R�G�H�O�V �W�K�H �Z�L�Q�G �W�X�Q�Q�H�O �E�R�X�Q�G�D�U�\ �O�D�\�H�U�� �7�K�H �F�K�R�L�F�H �R�I �X�V�L�Q�J
�I�U�H�H �V�O�L�S �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �L�Q �W�K�H �R�W�K�H�U �F�R�P�S�X�W�D�W�L�R�Q �L�V �M�X�V�W�L�I�L�H�G �E�\ �W�K�H �S�U�L�P�D�U�\ �Y�R�U�W�H�[ �O�R�F�D�W�L�R�Q�� �Z�K�L�F�K
�L�V �V�X�I�I�L�F�L�H�Q�W�O�\ �I�D�U �I�U�R�P �W�K�H �Z�D�O�O�V �V�R �W�K�D�W �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �Z�L�W�K �W�K�H �O�D�W�W�H�U �L�V �P�X�F�K �Z�H�D�N�H�U �W�K�D�Q �W�K�H �R�Q�H �Z�L�W�K
�W�K�H �Z�L�Q�J �V�X�U�I�D�F�H �Y�L�D �W�K�H �V�H�F�R�Q�G�D�U�\ �V�W�U�X�F�W�X�U�H�V�� �7�K�H �L�Q�Y�L�V�F�L�G �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �Y�R�U�W�H�[ �D�Q�G �W�K�H �Z�L�Q�G
�W�X�Q�Q�H�O �Z�D�O�O �L�V �D�V�V�X�P�H�G �W�R �E�H �V�L�P�L�O�D�U �W�R �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �R�Q�H�� �7�K�H �I�R�O�O�R�Z�L�Q�J �V�H�F�W�L�R�Q�V �U�H�S�R�U�W �W�K�H �V�S�H�F�L�I�L�F
�E�R�X�Q�G�D�U�\ �D�Q�G �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V �X�V�H�G �I�R�U �W�K�H �Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q�V��

�������������5�$�1�6 �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V
�)�R�U �W�K�H �W�H�V�W �F�D�V�H �U�X�Q �D�WRe = 4 :3 �[ 106 �D�Q�GM = 0 :14�� �W�K�H �I�U�H�H �V�W�U�H�D�P �F�R�Q�G�L�W�L�R�Q�V �Z�H�U�H �F�K�R�V�H�Q �L�Q �R�U�G�H�U
�W�R �P�D�W�F�K �W�K�R�V�H �R�I �&�K�R�Z�¶�V �H�[�S�H�U�L�P�H�Q�W��Re = 4 :6 �[ 106 �D�Q�GM = 0 :15�� �2�Q�H �V�K�R�X�O�G �Q�R�W�L�F�H �W�K�D�W �&�K�R�Z�¶�V
�U�H�I�H�U�H�Q�F�H �O�R�F�D�W�L�R�Q��x = � 1:1344c��y = 0 :3423c �D�Q�Gz = 0 :0969�� �L�V �M�X�V�W �X�S�V�W�U�H�D�P �R�I �W�K�H �V�X�F�W�L�R�Q �V�L�G�H �R�I
�W�K�H �Z�L�Q�J�� �+�H�U�H �W�K�H �À�R�Z �K�D�V �D�F�F�H�O�H�U�D�W�H�G �P�R�U�H �W�K�D�Q �W�K�H �R�Q�H �D�W �W�K�H �L�Q�I�O�R�Z �O�R�F�D�W�L�R�Q�� �+�H�Q�F�H �D �O�R�Z�H�U �I�U�H�H
�V�W�U�H�D�P �F�R�P�S�X�W�D�W�L�R�Q�D�O �5�H�\�Q�R�O�G�V �D�Q�G �0�D�F�K �Q�X�P�E�H�U �V�K�R�X�O�G �E�H �X�V�H�G �W�R �P�D�W�F�K �W�K�H �V�D�P�H �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H
�I�U�H�H �V�W�U�H�D�P �3�U�D�Q�G�W�O �Q�X�P�E�H�U �L�VPr = � / � = 0 :72�� �Z�K�H�U�H� �L�V �W�K�H �W�K�H�U�P�D�O �G�L�I�I�X�V�L�Y�L�W�\��

�$�Q �D�G�L�D�E�D�W�L�F�� �Y�L�V�F�R�X�V �Z�D�O�O �F�R�Q�G�L�W�L�R�Q �L�V �L�P�S�R�V�H�G �D�W �W�K�H �Z�L�Q�J �V�X�U�I�D�F�H�� �Z�K�L�O�H �D �I�U�H�H �V�O�L�S �F�R�Q�G�L�W�L�R�Q �L�V
�X�V�H�G �I�R�U �W�K�H �W�X�Q�Q�H�O �Z�D�O�O�V�� �$ �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V���E�D�V�H�G �5�L�H�P�D�Q�Q �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �S�U�R�S�R�V�H�G �E�\ �9�L�W�D�O�H
�H�W �D�O�� �>���� �@ �L�V �L�P�S�R�V�H�G �D�W �W�K�H �R�X�W�I�O�R�Z�� �7�K�L�V �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �D�X�W�R�P�D�W�L�F�D�O�O�\ �G�H�W�H�F�W�V �L�Q�I�O�R�Z���R�X�W�I�O�R�Z
�E�R�X�Q�G�D�U�L�H�V �I�R�U �K�\�S�H�U�E�R�O�L�F �V�\�V�W�H�P�V�� �I�R�O�O�R�Z�L�Q�J �W�K�H �D�S�S�U�R�D�F�K �S�U�R�S�R�V�H�G �E�\ �*�X�D�U�G�R�Q�H�� �,�V�R�O�D �D�Q�G �4�X�D�U�D�Q�W�D
�>���� �@�� �7�K�H�Q �X�V�L�Q�J �D�Q �H�L�J�H�Q�Y�D�O�X�H �D�Q�D�O�\�V�L�V�� �W�K�H �U�L�J�K�W �Q�X�P�E�H�U �R�I �H�Q�I�R�U�F�H�D�E�O�H �X�Q�N�Q�R�Z�Q�V �L�V �G�H�W�H�U�P�L�Q�H�G��
�D�Q�G �W�K�H �Y�D�U�L�D�E�O�H�V �W�K�D�W �F�D�Q �E�H �V�S�H�F�L�I�L�H�G �D�W �W�K�H �E�R�X�Q�G�D�U�\ �D�U�H �D�X�W�R�P�D�W�L�F�D�O�O�\ �V�H�O�H�F�W�H�G�� �2�Q�O�\ �W�K�H �Y�D�U�L�D�E�O�H�V
�W�U�D�Q�V�S�R�U�W�H�G �I�U�R�P �W�K�H �E�R�X�Q�G�D�U�L�H�V �W�R�Z�D�U�G�V �W�K�H �L�Q�W�H�U�L�R�U �D�U�H �H�Q�I�R�U�F�H�G�� �Z�K�L�O�H �W�K�H �U�H�P�D�L�Q�L�Q�J �Y�D�U�L�D�E�O�H�V �D�U�H
�H�[�W�U�D�S�R�O�D�W�H�G �I�U�R�P �W�K�H �L�Q�W�H�U�Q�D�O �V�R�O�X�W�L�R�Q�� �2�Q �W�K�H �6�8�� �V�X�L�W�H�� �W�K�H �5�L�H�P�D�Q�Q �E�R�X�Q�G�D�U�\ �P�D�U�N�H�U �U�H�T�X�L�U�H�V
�V�H�W�W�L�Q�J �W�K�H �W�R�W�D�O �W�H�P�S�H�U�D�W�X�U�H �D�Q�G �S�U�H�V�V�X�U�H �D�W �W�K�H �L�Q�I�O�R�Z �D�Q�G �W�K�H �V�W�D�W�L�F �S�U�H�V�V�X�U�H �D�W �W�K�H �R�X�W�I�O�R�Z�� �7�K�H�\
�Z�H�U�H �F�K�R�V�H�Q �W�R �R�E�W�D�L�Q �W�K�H �G�H�V�L�U�H�G �I�U�H�H �V�W�U�H�D�P �0�D�F�K �Q�X�P�E�H�U�� �7�K�H �W�R�W�D�O �F�R�Q�G�L�W�L�R�Q�V �D�U�HP0 = 170891�3�D
�D�Q�GT0 = 298 �.�� �Z�K�L�O�H �W�K�H �V�W�D�W�L�F �S�U�H�V�V�X�U�H �L�VP = 168399�3�D��

�������������/�(�6 �E�R�X�Q�G�D�U�\ �D�Q�G �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V
�7�K�H �/�(�6 �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �Z�H�U�H �V�H�W �W�R �P�D�W�F�K �W�K�H �5�H�\�Q�R�O�G�V �D�Q�G �0�D�F�K �Q�X�P�E�H�U �X�V�H�G �E�\ �/�R�P�E�D�U�G��
Re = 1 :2 �[ 106 �D�Q�GM = 0 :1�� �7�K�H �I�U�H�H �V�W�U�H�D�P �3�U�D�Q�G�W�O �Q�X�P�E�H�U �L�VPr = 0 :72�� �$�W �W�K�H �L�Q�I�O�R�Z �W�R�W�D�O
�F�R�Q�G�L�W�L�R�Q�V �D�U�H �L�P�S�R�V�H�G��P0 = 101325�3�D �D�Q�GT0 = 288:15�.�� �Z�K�L�O�H �D�W �W�K�H �R�X�W�I�O�R�Z �Z�H �L�P�S�R�V�H �D �V�W�D�W�L�F
�S�U�H�V�V�X�U�H��P = 100277�3�D�� �7�R �D�Y�R�L�G �O�D�U�J�H �S�U�H�V�V�X�U�H �J�U�D�G�L�H�Q�W�V �D�W �W�K�H �R�X�W�I�O�R�Z�� �D �O�R�Q�J�H�U �V�W�U�H�D�P���Z�L�V�H
�G�R�P�D�L�Q �H�[�W�H�Q�W �L�V �X�V�H�G�� �F�R�P�E�L�Q�H�G �Z�L�W�K �D �F�R�D�U�V�H�U �P�H�V�K �W�R�Z�D�U�G �W�K�H �R�X�W�O�H�W�� �6�L�Q�F�H �$�5�*�2 �L�V �D�Q �L�P�S�O�L�F�L�W
�P�H�W�K�R�G�� �F�R�D�U�V�H�Q�L�Q�J �W�K�H �P�H�V�K �L�V �H�T�X�D�O �W�R �D�G�G�L�Q�J �G�L�V�V�L�S�D�W�L�R�Q �D�W �W�K�D�W �O�R�F�D�W�L�R�Q ���D�V �V�H�H�Q �L�Q �6�H�F����������������
�Z�K�L�F�K �G�L�V�U�X�S�W�V �W�K�H �Y�R�U�W�H�[ �E�H�I�R�U�H �D�U�U�L�Y�L�Q�J �D�W �W�K�H �R�X�W�I�O�R�Z �E�R�X�Q�G�D�U�\�� �$�Q �D�G�L�D�E�D�W�L�F �Y�L�V�F�R�X�V �Z�D�O�O �F�R�Q�G�L�W�L�R�Q
�L�V �L�P�S�R�V�H�G �D�W �W�K�H �Z�L�Q�J �V�X�U�I�D�F�H�� �Z�K�L�O�H �D �I�U�H�H �V�O�L�S �F�R�Q�G�L�W�L�R�Q �L�V �X�V�H�G �I�R�U �W�K�H �W�X�Q�Q�H�O �Z�D�O�O�V��

�7�K�H �I�O�R�Z �L�V �L�P�S�X�O�V�L�Y�H�O�\ �V�W�D�U�W�H�G �I�U�R�PU1 = 17 �P���V �W�K�U�R�X�J�K�R�X�W �W�K�H �G�R�P�D�L�Q�� �H�[�F�H�S�W �D�W �W�K�H �Q�R���V�O�L�S



�������� �1�X�P�H�U�L�F�D�O �V�F�K�H�P�H�V ����

�E�R�X�Q�G�D�U�L�H�V�� �7�K�H�Q �W�K�H �Y�H�O�R�F�L�W�\ �J�U�D�G�X�D�O�O�\ �L�Q�F�U�H�D�V�H �W�RU1 = 34 �P���V�� �7�K�H �L�Q�L�W�L�D�O �S�U�H�V�V�X�U�H �D�Q�G �W�H�P�S�H�U�D�W�X�U�H
�D�U�HP = 101325�3�D �D�Q�GT = 288:15�.��
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�7�K�H �6�8�� �5�$�1�6 �F�R�P�S�U�H�V�V�L�E�O�H �V�R�O�Y�H�U �Z�D�V �X�V�H�G �I�R�U �W�K�H �/�(�9�0 �F�R�P�S�X�W�D�W�L�R�Q�V�� �7�Z�R �W�X�U�E�X�O�H�Q�F�H �P�R�G�H�O�V
�Z�H�U�H �L�Q�Y�H�V�W�L�J�D�W�H�G�� �W�K�H �1�H�J�D�W�L�Y�H �6�S�D�O�D�U�W���$�O�O�P�D�U�D�V �D�Q�G �W�K�H �0�H�Q�W�H�U�¶�V �6�K�H�D�U �6�W�U�H�V�V �7�U�D�Q�V�S�R�U�W �P�R�G�H�O�� �7�K�H
�I�L�U�V�W �L�V �D �Y�D�U�L�D�W�L�R�Q �R�I �W�K�H �V�W�D�Q�G�D�U�G �R�Q�H �H�T�X�D�W�L�R�Q �P�R�G�H�O �G�H�Y�H�O�R�S�H�G �W�R �D�G�G�U�H�V�V �L�V�V�X�H�V �Z�L�W�K �X�Q�G�H�U���U�H�V�R�O�Y�H�G
�J�U�L�G�V �D�Q�G �Q�R�Q���S�K�\�V�L�F�D�O �W�U�D�Q�V�L�H�Q�W �V�W�D�W�H�V�� �,�W �L�V �I�R�U�P�X�O�D�W�H�G �W�R �E�H �S�D�V�V�L�Y�H �W�R �W�K�H �R�U�L�J�L�Q�D�O �6�$ �P�R�G�H�O �L�Q �D
�Z�H�O�O���U�H�V�R�O�Y�H�G �I�O�R�Z �I�L�H�O�G �E�X�W �K�D�V �D �P�R�U�H �U�R�E�X�V�W �Q�X�P�H�U�L�F�D�O �E�H�K�D�Y�L�R�U�� �7�K�H �6�6�7 �P�R�G�H�O �L�Q�V�W�H�D�G �L�V �D �W�Z�R��
�H�T�X�D�W�L�R�Q �P�R�G�H�O �W�K�D�W �F�R�P�E�L�Q�H�Vk � ! �D�Q�Gk � " �� �X�V�L�Q�J �W�K�H �I�L�U�V�W �L�Q �W�K�H �L�Q�Q�H�U �U�H�J�L�R�Q �R�I �W�K�H �E�R�X�Q�G�D�U�\ �O�D�\�H�U
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� t 3 �[ 10� 6 �V

�7�D�E�O�H ���������/�L�V�W �R�I �S�D�U�D�P�H�W�H�U�V �X�V�H�G �L�Q �W�K�H �$�5�*�2 �V�R�O�Y�H�U��
�:�K�H�U�H �P�D�[(nNL ) �L�V �W�K�H �P�D�[�L�P�X�P �Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V
�R�I �W�K�H �Q�R�Q���O�L�Q�H�D�U �V�R�O�Y�H�U �U�H�T�X�L�U�H�G �W�R �U�H�D�F�K �W�K�H �W�R�O�H�U�D�Q�F�H

�Z�L�W�K�L�Q �D �W�L�P�H �V�W�H�S�� �:�K�L�O�H �P�D�[(nL ) �L�V �W�K�H �P�D�[�L�P�X�P
�Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V �R�I �W�K�H �*�0�5�(�6 �V�F�K�H�P�H �W�R �U�H�D�F�K

�F�R�Q�Y�H�U�J�H�Q�F�H �D�Q�G� t �W�K�H �W�L�P�H �V�W�H�S��

���������0�H�V�K �J�H�Q�H�U�D�W�L�R�Q
�������������5�$�1�6 �P�H�V�K
�7�K�H �Q�X�P�H�U�L�F�D�O �J�U�L�G �X�V�H�G �W�R �F�R�P�S�X�W�H �W�K�H �5�$�1�6 �V�L�P�X�O�D�W�L�R�Q�V �L�V �D �O�L�Q�H�D�U �V�W�U�D�L�J�K�W���V�L�G�H�G �J�U�L�G �F�U�H�D�W�H�G �Z�L�W�K
�W�K�H �F�R�P�P�H�U�F�L�D�O �P�H�V�K �J�H�Q�H�U�D�W�R�U �$�1�6�<�6 �,�&�(�0�� �7�K�L�V �V�R�I�W�Z�D�U�H �S�U�R�Y�L�G�H�V �D �U�R�E�X�V�W �D�Q�G �L�Q�W�X�L�W�L�Y�H �D�S�S�U�R�D�F�K��
�Z�K�L�F�K �R�I�I�H�U�V �K�L�J�K �F�R�Q�W�U�R�O �R�Q �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �H�O�H�P�H�Q�W�V�� �7�K�H �P�H�V�K �Z�D�V �X�V�H�G �I�R�U �E�R�W�K �W�X�U�E�X�O�H�Q�F�H
�P�R�G�H�O�V �D�Q�G �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V �L�Q�Y�H�V�W�L�J�D�W�H�G��

�,�Q �,�&�(�0�� �W�K�H �J�U�L�G �J�H�Q�H�U�D�W�L�R�Q �L�V �E�D�V�H�G �R�Q �W�K�H �G�R�P�D�L�Q �G�L�Y�L�V�L�R�Q �L�Q �´�E�O�R�F�N�V�´�� �7�Z�R �E�O�R�F�N�V �Z�H�U�H �S�O�D�F�H�G
�D�U�R�X�Q�G �W�K�H �Z�L�Q�J �W�R �K�D�Y�H �P�R�U�H �F�R�Q�W�U�R�O �R�Y�H�U �W�K�H �Z�L�Q�J�W�L�S �P�H�V�K�� �R�Q�H �W�K�D�W �H�Q�F�O�R�V�H�V �W�K�H �Z�L�Q�J �F�D�S �D�Q�G �W�K�H
�R�W�K�H�U �L�Q �W�K�H �U�H�P�D�L�Q�L�Q�J �S�D�U�W�� �'�X�U�L�Q�J �W�K�H �P�H�V�K �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�\�� �L�W �Z�D�V �R�E�V�H�U�Y�H�G �W�K�D�W �D �K�L�J�K�H�U �J�U�L�G
�G�H�Q�V�L�W�\ �L�V �U�H�T�X�L�U�H�G �L�Q �W�K�H �Z�L�Q�J �W�L�S �D�Q�G �L�Q �W�K�H �Z�L�Q�J �V�X�F�W�L�R�Q �U�H�J�L�R�Q �F�O�R�V�H �W�R �L�W �W�R �F�D�W�F�K �W�K�H �S�K�\�V�L�F�V �R�I �W�K�H
�Y�R�U�W�H�[�� �7�K�H�U�H�I�R�U�H�� �W�K�H �V�S�D�Q���Z�L�V�H �H�O�H�P�H�Q�W �V�S�D�F�L�Q�J �L�V �U�H�G�X�F�H�G �I�U�R�P0:01 �D�W �W�K�H �U�R�R�W �W�R0:0035�Z�K�H�U�H �W�K�H
�Z�L�Q�J �W�L�S �V�W�D�U�W�V �L�W�V �U�H�Y�R�O�X�W�L�R�Q�� �7�K�H �Z�L�Q�J �W�L�S �J�U�L�G �V�S�D�F�L�Q�J �L�V0:005�� �7�K�H �O�H�D�G�L�Q�J �D�Q�G �W�U�D�L�O�L�Q�J �H�G�J�H �F�X�U�Y�D�W�X�U�H
�L�V �P�R�G�H�O�H�G �U�H�G�X�F�L�Q�J �W�K�H �H�O�H�P�H�Q�W �V�S�D�F�L�Q�J �L�Q �W�K�H �V�W�U�H�D�P���Z�L�V�H �J�U�L�G �I�U�R�P0:01 �W�R0:0025�D�W �W�K�H�L�U �O�R�F�D�W�L�R�Q�V��
�7�K�H �S�O�D�F�H�P�H�Q�W �R�I �W�K�H �I�L�U�V�W �J�U�L�G �F�H�O�O�V �F�O�R�V�H �W�R �W�K�H �Z�L�Q�J �V�X�U�I�D�F�H �L�V �V�X�F�K �W�K�D�W �L�W �V�D�W�L�V�I�L�H�Vy+ < 1�� �Z�K�H�U�H
y+ = u� n/ � �� �Z�L�W�Kn �W�K�H �G�L�U�H�F�W�L�R�Q �Q�R�U�P�D�O �W�R �W�K�H �V�X�U�I�D�F�H�� �D�Q�Gu� =

p
� w / � �W�K�H �I�U�L�F�W�L�R�Q �Y�H�O�R�F�L�W�\ ��� w �L�V �W�K�H

�Z�D�O�O �V�K�H�D�U �V�W�U�H�V�V���� �:�K�H�Q �P�D�U�F�K�L�Q�J �J�U�L�G�V �R�X�W �I�U�R�P �D �V�X�U�I�D�F�H �W�R �F�U�H�D�W�H �D �Y�R�O�X�P�H�� �V�W�U�H�W�F�K�L�Q�J �U�D�W�L�R�V �D�U�H
�H�T�X�D�O �W�R �������� �D�Q�G �������� �$ �O�D�U�J�H�U �V�W�U�H�W�F�K�L�Q�J �U�D�W�L�R �R�I �D�E�R�X�W ������ �L�V �X�V�H�G �R�Q�O�\ �D�W �W�K�H �L�Q�I�O�R�Z �E�R�X�Q�G�D�U�\�� �7�D�E��������
�U�H�S�R�U�W�V �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �J�U�L�G �S�R�L�Q�W�V �X�V�H�G �D�W �W�K�H �S�U�L�Q�F�L�S�D�O �P�H�V�K �O�R�F�D�W�L�R�Q�V��

�7�K�H �P�H�V�K �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�\ �L�V �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J���������� �7�K�H �V�W�X�G�\ �Z�D�V �F�R�Q�G�X�F�W�H�G �R�Q �W�K�H �Z�L�Q�J �V�X�U�I�D�F�H
�D�Q�G �Y�R�U�W�H�[ �F�H�Q�W�H�U�O�L�Q�H �P�H�D�Q�V �T�X�D�Q�W�L�W�L�H�V�� �Z�K�L�F�K �Z�L�O�O �E�H �D�Q�D�O�\�]�H�G �L�Q �6�H�F������ �7�K�H �G�H�J�U�H�H�V �R�I �I�U�H�H�G�R�P �R�I
�W�K�H �P�H�V�K �X�V�H�G �L�Q �W�K�H �V�W�X�G�\ �D�U�H �U�H�S�R�U�W�H�G �L�Q �7�D�E���������� �7�K�H �I�L�Q�D�O �P�H�V�K �F�K�R�V�H�Q �L�V �´�P�H�V�K ���´��

�,�W �V�K�R�X�O�G �E�H �R�E�V�H�U�Y�H�G �W�K�D�W �W�K�H �P�H�V�K �X�V�H�G �L�Q �W�K�H �S�U�H�V�H�Q�W �V�W�X�G�\ �K�D�V4:03 �[ 106 �G�H�J�U�H�H�V �R�I �I�U�H�H�G�R�P��
�Z�K�L�O�H �W�K�H �J�U�L�G �X�V�H�G �E�\ �&�K�X�U�F�K�I�L�H�O�G �L�V �F�R�P�S�R�V�H�G �R�I ������ �P�R�U�H��13:8 �[ 106�� �:�H �R�E�V�H�U�Y�H �W�K�D�W �W�K�H �X�V�H
�R�I �Y�L�V�F�R�X�V �W�X�Q�Q�H�O �Z�D�O�O�V �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �L�Q �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�V �R�I �&�K�X�U�F�K�I�L�H�O�G �U�H�T�X�L�U�H�V �V�D�W�L�V�I�\�L�Q�J �W�K�H
�U�H�T�X�L�U�H�P�H�Q�Wy+ < 1 �D�W �H�Y�H�U�\ �Z�D�O�O�� �Z�K�L�F�K �L�P�S�O�L�H�V �D �K�L�J�K�H�U �Q�X�P�E�H�U �R�I �J�U�L�G �S�R�L�Q�W�V �W�R �E�H �X�V�H�G �W�K�D�Q �W�K�H
�F�D�V�H �Z�L�W�K �L�Q�Y�L�V�F�L�G �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H�U�H�I�R�U�H�� �G�H�V�S�L�W�H �W�K�H �V�L�J�Q�L�I�L�F�D�Q�W �G�L�I�I�H�U�H�Q�F�H �L�Q �W�K�H �W�R�W�D�O �Q�X�P�E�H�U
�R�I �G�H�J�U�H�H�V �R�I �I�U�H�H�G�R�P �R�I �W�K�H �J�U�L�G�� �W�K�H �P�H�V�K �U�H�I�L�Q�H�P�H�Q�W �R�I �W�K�H �S�U�H�V�H�Q�W �V�W�X�G�\ �R�Q �W�K�H �Z�L�Q�J �V�X�U�I�D�F�H �D�Q�G �W�K�H
�Y�R�U�W�H�[ �F�H�Q�W�H�U�O�L�Q�H �O�R�F�D�W�L�R�Q�V �L�V �F�R�P�S�D�U�D�E�O�H �W�R �W�K�D�W �X�V�H�G �E�\ �&�K�X�U�F�K�I�L�H�O�G�� �0�R�U�H�R�Y�H�U�� �W�K�H �U�H�I�L�Q�H�P�H�Q�W �D�Q�G
�W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �G�H�J�U�H�H�V �R�I �I�U�H�H�G�R�P �X�V�H�G �L�Q �W�K�H �S�U�H�V�H�Q�W �V�W�X�G�\ �D�U�H �V�L�P�L�O�D�U �W�R �W�K�H �R�Q�H �U�H�F�R�P�P�H�Q�G�H�G
�E�\ �R�W�K�H�U �D�X�W�K�R�U�V �W�R �R�E�W�D�L�Q �J�U�L�G���L�Q�G�H�S�H�Q�G�H�Q�W �E�H�K�D�Y�L�R�U �>���� ������ �@��
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�,�Q �W�K�L�V �V�H�F�W�L�R�Q �Z�H �Z�L�O�O �I�R�F�X�V �L�Q �W�K�L�V �L�Q�W�H�U�P�H�G�L�D�W�H �V�W�H�S �P�H�V�K��
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