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Abstract: Dementia affects millions worldwide, with cases expected to rise sig-
nificantly by 2050. Reliable mathematical models are critical for understanding
the underlying neurodegenerative physical processes. One such process is brain
tissue atrophy induced by proteinopathies (such as Alzheimer’s disease), which
requires accurate representations of tissue mechanical properties to develop de-

?izlsfg):éla F. Antonietti tailed simulations. For the mathematical discretization of the associated material
models, the discontinuous Galerkin (DG) method offers a robust alternative to

gf-?;li;itizrcs;rti standard finite element methods, particularly for incompressible or nearly incom-
’ pressible materials, where locking can lead to non-physical stiffness. Moreover, DG
Academic year: effectively handles mesh distortion and supports both locally defined polynomial
2024-2025 degrees and arbitrary polytopal meshes. This work adresses two nonlinear hypere-

lastic brain tissue models based on compressible Mooney-Rivlin and Neo-Hookean
formulations, discretized using a DG finite element method. A linearization tech-
nique based on the Newton-Raphson method is proposed to compute the numerical
solution. Numerical tests validate the models’ accuracy in reproducing expected
biomechanical properties, demonstrating their potential for realistic simulations of
brain tissue.
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1. Introduction

Globally, dementia is the seventh most common cause of death, affecting approximately 50 million people ac-
cording to recent reports, and this number is expected to increase to 152 million by 2050 [38]. In Europe alone,
1.57% of the population was affected by dementia in 2019, and this is expected to rise to 3% by 2050 [39].
People affected by dementia experience progressive brain volume loss and a decline in cognitive abilities, leading
to a reduced quality of life and increased dependency. Given its global relevance, numerous studies have been
carried out to analyze the underlying causes of the various forms of dementia, and mathematical models have
been developed to describe the evolution of neurodegenerative diseases [4, 14-17, 26, 30, 32].

An essential requisite to reliably predict the pathology development, is to accurately model the underlying phys-
ical mechanisms; thus, to model the key processes involved using suitable equations, describing a variety of phys-
ical phenomena such as protein spreading, fluid dynamics and tissue atrophy [4, 13—18, 21, 23, 26, 28, 30, 32, 35].
Concerning the latter, an accurate description of the brain’s mechanical properties is essential for developing
reliable models; therefore, appropriate constitutive laws for brain tissue are necessary to effectively represent the
stresses and forces involved in the various physical processes. The Ogden model [20, 25], originally developed
to describe rubber-like materials, is a nonlinear elastic model that accurately reproduces experimental obser-
vations of the mechanical properties of the brain [12, 22]. However, in this model, the strain energy function
is typically formulated in terms of principal stretches rather than invariants. This increases the complexity of
deriving closed-form expressions for the stress tensors, making the model particularly challenging to implement
in the context of computational mechanics. To overcome this difficulty, simpler models are often used, with
parameters appropriately chosen to fit experimental observations from brain tissue [19].

In this work, we present two brain mechanics models using the compressible Neo-Hookean and Mooney-Rivlin
nonlinear elastic formulations. These equations are then solved numerically using a finite element method
(FEM) approach; in particular, we employ the interior penalty DG method [5, 29], where the test functions are
allowed to be discontinuous across the mesh elements. The DG method has been widely studied and used for
linear elasticity [3, 6]. Concerning hyperelastic material models, it has proven to be a reliable alternative to
standard continuous FEM [9, 11, 24]. In particular, it offers several advantages, especially for incompressible
or nearly incompressible materials. In such cases, continuous FEM may suffer from the so-called locking phe-
nomenon, where the material response becomes unrealistically stiff, leading to non-physical numerical solutions
[2, 7]. In contrast, the DG method helps mitigate locking. Moreover, DG method provides increased robustness
with respect to mesh distortion, supports arbitrary polytopal meshes, and allows for local polynomial degree
refinement. [5, 9]. Given the nonlinear nature of the problem, we use the Newton-Raphson iterative scheme to
solve numerically the nonlinearity. In addition, due to the large deformations involved, we adopt an incremental
Newton scheme; this approach progressively applies boundary conditions and external forces, using the solution
from each load increment as the initial guess for the next subsequent Newton iteration. In the thesis, we in-
vestigate the two proposed schemes by evaluating their convergence properties and validating them on suitable
benchmark problems. Moreover, using material parameters fitted from data coming from brain tissue tests, we
numerically reproduce the corresponding solutions derived from these experiments for the Neo-Hookean and
Mooney-Rivlin material models, in order to verify the accuracy of the numerical methods. Finally, we demon-
strate the models’ applicability to simulations in realistic geometries, by conducting an atrophy-like phenomenon
induced by tau protein misfolding, typically involved in Alzheimer’s disease. To do so, we construct a forcing
term located in the initial seeding regions of tau protein [30].

The structure of this work is as follows. In Section 2, we introduce the mathematical models. In Section 3, we
present the corresponding numerical DG formulations and the linearized problems. In Section 4, we present the
numerical tests used to assess the accuracy of our models. Finally, in Section 5, we provide our conclusions and
final remarks on this work.

2. Mathematical formulation

In this section, we present all the mathematical models and their derivations, after the introduction of the key
definitions and notation used throughout the work.

We consider a reference domain Q € R?, with d = 2, 3 space dimension. The Dirichlet and Neumann boundaries
are defined, respectively, as I'p and I'y such that I'p UTy = 0Q, I'p NT'y = (. We define a deformation map
® : Q — R that maps the domain Q to the current, deformed configuration  such that x = ®(X), where X
and x denote positions in Q and €, respectively. An example of the deformation map ® is illustrated in Fig. 1.



The displacement field u is defined as u = x — X, while the normal unit vector is denoted as n.

The deformation gradient F is given by F = I 4+ Vu, where I is the identity tensor. We introduce the nota-
tion J = det F for its determinant. Moreover, we define the left Cauchy-Green deformation tensor as B = FF .

Concerning integral expressions, we denote as dX the integration variable for volume integrals. For surface
integrals, we instead use dS.
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Figure 1: Deformation map ® from reference domain Q to current domain Q (d = 2)

2.1. Hyperelasticity models
In this section, we present the Mooney-Rivlin and Neo-Hookean compressible models for hyperelasticity.
2.1.1. Mooney-Rivlin model

Given the material coefficients p; and po and the compressibility coefficient A, supposed for simplicity to be
constant over €2, the first Piola-Kirchhoff stress tensor for Mooney-Rivlin materials reads:

P =y F— 1 F~ T 4 pa Tr (B) F — iy BF + X log(J)F~ . (1)
Then, the equilibrium problem reads:
-V-PY™=f inQ,
u=g, onlp, (2)
PYn=t, only,

where f, g, and t are the external force, the Dirichlet boundary condition, and the Neumann boundary condition,
respectively.

2.1.2. Neo-Hookean model

Given the material coefficient p; and the compressibility coefficient A, all constants, the first Piola-Kirchhoff
stress tensor for Neo-Hookean materials reads:

P = F— i F T+ Xlog(D)F~ . (3)

With the equilibrium problem:
-V-P™=f  inQQ,
u=g, onlp, (4)
P™n=t, only,

where f, g, and t are the external force, the Dirichlet boundary condition, and the Neumann boundary condi-
tion, respectively.

We note that in (1) and (3) we introduced the compressibility constraint term A log(J)F~T. This modeling
approach enables the enforcement of a nearly incompressible regime in the limit A — +oo [10, 27], which is
especially relevant for the simulation of biological tissues, as they can be considered almost incompressible due
to their high water content.

We observe that equation (3) can be directly derived from equation (1) by setting po = 0 in the formulation.
This noticeably simplifies the derivation of all Neo-Hookean-related models, as they can be treated as particular
cases of the Mooney-Rivlin formulation with ps set to zero.



2.2. Variational formulations

Having defined the models, we now introduce their weak formulations.
Let us introduce the Sobolev spaces V = {v € [H}(Q)]?} and Vp, = {v € [H()]? : vr,, = 0}. Moreover, we
denote as d - h the scalar product between the vectors d and h, and by D : H the Frobenius inner product

between the generic tensors D and H. Then, we write the variational formulations as follows.

Find u € V such that u = g on I'p and
/Pi:VvdX:/f'vdXJr/ t-vdS, Vvelir,, (5)
Q Q I'n

with ¢ = {MR, NH}.

3. Numerical method

From (5), we derive the discrete DG problems. First, let us introduce some useful definitions and quantities.

We define the partition 7 of the domain Q2 made by the shape-regular triangular (d = 2) and tetrahedral (d = 3)
elements e such that Q = UeeT e, and the union of the interior and Dirichlet boundary faces F = Fy U Fp.
The diameter of the element e is h., and we define h = max.c7 h.. Moreover, we introduce the average and
jump operators for generic vectors v and tensors o, given n¥ the outward unit normal vectors of the adjacent

elements e*.
Loy - + + - -
{{0}}25(0 +07), [Vl]=v"®n] +v ®n_, on Ji,
fo} =07, [v] =v" ®nf, on Jp,

where (a ® b) denotes the tensor product of the generic vectors a and b.

We introduce the broken Sobolev space H(T) = {V € [LQ(Q)]d SVe € [Hl(e)]d Ve € T}. Moreover, we de-

fine the discrete space V,P¢ = {v € [L? (Q)}d V) € [Pp(e)]d Ve € T} , where P, (e) is the polynomial function
space of degree p > 1.

1 2
The penalty function n : F — RT is defined as n = InaXOé(pJr ) (u1 + po + d)), with @ € RT constant

eeT e
parameter.

1
2

On €, the L? norm is denoted as || - ||z while on F as || - ||z = ( S |%2(F)> . The DG norm is defined
FeF

1
as || [loc = (Il [z + 0l [T111%)*.
The resulting DG formulation is as follows.

Find uy € VhDG such that

/QPiIVVth—/F{{Pi}:[[VhﬂdS—I—n/f[[uh]]5[[Vh]]dS=/Qf'Vth+

+/ t-v,dS+n [ [g]: [va]dsS, Vv, € VPC,
FN ]:D

with ¢ = {MR, NH}.



3.1. Newton’s method

Since problem (6) is nonlinear, we employ Newton’s method to solve it numerically. First, we define
Lh= / P': Vv, dX — / {P*} : [vy]dS +n/ [up] : [ve] dS,
Q F F
w! z/f-vth—l—/ t-vhdS+n/ [g] : [vr] dsS,
Q FN .FD
with ¢ = {MR, NH}.

We define the Fréchet derivative of the operator £’ at the point u; with variable duy, as Dﬁ’tuh)(éuh). Then,
a single iteration of Newton’s method can be written as follows.

Given uf find duy, = uf ™ — u} such that
DL{,)(0up) = W'(uy) — L'(u}), (8)
with k > 0, i = {MR, NH}.

We now introduce Newton’s problems for the hyperelastic models. The formulations are derived in Appendix A.
We note that, for ease of readability, just u, carries the superscript indicating the Newton iteration. The
deformation gradient and its derived quantities are evaluated at the previous Newton step.

3.1.1. Mooney-Rivlin Newton iteration
Given uf € VS find uf™ € V;P% such that

aMR(quH,vh) + c(uﬁ“,vh) =G"(vp,) Vv, € V}PG, (9)

with & > 0; where
2 (v =+ [ nVult Vv X - [ g Vuity el ds+
+ /Q(’“ — Mog(D)(F~'Vu™) T : F Vv, dX -
~ [ Al = Alox(@)F TV () TE T [ as+
+2 /Q po(F : Vup ™) (F : Vv, ) dX -2 /f fuo(F : Vuy ™ )F} - [vi]dS +
+/Q,u2(F (F)(Vupt!: Vvy,) dX — /f{{m(F CF)Vu ) v, ] dS -
- /Quzvll’,j“FT Vv FTdX + /F{{MQVu;j“FTF}} : [va]ds —
~ /QMQ(FTvu’,;“)T :F Vv, dX + /f{{uzF(vu’,;“)TF}} . [va]dS —
~ /Q,uQFTVuZ“ :F Vv, dX + /}_{{MQFFTVuZJrl}} :[ve]dS +

+/ A(F—T:vu,‘j“)(F—T:vVh)dX—/{{A(F—T;vu’gﬂ)F—T}} : [vi] ds,
Q F

c(ui“,vh) = +77/}_[ulfb+l]] : [vn] dS,



GM*(vp) =—|-/Qf~vth—|—/F t-v,dS+n . le] : [vr]dS —
- / wV 'Vth+/{{ﬂlI}} : [[Vh]] dS +
Q F
+ / (1 — Mog(I)F~ T : Vv, dX — / {1 — Mog(I)F~ T} : [vn] dS +
2 F
+/Q(u1 —Aog(I)(F'Vup) " : F Vv, dX -
- f{{(’“ ~Aog(INF~"V(uf)'F~ T} : [vn,] dS +
+ /Q p2(F : Vuf)(F : Vvy,)dX — /}_{{MQ(F :Vuf)F} : [viy]dS +
+/Q,LL2(F:F)(Vu,’j:Vvh)dX—/f{{ug(F:F)Vqu}} :[va] dS +
- / pa(F :I)(F : Vvy)dX + / {ua(F:DF} : [vp] dS —
Q F
—/ugvuﬁFT;vthT dX+/{{u2Vu’,§FTF} : [va] dS —
Q F
- / pa(FTVui) T FT Vv, dX + / {1oF(Vaf)"F} - [vi] dS +
Q F
+/Q/,L2FFT:vvth—/f{{u2FFT} : [va] dS +

+/ /\(F’T:Vuﬁ)(F’T:Vvh)dX—/{{/\(F’T:Vuﬁ)F’T}}»:[[vh}] ds.
Q F

3.1.2. Neo-Hookean Newton iteration

Given uﬁ S V,PG find u’fLH S V,PG such that
a™ (uft vy) +e(uftt vy) = GY(vy) Vv € VPG,

with k > 0; where
NH (k41 _ k+1 . k+1y .
a(uy ,vh)——|—/,u1Vuh .Vvth—/{mVuh B [vn]dS+

Q F

+/(u1 —Mog(D)(F~'Vul™) T : F~ Vv, dX —
Q

- /f{(‘“ — AMog(I)F TV TF T - [va] dS +

+/ )\(F’T:Vu’,j“)(F’T:Vvh)de/{{/\(F’T cVu T THE T [vi] dS,
Q F

c(uft, v;) = +77/ [uft] : [va] dS,
f
GNH(Vh):+/f-vth+/ t-v,dS+1n gl : [vn] dS —

Q FN ]'-D

- / mV ~vth+/{{ulI} : [[Vh]] dS+
Q F

+ / (g1 — Aog(N)F~ T : Vv, dX — / {1 — Mog(I)F~ "} : [vp]dS +
Q F

+/(u1 —Aog(J)(F'vuf)" : F~ Vv, dX —
Q

— [ {4~ Nog@)EF~ V(W) TF T} : [vil dS+
F

+/ )\(F’T:Vuﬁ)(F*T:Vvh)de/{{)\(F*T:Vu’,f,)F*T}:[[vh}] ds.
Q2 F



We note that c(u’fLH,vh) represents a jump penalty term, introduced to stabilize equations (9) and (10), for

suitable values of the parameter n = max a%(ul + p2 +dX) [29].

4. Numerical results

In this section, we present all the numerical tests performed on the models (9) and (10). The numerical simu-
lations are implemented using the FEniCSx finite element software [1, 8, 33, 34].

4.1. Verification

First, we demonstrate the optimal convergence of the models by performing two-dimensional (2D) and three-
dimensional (3D) convergence tests. We conduct two tests in both cases:

e an h-convergence test, where the mesh size is defined as h = 27" with n € N and nmin < 7 < Nmax,
tested on different polynomial degrees;

e a p-convergence test, where the mesh 7 is fixed and the polynomial degree p is increased up to p = pmax-
P g ) poly g p p p=p

We select a suitable parameter € € R to scale the solution magnitude, thereby avoiding potential blow-ups due
to excessively large deformations.

For the 2D case, we consider the domain Q = (0, 1)2 with exact solution:

sin(z) + cos(y) 1 .
1 + sin(z) cos(y)

Concerning the 3D test, we choose the domain Q = (0, 1)® with exact solution:

sin(z) + cos(y)
u=c¢ |1+sin(z)cos(y)
2 + cos(z)

The convergence results for both models, along with the selected parameters, are presented below. These results
align with the expected optimal convergence rates. Moreover, the DG convergence rate exhibits super-optimal
h-convergence.

4.1.1. Mooney-Rivlin model: 2D convergence test

The parameters used in the test are reported in Table 1. Table 2 shows the DG and L? error norms for various
mesh sizes and polynomial degrees. We observe clear decreasing trends in both h-convergence and p-convergence.
In particular, Fig. 2 shows the h-convergence trends for different polynomial degrees. The observed rates of
convergence exceed hP in the DG norm and match hP*! in the L? norm. Regarding p-convergence, Fig. 3
displays a linear decay of the error norms on a semi-logarithmic scale, consistent with the expected results.

1551 M2 A « € Tmin Tmax Pmax
1.0Pa | 10.0Pa | 2.0Pa 10 107! 2 5 4

Table 1: Parameters of the 2D convergence test for the M-R model



p=1 p=2 p=3
h llu—upllzz | [[u—wllpe | [[a—upllz | [[u—upllpe | [lu—wpllz2 | [[u—usllpe
0.25 8.826938e-04 3.731754e-02 1.482568e-05 1.039822e-03 4.224214e-07 2.009658e-05
0.125 2.194744e-04 1.336391e-02 1.878272e-06 1.984488e-04 2.501638e-08 1.885397e-06
0.0625 | 5.481093e-05 4.823559%¢-03 2.596131e-07 | 3.966351e-05 1.520011e-09 1.845718e-07
0.0313 1.369920e-05 1.770798e-03 4.338917e-08 8.390947e-06 9.368043e-11 1.910370e-08

Table 2: 2D convergence test for the M-R model: computed errors in the DG and L? norms for different

polynomial degrees (p = 1,2,3) and mesh sizes (h = 0.25,0.125,0.0625,0.0313)
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Figure 2: Computed errors for the M-R model (p = 1,2, 3)
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Figure 3: Computed errors for the M-R model (h = 0.0285)



4.1.2.

The same two-dimensional test is performed for Neo-Hookean materials. In Table 4 we listed the DG and L?
error norms for different mesh sizes and polynomial degrees. We observe convergence trends aligned with the
ones in Section 4.1.1, with rates of h-convergence greater than h” for the DG norm, and of AP*! for the L?

Neo-Hookean model: 2D convergence test

norm as reported in Fig. 4. Moreover, the p-convergence is linear with respect to p as shown in Fig. 5.

M1

A

e

T'min

Nmax

pmax

1.0Pa

2.0Pa 10

101

2

4

Table 3: Parameters of the 2D convergence test for the N-H model

p=1 p=2 p=3
h lu—upllzz | |[u—wllpbc | [[a—upllz | [[u—upllpc | [lu—wpllrz | [[u—wusllpc
0.25 8.879107e-03 2.181464e-01 1.443032e-04 5.657356e-03 4.073924e-06 1.189060e-04
0.125 2.205061e-03 7.757301e-02 1.817380e-05 1.021554e-03 2.448466e-07 1.092061e-05
0.0625 5.499341e-04 2.766999e-02 2.283769e-06 1.876649e-04 1.504054e-08 1.035272e-06
0.0313 1.373451e-04 9.949751e-03 2.886359e-07 3.552141e-05 9.325233e-10 1.028287e-07

Table 4: 2D convergence test for the N-H model: computed errors in the DG and L? norms for different

polynomial degrees (p = 1,2, 3) and mesh sizes (h = 0.25,0.125,0.0625,0.0313)
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Figure 4: Computed errors for the N-H model (p = 1,2, 3)
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Figure 5: Computed errors for the N-H model (h = 0.0285)

4.1.3. Mooney-Rivlin model: 3D convergence test

The three-dimensional test for the Mooney—Rivlin material shows good agreement with the results presented in
Section 4.1.1. To reduce computational cost, we adjusted the simulation parameters, as summarized in Table 5.
The h and p-convergence trends are reported in Fig. 6 and Fig. 7, respectively. The observed convergence rates
are, once again, greater than h? for the DG norm, P! for the L? norm, and linear in p on a semi-logarithmic
scale. Error values for different combinations of p and h are reported in Table 6.

Y251 U2 A o € Nmin Nmax Pmax
1.0Pa | 10.0Pa | 2.0Pa 10 1072 1 3 3
Table 5: Parameters of the 3D convergence test for the M-R model
h lu—wupllzz | [lu—wllpe | |[u—wllzz | [[lu—wlbc
0.5 3.223379e-04 | 1.372065e-02 | 8.495573e-06 | 6.381039¢-04
0.25 7.809200e-05 5.358770e-03 1.074907e-06 1.285063e-04
0.125 1.922748e-05 | 2.102294e-03 | 1.478046e-07 | 2.731220e-05

Table 6: 3D convergence test for the M-R model: computed errors in the DG and L? norms for different

polynomial degrees (p = 1,2) and mesh sizes (h = 0.5,0.25,0.125)

10



4.1.4.

As in Section 4.1.3, the parameters for the three-dimensional Neo-Hookean test were adjusted as shown in
Table 7. The results, presented in Fig. 8 and Fig. 9 for the h and p-convergence tests respectively, are consistent
with the previous observations. In Table 8 we listed the DG and L? error norms for different mesh sizes and

10° 10°4
10714 1071
e 2
e —e— L[2(Q)-error of up : —e— L2(Q)-error of uy,
—e— DG(Q)-error of up —e— DG(Q)-error of up
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_a- k2 _a- P2
—+= h3 —+= h3
v"A R R e
Q Q Q o Q Q Q Q
N N " o? N o? N o?
Refinement levels h Refinement levels h
jgure 6: Computed errors for the M-R mode =
Figure 6: C ted for the M-R model 1,2
100 —e— L2(Q)-error of up,
—e— DG(Q)-error of up
10—1,
10—2,

2

Polynomial degree p

Figure 7: Computed errors for the M-R model (h = 0.5)

Neo-Hookean model: 3D convergence test

polynomial degrees.

M1

A

e

T'min

Nmax

pmax

1.0Pa

2.0Pa

10

101

Table 7: Parameters of the 3D convergence test for the N-H model
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p=1 p=2
h lu—wupllzz | [lu—wllpe | |[wu—wupllzz | [Ju—wlbe
0.5 | 3.932797e-04 | 9.545896e-03 | 1.070237e-05 | 4.099861e-04
0.25 9.637124e-05 3.455852e-03 1.343454e-06 7.522065e-05
0.125 2.386853e-05 1.248188e-03 1.703778e-07 1.403008e-05

Table 8: 3D convergence test for the N-H model: computed errors for the DG and L? norms for different
polynomial degrees (p = 1,2) and mesh sizes (h = 0.5,0.25,0.125)
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10714 10714
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Figure 8: Computed errors for the N-H model (p = 1,2)
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Figure 9: Computed errors for the N-H model (h = 0.5)
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4.2. Validation: Cook’s membrane benchmark

After evaluating the convergence of the numerical methods, we conduct a benchmark test to assess the mod-
els’ performance using the two-dimensional Cook’s membrane problem. This standard benchmark involves a
trapezoidal membrane subjected to a shear load, which induces significant bending deformation. We qualita-
tively compare the Mooney-Rivlin and Neo-Hookean material formulations against reference results reported in
[31, 36] to validate the models’ accuracy and robustness. Additionally — since the Mooney—Rivlin model reduces
to the Neo-Hookean model when s = 0 — we apply the same tests in [31, 36] to both models to evaluate their
consistency for small or negligible values of 5.

We generate two meshes with an average element size of h ~ 1.0. The models are solved using the direct LU
factorization.

The results exhibit good qualitative agreement with the benchmark solutions, accurately reproducing the dis-
placement and stress patterns reported in the literature. All model results and parameters are presented in the
next sections.

4.2.1. Mooney-Rivlin model: Cook’s membrane benchmark

The considered geometry is shown in Fig. 10 and is taken from [36].
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Figure 10: Cook’s membrane geometry. Image taken from [36]

The structure is clamped at the left boundary, and a vertical load ¢. is applied along the right boundary.
Homogeneous Neumann boundary conditions are enforced on all other edges. We run the simulation using the
Mooney-Rivlin material model and compare the results with those reported in [36]. As shown in Fig. 11, our
displacement distribution closely matches the reference solution. To assess the reliability of both models, we also
perform the same test using the Neo-Hookean material model. Fig. 12 presents the results from both simulations.
Visually, the two models yield similar displacement patterns and magnitudes. For the Neo-Hookean model, the
absence of a us parameter does not appear to significantly affect the results, likely due to its relatively small
value. In Table 9 we list the parameters used for both materials. The Mooney-Rivlin parameters are taken
directly from [36].

M-R 26.66 Pa | 6.66 Pa 6.66e5 Pa 10 0.625 Pa 1
N-H 26.66 Pa N/A 6.66e5 Pa 10 0.625 Pa 1

Table 9: Parameters of the M-R and N-H Cook’s membrane benchmark from [36]

Figs. 11 and 12 illustrate the qualitative results for the y component of the displacement.
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Figure 11: Computed displacement (y component) for Cook’s benchmark for the M-R model, and corresponding
comparison with the results in [36]
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Figure 12: Computed displacement (y component) for Cook’s benchmark from [36] and corresponding com-
parison between the M-R and N-H models

4.2.2. Neo-Hookean model: Cook’s membrane benchmark

The geometry considered in this study is taken from [31] and shown in Fig. 13. In this case, the membrane is
slightly shorter in the z-direction compared to Fig. 10.
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Figure 13: Cook’s membrane geometry. Image taken from [31]

The boundary conditions are identical to those prescribed in Section 4.2.1. In Fig. 14 the simulation results
for the Neo-Hookean material are compared with those reported in [31], showing a strong alignment. To assess
the consistency of the models, we also perform a Mooney-Rivlin material test enforcing po = 0. As shown in
Fig. 15, the results from the two models are in good agreement. The corresponding material parameters are

provided in Table 10.

1 M2 A (e% Po p
M-R 492.099Pa | 0.0Pa 185.185 Pa 10 20 Pa
N-H 492.099 Pa N/A 185.185 Pa 10 20 Pa

Table 10: Parameters of the M-R and N-H Cook’s membrane benchmark from [31]

The qualitative results for the xax component of the Cauchy stress tensor o = %PFT are shown below.

Oxx

500 O
[ 0 .
20
[ 25
—0
[ 20 -0
[-25
50,0
-50
(a) Results from the N-H simulation (b) Results taken from [31]

Figure 14: Computed o (xz component) for Cook’s benchmark for the N-H model, and corresponding com-

parison with the results in [31]
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Figure 15: Computed o (zz component) for Cook’s benchmark from [31] and corresponding comparison
between the N-H and M-R models

4.3. Brain tissue mechanical tests

In this section, we present some numerical simulations of brain tissue mechanics using the material models (9)
and (10). The simulations employ material parameters that were previously calibrated to best fit experimental
data from brain tissue tests reported in [12]. We replicate the same tests performed in that study and compare
the numerical results to the expected brain tissue behavior. This approach allows us to assess the accuracy and
predictive capability of the numerical methods implemented.

It is important to note that [12] employs incompressible material models, whereas our formulations account for
compressibility. To address this discrepancy, we select a sufficiently large value for the parameter A to approx-
imate nearly incompressible materials. We find that A = 100.0 is appropriate, as further increasing this value
has no significant impact on the simulation results. Moreover, [12] provides best-fit parameters for multiple
brain regions. We choose to use the parameters corresponding to the corona radiata (CR), as the study includes
useful comparative images specifically for this area.

All the tests are performed on a cubic domain Q = (0, L)? with L = 5. The boundaries are:
Ty =A{(z,y,2) € 0Q:z2=L},
Taown = {(x,y,2) € 00 : z =0},
I'n =90\ (Tup U Ldown)-

Since the deformations in the tests are on the order of +10% — which can potentially cause the Newton method
to diverge — we implement an incremental Newton scheme to solve the problem. In this approach, the bound-
ary conditions and external forces are progressively applied over successive Newton steps, with each previous
iteration used as the initial guess for the subsequent Newton’s problem. In this case, we increment the load of
~ 25% at each step. Moreover, we use a direct LU decomposition to solve the DG problems.

We evaluate the average stresses on I'y, and compare them with the ones given in [12]. The tension test
results for the Mooney-Rivlin material model show some discrepancies compared to the data reported. This
inconsistency may depend on factors such as mesh refinement and other numerical parameters. Nevertheless,
all other tests demonstrate robust agreement with the expected stress behavior, confirming the validity and
soundness of the numerical implementation for these cases. In Fig. 16 and Fig. 17 we present the displacement
resulting from the Mooney-Rivlin and Neo-Hookean tests.
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Figure 16: From left to right: shear, compression, and tension tests performed for the M-R model, with
corresponding displacement magnitudes
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Figure 17: From left to right: shear, compression, and tension tests performed for the N-H model, with
corresponding displacement magnitudes

4.3.1. Simple shear test

This test applies a shear deformation on the I'y, boundary. The deformation gradient reads:

=

Il
oS O =
S = O

Y
0],
1
where v € R represents the translation along the z-direction.

We enforce the following boundary conditions:

u=[vL, 0, O]—r , on I'yp,
u=0, on Cqown,
Pin =0, on I'y,

with ¢ = {MR, NH}.

The Mooney-Rivlin and Neo-Hookean material models parameters are reported in Table 11.

B 2 A a h Y
M-R | 0.96Pa | 0.24Pa | 100Pa 20 0.5 [—0.2,0.2]
N-H | 0.96Pa N/A 100 Pa 20 0.5 [—0.2,0.2]

Table 11: Parameters of the M-R and N-H simple shear tests

In Fig. 18, we show the linear trends observed in the shear test from [12] for both Mooney-Rivlin and Neo-
Hookean materials. As reported in Fig. 19 and Fig. 20 for the Mooney—Rivlin and Neo-Hookean simulations,
respectively, the two models produce similar results with only minor differences in magnitude.

17



0.4

CR shear
0.3t * Experiment i
— neo—Hooke
S 0.2} — Mooney—Riviin
= — Demiray
ﬁ 0.1 — Gent ]
5 —Ogden
s Of _
Q
"
D01} ]
p=}
B
o 02 1
0.3} .
_0—6.2 -0.1 0 0.1 0.2
amount of shear
Figure 18: Results taken from [12]
Mooney-Rivlin model: shear xz
0.2
T o1
=
g 0.0
5
= -01
-0.2
-0.20 -0.15 -0.10 —0.05 0.00 0.05 0.10 0.15 0.20
Shear
Figure 19:  Computed average shear (zz component of P) on Iy, for the M-R
(y = -0.2,-0.067,0.067,0.2)
0.20 Neo-Hookean model: shear xz
0.15
_ o010
©
<
‘@ 0.05
¢
5 000
:g"—o.os
K
“ ~0.10
-0.15
0207520  —015  -010 005 0.00 0.05 0.10 015 0.20
Shear
Figure 20: Computed average shear (xz component of P) on Iy, for the N-H

(v = —0.2,—0.067,0.067, 0.2)

simulation

simulation



4.3.2. Compression test

This test performs a compression in the z-direction. The considered deformation gradient is the following one:

1

75 0 0
_ 1
F=10 - 0f, (11)
0 0 ¢
where 0 € R, 6 =1+ % represents the compression for a displacement Az along z.
The enforced boundary conditions are:
u=100,0,(6—1)L]", onTy,
u = 0, on Fdown; (12)
P'n =0, on I'n,
with ¢ = {MR, NH}.
We use the parameters reported in Table 12.
H1 2 A a h P )
M-R 1.62 Pa 0.0Pa 100 Pa 25 0.83 4 [1.0, 0.9]
N-H 1.75Pa N/A 100 Pa 25 0.83 [1.0, 0.9]

Table 12: Parameters of the M-R and N-H compression tests

The Mooney-Rivlin and Neo-Hookean simulations reported in Fig. 22 and Fig. 23, respectively, reach a stress
magnitude of about —0.6 kPa. This result aligns well with the experimental data presented in [12] and illustrated

in Fig. 21.
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Figure 21: Results taken from [12]
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Figure 23: Computed average compression (zz component of P) on I'y, for the N-H simulation
(6 =1.0,0.967,0.933,0.9)

4.3.3. Tension test

In this case, the deformation gradient and the boundary conditions are the same as those in Section 4.3.2; hence,
equations (11) and (12) are enforced. Selecting ¢ > 1.0 applies tension to the material instead of compression.
In Table 13 we report the parameters used.

151 2 A «@ h )
M-R | 052Pa | 0.26Pa | 100Pa 25 0.83 1.0, 1.1]
N-H 0.52 Pa N/A 100 Pa 25 0.83 [1.07 1.1]

Table 13: Parameters of the M-R and N-H tension tests

In Fig. 24 we show the data observed in [12]. We notice how the maximum tension magnitude is about 0.15 kPa.
The Mooney-Rivlin simulation deviates from this trend, reaching a peak of 0.24 kPa, as illustrated in Fig. 25.
In contrast, the Neo-Hookean test shown in Fig. 26 is more consistent, with a maximum value slightly above
the one reported in [12]. We present below the results.
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4.4. Brain atrophy test

In this section, we validate our models on a brain mesh, with a proof-of-concept atrophy simulation, demon-
strating their applicability. In this test, we relate the atrophy of the brain tissue to the presence of hyperphos-
phorylated tau proteins. Tau protein is normally present on the microtubules of the cytoskeleton, where it helps
stabilize the structure. However, when hyperphosphorylated, its function is altered, which can lead to neuronal
death. This process has been linked to several neurodegenerative diseases [37].

In this test, we associate the concentration of hyperphosphorylated tau protein to the forcing term for the
Mooney-Rivlin and Neo-Hookean material models. In particular, given the forcing magnitude |f|, and the tau
concentration ¢, we set |f| o< ¢. The direction of f is then set to be approximately opposite to the surface
normal, to simulate atrophy through the enforced compression.

Concerning the parameters, we consider the best-fit values given in [12] for both materials in the CR brain area.
All the simulation parameters are listed in Table 14. The compressibility coefficient A is set to A = 1 to allow
compression and thus simulate atrophy mass loss. Since the applied force is large, we adopt an incremental
Newton scheme, increasing the load by approximately 20% at each step. The models are solved using the direct
LU decomposition.

1 f2 A - p If]
M-R 1.16 Pa 0.0Pa 1Pa 25 1000¢
N-H 1.15Pa N/A 1Pa 25 1000c

Table 14: Parameters of the M-R and N-H atrophy tests

The results of the Mooney—Rivlin test are shown in Fig. 27, while those of the Neo-Hookean test are displayed in
Fig. 28. Deformation is observed in brain regions where the concentration of tau protein is higher, while regions
with low or negligible concentration show minimal changes for both material models. The two simulations
produce similar outcomes, which is consistent with the comparable parameter values assigned to each material
model. The corresponding results are presented below.

Tau protein concentration
0.0e+00 0.05 1.0e-01

b—
(a) Healthy brain with corresponding tau
protein concentration

Displacement
8.0e-03 0.02 0.03 4.5e-02

—
(b) Brain affected by atrophy with corre-
sponding displacement magnitude

Figure 27: M-R atrophy test: comparison between the healthy and atrophied brain, with tau protein concen-
tration and displacement magnitude highlighted
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Figure 28: N-H atrophy test: comparison between the healthy and atrophied brain, with tau protein concen-
tration and displacement magnitude highlighted

5. Conclusions and further developments

In this work, we propose two numerical models to describe the mechanical properties of brain tissue. We em-
ploy a discontinuous Galerkin formulation for the numerical discretization, taking advantage of the method’s
versatility and reliability within the hyperelasticity framework. Furthermore, we adopt an incremental Newton
scheme to linearize the problems and effectively handle large displacements and loads. We assess the reliability
of our models through 2D and 3D convergence tests, verifying that the errors in the L? and energy norms reduce
as expected. Additionally, we implement a 2D benchmark to verify that our methods accurately capture the
physical behavior in a hyperelastic context. Subsequently, we simulate mechanical tests on brain tissue and
compare our results with expected outcomes, confirming the validity of our approach. Finally, we implement an
illustrative atrophy test that relates the concentration of hyperphosphorylated tau protein, a pathological mech-
anism implicated in Alzheimer’s disease, to the forcing term applied to the material. Our findings demonstrate
that both models consistently reproduce the expected mechanical properties across nearly all tests conducted,
with only minimal exceptions. Moreover, the material formulations prove to be applicable to brain mechanics,
where they may be incorporated in mathematical models of neurodegenerative processes. Looking forward,
future work may focus on introducing more sophisticated DG hyperelastic models that are particularly suited
to brain tissue, thereby enhancing the accuracy of the simulations. Furthermore, the stability and convergence
of the proposed linearized models remain to be formally analyzed.
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A. Appendix: Derivation of Newton’s iteration

In this appendix, we provide the detailed derivation of Newton’s iteration for the hyperelastic models (6).

First, focus on the Mooney-Rivlin material model. From the definition (7) we compute DEI(‘S}C)(éuh):
h

DLI(‘f%)(éuh) = +/Qu1[DF(uﬁ)(5uh)] : Vvh dX — /}_{{,ul[DF(uz;)(éuh)]}} : ﬂvhﬂ ds —

m[DF(*u; (6up,)] : Vv, dX + / {{m[DF(*u;)(auh)}} :[va] dS +
v ]_‘ v

_|_

S— S S — 5

p2[D(Tr (B) F) () (6un)] : Vv dX — /f{{uz[D(Tr (B) F) ey (0up)] } : [vp] dS -
— M2[D(BF)(u;‘;)(5uh)] : Vvh dX + ‘/]:{{/J,Q[D(BF)(U;CL)((SH;I)]}} : [[Vh]] dsS +
+ [ ADlog(J) () (6up)|JF T : Vv, dX—/F{[)\[Dlog(J)(uﬁ)(éuh)]F_T}} : [va] dS +
+/(2Alog(J)[DF(uE)(5uh)]:Vvh dX—/f{{Alog(J)[DF(*uE)(auh)}}} :[vi] dS +

+ n/}-[[éuhﬂ : [ve] dS

+AM1V(5uh) : Vvy, dX—L{M1V(5uh)} : [[Vh]] ds +
+/ ul(F_1V(5uh))T:F_1Vvth—/{{ulF_TV(éuh)TF_T} : [va] dS +

Q F
+ 2/ po(F : V(oup))(F : Vvy)dX — 2/ {u2(F : V(0up))F} : [vy] dS +

Q F

+/Qu2(F:F)(V(6uh):Vvh)dX—/f{{ug(F:F)V(éuh)}} : [va] dS —
—/MQV(éuh)FT:VthT dX—i—/{{ugV(éuh)FTF}}:[[vh]] ds —

Q F
—/MQ(FTV((Suh))T:FTVvth—i—/{{uQFV(éuh)TF}} : [va] dS —

Q F
—/MQFTV(éuh):FTVvth+/{{M2FFTV(6uh)}}:[[vh]] ds +

Q F
+/ A(F—T:V(auh))(F—T;vVh)dx—/{{A(F—T:V(auh))F—T}}:[[vh]] ds —

Y F
_ /Quog(J)(Fflwsuh))T:F*lvvhdx+ /F M og(3)F-TV(Eun) TE- T : [va] S +
o /f [6un] : [va] dS,

where we used the fact that:
Dllog(J) ) (dun)] = F~ T = V(duy),
DI[F (k) (0un)] = V(0up),
D[F(Tu;i)@uh)] = V(6up) ",
DF i (0up)] = —F~ "V (0u,) F~T,

D[BF ) (dup)] = V(éu,)F 'F + FV(duy,) 'F + FF ' V(duy),

D[Tr (B) F (yt)(dun)] = D[(F : F)F () (dun)] = 2(F : V(6u,))F + (F : F)V(ouy,).
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Substituting the Fréchet derivatives inside (8) we have:
+/Q,U1V(5U_h) : Vvy, dX—/}_{{/LlV((SU}L)}} : [[Vh]] dsS +
+/Qu1(F_1V(6uh))T:F_1Vvth—/f{{ulF_TV(éuh)TF_T}}  [val dS +
+2/QM2(F:V(éuh))(F:Vvh)dX—Q/f{{ug(F:V((Suh))F}}  [val dS +
+AM2(F;F)(V(5uh):vVh)dx_/F{{m(F;F)V(auh)}}  [va] dS —
—/Q 1oV (6up)F' : Vv, FT dX+/F{{u2V(5uh)FTF}} : [vn] dS —
—/MQ(FTV(auh))T:FTVV,LdX+/{{,,L2FV(5uh)TF}:[[vh}] ds —
Q F
—/Q;LQFTV(cSuh) :FTVvy, dX—i—/}_{ugFFTV(éuh)} :[vh] dS+
+/Q)\(FT:V(5uh))(FT:Vvh)dX/F{{)\(FT:V(éuh))FT}} : [vn] dS —
—/)\log(J)(F*IV(éuh))T:F’1VVth+/{{Alog(J)F*TV(éuh)TF*T}:[[vhﬂ ds +
Q F

. /F [6un] : [va] dS

4—/Qf~vth—|—/F t-v,dS+n i gl : [vn]dS —
—/,ulF:VVth—i—/{{,ulF}}:[[vh]]dS—i—

Q F
+/Q,ulF_T:Vvth—/}_{{u1F_T}}:[[vh]] dsS —
—/,ugTr(B)F:Vvth—F/{{ugTr(B)F}:[[Vh]]dS+

Q F

—|—/ woBF : Vv, dX — / {u2BF} : [vp] dS —
Q F

- / Mog(N)F~ T : Vv, dX + / X log(HF~ Y : [vy]dS — 1 / [ur] : [vn] dS.
Q F F
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Knowing that duy = u’fLH —uf, Tr(B) =F : F and F = I + Vu} we can expand and simplify some terms to

obtain:
+/Qu1Vu§j+1:vVth—/F{mvu’;“}}:[[vh]] ds +
+ /Q (1 = Alog(D)(F~'Vuy ™) T : F~' Vv, dX -
— [ A = Ao @)F TV TE T s [vlas+
2 [ @ VU Vv X =2 [ (P VulF) : vl as+
+ [ i@ BV Vv aX [ i E)Tuly vias -
- /Q peVuy TR Vv, BT dX + /f {2 Vay T TR} : [vy]dS —
= [ i ETVUT F TV aX 4 [ B (V) TEY v as -
—/QuQFTVuZH :FTVvth+/f{{u2FFTVuZ+1} : [vn] dS +

+/ A(F’T:Vuﬁ“)(F’T:Vvh)dX—/{A(F’T:Vuﬁ“)F’T}} : [va] dS +
Q F

T /f [ub+1] : [v,] dS

+/f~vth+/ t-vhdS+n/ e] : [va] dS —
Q I'n Fo (13)
— / V- vy dX+/ {{/Lll}} : [[Vh]] dS +
Q F
+ / (11 — Aog(INF~T : Vv, dX — / {1 — Mog(INF~ T} : [vp] dS+
Q F
+ / (11 — Mog(M)(F'vup) " : F~ Vv, dX —
Q
= [ o = Ao @)E T () BT vl dS
f
+/ pa(F - Vuf)(F : Vvy,)dX — / {u2(F - VUi FY : [vy] dS +
Q F
+/ pa(F : F)(Vuf : Vvy,)dX — / {u2(F : F)Vur} : [vy] dS +
Q F
- / pa(F :I)(F : Vvy)dX + / {u2(F:D)F} : [vp]dS —
Q F
—/uQVu;jFT : Vv FT dX+/{{,u2VquFTF}} : [vn] dS —
Q F
—/ug(FTVu’ﬁL)T:FTVVthJr/{{uQF(Vuﬁ)TF} : [va] dS +
Q F
+/ MQFFT:VVth—/{uQFFT}} : [va] dS +
Q F
+/ AF~T:Vub)(F~ T : Vvy,)dX — / IAE-T :Vu)F~ T} : [vi] dS.
Q F
From (13) we can easily derive (9) by collecting the terms inside the operators.

Concerning the Neo-Hookean formulation (10), it can be derived directly from (13) by imposing us = 0.
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Abstract in lingua italiana

La demenza affligge globalmente milioni di persone, con un numero di casi previsto in significativo aumento
entro il 2050. Modelli matematici affidabili sono essenziali per comprendere i processi fisici che portano alla
neurodegenerazione. Tra questi processi figura 1’atrofia cerebrale indotta dalle proteinopatie (quali, ad esem-
pio, il morbo di Alzheimer), che necessita di rappresentazioni accurate delle proprieta meccaniche del tessuto
cerebrale. Riguardo alla discretizzazione matematica dei modelli materiali alla base, il metodo di Galerkin
discontinuo (DG) offre una valida alternativa ai metodi ad elementi finiti classici, in particolare nel caso di
materiali incomprimibili o quasi-incomprimibili, dove il fenomeno del locking puo portare a una rigidita non
plausibile dal punto di vista fisico. Inoltre, il metodo DG gestisce efficacemente distorsioni della mesh, e sup-
porta raffinamenti locali del grado polinomiale e mesh politopali di forma arbitraria. Questa tesi sviluppa due
modelli di elasticita non lineare per il tessuto cerebrale basati sulle formulazioni di Mooney-Rivlin e Neo-Hook,
discretizzati utilizzando il metodo agli elementi finiti Galerkin discontinuo. Un’apposita linearizzazione basata
sul metodo di Newton-Raphson ¢ inoltre proposta per il calcolo della soluzione approssimata. I test numerici
confermano 'accuratezza dei metodi presentati nel riprodurre le proprieta biomeccaniche attese, dimostrando
cosi il loro potenziale per simulazioni realistiche del tessuto cerebrale.

Parole chiave: Iperelasticita, modello di Mooney-Rivlin, modello di Neo-Hook, modellistica cerebrale,

Galerkin discontinuo
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