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Sintesi 

Questo documento rappresenta la Tesi di laurea specialistica dell'autore,  atta a conse-

guire il  Doppio  Titolo di  Laurea Magistrale in  Ingegneria Civile e in Ingegneria Matema-

tica presso il Politecnico di Milano.  

Il lavoro riportato in questa tesi deriva da un'espe rienza lavorativa fatta all'estero 

dall'autore come visiting scholar researcher presso i laboratori di Ingegneria Elettrica e 

Informatica dell'Università del Missouri ( Columbia, USA), durante il semestre prima-

verile dell'anno accademico 2018-2019. 

L'elaborato è diviso in due parti principali  contenenti, rispettivamente , tre e due ca-

pitoli. Tutti i capitoli riguardano essenzialmente la modellizzazione cardiovascolare, 

l'analisi balÓÐÚÛÖÊÈÙËÐÖÎÙÈÍÐÊÈɯÌɯÓÈɯÔÐÚÜÙÈáÐÖÕÌɯÚ×ÌÙÐÔÌÕÛÈÓÌɯËÐɯØÜÌÚÛɀÜltima utiliz-

zando sensori applicati ad un  letto. In particolare, la prima parte introduce la teoria, 

le tecniche di modellazione e illustra il  modello  matematico considerato. La seconda 

parte riguarda invece le misure sperimentali,  sviluppate  ed acquisite durante lo svol-

gimento di questa tesi e utilizzate per ottenere quantità che sono state successiva-

mente confrontate con quelle ottenute dal modello  virtuale . 

Nel primo capitolo  viene brevemente introdotta l'analogia fluido -elettrica, attraverso 

la quale i vasi sanguigni possono essere modellati come resistori, degli induttori  pos-

sono essere utilizzati per includere gli effetti inerziali del fluido nei vasi e dei conden-

satori ÚÐÔÜÓÈÕÖɯÓɀÌÍÍÌÛÛÖɯËÌÓÓÈɯËÐÓÈÛÈáÐÖÕÌɯËÌÐɯÝÈÚÐ.  

Nel secondo capitolo , che rappresenta il centro del lavoro, l'attenzione è focalizzata 

su come modellare dettagliatamente un sistema cardiovascolare. Sfruttando l'analo-

gia richiamata nel primo capitolo, viene preso come riferimento un modello della let-

teratura e vengono fatte analisi incrementali e di causa-effetto su di esso. Si studiano 

modelli più semplici comparandoli ai risultati del modello di riferimento così da ca-

pire ÚÌɯÛÜÛÛÌɯÓÌɯ×ÈÙÛÐɯËÌÚÊÙÐÛÛÌɯËÈɯØÜÌÚÛɀÜÓÛÐÔÖɯÚÌÙÝÖÕÖɯÌɯÐÕɯÊÏÌɯÔÐÚÜÙÈɯÔÖËÐÍÐÊÈÕÖɯÐɯ

risultati.   

Nel terzo capitolo , viene eseguita un'analisi di sensitività del modello proposto. Questo 

viene fatto approssimando il modello reale attraverso un meta -modello basato sulla 
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polynomial chaos expansion grazie al quale vengono poi valutati gli indici di Sobol delle 

variabili di input  considerate, capendo quindi  il contributo che generano nellɀoutput . 

Nel quarto capitolo , il primo della seconda parte, l'accuratezza del modello matema-

tico viene verificata rispetto a misurazioni sperimentali. Si definisce nel dettaglio la pro-

ÊÌËÜÙÈɯÚÌÎÜÐÛÈɯËÈÓÓɀÈÜÛÖÙÌɯ×ÌÙɯacquisite queste misure, attraverso l'uso di celle di ca-

rico, e si analizza il modo utilizzato  per convalidare il modello di riferimento . 

Nel quint o capitolo , infine , viene analizzato l'effetto della presenza di un materasso 

sul letto. Vengono in particolare riportate  misurazioni di parametri fisici di alcuni 

materassi, ottenute dallɀautore, con l'obiettivo in futuro di sviluppare un protocollo 

di misurazione  e di testing più preciso che consideri anche l'influenza del materasso. 

 

Contributi dell'autore  

Il primo capitolo si rifà alla letteratura. Nel se condo capitolo l'autore considera un 

modello matematico presente in letteratura ma ne estende fortemente le possibilità di 

comprensione e simulazione (vedi ad esempio BCGz, a pagina 46, le analisi incremen-

tali della Sezione 2.3 e le considerazioni sul filtering della Sezione 2.5.1). Nel terzo 

capitolo, l'autore si avvale di avanzate tecniche di analisi della sensitività  per svolgere 

ulteriori analisi sul modello di riferimento  mai svolte in precedenza. 

La quarta e la quinta parte rappresentano, invece, una completa novità sperimentale 

nel campo, poiché facendo uso di misure in laboratorio, ideate ed ottenute diretta-

mente dall'autore, viene presentata e discussa una validazione del modello di riferi-

mento e infine viene riportata  la stima di alcuni parametri  meccanici legati ai mate-

rassi, col fine di aiutare i futuri sviluppi nel settore.  

0ÜÌÚÛɀÜÓÛÐÔÈɯ×ÈÙÛÌɯdi tesi è già stata ÐÕÖÓÛÙÌɯ×ÜÉÉÓÐÊÈÛÈɯËÈÓÓɀÈÜÛÖÙÌȮɯÐÕÚÐÌÔÌɯÈËɯÈÓÛÙÐȮɯ

in forma di capitolo in un libro scientifico edito dalla Springer. (R. Invernizzi, 2021) 

 

Parole chiave 

Ballistocardiogramma; Ballistocardiografia; BCG; BCGz; Modellazione cardiovasco-

lare; Modellazione fisiologica;  Arterie; Vasi sanguigni; Sensori per letto; Cuore; Salute 

cardiovascolare; Malattie cardiovascolari; Celle di carico; Analisi di sensitività; Indici 

di Sobol; Polynomial Chaos Expansion (PCE); Monitoraggio cardiaco; Materasso; 
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Abstract 

This document is the author's second-level degree thesis for the achievement of the Dou-

ble Master of Science degree in Civil Engineering and in Mathematical Engineering at 

the Politecnico di Milano.  

The material  reported in this thesis is the result of a work experience made by the 

author as a visiting scholar researcher at the laboratories of the Electrical Engineering & 

Computer Science of the University of Missouri ( Columbia, USA), during the spring 

semester of the 2018-2019 academic year. 

The work is divided  in two main parts, containing  three and two chapters, respec-

tively. All the chapters essentially concern the cardiovascular modeling, the ballisto-

cardiography analysis and the experimental measurement of the latter by using bed 

sensors. In particular, the first part introduce s the theory, the modeling techniques 

and illustrates  a mathematical model taken as a reference. The second part, instead, 

concerns the experimental measurements, developed and acquired during the carry-

ing out of this thesi s, and used to obtain quantities which were subsequently com-

pared with t hose obtained from the virtual mode l.  

In the first chapter  the electric analogy to fluid flow  is briefly introduced,  in the 

analogy, blood vessels can be modeled as resistors, inductors can be used to include  

inertial effects of the fluid, and capacitors simulate the dilatation effect of the ÝÌÚÚÌÓɀÚ 

walls. 

In the second chapter, which represents the core of the work, the focus is on how to 

model a detailed  cardiovascular system . By exploiting the analysis recalled in the 

first chapter, a model from the literature is taken as a reference and incremental and 

cause-effect analyzes are carried out on it. Simpler models are studied and compared 

to the reference model in order to understand if all the parts described by the latter 

are needed and to what extent they modify the results. 

In the third  chapter, a sensitivity analysis  of the proposed model is performed . This 

is done by approximati ng the model through a  forefront  meta-model based on poly-
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nomial chaos expansion thanks to which the Sobol indices of the input variables con-

sidered are then evaluated, leading to the understanding of the contribution they gen-

erate in the output .  

In the fourth chapter , the first of the second part, the accuracy of the analyzed math-

ematical model is verified with respect to experimental measurement s. Taken di-

rectly by the author  through the use of load cells, these measures are then used to 

validate the model.  

In the fifth  chapter, finally , the effect of the presence of a mattress on the bed is ana-

lyzed. Measurements of physical parameters of some mattresses, obtained by the au-

thor, are reported with the aim in the future of developing a more precise measure-

ment and testing protocol that also considers the influence of the mattress. 

 

 ÜÛÏÖÙɀÚɯÊÖÕÛributions  

The first chapter recalls the needed literature . In the second chapter the author con-

siders a published  model and greatly extends its understanding and simulation pos-

sibilities  (see e.g. BCGz, at page 48, build -up analysis of Section 2.3, filtering consid-

erations of Section 2.4.1). In the third chapter , the author makes use of advanced sen-

sitivity analysis techniques to improve the comprehension of the  reference model. 

The fourth and fifth parts , instead, represent a complete experimental  novelty in the 

field . By making use of in-lab measures, conceived and obtained directly by the au-

thor, a validation of the reference model is presented and discussed. finally, the esti-

mate of some mechanical parameters related to the mattresses is reported, in order to 

help futur e developments in the sector. 

This last part of the thesis has also already been published by the author, together 

with others, in  the form of a chapter in a scientific book published by Springer . (R. 

Invernizzi, 2021) 

 

Keywords 

Ballistocardiogram; Ballistocardiography; BCG; BCGz; Cardiovascular modeling; 

Physiological modeling; Arteries; Blood vessels; Bed sensors; Heart; Cardiovascular 

health; Cardiovascular diseases; Load cells; Sensitivity analysis; Sobol indices; Poly-

nomial Chaos Expansion (PCE); Heart monitoring; Mattress. 
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Introd uction  

The context 

Cardiovascular diseases (CVDs) represent the first leading cause of death  world-

wide 1. Of the 56.9 million deaths worldwide in 2016, ischemic heart disease and stroke 

ÈÙÌɯÛÏÌɯÞÖÙÓËɀÚɯÉÐÎÎÌÚÛɯÒÐÓÓÌÙÚȮɯÈÊÊÖÜÕÛÐÕÎɯÍÖÙɯÈɯÊÖÔÉÐÕÌËɯ15.2 million deaths  in 2016. 

These diseases have remained the leading causes of death globally in the last 15 years. 

 

 
Figure 0.1 ɬ General scheme of the human cardiovascular system. 

ȹ ËÈ×ÛÌËɯÍÙÖÔɯ3ÏÌɯ/ÙÐÕÊÌÛÖÕɯ1ÌÝÐÌÞɀÚɯ," 3əɯ!ÐÖÓÖÎàɯ1ÌÝÐÌÞȺ  

  

 

1 World Health Organization. 2018. The top 10 causes of death. (2018). 

  https://www.who.int/news -room/fact -sheets/detail/the-top-10-causes-of-death   
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Figure 0.2 ɬ Schematic representation of the closed-loop model describing the flow of blood 

through the circulatory system. The model leverages the electric analogy to fluid flow, where 

resistors, capacitors and inductors represent hydraulic resistance, compliance and inertial 

effects, respectively. (Guidoboni, et al., 2019)  

 

/ÙÖÎÙÌÚÚÐÖÕɯÖÍɯÈɯ×ÈÛÐÌÕÛɀÚɯ"5#ɯÐÚɯÖÍÛÌÕɯÎÙÈËÜÈÓɯÈÕËɯÚÜÉÛÓÌȭɯEarly detection of CVD 

progression is crucial to ÐÕÛÌÙÝÌÕÌɯÌÍÍÌÊÛÐÝÌÓàȮɯÖ×ÛÐÔÐáÌɯÈɯ×ÈÛÐÌÕÛɀÚɯÛÙÌÈÛÔÌÕÛɯÈÕËɯÔÐÛɪ

igate negative outcomes. A noncontact approach to monitor cardiovascular health is 

offered by ballistocardiography , whose signal, the ballistocardiogram (BCG) , cap-

tures the repetitive motion of t he center of mass of the human body resulting from 
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the blood motion within the circulatory system. Interestingly, BCG -based monitoring 

of CVD does not require body contact and the signal can reflect the status of the whole 

cardiovascular system.  

A variety  of different sensors has been developed to capture the BCG; several are now 

available commercially. BCG sensors are often utilized to monitor heart rate, respira-

tion rate and other parameters for tracking sleep quality. The morphology of BCG 

waveforms has  also been studied for the purpose of tracking changes in cardiovas-

cular health, such as changes in blood pressure and heart function .  

A  quantitative approach to interpret BCG waveforms on the basis of fundamental 

mechanisms in cardiovascular physiology h as been developed recently in (Guidoboni, 

et al., 2019). The approach relies on a closed-loop mathematical model  of the cardio-

vascular system including 4 main interconnected compartments representing the 

heart, the systemic circulation, the pulmonary circulation and the ce rebral circulation , 

see Figure 0.2. 

Results obtained through virtual models simulations can be used as a theoretical 

guide to optimize BCG sensors and/or select the sensing technology that is best suited 

to detect BCG changes associated with a specific condition. 

 

The work done  

In this master thesis work, a closed-loop mathematical model is taken as a reference 

and a detailed analysis of each part of the model is presented and discussed.  

The capability of the model is verified with experimental measures in the head -to-toe 

direction , computing the so-called BCGy signal. Then, given new experimental re-

sults obtained by the author, a newly balli stocardiography computation  in the ᾀ di-

rection is proposed and implemented. The obtained results are then compared to in-

lab measurements of the BCGz through the use of load cells positioned under a bed 

as done for the BCGy. 

A build -up analysis tries to assess the cause-to-effect relations of the various parts of 

the closed-loop model with respect to the ballistocardiogram plot and to some con-

sidered physiological quantities. The role of the activation function, the function de-

scribing the heart pumping action, is investigated along with the role of arterial vis-

coelasticity into the model. With respect to this latter issue, a comparison between 
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different signal filtering and smoothing techniques is performed, and an original 

standardized filtering protocol, is proposed.  

 

   
Figure 0.3 ɬ Ballistocardiogram reference axis and BCGz curves.  

 

A  full chapter is devoted to the theory of sensitivity analysis;  after an extensive theo-

retical introduction clarifying all the aspects involved in this study , a sensitivity and 

uncertainty analysis is performed over specific input parameters of the referenced 

model. 

In the last part, the interaction between mattress and measurements is discussed. 

Measurements of mechanical parameters of different mattresses are reported aiming 

to future developments on this research direction. 

 

Practical and social utility of the research  

The main purpose of this line of research  is to develop a standardized methodology 

and related technology, which will enable  to measure, with a non-direct-contact de-

vice, ÚÖÔÌÖÕÌɀÚɯÉÖËàɯÕÈÛÜÙÈÓɯÝÐÉÙÈÛÐÖÕÚ. These measures are a mean to assess the car-

diovascular health state of the subject, preventing the sudden onset of cardiovascular 

diseases and thus making this research have the potential of saving many lives. 

The problems and results discussed in this thesis are particularly  relevant for situa-

tions where Èɯ×ÈÛÐÌÕÛɀÚɯÊÈÙËÐÖÝÈÚÊÜÓÈÙɯdisease must be monitored accurately but lim-

iting the contact ÞÐÛÏɯÛÏÌɯ×ÈÛÐÌÕÛɀÚɯÉÖËà. In fact, by using load cells as experimented 

◑ 

● 
◐ 
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in this work, an instrumented bed can be used for health monitoring without nega-

tively affecting  the ×ÈÛÐÌÕÛɀÚɯÓÐÍÌ.  

Using load cell technology together with the developed algorithms allows  us to cap-

ture body signals which, if compared with  the signals predicted by  the mathematical 

ÔÖËÌÓȮɯ×ÌÙÔÐÛÚɯÛÖɯÈÚÚÌÚÚɯÛÏÌɯ×ÈÛÐÌÕÛɀÚɯcardiovascular health state in a new reliable 

way.  

This non-invasive method can be utilized in a hospital  monitoring  environment , de-

ployed on hospitalized beds, but also in a home setting, mounted ÐÕɯ×ÌÖ×ÓÌɀÚɯÖÞÕɯ

beds, or, extending the possibilities for easy monitoring in everyday life , even in 

chairs or armchairs. 

This technology promises to be of extraordinary value and it is ensured that this will 

have a decisive role in a future in which deaths from cardiovascular diseases are sig-

nificantly  reduced thanks to the constant unobtrusive monitoring of the state of the 

cardiovascular system of every human being.  
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PART I : 

 CARDIOVASCULAR MODELING   
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 ɬ ELECTRIC ANALOGY 

TO FLUID FLOW   

In this chapter a connection is drawn  between fluid and electric variables, describing 

the hydraulic meaning of passive electric elements  such as resistors, capacitors and 

inductors , as well as active electric elements  such as independent sources of current 

and voltage. 

In order to simplify the mathematical description of a fluid -dynamic -based problem, 

it is convenient to connect the associated main hydraulic  variables to some corre-

sponding  fictitious  electric variables.  

Due to its extensive utilization in electronic engineering, the lumped electric circu it  

theory is very well established , see e.g. (Desoer & Kuh, 2010). Thus, if a physical prob-

lem can be described with the same mathematical formulation used in lumped elec-

tric circuits, then, a vast spectrum of theoretical and computational techniques al-

ready developed for  electronic applications can be readily applied for its solution.  

An application of lumped electric circuit theory to Life Sciences and Bioengineering 

can be found in (Sacco, et al., 2019). 

Lumped passive electric circuit elements, such as resistors, capacitors and inductors, 

can be easily used to assemble a circuit connected by analogy to the fluid dynamic  

system that is under investigation. In addition, even active components such as those 

prescribing a volu metric flow rate (corresponding to an independent current source), 

or a pressure difference (corresponding to an independent  voltage source), can be 

used instead of their analogous hydraulic components. 
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The aim of this chapter is to establish the fundamental correspondence between elec-

tric and hydraulic quantities by means of the continuum -based theory. These compu-

tations are based on Chapter 15 of (Sacco, et al., 2019). 

In the following  sections, the main electric elements are described in detail . 

 

1.1 Hydraulic resistors  

 

Figure 1.1 ɬ Circuit  representation of a resistive element.  

 

It is well known that the Ohm law establishes a linear relationship between voltage 

and current. In hydraulic, the Poiseuille law establishes an analogous linear relation-

ship between the pressure drop at the ends of a rigid cylindrical tube and the volu-

metric flow rate of fluid running through the tube. However, if the tube is not rigid, 

the relationship between pressure drop and volumetric flow rate ceases to be linear. 

In the following , both linear hydraulic resistances, characterizing rigid tubes, and 

nonlinear hydraulic resistances, characterizing compliant and collapsible tubes , are 

reported, since they are often utilized to model vascular segments. 

 

1.1.1 Linear case: Poiseuille law  

Let us consider the Poiseuille flow of a Newtonian viscous fluid in a rigid cylindrical 

tube of radius ὶ and length ὰ, see Figure 1.2.  
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Figure 1.2 ɬ Representative cylindrical tube  of length ὰ and cross-section of radius ὶ.  

 

In general, assuming a stationary and incompressible fluid flow in a tube, the pres-

sure can be considered following a linear distribution along the tube axis : 

 
ὴὼ ὃ ὼ ὄ (1.1) 

where ὼ denotes the axial coordinate of the tube, as shown in Figure 1.2. 

Note that, by writing this, we are already assuming that the pressure is  also constant 

over each cross-section and that does not depend on time.  

Assuming to prescribe a pressure at the inlet and outlet  boundaries (constant over the 

cross-section), the two constants ὃ and ὄ can be determined : 

  ὴπ ὴ    Ƞ   ὴὰ ὴ      O        ὃ
ὴ ὴ

ὰ
   Ƞ   ὄ ὴ     

As a result, the pressure field  along the tube can be written as: 

 ὴὼ
ὴ ὴ

ὰ
ὼ ὴ  (1.2) 

The velocity of the fluid inside the tube , assuming that it is not accelerating (so it is 

constant along the longitudinal direction of the tube) can be written  in the form : 

 
○● ὠὼ   ▄ (1.3) 

where ὼ is the radial coordinate, ▄ is the unit vector along the tube axis and the 

function ὠὼ  can be obtained from the balance of linear momentum as: 

 
ὠὼ

ὃ

τ ‘
ὶ ὼ  (1.4) 

Thus, the velocity field of the fluid can be expressed as: 

ὴ  

ὴ  
ὼ 

ὰ 

ςὶ 
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 ○  
ὴ ὴ

τ ‘ ὰ
ὶ ὼ  ▄  (1.5) 

Let us define the volumetric flow rate as :   

 ὗ ○ẗ▪ ὨὛ (1.6) 

where Ὓ is any cross-section of the tube, and ὲ is the unit normal  vector to Ὓ. 

If Ὓ can be considered constant along the tube, the resulting ὗ  is constant along the 

tube: 

 

ὗ ὠὼ  ▄◑ẗ▄◑ ὼ  Ὠὼ Ὠὼ

ὴ ὴ  “

ς ‘ ὰ
ὶ ὼ  ὼ Ὠὼ

ὴ ὴ  “

ς ‘ ὰ

ὶ

ς

ὶ

τ
 

(1.7) 

where ὼ is the angular coordinate, and the renown Poiseuille law  is obtained: 

 
ὗ

“ ὶ

ψ ‘ ὰ
ὴ ὴ  (1.8) 

It can be easily seen that this law has the same mathematical structure as the Ohm 

law describing a linear resistor , upon establishing the correspondence: ὗ ᴾὭ, and 

ɝὴP ὺ. 

Noticing  also that ὗ  represents the fluid volume per unit time  passing through the 

tube cross-section and Ὥ represents the electric charge per unit time passing through 

the circuit branch, we can establish a further correspondence between fluid volume 

ὠ and electric charge Q. 

In addition, since the electric voltage ὺ is defined as the difference between the value 

of the electric potential ‪ at the end nodes of the circuit branch, we establish a corre-

spondence between ‪ and the fluid pr essure ὴ. 
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 ὗ  volumetric flow rate     Ὥ  electric current 

 ɝὴ  pressure drop     ὺ  electric voltage 

 6  fluid volume     ὗ  electric charge 

 ὴ  fluid pressure     ‪  electric potential  

(1.9) 

 

In this perspective, we can define a hydraulic conductance Ὃ  and a hydraulic re-

sistance Ὑ Ὃ  as: 

 Ὃ
“ ὶ

ψ ‘ ὰ
    Ƞ    Ὑ

ψ ‘ ὰ

“ ὶ
 (1.10) 

so that: 

 
 ɝὴ Ὑ ẗὗ  (1.11) 

1.1.2 Non -linear case: deformable tubes  

One of the main assumptions in the derivation  of the Poiseuille law is the fact that the 

tube is a rigid circular cylinder . However, many applications of interest in bioengi-

neering and life sciences involve tubes that are not rigid . Some examples in the human 

body are blood vessels in the cardiovascular system and airways in the lungs.  

Let us consider a straight cylinder ɱ with cross-section Ὓ (of general shape, not nec-

essarily circular) and length ὰ, see Figure 1.3. 

Let ▄ with Ὥ ρȟςȟσ be the unit vectors in the ὼȟὼȟὼ axis respectively, and let ▄ be 

directed along the tube axis. 

 

 
Figure 1.3 ɬ Representative cylinder Џ in the Cartesian coordinate system ὼȟὼȟὼ  with 

cross-section Ὓ and length ὰ. Adapted from (Sacco, et al., 2019). 
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Let us assume that the motion inside the cylinder ɱ can be described by the Stokes 

equations: 

 

ᶯ ẗ○ π

ᶯ ὴ ‘ ɝ ○
 (1.12) 

where:  ᶯ ẗ○ is the divergence of the velocity field ○ defined as 

   ᶯ ẗ○   

 ᶯ ὴ  is the pressure gradient defined as ɳ  ὴ        

 ɝ ○  is a vector field representing the L aplacian of ○ , 

   where the components of the Laplacian are defined as: 

   ɝ ○  

ừ
Ử
Ừ

Ử
ứ

  

ɝὺ

ɝὺ

ɝὺ

 

 ‘ is the dynamic viscosity  which is assumed to be a positive  con-

stant. 

Note: the first  equation in (1.12) is also called Ɂincompressibility conditionɂȮɯÞÏÌÙÌÈÚ the 

second equation in (1.12) is the Ɂbalance of linear momentumɂȭ 

Let us assume that the following boundary conditions are prescribed : 

   
ὴ ὴ ÁÔ ὼ π
ὴ ὴ ÁÔ ὼ ὰ

 (1.13) 

 
  ○ ÏÎ ‬Ὓ  ÎÏÓÌÉÐ ÃÏÎÄÉÔÉÏÎ (1.14) 

where ‬Ὓ denotes the boundary of Ὓ. 

Let us further assume that: 

A1. The shape of the cross-section Ὓ is constant along the tube.  

A2. Fluid pre ssure is constant on each cross-section O ὴ ὴὼ  . 

A3. Fluid axial velocity can be written as : ὺ ○ὼ  ὪὛ, where ○ὼ  represents 

the average velocity on the cross-section Ὓ, and ὪὛ is an appropriate shape 

function satisfying ᷿ὪὛ ὨὛ ὃ . 

A4. Ax ial motion is predominant : ○ Ḻȿὺȿ  (where ᴁ ẗ ᴁ can be the maximum 

norm). 
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With these assumptions, a model reduction can be performed by integrating the equa-

tions in system (1.13) on the cross-section Ὓ as follows.  

Let us define the volumetric flow rate ὗ  through the cross-section Ὓ as: 

 ὗ ὼ ὺ ὨὛ (1.15) 

Now,  considering assumption (A3), the incompressibility condition  (1.12), the no-slip 

boundary condition (1.14) and assumption (A1), we obtain: 

 

Ὠ ὗ ὼ

Ὠὼ
π (1.16) 

The above relation implies that the volumetric flow rate must be constant along the 

tube. 

In addition, let us assume that: 

A5. The viscous dissipation in the axial direction is negligible . 

A6. The pressure is linear in ὼ, so that: ὴὼ ὼ ὴ  . 

Then it  is possible to write: 

 

ὃ

ὰ
ὴ ὴ Ὧ ὺ π (1.17) 

with the factor Ὧ that depends on the specific profile ὪὛ, chosen a priori for the 

fluid motion. In the case of parabolic velocity profile, such as the one exhibited in the 

Poiseuille flow, we have Ὧ ψ “ ‘.  

Thus, the balance of linear momentum in the axial direction leads to : 

 ɝὴ
Ὧ ὰ

ὃ
 ὗ  (1.18) 

Note: it is immediate  to verify that, in the case of a rigid tube with a circular cross -

section of radius ὶ, the expression (1.17) coincides with the Poiseuille law  (1.8). How-

ever, in the case of deformable tubes, the cross-sectional area ὃ depends on the pres-

sure difference across the tube wall. More precisely, denoting by ὴ  the external 

pressure acting on the tube, we need to provide a constitutive equation characterizing 

the mechanical behavior of the tube wall, also referred to as tube law. 
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To this purpose, let us introduce for simplicity the dimensionless cross-sectional area ‌

ὃȾὃ , where ὃ  is a reference value for the cross-sectional area. Then, characteriz-

ing the tube law consists in defining a function ὖ ὖ‌ such that: 

 

 
ὖ‌

ὴ ὴ

Ὧ
 (1.19) 

where: ὴ  is the mean pressure in the tube (Hp.  ὴ ); 

Ὧ  is a constant that accounts for geometrical and mechanical properties of 

the tube. 

 

The explicit form of the constitutive function ὖ‌ depends on the particular system 

under consideration.  

 

Two types of tubes cases will be  considered: the compliant tube and the collapsible tube. 

 

ɈCompliant tubes  

In the case of compliant tubes, the cross-section is assumed to be circular and to re-

main circular after the deformation , see Figure 1.4. In this case, the radial displace-

ment – is computed using the membrane law : 

 –
ρ ’  ὶ  ὴ ὴ

Ὁ Ὤ
 (1.20) 

where: Ὁȟ’  are the elastic constants the tube: Young modulus and Poisson ratio; 

 Ὤ   is the tube wall thickness; 

ὶ  is the reference radius. 

 

 

Figure 1.4 ɬ Deformation of a compliant tube for a positive transmural pressure difference 

ὴ ὴ π. The cross-section Ὓ remains circular after the deformation and the radial dis-

placement is denoted by –. 
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In addition,  the reference area is defined as ὃ “ ὶ  . 

The expression (1.20) can be rewritten using the following parameters : 

 
‌

ὃ

ὃ
   Ƞ   Ὧ

ρ

ὶ
ẗ
Ὁ Ὤ

ρς ρ ’
   Ƞ   Ὧ ρς 

ὶ

Ὤ
 (1.21) 

obtaining : 

 
Ὧ ‌Ⱦ ρ

ὴ ὴ

Ὧ
 (1.22) 

Comparing (1.21) with (1.19), it is possible to characterize ὖ ὖ‌ as follows: 

 
ὖ‌ Ὧ ‌Ⱦ ρ  (1.23) 

The above expression represents the tube law for a compliant tube whose deformation 

is described by the membrane law (1.20). 

 

Recalling that ‌ ὃȾὃ , it is possible to solve the expression (1.22) for ὃ, obtaining: 

 ὃ ὃ
ὴ ὴ

Ὧ Ὧ
ρ  (1.24) 

Substituting (1.24) into (1.18) leads to the equation: 

 ɝὴ Ὑ  ὗ  (1.25) 

 

where Ὑ Ὑ ὴ is a nonlinear function of the fluid pressure that character-

izes the hydraulic resistance of a compliant tube: 

 

 Ὑ
Ὧ ὰ

ὃ

ὴ ὴ

Ὧ Ὧ
ρ  (1.26) 
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ɈCollapsible tubes  

In the case of collapsible tubes, the cross-section Ὓ exhibits a marked change in shape 

depending on whether the pressure ὴ inside the tube is larger or smaller than the ex-

ternal pressure ὴ . Experiments on collapsible tubes have shown that Ὓ changes 

shape from circular, to elliptic to highly collapsed as  the transmural pressure differ-

ence ὴ  ὴ  decreases, as illustrated in Figure 1.5. The phenomenon of tube col-

lapse under negative transmural pressure difference is also known as Starling resistor 

effect and plays a crucial role in veins and airways.  

 

 
Figure 1.5 ɬ Schematic illustration of experimental  results for a collapsible tube. The cross-

section shape changes from circular to elliptic to highly collapsed as the transmural pressure 

difference ὴ  ὴ decreases. Adapted from (Sacco, et al., 2019). 

 

It is possible to observe that when the transmural pressure difference is positive, the 

vessel dilates and maintains a circular cross-section. However, when the transmural 

pressure difference is negative, the cross-section changes shape, first becoming ellip-

tical and then collapsing unti l two opposite sides of the inner wall touch each other. 

In this region, the vessel is more resistant and thus large changes in the transmural 

pressure difference yield small changes in the cross-sectional area. This behavior is 

mathematically represented by the following constitutive equation : 

 

 
ὖ‌   

ρ ‌ Ⱦ ÆÏÒ  ‌ ρ
  
Ὧ ‌Ⱦ ρ ÆÏÒ  ‌ ρ

 (1.27) 

ὴ ὴ 

‌  

ρ  
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In particular, we  notice that a collapsible tube is assumed to behave in the same way 

as a compliant tube if ‌ ρ. Next, an expression for ‌ can be obtained by manipulat-

ing (1.27). Recalling that ‌ ὃȾὃ , it is possible to substitute the expression (1.27) 

into (1.18), obtaining : 

 
ɝὴ Ὑ  ὗ  (1.28) 

where Ὑ Ὑ ὴ is a nonlinear function of the fluid pressure  that characterizes 

the hydraulic resistance of a collapsible tube: 

 

 
Ὑ

ừ
Ử
Ừ

Ử
ứ

  

Ὧ ὰ

ὃ

ὴ ὴ

Ὧ

Ⱦ

 ÆÏÒ  ‌ ρ

  

Ὧ ὰ

ὃ

ὴ ὴ

Ὧ
ρ ÆÏÒ  ‌ ρ

 (1.29) 

 

Remark: In the case of an electric resistor, energy is received from the electric circuit 

and dissipated under the form of heat via the Joule effect. In the case of a hydraulic 

resistor, energy is received from the hydraulic circuit and dissipated under the form 

of heat via the viscous effect of internal friction. 
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1.2 Hydraulic capacitors  

 

Figure 1.6 ɬ Circuit  representation of a capacitive element. 

An electric capacitor is a passive two-terminal electronic component that stores elec-

trical energy in an electric field which, in the case of linear time -invariant capacitor of 

capacitance ὅ can be written as: 

 ‐
ρ

ς
 ὅ ὺ (1.30) 

Since the electric equivalent of the voltage drop ὺ is the pressure drop ɝὴ, the electrical 

energy described above corresponds to a potential energy.  

Thus, the correspondence between electric and hydraulic capacitors should be sought 

in the potential  part of the fluid equations .  

The general constitutive law characterizing a capacitor in the context of lumped elec-

tric circuits is : 

 Ὥ
Ὠὗ

Ὠὸ
      ὗ ὗὺ (1.31) 

where: Ὥ  is the electric current passing through the capacitor;  

 ὗ  is the electric charge stored in the capacitor; 

 ὺ  is the voltage drop  across the capacitor.  

The basic correspondence between electric and hydraulic variables established in  the 

scheme (1.9) tells us that a hydraulic capacitor must be described by a constitutive 

law of the form : 

 ὗ
Ὠὠ

Ὠὸ
      ὠ ὠɝὴ (1.32) 
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where: ὗ   is the volumetric flow rate passing through the capacitor;  

 ὠ  is the fluid volume stored in the capacitor;  

 ɝὴ  is the pressure drop across the capacitor.  

Thus, an hydraulic capacitor is capable of storing and releasing fluid volume dynam-

ically , thereby creating a fluid  flow through the element.  

This implies that :  

1. a hydraulic capacitor must be able to deform and accommodate 

changes in fluid vol ume with time;   

2. the constitutive relationship between fluid volume and pressure drop 

across the capacitor characterizes the behavior of the specific element. 

 

 

ɈTubes as hydraulic capacitors 

In Sections 1.1.1 and 1.1.2 we have considered the fluid flow in rigid and defor mable 

tubes from the point of view of their hydraulic resistances. Since rigid tubes cannot 

alter their shape, they cannot accommodate changes in volume and, as a consequence, 

cannot be modeled as hydraulic capacitors. Conversely, deformable tubes can change 

their shape and therefore act as hydraulic capacitors. Let us consider the cases of com-

pliant and collapsible tubes that were discussed in Section 1.1.2.  

We recall that ὃ is the cross-sectional area of the tube, which is assumed to be constant 

along the length ὰ of the tube.  

Thus, the tube volumes in the deformed and reference configurations, denoted by ὠ 

and ὠ  respectively, can be written as: 

 
ὠ ὃ ὰ    and   ὠ ὃ  ὰ (1.33) 

Thus, the constitutive law characterizing a compliant tube as a hydraulic capacitor 

can be obtained from (1.24) leading to: 

 
ὠ

ừ
Ử
Ừ

Ử
ứ

  

ὠ ρ
ɝὴ

Ὧ

Ⱦ

 ÆÏÒ  6 ὠ

  

ὠ
ɝὴ

Ὧ Ὧ
ρ ÆÏÒ  ὠ ὠ

 (1.34) 
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In both compliant and collapsible cases, the pressure difference Ўὴ across the hydrau-

lic capacitor is the transmural pressure difference ɝὴ ὴ ὴ , with ὴ denoting the 

average pressure inside the tube. 

Remark: In the case of an electric capacitor, energy is received from the electric circuit 

and stored under the form of electric energy. In the case of a hydraulic capacitor, en-

ergy is received from the hydraulic circuit and stored under the form of potential en-

ergy associated with the volume change. 
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1.3 Hydraulic inductors  

 

Figure 1.7 ɬ Circuit  representation of an inductive  element.  

The constitutive law characterizing a linear time -invariant inductor in the context of 

lumped electric circuits is : 

 ὺ ὒ
ὨὭ

Ὠὸ
 (1.35) 

where: Ὥ  is the electric current passing through the inductor;  

 ὺ  is the voltage drop across the inductor. 

 

An electric inductor receives energy from the circuit and stores it under the form of 

magnetic energy  which, in the case of a linear time -invariant inductor of inductance 

ὒ can be written as: 

 ‐
ρ

ς
 ὒ Ὥ (1.36) 

Since the electric equivalent of the electric current Ὥ is the volumetric flow rate ὗ , the 

magnetic energy described above corresponds to a kinetic energy.  

Thus, the correspondence between electric and hydraulic inductors should be sought 

in the inert ial part of the fluid equations .  

For the sake of simplicity, let us consider a rigid tube of length ὰ and circular cross-

section Ὓ of radius ὶ.  
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Let us start from the Navier -Stokes equations 2: 

 
  

●ɳẗ○ π
 

”
‬○

‬ὸ
”○ẗɳ● ○ ●ɳ ὴ ‘ ɝ● ○

 (1.37) 

Let us simplify  system (1.37) by making the same assumptions A1-A6 as in Section 

1.1.2 with t he difference that now  ὺ ὺ ὼȟὸẗὪὛ  and  ὴ ὴὼȟὸ . 

Thus, the balance of linear momentum can be reduced to its axial component: 

 
”
‬ὺ

‬ὸ

‬ὴ

‬ὼ
‘ 
‬ ὺ

‬ ὼ

‬ ὺ

‬ ὼ
‘
‬ ὺ

‬ ὼ
 (1.38) 

Integrating (1.38) over the cross-section Ὓ yields: 

 ”
Ὠὗ

Ὠὸ

ὃ

ὰ
ὴ ὴ

Ὧ

ὃ
ὗ  (1.39) 

In the inviscid case, we can set Ὧ π to obtain: 

 ɝὴ
ὴ ὰ

ὃ

Ὠὗ

Ὠὸ
      ɝὴ ὴ ὴ  (1.40) 

from which it is possible to obtain a characterization of the hydraulic conductance as : 

 ὒ
” ὰ

ὃ
 (1.41) 

Note that the hypothesis of inviscid flow is reasonable considering the aim of the sec-

tion, since the viscosity resistances to motion are accounted by using equivalent re-

sistors. 

 

  

 

2 As a general remark, it may be useful to recall that a linearized version of the Navier -Stokes 

ÌØÜÈÛÐÖÕÚɯÐÚɯÙÌ×ÙÌÚÌÕÛÌËɯÉàɯÛÏÌɯɁ2ÛÖÒÌÚɯÌØÜÈÛÐÖÕÚɂȮɯÞÏÐÊÏɯÙÌÈËÚȯ 

  
●ɳẗ○ π
 
‘ ɝ● ○ ●ɳ ὴ Ὢ
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1.4 Hydraulic active elements  

 

Figure 1.8 ɬ Circuit  representation of a prescribed voltage source.  

Electric active elements provide prescribed sources of electric current or voltage. In 

analogy, we can use electric active elements to model the action of hydraulic devices 

that establishes a prescribed volumetric flow rate ὗ  (corresponding to an independ-

ent current source), or a prescribed pressure difference Ўὴ (corresponding to an inde-

pendent voltage source). Thus, hydraulic active elements include pumps  and injec-

tors. 

 

 

Figure 1.9 ɬ Circuit  representation of a ground connection element.  

To conclude, it can be useful to remark that the circuit  ground  symbol corresponds 

to a node where the electric potential, or the fluid pressure in the hydraulic anal ogy, 

is set equal to zero. 
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 ɬ MODELING AND ANALYSIS OF 

THE CARDIOVASCULAR SYSTEM  

Taking into considerations the connections analyzed in Chapter 1 between hydraulic  

elements and electric elements, (Guidoboni, et al., 2019) developed a closed-loop  cir-

cuit model of the cardiovascular system  with the aim of  virtually  recreating the Bal-

listocardiogram  (BCG) of a patient (see ɁChapter 2.2 - Ballistocardiogram analysisɂ 

for definitions).  

The modeling of the cardiovascular system through a lumped model has a long his-

tory . Different models have been proposed to treat different aspects of the cardiovas-

cular system.  In the following , other closed-loop models will be considered , for in-

stance the one developed by (Avanzolini, et al., 1988); however the closed-loop model 

proposed in Section 2.1 is the first model  that has been developed with the purpose 

of performing  computational ballistocardiography simulations.  

 

In Section 2.1, the closed-loop circuit  model proposed by (Guidoboni, et al., 2019) 

simulating the blood flow inside the cardiovascular system is introduced and ana-

lyzed. In Section 2.2 the same model is used to perform a simulation of the  Ballisto-

cardiogram (BCG).  

In Section 2.3 and Section 2.4, the role of a particular function called activation function 

is investigated as well as the role of vessel viscoelasticity. 

Finally , In Section 2.5 the referenced model is compared to previous  models and a 

causal-relation analysis is performed to establish relations between BCG parts and 

circuital compartments.  

  

mailto:raul.invernizzi@mail.polimi.it


2 ɬ Modeling and Analysis of the Cardiovascular System  

2.1 ɬ Closed-loop model for the cardiovascular system 

   25  

Politecnico di Milano ɬ 21 Dec 2021 ɬ raul.invernizzi@mail.polimi.it   

2.1 Closed-loop model for the cardiovascular system 

Blood circulation is modeled using the analogy between electric circuits  and hydrau-

lic networks as described in Chapter 1. In this context, electric potentials correspond to 

fluid pressures, electric charges correspond to fluid volumes and electric currents corre-

spond to volumetric flow rates, see (1.9). 

By making use of circuit elements, a model is built which leads to a system of nonlin-

ear ordinary differential equations whose solution provides the time-dependent pro-

files of pressures and volumes at the circuit nodes and flow rates through the circuit 

branches. 

 

2.1.1 Detailed  circuital  description of the model  

The closed-loop model analyzed in this section consists of a network of resistors, ca-

pacitors, inductors, voltage sources and switches arranged into 4 main interconnected 

compartments representing the heart, the systemic circulation , the pulmonary circu-

lat ion  and the cerebral circulation , as reported in Figure 2.1.  

The circuit nodes  have been marked by thick black dots and numeric labels from 1 to 

15. The anatomical meaning of the circuit nodes has been summarized in Table 2.1. In 

the model, resistors, capacitors and inductors represent hydraulic resistance, wall compli-

ance and inertial effects, respectively. Variable capacitors, indicated with arrows in  Fig-

ure 2.1, are utilized to describe the wall viscoelasticity in large arteries and the non-

linear properties of the heart muscle fibers. Cerebral capillaries are assumed to be 

non-compliant . The four heart valves are modeled as ideal switches. The ventricular 

pumps are modeled as time-dependent voltage sources.  

The model depicted in Figure 2.1 will be also called in the following ɁModel 5 

(Guidoboni, et al.)ɂ. The reason for the number Ɂ5ɂ will be explained in  Section 2.5.  
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Figure 2.1 ɬ Cardiovascular circuit model taken as reference (Guidoboni, et al., 2019).  
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Node Compartment  Segment 

1 Heart Left Ventricle  

2 Systemic Ascending Aorta  

3 Systemic Aortic Arch  

4 Systemic Thoracic Aorta  

5 Systemic Abdominal Aorta  

6 Systemic Iliac arteries 

7 Systemic Small arteries 

8 Systemic Capillaries  

9 Systemic Veins 

10 Heart Right Ventricle  

11 Pulmonary  Pulmonary Arteries  

12 Pulmonary  Capillaries  

13 Pulmonary  Veins 

14 Cerebral Cerebral Arteries 

15 Cerebral Veins 

Table 2.1 ɬ Anatomical meaning of the circuit nodes.  

 

ɈSystem of differential equation s 

The closed-loop model in Fig. 2 can be written as a system of ordinary differential 

equations (ODEs) of the form: 

 ╜ ╨ὸ  
Ὠ╨ὸ

Ὠὸ
  ═ ╨ὸ ẗ╨ὸ ╫╨ὸ       ὸɴ πȟὝ (2.1) 

where: ╨ὸ ╥ὸȠ  ╠ὸ   ÐÚɯÛÏÌɯÔǸËÐÔÌÕÚÐÖÕÈÓɯÊÖÓÜÔÕɯÝÌÊÛÖÙɯÖÍɯÜÕÒÕÖÞÕÚ; 

 ╥ὸ   denote the vector of fluid  volumes stored in the capacitors; 

 ╠ὸ   denote the vector of volumetric flow rate through the inductors ; 

 ╜ and ═   are ά ά tensors; 

 ╫    is the άǸdimensional column vector of given forcing terms.  

We anticipate that ╜, ═ and ╫ nonlinearly depend on the vector of state variables ╨. 

The specific expressions for ╨, ╜, ═ and ╫ follow from the constitutive equations 

characterizing the circuit elements and the Kirchhoff laws of currents and voltages, as 

detailed in (Guidoboni, et al., 2019). 
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ɈElectrical elements 

The theory of the circuit  elements used to build the closed-loop model was introduced 

in Chapter 1. The constitutive laws characterizing these elements are here summa-

rized in Table 2.2. 

Figure Element Constitutive law  

 
Linear resistor ὗ

ɝὴ

Ὑ
 

 
Linear resistor + ideal switch ὗ „

ɝὴ

Ὑ
 

 
Linear capacitor ὗ

Ὠὠ

Ὠὸ
  Ƞ  ὠ ὅ ɝὴ 

 
Variable capacitor ɝὴ

ὠ

ὅ
‎
Ὠὠ

Ὠὸ
 

 
Variable capacitor (Ventricular elastance) ɝὴ Ὁὸẗὠ 

 Voltage source ὖ ὸ Ὗὸ 

 
Linear inductor  ὒ

Ὠὗ

Ὠὸ
ɝὴ 

Table 2.2 ɬ Constitutive laws of the  circuit elements in the closed-loop model.  

 

w ith : ὠ  Fluid volume ; 

 ɝὴ ὖ ὖ   Pressure difference; 

 „
ρ   ÉÆ ɝὴ π
π   ÉÆ ɝὴ π

    Switch function ; 

 ὅ  Capacitance constant; 

 ‎   Viscoelastic constant; 

 Ὁὸ  Ventricular elastance (depending on the activation function); 

 Ὗὸ  Pressure function (depending on the activation function); 

 ὒ  Inductance constant. 

The values of the main parameters pertaining  to each circuit element are reported 

directly in Figure 2.1.  

- The parameter values pertaining to the heart, the systemic microcirculation  and the 

pulmonary circu lation  have been adapted from (Avanzolini, et al., 1988)].  

- The parameter values pertaining to the main arteries have been computed using the 

following constitutive equations , (Canic, et al., 2006): 
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Resistance: 
Ὑ
ψ “ ὰ –

Ὓ
 

(2.2) 

Inductance: 
ὒ
” ὰ

Ὓ
 

(2.3) 

Capacitance: 
ὅ
σ ὰ Ὓ ὥ ρ

Ὁ ςὥ ρ
    Ƞ    ‎

‏

ὅ
 

(2.4) 

 

where:  ὥ ὶȾὬ   is the ratio between vessel radius ὶ and wall thickness Ὤ; 

 ὰ   is the vessel length; 

 Ὓ “ ὶ     is the vessel cross-sectional area; 

 ”   is the blood density ; 

 –   is the blood viscosity; 

 Ὁȟ‏  are the Young modulus and the viscoelastic parameter charac-

terizing the vessel wall.  

 

In (Guidoboni, et al., 2019), it is assumed that:  

 ” ρȢπυ ÇȾÃÍ ;    – πȢπσυ Ç ÃÍ  Ó ;  

 Ὁ τρπ ÄÙÎÅȾÃÍ ‏    ; ρȢυφρπσ Ó. 

The values of the remaining geometrical parameters utilized to determine Ὑ, ὒ, ὅ and 

‎ for each of the main arterial segments have been adapted from (Noordergraaf & al., 

1963) and are reported in Table 2.3. 

 

Arterial Segment  l [cm] r [cm]  h [cm]  

Ascending Aorta  4.0 1.44 0.158 

Aortic Arch  5.9 1.25 0.139 

Thoracic Aorta  15.6 0.96 0.117 

Abdominal Aorta  15.9 0.85 0.105 

Iliac artery  5.8 0.52 0.076 

Carotid artery  20.8 0.39 0.064 

Table 2.3 ɬ Geometrical parameters used for the main arterial segments. 
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ɈActivation function  

The activation function  ὃὸ is a function characterizing the ventricular  contractions. 

It is the functi on governing the pumping timing of the heart ventricles. This special 

function must be tailored to the specific circuit and it must be able t o make the circuit 

reproduce physiological  waveforms of volumes, pressures and flow rates. 

Figure 2.2 shows the values of the activation function ὃὸ in time, as defined in (2.5), 

and some related timing f unctions ὸ and ὸ.  

 

 
Figure 2.2 ɬ Graphical representation of the activation function  ὃὸ and some related timing 

functions ὸ and ὸ.  

 

In (Guidoboni, et al., 2019) the activation function was defined as : 

 
   ὃὸ  

ừ
Ử
Ừ

Ử
ứ

  

  
ρ

ς
ÔÁÎÈήȾ ẗὸ ÔÁÎÈήȾ ẗὸ ÉÆ ὸ Ὕ

  
  
π ÉÆ ὸ Ὕ
  

      (2.5) 

where the parameters considered in the formula are defined as: 

ή ή ς“  are given constants [l/s] ;  

Ὕ πȢψ Ó  is the length of one cardiac cycle; 
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Ὕ πȢρφπȢσẗὝ is the length of the systolic part of the cardiac cycle; 

ὸ  άέὨ ὸὭάὩȟὝὧ  is the time related to the cardiac cycle; 

ὸȾ ὸ ὝȾ   are timing depending on Ὕ and Ὕ, which  are given time con-

stants that can be characterized via electrocardiography (ECG). 

Specifically, Ὕ πȢπψ Ó corresponds to the T wave peak time 

and Ὕ πȢτυ Ó corresponds to the T wave offset time with re-

spect to the R wave peak, see Figure 2.3. 

 

 
Figure 2.3 ɬ Standard ECG signal. 

 

Ʒ Variable capacitors :  

Capacitors in the ventricular part of the circu it characterizing  the ventricular elastance 

depend on the activation function through the formulas : 

 
ὅὸḊ   

Ὁ ὸ Ὁȟ Ὁȟẗὃὸ
 
Ὁ ὸ Ὁȟ Ὁȟẗὃὸ

 (2.6) 

where Ὁȟ ȟὉȟ (resp. Ὁȟ ȟὉȟ) are given constants characterizing the diastolic and 

systolic elastances of the left ventricle (resp. right ventricle ). 

 

Ʒ Voltage sources:  

The hydraulic analog of a voltage source is an element that imposes the nodal pres-

sure as ὖ ὸ  Ὗὸ, where Ὗὸ is a given function. Following (Avanzolini, et al., 

1988), it is assumed that: 

 
ὺὸḊ   

Ὗ ὸ Ὗȟẗὃὸ 

Ὗ ὸ Ὗȟẗὃὸ
 (2.7) 

where Ὗȟ and Ὗȟ are positive constants and ὃὸ is given in equation (2.5). 

T 

S 

P 

Q 
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mailto:raul.invernizzi@mail.polimi.it


2 ɬ Modeling and Analysis of the Cardiovascular System  

2.1 ɬ Closed-loop model for the cardiovascular system 

   32  

Politecnico di Milano ɬ 21 Dec 2021 ɬ raul.invernizzi@mail.polimi.it   

ɈModeling software programs  

The mathematical model described so far has been implemented in OpenModelica 3, 

an open source Modelica-based modeling and simulation environment of complex 

dynamic systems. Model results have been obtained using a differential algebraic sys-

tem solver, DASSL, with a tolerance of ρπ  and a time step of πȢππρ ί.  

 

 
Figure 2.4 ɬ OpenModelica 1.13.2 64bit, Connector Editor main screen. 

 

The simulations are performed over 8 cardiac cycles, each of duration equal to  πȢψ ί, 

for a total simulation time of φȢτ ί, in order to obtain a periodic solution and avoid 

the initial transient needed to reach sustained periodic  condition s.  

The results reported in the majority of the graphs in this thesis correspond to the last 

of the 8 simulated cardiac cycles .  

Simulation results were then post-processed using MATLAB 4, a commercial software 

to analyze data, develop algorithms and implement mathematical models.  

  

 

3 https://openmodelica.org/   
4 https://it.mathworks.com/products/matlab.html   
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2.1.2 Capability of the model : cardiovascular physiology  

The capability of the proposed closed-loop model to capture some of the main fea-

tures of the cardiovascular system is shown in (Guidoboni, et al., 2019) by comparing  

theoretical results to experimental measurements.  

 

ɈVentric le-related parameters 

A qualitative description of left ventricular function  is shown in Figure 2.5, which 

reports the volume -pressure relationship in the left ventricle during one cardiac cycle 

simulated via the closed-loop model. Results show that the model correctly captures 

the four basic phases of ventricular function: ventricular filling (phase A), isovolumetric 

contraction (phase B), ejection (phase C), and isovolumetric relaxation (phase D). 

 

 
Figure 2.5 ɬ Pressure-volume cycle obtained with the model in (Guidoboni, et al., 2019). 

The model captures the four phases of ventricular function: ventricular filling (phase A), isovol-

umetric contraction (phase B), ejection (phase C), and isovolumetric relaxation (phase D). 

 

Another qualitative representation of ventricular function is given  by the Wiggers 

diagram , where the volume waveform of the left ventricle  is portrayed together with 

the pressure waveforms of the left ventricle  and the ascending aorta. The Wiggers 

phase A 

ventricular filling  

phase B 

isovolumetric  

contraction 

phase D  

isovolumetric  

relaxation 

phase C 

ejection 
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diagram simulated via the closed-loop model, see Figure 2.6, shows the typical fea-

tures of isovolumetric contraction and relaxation exhibited by physiological wave-

forms (Klabunde, 2011). 

 
Figure 2.6 ɬ Wiggers diagram simulated via the closed -loop model. Results show the typical 

features of isovolumetric contraction and relaxation (Klabunde, 2011).  

 

ɈCardiovascular parameters  

Quantitative parameters describing cardiovascular  physiology include : end-diastolic 

volume (ὉὈὠ), end-systolic volume (ὉὛὠ), stroke volume (Ὓὠ), cardiac output (ὅὕ) and ejec-

tion fraction (ὉὊ) associated with the left and right ventricles.  

¶ ὉὈὠ and ὉὛὠ are computed as the maximum and minimum values of the ven-

tricular volumes during the cardiac cycle, respectively . 

¶ Ὓὠ is given by the difference Ὓὠ ὉὈὠὉὛὠ.  

¶ ὉὊ is given by the relative difference ὉὊ ρππẗὉὈὠὉὛὠ Ⱦ ὉὈὠ, which 

can also be written as ὉὊ ρππẗὛὠ Ⱦ ὉὈὠ. 

¶ Denoting by Ὕ the length of the heartbeat measured in seconds, the heart rate 

ὌὙ and the cardiac output ὅὕ are computed as ὌὙ φπ Ⱦ Ὕ   and ὅὕ ὌὙẗ

ὛὠȾρπππ. 
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Table 2.4 provides the values of the above parameters for the left and right ventricles 

as reported in the clinical literature and the values simulated via the closed-loop 

model. Specifically, the clinical studies in (Maceira & al., 2006) and (Maceira & al., 

2006) utilized cardiovascular magnetic resonance to assess left and right ventricular 

functions on 120 healthy individuals. All the simulated values fall within the ranges 

reported in the clinical literature, thereby validating the capability of the closed -loop 

model to reproduce the main features of the heart function.  

 

Parameter Unit  

Normal Clinical Range  Closed-Loop Model   

Left 

Ventricle 

Right 

Ventricle 

Left 

Ventricle 

Right 

Ventricle 
 

End-Diastolic 

Volume ( EDV)  
[ml]  142 (102-183) 

144 (98-190) 

130 (100-160) 
155.6 157.7  

End-Systolic 

Volume (ESV) 
[ml]  47 (27-68) 

50 (22-78) 

75 (50-100) 
67.3 68.8  

Stroke Volume 

(SV) 
[ml/beat]  

95 (67-123) 

(60-100) 

94 (64-124) 

80 (60-100) 
88.2 88.8  

Cardiac Output 

(CO) 
[l/min]  6 (4-8) 6 (4-8) 6.6 6.6  

Ejection Fraction 

(EF) 
[%] 67 (58-76) 

66 (54-78) 

50 (40-60) 
56.7 56.3  

Table 2.4 ɬ Cardiovascular physiology : left and right ventricles reference values 

compared to the simulated ones. 

Clinical references: (Maceira & al., 2006), (Maceira & al., 2006), (Lifesciences, 2014)  

 

ɈPressure and volume of the cardiovascular compartments  

The pressure and volume w aveforms  pertaining to the main segments of the sys-

temic arteries simulated via the closed-loop model are reported in  Figure 2.7. Results 

show that the model captures the typical features of peak magnification and time de-

lay exhibited  by physiological wavefor ms.  

In addition, in Figure 2.8 all the main aortic pressures are superposed all together in 

order to better investigate the general trend predicted by the simulation . It can be 

seen that the ascending aorta has a lower pressure, while  pressure increases in the 

farthest zones of the aorta and the iliac arteries. This behavior is physiological  

(McDonald, 1974) and confirms the capability of this model to simulate  the buildup 

changes in pressure and waveforms.  
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Figure 2.7 ɬ Time evolution  of pressure (left columns) and volume (right columns) in time 

(with respect to the last cardiac cycle simulated) of seven vascular compartments: ascending 

aorta, aortic arch, thoracic aorta, abdominal aorta, iliac arteries, pulmonary arteries, cerebral 

arteries.  

 

 

 
Figure 2.8 ɬ Pressure waves of the five main arterial compartments  of the torso superposed: 

ascending aorta, aortic arch, thoracic aorta, abdominal aorta, iliac arteries.  
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Additional validations of the model are proposed in (Guidoboni, et al., 2019). 

Overall, the results presented in (Guidoboni, et al., 2019) provide evidence of the ca-

pability of the proposed closed -loop model to capture prominent features of cardio-

vascular physiology and support the utilization of the model output to construct a 

theoretical BCG, as discussed next. 
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2.2 Ballistocardiogram analysis  

Ballistocardiography captures the signal generated by the repetitive motion of the 

human body due to sudden ejection of blood into the large vessels with each heartbeat 

(Starr & Noordergraaf, 1967). The signal is called ballistocardiogram  (BCG). Exten-

sive research work by Starr and Noordergraaf showed that the effect of main heart 

malfunctions, such as congestive heart failure and valvular disease, would alter the 

BCG signal (Starr & Noordergraaf, 1967) (Starr & Wood, 1961) (Pinheiro & al, 2010), 

thereby yielding a great potential for passive, noncontact monitoring of the cardio-

vascular status. 

As seen in Section 2.1.2, simulated arterial pressure wav eforms and ventricular func-

tions are in good qualitative and quantitative agreement with those reported in the 

clinical literature . The proposed closed-loop model  should therefore be able to cap-

ture the predominant  features of BCG signals and could be potentially used to predict 

pathological changes on the basis of fundamental mechanisms in cardiovascular 

physiology.  

 

2.2.1 BCG theoretical background  

Starr and Noordergraaf provided the theoretical foundations to interpret BCG signals 

by expressing the displacement of the center of mass of the human body  as a func-

tion of the blood volumes occupying different vascular compartments at a given time 

during the cardiac cycle (Starr & Noordergraaf, 1967). Specifically, the coordinate ὣ 

of the center of mass of the body along the head-to-toe direction at any given time ὸ 

can be written as: 

 
ὣὸ

”

ὓ
 ὠὸẗώ ὧ (2.8) 

where:  ”  is the blood density ; 

 ὓ is the total body mass; 

 ὔ is the total number of vascular compartments in the model ; 

 ὠὸ is the blood volume filling the compartment Ὥ at the time ὸ; 

 ώ is the coordinate of the compartment Ὥ with respect to the heart 

plane; 

 ὧ is a constant term representing the body frame.  
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In essence, the ὣ motion of the body is obtained by multiplying the relative mass of 

each vascular compartment over the total body mass ( ”ẗὠὸ Ⱦ ὓ ) by the coordi-

nate ώ of the same vascular compartment. 

Since the term ὧ in (2.8) is constant for a given person, the BCG signal associated with 

the center of mass displacement  in the head-to-toe direction is defined as: 

 
ὄὅὋ ὸḧ

”

ὓ
 ὠὸẗώ (2.9) 

The BCG signals associated with velocity  and acceleration of the center of mass can 

be obtained via time differentiation as: 

 
ὄὅὋ ὸ

”

ὓ
 

Ὠὠὸ

Ὠὸ
ẗώ (2.10) 

 ὄὅὋ ὸ
”

ὓ
 

Ὠὠὸ

Ὠὸ
ẗώ (2.11) 

In our body, the waveforms ὠὸ are the results of the complex interplay between the 

blood volume ejected from the heart , the resistance to flow that blood experiences 

across the cardiovascular system and the pressure distribution  within it  (Guidoboni, 

et al., 2019).  

Starr and Noordergraaf characterized the volume waveforms ὠὸ by means of ex-

perimental measurements at each location ώ (Starr & Noordergraaf, 1967).  

Guidoboni, et al. instead, shown that the waveforms associated with ὠὸ can be com-

puted by means of a mathematical model based on the physical principles governing 

vascular physiology, thereby paving the way to the use of quantitative methods to 

interpret BCG signals and identify cardiovascul ar abnormalities in a given patient  

(Guidoboni, et al., 2019). 

The first computer -aided approach for quantitative interpretation of BCG signals was 

proposed by Noordergraaf et al in (Noordergraaf & al., 1963), where the electric anal-

ogy to fluid flow was leveraged to describe the  motion of blood through the arterial 

system during the cardiac cycle and calculate the resulting BCG signal. Since then, 

only a few studies have been directed to the theoretical construction and interpreta-

tion of BCG signals. 
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Wiard, et al. utilized a three -dimensional finite element model for blood flow in the 

thoracic aorta to show that the traction at the vessel wall appears to be of similar m ag-

nitude to recorded BCG forces (Wiard, et al., 2009). 

Kim, et al. proposed a simplified model based on the equilibrium forces within the 

aorta to show that blood pressure gradients in the ascending and descending aorta 

are major contributors to the BCG signal (Kim, et al., 2016). 

Despite their different approaches to blood flow modeling, the aforementioned stud-

ies share the common feature of focusing only on the arterial side of the cardiovascu-

lar system, thereby leading to open-loop models of the circulation.  

In reality, though, our blood circulates within a closed-loop system and, as a conse-

quence, hemodynamic changes observed at the level of the major arteries might be 

the result of changes occurring elsewhere within the closed-loop system. For example, 

left ventricular heart failure leads to an increase in fluid pressure tha t is transferred 

back to the lungs, ultimately damaging the right side of the heart and causing right 

heart failure  (Bogaard & al., 2009). Another example is given by venothromboembo-

lism, a disorder manifested by deep vein th rombosis and pulmonary embolism. Deep 

vein thrombosis occurs when a blood clot forms in a vein, most often in the leg, but 

they can also form in the deep veins of the arm, splanchnic veins, and cerebral veins 

(Di Nisio & al., 2016). A pulmonary embolism occurs when a clot breaks loose and 

travels to the pulmonary circulation, causing thrombotic outflow obstruction and a 

sudden strain on the right ventricle (Jolly & Phillips, 2018). Sequelae of such an event 

include decreased right ventricular cardiac output, poor overall cardiac output, and 

decreased systemic blood pressure. 

The main goal of developing a rich model  in terms of vascular compartments descrip-

tions is to include  sufficient elements to reproduce theoretically the BCG signal and 

predict changes associated with specific pathological conditions and to afford a refer-

ence model promising to serve as a virtual laboratory  where cardiovascular dysfunc-

tions can be simulated and their manifestation on the BCG signal can be characterized. 
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ɈBCG-related model features 

The closed-loop model is utilized to construct the BCG signal theoretically by substi-

tuting in (2.9), (2.10) and (2.11) the volume waveforms computed via the solution of 

the mathematical model.  

The following n ine contributions , ὔ ω, are included in the calculations for the 

BCG signal:  

¶ The volume waveforms pertaining to the left and right ventricles (nodes 1, 10),  

¶ Four aortic segments (nodes 2, 3, 4, 5),  

¶ Iliac arteries (node 6),  

¶ Pulmonary arteries (node 11), 

¶ Cerebral arteries (node 14).  

In Figure 2.9 the main systemic arteries are shown. 

 

Figure 2.9 ɬ 3D image of the body5. The main arteries included in the closed-

loop model are highlighted in red.  

 

5 Image generated with the human.biodigital widget:  

 https://human.biodigital.com/widget/?m=production/maleAdult/male_complete_anat-

omy_08.json  

Ascending  Arch  

Abdominal  
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The calculation of the BCG signal requires the values of the coordinates representing 

the distance of each compartment of interest from an ideal plane. 

The movement of the blood inside the main vessels is tridimensional and so is the 

movement of the center of mass of a subject. Traditionally, head-to-toe BCG (called 

BCGy, by considering the y-direction associated to head-to-toe direction) is the only 

signal reported and is the most studied. Since the main vessels go along the head-to-

toe direction, BCGy is the stronger signal but we will see that is worth considering 

also the BCGz (which is the signal associated to the movement of the center of mass 

of the body with respect to the back-front direction ). It can be noticed from experi-

ments that the weaker signal is the BCGx, probably due to the greater symmetry of 

the vessels with respect to the left-right direction, and so is not taken into account for 

our computations.  

For the computation of the BCGy, the considered reference plane is the ventricular 

valves plane, see Figure 2.10. For the computation of the BCGz, instead, the reference 

plane is positioned at the centroid of the thoracic aorta adjacent to the vertebral column.  

The values adopted in this work are summari zed in Table 2.5.  

 

 

Figure 2.10 ɬ Main arteries included in the closed -loop model with reference planes. 

 

  

◐ 

◑ 
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Node Compartment  Segment ◐░ [cm] ◑░ [cm] 

1 Heart Left Ventricle  +0.5 - 

10 Heart Right Ventricle  +0.5 - 

2 Systemic Ascending Aorta  -2 - 

3 Systemic Aortic Arch  -7 +1 

4 Systemic Thoracic Aorta  +20 - 

5 Systemic Abdominal Aorta  +35 +4 

6 Systemic Iliac arteries +45 +6 

11 Pulmonary  Pulmonary Arteries  -5 - 

14 Cerebral Cerebral Arteries -10 +4 

Table 2.5 ɬ Circuit nodes considered for BCG computations with specified ώ and ᾀ posi-

tions.  

 

2.2.2 Simulated BCG  

The volume waveforms simulated using the closed -loop model (see Figure 2.1) can 

be substituted in (2.9) to calculate theoretically the waveform ὄὅὋ ὸ associated 

with the displacement of the center of mass.  

The BCG waveforms for velocity and acceleration, namely ὄὅὋ ὸ and ὄὅὋ ὸ, 

are obtained from ὄὅὋ ὸ via discrete time differentiation .  

Following (Starr & Noordergraaf, 1967) and (Guidoboni, et al., 2019), the BCG wave-

forms are reported by means of the auxiliary functions  Ὢ, Ὢ and Ὢ defined as: 

 

 
ὄὅὋώ Ḋ 

ừ
Ử
Ử
Ừ

Ử
Ử
ứ

 

█╓◄ ὓẗὄὅὋώ ὸ ” ὠὸ ώ   Ὣ ὧά

█╥◄ ὓẗὄὅὋώ ὸ ”
Ὠὠὸ

Ὠὸ
 ώ Ὣ ὧά ί

█═◄ ὓẗὄὅὋώ ὸ ”
Ὠὠὸ

Ὠὸ
 ώ  ὨώὲὩ

 (2.12) 

 

These auxiliary functions are independent of the value of the mass ὓ and, as a conse-

quence, they allow for a fair comparison between BCG waveforms  reported in differ-

ent studies. 
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Figure 2.11 reports the simulated BCG in terms of the auxiliar y functions (2.12) pre-

sented above over two consecutive cardiac cycles (the last two of the simulation  in-

cluding 8 cycles). 

 

 

Figure 2.11 ɬ Ballistocardiogram with displacement, velocit y and acceleration associated 

with  the closed-loop circuit model.  

 

Figure 2.12 reports a zoom of the Ὢ ὸ function, simulated via the closed -loop model 

over one cardiac cycle. Note that the bold curve is the result of a filtering process, 

better described in Section 2.4.1ȮɯÞÏÐÊÏɯÛÈÒÌÚɯÛÏÌɯɁÙÖÜÎÏɯÊÜÙÝÌɂ obtained directly 

from the model  and applies high peaks cleaning and appropriate other signal filters . 

The waveform exhibits the typical I , J, K , L, M  and N  peaks and valleys that charac-

terize BCG signals measured experimentally, as in (Starr & Noordergraaf, 1967), 

thereby confirming the capability of the closed -loop model to capture the fundamen-

tal cardiovascular mechanisms that give rise to the BCG signal.  

In this perspective, the closed-loop model presented in (Guidoboni, et al., 2019) could 

be used to perform a sensitivity analysis to identify the cardiovascular parameters 

that influence the BCG signal the most. In addition, the output of the proposed closed -
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loop model could be coupled with models describing the functioning principles of 

the specific measuring device in order to better interpret the acquired BCG signal. 

 

 
Figure 2.12 ɬ Acceleration BCG over one cardiac cycle associated with the closed-loop circuit 

model. 

 

ɈBCGz 

Using the same theoretical background presented above, also the ballistocardiogram 

in the ᾀ direction can be simulated using the closed-loop model . This part is a partial 

novelty in the field since, in  the available literature , the BCGz is always disregarded. 

Making reference to the set of equations (2.12), the following set of equations can be 

derived by analogy for the BCGz computation : 

 
ὄὅὋᾀ Ḋ 

ừ
Ử
Ử
Ừ

Ử
Ử
ứ

 

█╓◄ ὓẗὄὅὋᾀ ὸ ” ὠὸ ᾀ   Ὣ ὧά

█╥◄ ὓẗὄὅὋᾀ ὸ ”
Ὠὠὸ

Ὠὸ
 ᾀ Ὣ ὧά ί

█═◄ ὓẗὄὅὋᾀ ὸ ”
Ὠὠὸ

Ὠὸ
 ᾀ   ὨώὲὩ

 (2.13) 
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Figure 2.13 ɬ Ballistocardiogram in the ᾀ direction (BCGz) with displacement, velocity and 

acceleration associated with the closed-loop cir cuit model.  

 

 
Figure 2.14 ɬ Acceleration BCGz over one cardiac cycle associated with the closed-loop cir-

cuit model .  
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The coordinates ᾀ are reported in Table 2.5 as well. 

The simulated BCGz, computed using the closed-loop model , is presented in Figure 

2.13 and Figure 2.14. Please note that the comparisons are done with respect to the 

bold curve which is the final curve obtained after a filtering process be tter described 

in Section 2.4.1. 

 

Combin ed 2D movement:  

Having at this point the BCG signals computed along 2 spatial directions, it is possible 

to plot the movement of the computed center of mass of the subject as well as its 

associated velocity and acceleration in a 2D plot along the y-z plane. See Figure 2.15. 
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Figure 2.15 ɬ Movement of the computed center of mass of the subject, its associated velocity 

and its acceleration in a 2D plot on the y-z plane. 

mailto:raul.invernizzi@mail.polimi.it


2 ɬ Modeling and Analysis of the Cardiovascular System  

2.3 ɬ Role of the activation function  

   51  

Politecnico di Milano ɬ 21 Dec 2021 ɬ raul.invernizzi@mail.polimi.it   

2.3 Role of the activation function  

As already introduced in Chapter 2.1 (Closed-loop model for the cardiovascular sys-

tem), the activation function  is a function characterizing ventricular contractions . It 

is also the function governing the pumping timing.  

As mentioned, each activation function should be tailored to the specific circuit. For 

Model 5 (Guidoboni, et al.)  it is the function ὃὸ expressed in Chapter 2.1.1 and re-

called here for reference, see (2.5): 

 
ὃὸ ȟ Ȣ   

 
ρ

ς
ÔÁÎÈήȾ ẗὸ ÔÁÎÈήȾ ẗὸ  ÉÆ ὸ Ὕ

  
π ÉÆ ὸ Ὕ

 (2.5) 

Considering instead one of the first example of closed loop models Model 0 (Avanzo-

lini, et al.) , which  is better analyzed in Section 2.5.1, it has a completely different acti-

vation functi on, it is: 

 
ὃὸ   

 
ρ

ς
ρ ÃÏÓς“

ὸ

Ὕ
 ÉÆ ὸ Ὕ

  
π ÉÆ ὸ Ὕ

 (2.14) 

Figure 2.16 shows a comparison between the two considered activation functions.   

 

 

Figure 2.16 ɬ Activation function comparison.  
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ɈSimulated BCG and activation function ɀs role 

For comparison purposes, in this section the BCG simulated by Model 0 (Avanzolini, 

et al.) and by the reference model Model 5 (Guidoboni, et al.) , ÊÈÓÓÌËɯÏÌÙÌɯɁ,ÖËÌÓɯƙɂ 

using swapped activation functions  (Model 0 uses relation (2.5) and Model 5 relation 

(2.14)), are reported and compared.  

It can be clearly seen from Figure 2.18 and from Figure 2.19 that the activation func-

tion can modify the response in terms of BCG curves, but it is not enough to make 

Model 0 (Avanzolini, et al.)  suitable for BCG computations. 

In addition, from Figure 2.20 and Figure 2.21 it can be noticed how crucial the defini-

tion of a specifically tailored activation function may be. In fact, Model 5 (Guidoboni, 

et al.), associated with the activation function of Model 0 (Avanzolini, et al.) , brings 

to greatly inaccurate BCG curves, the curves goes even out of scale in this case! 

Whereas the same circuit with the tailored activation function allows accurate char-

acterization of the BCG signal. 

Finally, t he pressure-volume curve is reported in Figure 2.17 to emphasize the modi-

fications in the amplitude brought to the model by an incorrect activation function :  

 

 
Figure 2.17 ɬ Pressure over volume cycle of Model 5 (Guidoboni, et al.)  implemented with the 

Avanzolini activation function (2.14) compared to the standard Model 5 (Guidoboni, et al.) . 
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Figure 2.18 ɬ Simulated BCG obtained from: (I) standard Model 0 (Avanzolini, et al.) , (II) 

Model 0 (Avanzolini, et al.)  implemented with the activation function of Model 5 

(Guidoboni, et al.)  (2.5), (III) Model 5 (Guidoboni, et al.) .  

 

 
Figure 2.19 ɬ Acceleration BCG over one cardiac cycle of the previous Figure 2.18. 
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Figure 2.20 ɬ Simulated BCG obtained from: (I) Model 5 (Guidoboni, et al.) , (II) Model 5 

(Guidoboni, et al.)  implemented with the activation function of Model 0 (Avanzolini, et al.)  (2.14). 

 

 
Figure 2.21 ɬ Acceleration BCG over one cardiac cycle of the previous Figure 2.20.    
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2.4 Role of viscoelasticity 

In Chapter 2.1 (Closed-loop model for the cardiovascular system) the mathematical 

description of the viscoelasticity feature, brought to the model by using variable capaci-

tors, was discussed. 

In this section a deeper analysis about the viscoelasticity role is performed.  

The expression of the circuit component responsible for the viscoelastic property of 

the arterial wall (the variable capacitor) is here reported, see (2.15) (see Table 2.2 for 

additional references).  

 

 ɝὴ
ὠ

ὅ
‎
Ὠὠ

Ὠὸ
 (2.15) 

with : ὠ Fluid volume ; 

 ὅ Capacitance constant; 

 ‎    Viscoelastic constant. 

 

If the viscoelastic constant is null, ‎ π, the system will exhibit a purely elastic be-

havior , with deformations synchronous to stresses, without the natural smoothing 

provided by viscoelastic effects. 

In the following , Model 5 (Guidoboni, et al.)  is analyzed by setting ‎ π (no viscoe-

lasticity) in every capacitor, see the results in Figure 2.22 and Figure 2.23. 

It can be seen from the BCG that a strong oscillatory pattern  arises and it is not 

smoothed even after eight cardiac cycle simulations as it normally would be.  
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Figure 2.22 ɬ Simulated BGG of Model 5 (Guidoboni, et al.)  not including viscoelasticity ( ‎

π), compared to the standard Model 5 (Guidoboni, et al.) . 

 

 
Figure 2.23 ɬ Acceleration BCG over one cardiac cycle of the previous Figure 2.22. 
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