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Abstract

This master’s thesis work in Mathematical Engineering in collaboration with the Civil En-
gineering Department was born with the main intention of studying the effects of floods
on the territory. The urgency was created by the flood events in the Marche region on
the 15th and 16th of September 2022, in which there were 12 victims, 50 injured and
150 people displaced. In total, the monetary damage amounted to approximately EUR 2
billion.

In this context, floods are a term that refers to the overflowing of a river that brings with
it debris and sediment with the serious risk of damaging everything around it. Conse-
quently, the intent of this thesis is to simulate erosion and sediment transport in order to
help studying the risks and consequences of such an event.

In order to do this, the pre-existing particle finite element method for the fluid was used,
integrating the sediment information into the code as a scalar concentration variable. This
addition to the code was done in the form of a diffusion-transport equation, evaluating
the effect of each term on the model. In this part of the work, knowledge of mathematical
analysis was essential to assess the correct functioning of the equation within the code.
Under these objectives, an extensive analysis was made of the results of many tests per-
formed using this model, and not only in the area of sediment transport. Indeed, the
dynamics of diffusion-transport in a fluid can also describe a contaminant: some tests
have been carried out in this light, evaluating the areas damaged by the spillage of a
contaminant.

Finally, the focus also shifted to the research for an erosion model to study the main effect
of river overflow or, in a particular case studied in this thesis, marine erosion of beaches.
This area of study is also important in analysing the risk of beaches disappearing. Thus,
such work can assess the criticality of certain places to the erosion by sea waves that

slowly carry away the beach sediment.

Keywords: Particle Finite Element Method, Computational Fluid Dynamics, Flood-

ing, Erosion
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Abstract in lingua italiana

Questo lavoro di tesi magistrale in ingegneria Matematica in collaborazione con il dipar-
timento di ingegneria Civile é nato con il principale intento di studiare gli effetti delle
alluvioni sul territorio. L’urgenza é stata creata dagli eventi alluvionali avvenuti nelle
Marche del 15 e 16 settembre 2022, in cui ci sono state 12 vittime, 50 feriti e 150 per-
sone sfollate. In totale, il danno monetario ¢ stato di circa 2 miliardi di Euro. In questo
contesto, le alluvioni sono termine che fa riferimento all’esondazione del fiume che porta
con s¢ detriti e sedimento con il grave rischio di danneggiare tutto cio che ¢’¢ intorno. Di
conseguenza l'intento di questa tesi € di simulare l’erosione e il trasporto del sedimento
per poter aiutare lo studio di rischi e conseguenze di un avvenimento del genere.

Per poter fare cio, ci si ¢ avvalsi del metodo gia preesistente degli elementi finiti par-
ticellari per il fluido, integrando il sedimento nel codice come una variabile scalare di
concentrazione. Questa aggiunta al codice é stata fatta sotto forma di un’equazione di
diffusione-trasporto, valutando 'effetto di ogni singolo termine sul modello. In questa
parte dell’elaborato, & stata fondamentale la conoscenza dell’analisi matematica per val-
utare il corretto funzionamento dell’equazione all’interno del codice.

Sotto questi obiettivi, é stata fatta una larga analisi dei risultati di molti test eseguiti uti-
lizzando questo modello, non solamente nell’ambito di trasporto del sedimento. Difatti,
la dinamica di diffusione-trasporto in un fluido puo interessare anche un contaminante:
alcuni test sono stati effettuati sotto questa luce, valutando le aree danneggiate dallo
spillamento di un contaminante.

Infine, il focus é passato anche sulla ricerca di un modello di erosione per studiare 'effetto
principale dello straripamento del fiume oppure, in un caso particolare studiato in questa
tesi, dell’erosione marina delle spiagge. Anche questo ambito di studio ¢ importante
nell’analisi del rischio di scomparsa delle spiagge. Quindi un lavoro del genere puo val-
utare le criticita di alcuni luoghi all’erosione dovuta alle onde del mare che piano piano

portano via il sedimento della spiaggia.

Parole chiave: Metodo agli Elementi Finiti Particellari, Fluidodinamica Computazionale,

Alluvioni, Erosione
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Introduction

Studying the e ects of ooding events in the territory is fundamental in order to evaluate

a way of simulating natural disasters that include river over ow. The aim is to build a
model that can be the starting point of many risk assessment simulations regarding river-
bank and beach erosion, land damages or even destruction of buildings due to ooding
events. The disaster happened in the Marche region on the 15th and 16th of September is
the main example where this thesis sets its application. It may help predict the causes and
consequences of potential climatic disasters. In order to achieve this objective, a model
for the ow movement composed by uid and sediment must be built. A large variety of
models of this kind are available in the literature, with di erent types of approaches.
Messa et al. [25] study a two phase ow in order to get the best possible approximation of
the problem. This leads to a very complex set of equations and a very high computational
cost. Indeed, solving the equations for the uid and for the trajectory of the solid may
require a high e ort in the modelling part. To make things worse, almost all two-phase
approaches use an Eulerian-Eulerian mesh or an Eulerian-Lagrangian mesh [26]. So in the
literature the uid phase is mainly solved in an Eulerian mesh. This is not our case since
the starting uid framework relies on a Lagrangian mesh. So the two-phase modeling is
avoided.

Many di erent works use an equation for the sediment transport considering the volumet-
ric concentration as a variable. This equation is applied in the framework of river ow
or sea movement. Rowan et al. [31] present a weakly coupled model with an advection-
di usion equation that describes the sediment behaviour in the uid. This model has a
drawback to address: it works only when the concentrations are low. To this matter,
in this work high concentrations are considered when the target is to check the correct
mathematical behaviour of the model. Towards the end of the work, following [18], a
modi cation is taken into account to consider the low concentration hypothesis.
Regarding the erosion process, the research is initially driven by nding a simple way to
describe the change of the morphology of the bed. Galano et al. [15] explore the idea of
applying the Shields shear stress criterion in order to see if the particle on the ow-bed
interface is dragged away or not. The violation condition is based on checking if the value
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of the shear stress on the bottom surpasses a limit value. However, in the paper that
describes this model, the particle that is snatched from the bottom and becomes part of
the uid is not considered as sediment. Here, the idea is to consider the eroded particles
to become part of the mixture of uid-sediment. In order to get the best possible approx-
imation, a totally coupled model is considered: it addresses the loss of energy in the uid
due to its eroding action by changing its density and viscosity.

The starting mathematical model used is the Particle Finite Element Method (PFEM).
This method is characterized by the usage of a Lagrangian mesh, which has the peculiar-
ity of being able to follow the particles trajectory. This framework has also many bene ts
numerically, mostly because the solution system becomes linear. This creates a very easy
way to nd the solution, but it is an approach which is more complex to manage. This

is due to the fact that the mesh moves along with the uid and has to be frequently
reconstructed. So, it seems that the computational cost lost from solving a linear system
is gained by making a new mesh when needed. Actually, following [7], the cost gained is
not so much since the remeshing is done only by reconstructing the connectivity of the
mesh. The position of the nodes remain the same. This makes the code more easy to use
and faster than other models that solve numerically the Navier-Stokes equations. This
approach takes the ALE version of the solving system and simpli es it in order to get a
more e cient solver.

Figure 1: Before and after the remeshing procedure

In gure 1, it can be seen that the mesh before is more stretched leading, in worst cases, to
have a bad solution of the problem in terms of stability. After remeshing, the connectivity

is changed and the triangles have a more uniform shape.

One of the main focus in this project is to check the robustness of the model after each
block is added. Indeed, the structure of the work has been conceived as a step by step
built model. Each chapter considers a particular aspect of the total system, and checks its
correct functionality through mathematical convergence analysis, stability issues, domi-
nated advection problems and confrontation with other models through test cases. This
computational saving is kept in mind throughout the whole work, especially when a way
to describe the sediment motion is searched. The physical model that relies on consid-
ering a mixture of uid-sediment is feasible with the PFEM framework: in this way, it
can be used to describe the majority of concrete problems regarding sediment transport
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and erosion. To this matter, future development can include uid-structure interaction
considering the simulation of buildings collapse due to ooding events.

Thesis structure

Chapter 1 - State of art
In this chapter an overview of the state of the art is provided for the sediment equation
and the erosion model.

Chapter 2 - Sediment equation: Di usion problem

The sediment equation is introduced and its di usion part is studied in order to insert

it in the code. Convergence analysis and comparison with the heat equation is made in
order to check the correct functionality.

Chapter 3 - Sediment equation: Transport through gravity

The e ect of gravity on the model is studied considering a transport term in the equation.
The transport dominated problem and its stabilization are considered to have correct
results also in these particular cases.

Chapter 4 - Sediment equation: Transport through uid motion

Here the uid motion is activated and so new problems are addressed, such as: imposing
boundary conditions to Eulerian nodes, modifying the stabilization term for the transport
dominated problem and treating the limits of using a weakly coupled model. All the
changes are controlled considering some test cases.

Chapter 5 - Sediment equation: Complete model
In this chapter, 4 di erent studies are attacked in order to see what the model can achieve
in di erent elds. The main focus is on mixing, contamination and turbulence problems.

Chapter 6 - Bed erosion model

A model for erosion based on the Shields scouring criterion is presented. This basic
model checks the shear stress at the bed level in order to check if the sediment particles
are eroded or not. Some tests are presented in order to evaluate the elds of application
of this model.

Chapter 7 - Conclusions and future developments

The nal chapter summarizes the results of all the simulations performed, giving a -
nal overview of what this model can represent in concrete and useful cases. Possible
developments for this thesis work are then explained.
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There are many di erent problems in the engineering eld that require a description of
the transport of sedimentin a uid ow. The aim is to nd a model that can represent the
majority of river transport and erosion problems. The state of art is structured in such a
way that the uid framework and the sediment one are addressed in their completeness.
The uid framework is described using a Lagrangian model, while the sediment one is
studied considering a model for transport and erosion.

1.1. Fluid modeling

1.1.1. Lagrangian framework

The particle nite element method is a numerical tool that relies on the Lagrangian
framework. This point of view is focused on the small uid particle moving, tracking its
movement in space and in particular its trajectory. Regarding the Eulerian point of view,
a xed volume of moving particles is studied, not caring for the single particle movement.
Numerically speaking, there are many di erences between the Eulerian approach and
Lagrangian one. First of all, using a Lagrangian approach, we can solve the uid dynamic
problem using a mesh that follows the moving particles. In this way the Navier-Stokes
problem becomes linear since the non linear convective term is contained inside the total
derivative. In other words, the integration points move with the uid, making this method
useful for uids which have a history dependent behaviour.

Considering an Eulerian mesh, the nodes are xed and do not move while the uid moves
inside the grid. In this formulation, the convective term has to be considered and the
problem is more di cult to treat, opening for a very large number of methods that aim

to make the system solvable numerically. In practice, a mixed formulation is used and is
called Arbitrary Lagrangian Eulerian (ALE) formulation [10], which solves in some nodes
the Eulerian system and in the other ones the Lagrangian one. This system for weakly
compressible uids is shown in 1.1.
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Where u. (x;t) = u(x;t) r(x;t), with r (x;t) denoting the mesh velocity. To recover
the Lagrangian formulation, just setu. = 0; while for the Eulerian one, setu. = u (the
velocity of the mesh is null in this case)K is the uid bulk modulus, (x;t) is the stress
tensor andb (x;t) are the body forces.

1.1.2. Particle Finite Element Method

The mathematical method used to attack the uid problem is the Particle Finite Element
Method. This approach allows us to track easily boundaries and interfaces making the
boundary condition imposition more immediate.

One of the biggest consequences of using a Lagrangian mesh is its deterioration. Since
the nodes follow the movement of the uid, if the deformations are very big the mesh
could eventually be very distorted. In order to avoid this, Cremonesi et al. [7] consider

a remeshing technique so that a new mesh is created. The related drawback of creating
a new grid at each time is that the computational cost is very high. This cost is lowered
by only building a new connectivity and keeping the nodes at the same position of the
previous mesh. The new connectivity is built using the Delaunay tessellation.

This method has many di erent applications where it can be helpful, especially in uid-
structure interaction problems. Franci et al. [14] presents the simulation of the Vajont
disaster of 1963 where the river over owed beyond the limit of the dam, ooding the
nearby country and causing the death of almost 2000 people. Bravo et al. [4] instead
describes the simulation of the movement of an erodible bed of a river using the PFEM
method. This paper describes the Exner equation, which will be a topic of discussion in
[1.2].

As described in [7] the general solution scheme of the PFEM can be summarized in these
steps:

1. Insert in the domain a set of points which are the starting particles considered in
the system (1.1a);

2. Generate a mesh with these particles (1.1b);

3. Recover the internal and external boundaries of the domain (1.1c);
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4. Solve the Lagrangian form of the equations using FEM (1.1d);

5. Compute the particle movement and update the position of the nodes (1.1e, 1.1f,
1.19);

6. Pass to the next time step, if remeshing is needed go turn back to step 2, if not go
to step 5.

Figure 1.1: Steps of PFEM [7]

1.1.3. Delaunay triangulation

To generate the mesh from the particle nodes, the Delaunay triangulation is used. Starting
from a set of N points, the Voronoi diagram is de ned as the partition of the domain

in convex regionsT; where to each region is related a node of the set. In this way all the
points of T; are included in it following this de nition:

Ti=fx2 : d(x;x;) d(x;x;) 8 6ig (1.2)

whered(X;X;) = jjX X;jj is the Euclidean norm.

The Delaunay triangulation is built by connecting the center nodes of thd; Voronoi
cells which have a boundary in common. By making all the connections, the mesh is
constructed.
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Figure 1.2: Voronoi diagram [7]

The problem of this method is that the resultant mesh can reproduce only a convex
geometry, which is obviously a problem in many cases. To overcome this hitch when
dealing with non-convex domains, the alpha-shape method is applied.

1.1.4. Alpha-shape method

A geometrical criterion based on the index of elemental distortion, is introduced to
remove unnecessary elements from the mesh. As said in [23], the elements which do not
ful | the condition are the most distorted ones. This method is able to naturally deal
with particles that detach from a surface or to de ne the contact interface between uid
and structure. The coe cient of elemental distortion is de ned as:

Re

hmean

e~ (1.3)
whereRg is the radius of the circumsphere of the element arfu,ean IS the characteristic
mesh size, which has to be chosen carefully. The criterion eliminates every element whose
distortion coe cient is greater than a xed threshold value —. In gure 1.3 is shown an
example of domain which may require this method. The Delaunay tessellation applied
to the R-form domain gives a not satisfactory result, since the nal product does not
represent correctly the desired one. To recover the correct form of the R letter, the alpha
shape method is applied.
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Figure 1.3: Application of the alpha-shape method to the R- gure [23]

Franci et al. [13] presents a very deep study on the alpha-shape method and makes some
examples showing how the PFEM makes the phenomena more easier to understand since
the free surface are tracked naturally.

This phase is very tricky, since eliminating elements can give life to some problems in the
continuity equation. This is due to the fact that the presence of some new elements add
uid that was not there before, so there are inconsistencies in the mass conservation law.
An example of this is shown in [13], where is presented a study of the collapse of a dam
break against a rigid step. The setup of the test is presented in 1.4.

Figure 1.4: Initial geometry of the dam break test against a rigid step [13]

During the start of the simulation the elements move towards the right. During the move-
ment of the water column we can see some mechanism of volume variation, in particular
of two types related to creation and elimination of elements. To advance, the method
must create some element ahead of the column, in order to solve the equations in those
points where the uid will be (gure 1.5a). On the other hand, during this process the
height of the water column decrease in time and elements are deleted since the model does
not care to nd the solution where the uid is no more present ( gure 1.5b). If the sum

of the volume of the erased elements is di erent than the new added, the overall volume
Is not conserved, possibly leading to mass oscillations.
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(a) Adding elements to the do- (b) Removing elements to the do-
main main

Figure 1.5: Two mechanism of volume variation [13]

In PFEM, contact surfaces are automatically tracked using the alpha-shape method, like
contact with rigid walls, as shown in gure 1.6b. In this case when contact with surfaces
is activated, elements are added and the overall volume is increased. Another feature
present in the model is the ability to release a free particle from the ow, as we see
in gure 1.6a. Considering this behaviour, the total volume is decreased: despite these
possible uctuations, choosing a proper value of keeps a limited variation of the value

of total volume.

(a) Impact of a uid with the (b) Formation of a free patrticle
boundary

Figure 1.6: Free particles and uid-wall contact treatment [13]
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1.1.5. Adding and removing nodes

To maintain a good quality of the mesh, a possible thing to do in this framework is to
add and remove nodes. There are many di erent algorithms to treat situations where it
can be useful to change the disposition of the computational points. These cases are two:

" if a node comes too close to another one or a boundary, it should be eliminated;
" if an element becomes too large then a node should be inserted inside it.

By doing this, the grid is no more considered a Delaunay mesh.

1.1.6. Space and time discretization

A consequence of remeshing done by changing only the connectivities and maintaining
invariated the positions of the nodes is that only linear interpolation functions can be
adopted. This is due to the fact that higher-order functions would require to remap
the values of the solutions in the middle of the edges of the elements. Additionally,
the curvature of the mesh is lost if high order elements are used, so only linear shape
functions can be used in the PFEM framework. From a mathematical point of view this
forced choice gives rise to another problem: choosing linear interpolating functions for
velocity and pressure make the problem unstable because the inf-sup condition is not
fullled. As a consequence, to study the problem using PFEM a proper stabilization
method is needed.

For what concerns the time discretization, both implicit and explicit approaches can be
adopted. Typically, implicit schemes are preferred with maybe considering fractional
steps methods. As of late, explicit time integration formulations are more considered in
the PFEM framework. They are very appealing for fast dynamical simulations and for
non-linear problems that su er from numerical issues with convergence. Explicit solvers
are less computationally expensive since they give rise to a linear problem which is more
easier to solve than the implicit one. The implicit treatment of the problem gives rise to

a set of equations that must be resolved using particular methods like the Newton one or
the xed point one. The Courant-Friedrichs-Lewy stability condition must be ful lled in
order to have a stabilized solution without spurious oscillations. This property gives to
the quality of the mesh a crucial role for the calculation e ciency of explicit methods, as
the presence of excessively distorted elements can make the stable time step dimension
vanish and compromise the calculation.
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1.1.7. Boundary conditions

As said before, PFEM is very good at following modi cations of the free surfaces, since
they are automatically detected by the position of the external nodes of the domain. On
the other hand, treating boundaries that require to have nodes with xed velocity de ned

Is tricky, giving less exibility on the impositions of non zero Dirichlet boundary condi-
tions. So complementary methods are searched in order to allow this kind of imposition.
In free surface contours, the normal component of the stress tensor should vanish: in
strong form this leads to the imposition of a null pressure at the boundary, leading to the
violation of the mass conservation equation. In multi- uid problems, a condition must be
imposed on the interface between uids. Even in uid-structure interaction problems, an
accurate imposition of boundary condition is very important.

If we want to impose slip boundary conditions to the problem, a case where the slip
condition can be de ned is when a correlation between the slip velocity and the tangen-
tial stress must be imposed. This relation is mediated through a material friction-like
parameter. The slip condition is needed in several applications where a liquid ows on
solid surfaces, and an example is the Navier boundary condition. As described in [9], the
general slip condition can be illustrated with the Couette ow, where a ow is moving
between two plates thanks to the movement of the upper plate, which is moving with a
particular velocity. Figure 1.7 shows three di erent cases of slip. In (a), it can be seen
that the velocity at the bottom is 0, which is the particular condition of no-slip condition;

in (b), the velocity is greater than 0 so there is some slip; in the end in (c), the slip velocity
Is the same of the moving plate, so the condition applied is the free slip one. In this nal
case there is no dissipation of energy at the plate. A slip length;, can be de ned as
the distance from the lower plate to the point at zero velocity obtained extrapolating the
linear velocity pro le. This slip length is a property of the uid-wall interface.

Figure 1.7: Dierent cases: (a) no slip fsip = 0), (b) slip (hgip > 0), (c) free slip
(hsip '1 ) [9]
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In practice, the slip is present when a critical value of the tangential stress at the wall is
reached, making this model an analogy with the Bingham one. This slip model is very
useful for cases like the movement of a landslide over the side of a mountain. Examples
of applications using the slip condition can be found in [9], [8] and [14].

Regarding in ow and out ow boundaries, the de nition of the condition in the PFEM
framework must be taken into account carefully. When a particular pro le of velocity or
pressure is imposed at the boundary, the nodes interested in this imposition move in the
next time steps. In this way on the successive step they are no more forced to have the
values imposed before, making the boundary condition de nition lost. There are many
way to deal with this problem, for example for in ows when the boundary nodes move
away, a new set of points is introduced to occupy the empty space left. Cremonesi et al.
[7, 10] instead de nes xed (Eulerian) nodes at the inlet so that they does not move in time
and are always interested in the imposition of the condition values. For the outlet, the
same comments regarding the inlet apply. No other big precautions should be adopted,
if not that the nodes that go outside the computational domain must be relocated.

1.2. Models of transport

In this master thesis work, the interest is focused in considering a way to simulate the
erosion and the transport of sediment in a river course. The aim shifts now in seeing what
the literature has to o er in these regards.

Both the bed of a watercourse and its banks are composed of sediments that may be more
or less cohesive. Depending on the current owing through them, these may or may not
move; the onset of motion depends on both the nature of the sediment and the speed
of the current. The movement of the detached particles is called solid transport. Once
the material has started moving, it can continue its motion in two substantially di erent
ways:

1. Ground motion due to rolling, creeping or hopping: the material moves by rolling
along the bottom or through alternating small jumps, detaching itself from the
bottom for short periods and at a relatively small distance from the bottom (of
the order of the particle size). The bottom transport causes important actions on
hydraulic structures

2. Suspension motion: the particle is lifted to a height above the bottom of the order
of the water level and then travels long distances without touching the bottom.

In gure 1.8, it is shown the two types of sediment movement, highlighting the di erent
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ground motion of the sediment at the bed level.

Figure 1.8: Sketch of bed load and suspended load sediment transport [16]

1.2.1. Suspension transport

For what concerns the suspended transport of sediment, an advection-di usion equation
is solved in order to nd the volumetric concentrationc:

@c g

e Ut Wess €T —tcr (1.4)
ws is the fall sediment velocity, de ned as the velocity of the particle when dropped
vertically in a quiescent uid under the e ect of gravity.  is the sediment di usivity
and . is the Schmidt number. Due to the interaction among settling grains, the settling
velocity normally decreases as the concentration of the sediment increases. As shown in
[29], the formula forws is:

Ws=(1 ©) Wy (1.5)
wherewyg is the settling velocity for natural sands in clear water, which is used in [32]:

h [
Weo = 10362 + 1:04D°3 2 1036 (1.6)
50
In [6], a dierent formulation of the falling sediment velocity is described, where it is
shown that is independent on the concentration but dependent on the diametdg,. [16]
instead presents an equation constructed by considering the shallow water assumption,
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which make the problem one-dimensional by integrating along the height of the water
level. This equation inserts the e ect of erosion and deposition, two terms that will be
further studied in 1.3.1.

@(hC) @huc)

(xt)+ T( )= E(xt) D(xt) (1.7)

This model is very approximative given the hypothesis, but interesting since it considers
the sediment deposition and erosion.

1.2.2. Bedload transport

The objective is now to understand whether in a certain watercourse, characterised by
a certain ow rate (and velocity), the sediment on the bed is moving or standing still.
Considering a model of a watercourse with sediment on the bottom, gradually increasing
ows are introduced. As long as we do not consider a certain ow limit value, the sediment
remains stationary on the river bed. CallingF the forces that originate motion andR
the hydrodynamic resistance of the particles, we have:

" if F <R, the particles do not move;

A

if F >R, the particles do move,;

Consequently, there will be a ow Q such that the limit conditionF = R is reached. This
situation is called limit equilibrium condition or incipient motion condition. However,
it is more convenient to analyse the situation dynamically by considering the tangential
actions at the boundary. The actions that the current exerts on the riverbed follow the
direction of the current itself; due to the action-reaction principle, the forces that the
bottom exert on the current are in the opposite direction. It is often convenient to refer
to a mean tangential boundary action, called,.

Considering a channel with a slopé& , with a current in uniform motion, and isolating a
section of riverbed of lengthL, we have that:

" The resistance acting on the bottom isoLp wherep is the wet perimeter;

~ The acting force (water weight projected along the direction of the motion) is Li;.
is the speci ¢ weight and is the area of the section.

Equalising the two terms gives the value of the tangential tension acting on the bottom
in uniform motion:
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0= Ri; (1.8)

Shields' investigation shows that particles on the bottom only stand still if

o< O;crit (1-9)

It is assumed that under critical conditions the resistance to motion of granules of diameter
d and speci c gravity s equals the drag force at the bottom at the start of transport.
Resistance depends linearly on the weight of the submerged granule (i.e. its own weight
adjusted for Archimedes' thrust) and is therefore the nal relation in the critical condition
reads:

1

crit

( s )d3 = o:crit do? (1-10)

So:

Sl e SO;C”‘) 5 (1.11)
it 1S the critical Shields number, which is basically the adimensionalisation of the shear
stress. Generally to describe the current state of stress on the surface of the riverbed, the
Shields parameter will be de ned generally as in equation 1.12.

= —— 1.12
(. ) (1.12)
If > i, the critical value is exceeded and on the bed level there will be a movement of
the sediment. This will introduce a bedload transport per unit width. In [20], is presented
a formulation of this new variable:

8
<1874 os o5 PR d if >

=, o0 DU ) ReGtko ; (1.13)
"0 if < .

= SRim (1.14)
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R= (1.15)

which is a formula from the work of Engelund and Fredsge [12]. Here, the critical value
of the Shields parameter value is proposed by Allen [1]:

¢ =cos + 0 (1.16)
is the slope angle between the sand bed and the horizontal plane ang the sediment
angle of repose. , is the threshold shields parameter that can be calculated following

[32]:

0:3

0= 7155 00551 exp( 0:02)D ] (1.17)

whereD is the dimensionless sand size.

Considering the morphological formation of the bed which may not be at, the slope e ect
has to be considered. It modi es the value of the components of the bed load transport
rate per unit width by considering also the elevation of the bed.

i .. @
i= b— Cjqj— 1.18
®i= &5 Claigy (1.18)
C is the constant which is used to re ect the slope e ect on the sediment ux. Considering
a particular direction, when the bed has a positive derivative, the value aj, in that
direction is decreased since gravity works against the movement of the sediment at the

bed level. If the bed has a negative derivative, the opposite happens.

1.3. Models of erosion

To describe the morphological change of the bed elevation, di erent approaches are avail-
able in the literature. Some of them aim to describe it microscopically, considering the
impact of the single particle with the bed. Others try to model the elevation change
considering a new variable which is the bed height.
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1.3.1. Exner equation

The Exner equation gives a way to describe the change in the height of the bed elevation.
It is recovered by applying the mass continuity balance on the sediment:

@ 1
@t 1 n

(r a+D E) (1.19)

is the bed height,n is the porosity of the bed. g, is the bedload transport rate as
we have seen it in equation 1.13D and E are respectively the deposition rate and the
entrainment rate of the sediment at the bed level, which are modeled in many di erent
ways. In [30], Van Rijn de nes them as:

D = cows (1.20)

+  @c

E =
c @z

(1.21)

Gs is the sediment concentration very near to the bed. To compute this value, many
empirical models can be adopted. It is interesting to notice thaE depends on the
vertical concentration gradient, which has to be evaluated near the bed. Claire et al. [6]
evaluatesD and E in the Exner equation atz = + , where is the interface that divides
the bedload zone and the suspended sediment one. The structure of the Exner equation
relates the erosion of the bed with the transport model that are described in 1.2. In this
way erosion is a consequence of the actions of transport.

Another formulation for E and D can be found in [16]. The entrainment is due to
turbulence, while the deposition is due to gravity:
8
<L

“hao7 c

E= (1.22)
L0 it <

D= c o(1 c)" (1.23)

' is a constant dimensionless number related to the sediment properties, whilas the
non-equilibrium adaption coe cient of the suspended load. For further information on
these parameters check [5] and [34].
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In many works the hypothesis of non cohesive sediment is made. For cohesive sediment,
the critical shear stress for erosion is dierent from the critical shear stress for depo-
sition, and at a particular bed shear stress, cohesive sediments undergo either erosion
or deposition but not both simultaneously. Cohesionless sediments, on the other hand,
have only one critical condition that is valid for both erosion and deposition and undergo
simultaneous erosion and deposition processes under all bed shear stress conditions.

1.3.2. Particle erosion

A di erent way to approach the erosion problem can be seen by studying the particle
contact with the bed of the river. The process of simulation of the wall wear is divided
in three steps, as shown in gure 1.9 [28]. First, the simulation of the particle-laden ow
is carried; then, the impact of the particle with the wall is analysed; in the end, a proper
erosion model is applied and some particles are freed from the wall, becoming part of the
ow. This procedure is iterated for each time step.

Figure 1.9: Steps of erosion [28]

The case of study will be the impact erosion on ductile targets, which is divided in two
parts: cutting wear and deformation wear. The rst phenomena consist in the formation

of the crater by crawling. The removed bedload part is shifted to the side of the hole; the
other phenomena consists in the nearly vertical impact of the particle with the wall. The
hole is formed by compression. In [24], these two mechanisms are summed to form a new
variable which is the total loss of material produced by an impact:

E, = Fs(Ec+ Eq) (1.24)

Fs is a numerical coe cient related to particle shape, that take values of 1, 0.53, and 0.2
for sharp, nearly-rounded, and fully-rounded [22]. The formulation of the two components
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is:
8
< jvpi®*sin p(2Kcos p sin p)
— Clmp 2K 2 if P K 1.25
c — . C ijj2:41C052 b ) ( . )
1Mmp=>——= otherwise
8
Comy, (jvpj Sin U if jvpjsin ,>U
E, = 2Mp (JVp] p hsh) 1Vp) p tsh (1.26)

- 0 otherwise

The parametersC,, C,, K and U, are related to the material of the particle.v, and ,
are the particle velocity and angle of impact. It is worth to notice that the deformation
wear occurs only if the component of the impact velocity normal to the wall exceeds the
threshold value Uiy, .

The erosion potential caused by a particle depends on several types of parameters, which
have direct or indirect e ects on the detachment of material from the wall:

" Particle size
Particle shape
Particle material
Impact velocity

Impact angle

They all convey in this formulation that has to be found through experiments:

E, = muf (vp; p; particle; target) (1.27)

Equations 1.25 and 1.26 are found starting from this functional relation. Described in a
work of Messa et al. [27], the empirical relation is:

Es = mpFsKVT ( ) (1.28)

f(p)=(sin )™ (@5 sin )7 (1.29)

For each particle, one can calculate the mass ow of material removed from the shkil
and then derive the amount of material removed per cell by summing the values of all
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particles. From this value, one can then derive the penetration rate, i.e. the rate at which
the erosion depth of the cell increases:

(1.30)

From these information, the integral erosion ratio can be recovered. This value tells in
what percentage the material is eroded with respect to total mass impacting the wall.

P
IER = %"E' (1.31)

From this value, the number of particles that are released from the solid can be derived:
simply multiply IER by the total number of particles. This can be useful in a Lagrangian
view of the problem: the freed particles become part of the computation of the total
system of equation.
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2 ‘ Sediment equation: Di usion
problem

In this chapter a rst implementation of the sediment equation will be discussed. The
action inspected here is the di usion of the sediment in a uid: this is helpful to see how
the concentration changes due to the presence of a gradient in the domain. It may serve
in concrete applications where the uid is still and the sediment moves within it to nd

an equilibrium condition that satis es all the boundary conditions. Generally, the aim of
this thesis is to integrate correctly the sediment model within the PFEM framework. The
uid model is complete, the task is to couple it with the sediment. The equation that
has to be implemented is a di usion advection equation, and it can be found in many
di erent papers present in the literature. It is described in section 1.2 and it reads:

@c g t
—+r U+ ws— C =1r —r c 2.1
at *jgj ¢ @D

It is worth to underline that the transported particles do not have mass, so the sediment is
treated like a concentration which is passively transported and di used in the uid, that

in our case of study is water. For all the test studies, cohesionless sediment is considered.
This work will be structured in the following way: as the rst step, the base model with
many hypothesis will be treated, then all the other pieces are inserted one by one. In this
way, the full model will be built step by step giving a good overview of the meaning of
each part.

2.1. Weak formulation

The rst target is to study only the di usion motion of the sediment. To do this the
advection component should be eliminated: this can be achieved by considering null the
e ect of the gravity on the sediment. In this way the falling velocity term can be neglected
by leaving us to:
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@c t

—+r (uc)=r —r c 2.2

ot " (o . (22)
In this chapter the focus remains still on the di usive part of the equation: to this aim
the uid is still and does not move, so that in equation 2.2u =0 7. Suppose also that
the ratio between the sediment di usivity and the Schmidt number is constant. The nal

form of the equation reads:

218

=1 ¢ (2.3)

By rewriting the equation in this way, the Lagrangian framework can be exploited giving
the described bene ts in section 1.1. Due to the null velocity, the total derivative of the
concentration appears: numerically speaking this term will be very easy to discretize since
the sediment particles are followed.

The generic problem to solve is shown in 2.4: next step is to write its weak formulation.

8dC t
g— — ¢=0 8x2 R? 8t2 (0;T]
dt

§c(x;t:0): Tt(x) 8x 2 (2.4)

" c(x;t) = h(x;t) 8x 2 @=

The choice of the space for the solution id* () . Below are de ned the solution and test
spaces used for the derivation of the weak formulation.

V= v2H!(): v="h on (2.5)

Vo= H() (2.6)

From the rst space the solution is taken, while from the second one the test function is
taken. V is de ned in such a way that on the edge the function is equal to the boundary
datum, while V; is de ned like the last but considering a null value on the boundary.
Since the problem is an elliptic one, the property of elliptic regularity applies so that it
can be assured that the function is itH2 () . This will be helpful when the error estimate
are presented and discussed.

Multiply the equation with a function belonging to the test space and then integrate over
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the domain, applying integration by parts to the term with the Laplacian. Then drop the
boundary term since inV;, the values at the boundaries are null:

Z
dc z t z dc
avd — c¢cvd = avd+
Z ¢ (2.7)
+ “rcrvd=0 8v2\V,

C

The lift operator is introduced, which allows us to solve the problem by considering
homogeneous Dirichlet boundary conditions:

c=b+f (2.8)

where 8 is de ned such thath = fj . In practice B is the extension of the boundary
datum to the whole domain: is zero everywhere except on the boundary. After making
this substitution in the equation, take to the second member all terms containin§.

Z Z Z
OI—bvo|+ rbrvd = @vd+
dt . dt

z
rBrvd=0 8v 2V,

C

(2.9)

From now onb will be only c for simplicity. De ne the bilinear form and the functional,
which will be useful later:

Z
a:Vo V! R st a(kr)= —rkrrd (2.10)
C
Z . Z
F:Vo! R st F(v)= v d ~rf8 rvd (2.11)
Cc

In the end, the weak formulation is: giverc(t =0) = T, nd c2 V, such that 8t 2 (0; T]
the equation 2.12 is satis ed.

z
de

ai vd + a(c;v)= F(v) 8v2\Vy (2.12)
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2.1.1. Discretization in space and time

The discretization in space is now introduced: rst of all de ne the space from which
is taken the basis that will allow us to write the solution as a linear combination of
its elements. The domain is discretized and the partition , is introduced, creating a
number N of nodes all contained in the subset=fXxy;X5;:::;Xng. Below are showed
the de nition of the piecewise linear nite element space and the new discretized solution
and test spaces:

Xt= v2Co%(): vik 2Pi() 8K 2 (2.13)

Vi =V\ X¢ 5 Vho= VWo\ Xp (2.14)

De ne the basis composed by the element-wise linear functiornsjng:1 Vh.o. Each
function is de ned as:

8

. S1 i x = x
i (x)=. _ (2.15)
- 0 otherwise

Now given the nite element approximated problem, the formulation becomes: nda, 2
Vh.o such that forc, (t =0) = cand 8t 2 (0; T]:

z
de,

FT d + an(cvh) = Fn(vh)  8vh 2 Vi (2.16)
Given the de nition of the functional in 2.11, the force term on the right in this case will
be zero since the datum will be always piecewise constant in space and in time. Since
the solution ¢, belongs to the discretized solution space, it can be written as the linear

combination of the elements of the basis de ned in 2.15:

X
G(x;t)= G ()" ;(X) (2.17)
j=1

Substitute this expression in the equation and takey = ' (X) with i =1;2;:::N:
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Z N " !
G@)';(x):;"i(x) =0 (2.18)

— gM'j(x) "i(x)d + a
j=1 j=1

The time derivative can be brought outside the integral because the domain is independent

from time. Since the integral of the sum is equal to the sum of the integrals, the summation

can be taken outside. This can be done with the nodal variabl&s(t). In the end, the

system ends up to be written like this:

Xz | X
o0 d Al

j=1 j=1

an (" (x);"i(x)g(1)=0 (2.19)

Now introduce the matrices that will allow the de nition of the linear system. The two
matrices are the mass one and the sti ness one.

Z
Mj = " (x)"i(x)d (2.20)

2
I

%(' P (X) 5" (x))

t (2.21)
—0'j(x) Oi(x)d

After having de ned the matrices, it is straightforward to notice in the summation the
matrix product, that allows to reduce the equation to this linear system:

Mc(t)+ Ac(t) =0 (2.22)

Clearly, since the number of nodes ard, it should be thatM 2 RN ™ and A 2 RN V.
Passing to the discretization in time, it is important to understand how to treat the time
derivative of the concentration. The time domain is partitioned in steps with t" =

t"*1  t", which are not necessarily equal.

Since a Lagrangian mesh is used, the remeshing phase has to be performed when the
grid is too distorted. This implies a high computational cost even if in this model this
phase is done by only making a new connectivity. So it is helpful to use the very simple
explicit Euler approximation of the equation, that saves some computational cost gained
by remeshing.
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n+1 n
c o= c(t )tnt_:(t ) (2.23)

All the other terms in the equation are considered as known at the time instartf. The
nal system that has to be solved is:

Mc"*t =

=
1>
o

"= fn (2.24)

2.1.2. Matrix assembling

Consider now the construction of the di usion matrixA. Consider a triangular element:
the local concentration can be written in this way:

2 3
“ 5o
c= "a1(xy) "a2(xy) "s(X C
1(%y) T 20%y) "a(Xy) 4c (2.25)
C3
= ITCL
So that the gradient is
#
" 1xCt oGt " 34 C
OC:O[' 1C1+'202+'3C3]: Ix“l I2,x 2 I3,x 3
1;yC1+ 2;yC2+ 3;yC3
" 2 3
# (2.26)

. . C1

1;x 2;X 3;x

. \ gczg = Bc*
Ly 2y 3y o

Cs

Considering the de nition 2.21, the e ect of the di usion term on the concentration of
the i-th node is:

Z Z
a(c;'))= —rcr';d= —‘Bc r';d
7 ¢ c
= IB"r'; ctd (2.27)
¢ -
=A; ¢

So the local di usion matrix can be nally written as:
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2 3 2R .3
Ay +(r',) Bd Z

L_g T _QR o \To g_ toT

A =24A5=4_ +(';) Bd 5= —B'Bd (2.28)
Aj “+(r' )" Bd )

Each integral is computed using the mid point rule: all the values inside the integral are
evaluated at the mid point and then this value is multiplied by the area of integration.
Passing to the mass matrix, the transformation onto the elementary triangle is performed.
This can be done through a linear transformation of the coordinate system, which includes
the computation of the Jacobian. The linear transformation map is shown in gure 2.1:

Figure 2.1: Transformation map from a distorted element to the elementary triangle

YA YA
My = 5007 i00d = ()i (8) IdP (2.29)

In this case the Jacobian is simply two times the area of the element. Keeping in mind
that the integrals are calculated via the mid-point rule, the nal matrix is:
3

2
1

, _ area
M= 39 f) (2.30)

R RN
BN

Finally the global matrices are composed by the local ones, passing through the connec-
tivity of the grid.

2.1.3. Code implementation and system resolution

The overall assembling is done with a parallel computation, involving di erent cores in
order to speed up the code. Each core takes on a fraction of the total number of elements
and of each element computes its local matrix. Then this is immediately applied to the
local concentration, giving as result a vector shown in 2.31.
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dr = Aj g for 1=1;23 (2.31)
j=1

This di usion vector called d" is added to the global vector through the connectivity. In
this way each core has a part of the global di usion vectod.

As it may be seen from 2.30, recovering the mass matrix is not a big deal computationally
speaking. After each core computes the mass matrices for the elements available to them,
a lumping is done so that each core has a vector containing the sum of the values on the
columns.

x3
m= My for i=1;23 (2.32)
j=1

In the end, each core computes its global mass lumped vector passing through the
connectivity of the mesh. The resolution part of the system in the code is treated with

a for loop on the nodes. Until now, every core has computed their part of the global
vectorsm and d. Now a summation of these is done over all the cores, giving as result
two complete vectors.

During the assembling of the global vectorsn and d, only the internal nodes are con-
sidered and not then boundary ones. This is done because the boundary conditions are
applied directly to the solution vector and are not enforced automatically by solving the
linear system. This means that in the code the dimensions of the global vectors are
(N N ), whereN is the number of boundary nodes.

Then an analysis on the type of node considered is done. Each node is considered in a
way such that it has a label in relation of where it is. If it is on the boundary, there is

a Boolean variable called "bound" that will have assigned the value "True". Vice versa,
the label will be "False" if the node is internal. To each node; in the for loop, its type is
checked: if the considered point is on the boundary the valweis imposed; otherwise, the
solution system is solved by performing the computation shown in 2.33. This procedure
Is repeated at each iteration until the end of the simulation.

d t"
m;

q=

(2.33)
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2.2. Bucket di usion problem

To test the functionality of the mathematical setting built for the di usion part of the
equation, a simple test case is considered. The domain is shown in gure 2.2: a bucket

= 1[0 ;4] [0;4] m is lled with water and at the interface with the atmosphere the
concentration of the sediment is set to be 1. The system to solve is the one shown in 2.4,
the boundary condition is 2.34 and the inital solution is 2.35.

h(x;t)=1, x2 @= (2.34)

8
<1 ify=4

t(x) = . (2.35)
- 0 otherwise

< will be always taken equal to 1. Instead the values ot will change to make the code
stronger and its e ect will be inspected later.

Figure 2.2: Initial solution, h, =0:1m

2.2.1. Stability in time issues

Performing several tests with di erent di usivities values revealed many problems. For
values of di usivity in the order of 10 - or bigger, the solution explodes. Bigger problems
were created if the adopted mesh was ner. The mesh dimensibg is an average value of
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the external radius of the element. An example of critical instabilities is shown in gure
2.3, where the values of concentration are out of scale.

2

Figure 2.3: =10 7%, ¢=1,hy=0:1m

This problem is related to the CFL condition: in order to not have stability issues, t"
must be recalibrated to consider the insertion of the new equation. Without the sediment
equation the CFL condition reads [10]:

t" = Cy min he (2.36)
e Ve

whereh, is a current characteristic size of the deformed elemeet v, is the speed of dila-
tional waves in the uid depending on the element density an€y is a safety parameter.
The speed of dilational waves depends on the coe cient of comprimibility: it should be
in nite in principle, but in our case it can be taken big and not in nity. This is due to
the fact that the deviatoric stress is much bigger than the volumetric one, where inside is
found the coe cient of comprimibility:

=D"= gt vo dev (2-37)

“vol (2 . 38)

wlx

vol =

Since the volumetric component of the stress is neglected, the valuekadind so ofve can
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be chosen to be big but not in nity. In this latter case, the approximation made in 2.37
would not be true. In the code its value is/e = 250 7.

For what concerns the modi cation of the CFL condition for the added sediment equa-
tion, a new velocity of propagation due to the di usion of the particles is introduced.
This velocity has been obtained by dividing the sediment di usivity with the current
characteristic size of the deformed element:

t
= — 2.39
Vg hn ( )

The modi ed CFL condition now writes:

n n
t" = Cy min h—e; h—e
Tk (2.40)
= Cy min @'(hg)z |
N Ml Vo' .

This modi cation, along also with a change in the value of the constan€Cy, heals the
problem encountered. The results of the corrected simulation are shown in gure 2.4.

2

Figure 2.4: =10 %, ¢=1,hy=0:1m
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2.2.2. Convergence analysis

After having made di erent simulations varying the sediment di usivity and the mesh
size, a convergence analysis has been carried on. Since to do this task the analytical
solution is required and this could be very long to nd, a ctional solution is introduced.

Its formula and shape are shown in equation 2.41 and in gure 2.5.

e(x;y;t)=tsin (x)cos y (2.41)

2

Figure 2.5: Fictional solution

It's a sinusoidal function which goes to zero at the boundaries, meaning that the bound-
ary conditions imposed must be slightly changed. In order to make the solution t the
equation, also a ctional force term must be inserted, which is computed in 2.42.

3—? 4 e=sin(x)cos y > +2 2 9sin (x ) cos y 5
c ¢ (2.42)

= 1+2 2% sin(x)cos vy 5 = s
Cc

This new forcing has been inserted in the assembling phase inside the veaor The

di usion equation gives to the solution the property of elliptic regularity so that it is

assured to be inside the Hilbert spackl?() . The error considered is inL?() , which

has this convergence estimate:

ke chkioy  Ch™jdiyi g (2.43)
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c is the real solution of the continuous problemg, is the approximated one,C is a
constant, r is the grade of the polynomials used to represent the solution andj is
the semi-norm. Four di erent meshes have been used, with an average dimension of the
elements of:0:2 m, 0:1 m, 0:08 m and 0:05 m. In gure 2.6 is shown the convergence
result and in table 2.1 are displayed the values computed.

In our caser = 1 so that the rate of convergence should be 2. Lower grid dimensions
should have been used in order to capture the perfect quadratic behaviour of the error.
With the available tools, this could not be done: the restriction on the number of mesh
nodes in GID® (the meshing program) limits the minimum size td0:05m. Nevertheless,
the convergence result is in line with the theory.

Figure 2.6: Plot of theL? error (log-log scale)

kc chkLz()
h[m] 0.2 0.1 0.08 0.05
T =0:5s 0.03607 0.00694 0.00405 0.00152
T=1s 0.05656 0.01260 0.00731 0.00274

Table 2.1: Values of theL? errors

2.2.3. Comparison with ABAQUS ©  simulation

To assess the nal accuracy of the model, a comparison with a simulation on the commer-
cial software ABAQUS® has been done. The studied equation is analogous to the heat
equation, which is implemented in the program and available for analysis. The set up is
the same of the problem depicted in this chapter, with the only di erence that the values
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shown by the result interface are related to temperatureT = 1 C has been imposed
on the upper part of the domain, whileT = 0 C is the value on the other part of the
boundary. The time of the simulation has been set tas, the thermal di usivity to 100%2
and the results at the nal time are shown in gure 2.7a and 2.7b:

(a) ABAQUS: =100 ™, h,, =0:1m (b) PFEM: =100 ™, .=1,h, =0:1m

Figure 2.7: Isolines comparison between PFEM and ABAQUS simulations

Figure 2.8: Comparison between the two solution in time in poin{2; 3:5)

These images are showing the isolines with intervals @fl unit between the di erent color
schemes. The two solutions are in line with each other and so do the change of solution
in time in a speci ¢ point, as shown in gure 2.8.
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3 ‘ Sediment equation: Transport
through gravity

Now consider the e ect of gravity on the sediment, an extra step compared to previous
cases. This part of the phenomena can represent the deposit of sediment on the basis of the
domain. Taking equation 2.1, the gravity term is somehow summed up with the velocity
transport term. Normally the gravity is inserted in PDEs as a force term: however, in
this case, the gravity can not act as a force because the sediment has no mass and can
not be dropped down by a force. Still, to simulate the e ect of gravity, a transport term

is introduced: it is a velocity like parameterws called falling velocity, which has the same
direction of the gravity. The falling velocity term may depend on the concentration, but

for now is considered constant. From the equation 2.1, the new formulation dealt with in
this chapter is recovered by dissolving the transport term:

@c g d
—+r uc)+ r Ws—C =T —r C 3.1
ot (uc) STgj X (3.1)

As seen in 2.2, part of the advection term is considered null since= 0 T and so the
total derivative appears. In addition, consider constant; and . so that the Laplacian
can appear.

41 wWs=cC = -4 ¢ (3.2)
C

3.1. Weak formulation

The new system to solve is the following:
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8
dc g t 2
—+r (Ws—c¢) — c¢c=0 8x 2 R 8t2 (0T
gt g9 - (0:7]
c(x;t=0)= t(x) 8x 2

cc(x;t)=h(x;t) 8x2 @=

(3.3)

The nal form of the new problem will not be derived step by step since it is practically
the same of the di usion problem shown in the previous chapter. It must be remembered
that the uid velocity is still zero because it has not yet been activated in the equation.
To better approach the equation of the problem, apply the divergence term to the product
so that:

dC+ r g

= We g t

— C+ Wg— rc — c¢c=0 3.4
igi °jgi c G4
The hyphotesis of constant falling velocity comes into play: considering this, the term with
the divergence of the falling velocity goes away since all the terms derived are constant.

In this way the nal equation to study is:

dc g t

—+ Wg— rc — ¢=0 3.5

dt °jgi c (3:9)
Considering the 2D problem, the gravity acts downwards in the y direction and so the
scalar product with the gradient of the concentration contains only the contribution of

the derivative in y.

dc @c
— Ws— — ¢=0 3.6

a “ay . (3.6)
The space of the solution and of the test function are the same as the problem of chapter
2. Integrate the equation over the domain and make the same simpli cations of 2.7. In

this way:

Z dc Z Z @c
“vd + trecrvd w, —=vd=0 8v 2V, 3.7
dt . S @y 0 ( )

The new inserted element in the equation is connected to a new bilinear form, which is
de ne as:
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z
@k

Vo W! R st Kir)=ws —
p:Vo Vo p(k;r) @y

(3.8)
Here a limit of the model can be pointed out: gravity acts only when there is a concen-
tration gradient in the y direction. This is not an ideal situation since gravity should act
in every case, but this is the main simpli cation of the suspended sediment model. The
sediment does not have mass, it is carried by the uid and does not interact with it. It is
something which is passively transported around. In the next chapter, an upgrade that
simulates this behaviour will be introduced. It is also noted that the lifting operator has
been applied also in this case and the forcing functional introduced is set to zero due to
the piecewise constant nature of the datum in space and in time.
The weak formulation for the gravity problem reads: giverc(t =0) = T, nd c2 V; such
that 8t 2 (0; T] the equation 3.9 is satis ed.

z dc

g vd p(c;v)+ a(c;v)=0 8v2\V (3.9

3.1.1. Discretization in space and time

As seen in section 2.1.1, a partition of the domain in a triangular meshy, is introduced
and the nite element space@(r}, Vi, and V.o are de ned as in 2.13 and 2.14. Rede ning
the variables, functionals and bilinear forms in these spaces, the new weak formulation
of the problem discretized in space is: ndy, 2 Vi such that for ¢, (t =0) = T and

8t 2 (0; T] the equation 3.10 is satis ed.

Z
d
d_cth vy d Pr (Ch;Vh) + an (Ch; V) =0 8Vh 2 Vho (3.10)

Exploiting the basis of the nite element test space of 2.15, the solution can be written
as in 2.17, giving as result:

Xz de X
. . G (t)
(X)) ix)d —==
X
+ a0 ix)Gg M) =0

j=1

Pr (" (X);" i (X)) g (H)+
(3.11)

Then the new matrix related to the action of gravity is introduced in 3.12.
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P = ph& i (x)5" i (x))
@, |
@y ' d

(3.12)

Ws

Considering this matrix along with the mass and sti ness matrices described in the pre-
vious chapter, the ordinary di erential equation to solve in time is:

Mc(t) Pc(t)+ Ac(t)=0 (3.13)

As the other matrices, the gravity matrix belongs to the spac®N N, whereN is the
number of nodes of the mesh domain. Regarding the discretization in time, the newly
added term is considered as something known at each time instant since the time scheme
used is the explicit Eulerian one. So the approximation of the time derivative is the same
of 2.23. This gives rise to the following linear ststem to solve:

5

M+P t" A t"c¢"=f" (3.14)

3.1.2. Assembling the gravity matrix

The gravity matrix is found following the computations done in section 2.1.2. To this
aim, using the formulation of the concentration as 2.25, the y-derivative of the solution
at the local mesh scale is recovered as:

)ﬁ 1C+ ' 20+ " 3C) = " 1yCit ' 2yCot ' 3yCa
@y@> > 3

i G
C3

h

n #

0 . . .
with | = 1 being the y-axis versor used to recover the second row of tBematrix, then

denoted as the vectob, .
Considering this notation, it is possible to write in a concise manner the local gravity
matrix:
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Z Z
[
Py =y

2 @Y :

L (3.16)

p(C;' i) Ws

I

E
[=x
o

(@)

The subscriptk is related to the element on which the integral is made, since the compu-
tation of the matrix is local.

2 3 2 R . 3
El WSRka ld Z

g:?g;%:?wsmgg'zd f=w. 1 b,d (3.17)
Bg Ws kQ;ISd “

The sign refers to the outer product. As seen in the computation of the other matrices,
each integral is computed using the mid point formula. The product between this matrix
and the local concentration is added to the vectod- along with the di usion action of
the sediment.

x3
dr = Aig + Pig for i=1;23 (3.18)
i=1
So it can be said that this vector is constructed like a force given by the actions of the
di usion and of the gravity. As before, through the connectivity the new global vectod

is recovered. In the end the solution at time instant"*! is found applying the equation
2.33.

3.2. Bucket with gravity transport

The domain in which the new problem is studied is the same as the previous chapter,
namely the bucket lled with water. No movement of the uid is imposed so that the
study results can be analyzed considering the e ect of gravity and comparing them with
the ones due to only di usion. The problem to study is 3.3 with the same conditions of
the di usion problem, namely 2.34 and 2.35.



42 3| Sediment equation: Transport through gravity

3.2.1. Simulation results

In gures 3.1a and 3.1b is shown a comparison at tim& = 1s between considering the
e ect of gravity on the sediment and not considering it. It is clearly visible that the action
of gravity enhances the movement of the sediment towards the bottom of the bucket. All
the solutions are smooth and ful Il all the boundary conditions imposed by the problem.
It can be seen that, considering that the height of the tank igm, the sediment di erence
in positioning between the two cases is approximately @m, re ecting that the values of
the falling velocity isws = 1. This is reasonable considering that the simulation time is
1 second.

(a) ws =0 T, tzl%z,hmzo:lm (b) ws=1 T, tzlm{,hmzo:lm

Figure 3.1: Comparison between considering gravity and not

3.2.2. Dependent formulation of the falling velocity on the con-
centration

Until now, the falling velocity parameter has been considered as something constant which
does not depend on the solution. In this section, the e ects of the concentration amn
will be considered. Its formulation is like the one seen in equation 1.5:

Ws=(1 ©) Wy (3.19)

Given all the information in the literature, the hindered settling exponent is set equal
to =5, while the settling velocity can be modi ed in function of the dimension of the
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sediment particles. The weak formulation in this case changes since the second term in
equation 3.4 is not eliminated. Considering the full equation in system 3.3, the transport
term is bisected in this way:

g - Q@
s7C) = S = SO = 1
r(w JgJc) r WsjC wo@y c(l o
- w O @c :
= Wy @;1 C) @>9 @ o (3.20)
_ @c c

This new term is non linear, but considering the explicit Euler time discretization scheme
it gives no problems since it will be considered at the previous time instant. Rewriting
the resulting equation and integrating, it becomes:

Z 4
dc t
EVd + —rcrvd+
z @c CC (3.21)
Wso@)ﬁl c 1 1 ¢ vd =0 8v2\V,

All the spaces and comments are the same of section 3.1. Also the bilinear formulation
related to the gravity component is di erent, namely:

Z

k k
p:Vo W! R st p(k;r)= WS()%X;l k) 1

1 k

rd (3.22)

With this modi ed bilinear form the weak formulation is the same as in the equation 3.9
for the continuous problem and as in 3.10 for the discretized problem in space. Regarding
the assembling phase, here there are some di erences with respect to the section 3.1.2.
Since the formulation of the falling velocity is very intricate, the matrix P will not be
recovered and used. Instead the value of the concentration at the previous time instant is
substituted directly into the integral passing through the basis of the linear nite element
space. In this way the term can be seen as a force vector:

Y4

t c"
Fr= wso%y(l o1 S d (3.23)

1 ¢

P
wherec" = sz1 g' ()" j (X). The nal system is showed in equation 3.24.
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Mc*t =

=
>

t" ¢ EM Ot (3.24)

The results show a more sensibility of the sediment to gravity in the points where the
concentration is smaller, and less sensibility in points with high concentration. This is
due to the nature of the formula of the falling velocity shown in 3.19:

c! 0" ) ws! wg

(3.25)
c! 1 ) ws! O

If the concentration goes to zero the falling velocity tends to be the one in clear water.
This behaviour is con rmed by the results. Indeed the gures 3.2a and 3.2b show the
di erence between the case of constant falling velocity and the casewf dependent on
the concentration.

@ws=1m, (=1Mm h,=0:1m () Wg=10 1M, (=1 ™ h,=0:1m

Figure 3.2: Comparison between constant gravity and variable gravity

The results show that the sediment is less dragged down where is highly present and vice
versa where there is less sediment.

3.3. Transport dominated problem

Now the focus is shifted to transported dominated problem. This is useful in order to
make the approach stronger which can be good for some particular situations in concrete
cases. The e ect of gravity is increased while the di usion action is limited by decreasing
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the sediment di usivity parameter .. In this way the problem is stressed from a stability
point of view of the solution: the task is to be able to reach the convergence of the solution
also in this particular case.

3.3.1. Peclet number de nition

In order to make an assessment of the correct functionality of the model in transport
dominated problem, convergence must be reached. This is a focal point in the study since
in these particular cases it is not trivial to have such property. Passing through the Cea
lemma and the interpolation error estimate, the Galerkin error inequality on this problem
gives as result

ke cnky M inf ke vhk, MhrkjchHl (3.26)
Vi 2V

whereM s the continuity constant, is the coercivity constant andr is the grade of the
polynomial chosen to represent the solution. When the upper-bounding constadhtgrows,
which happens when the convective term dominates over the di usive one, the Galerkin
method can give inaccurate solutions. In such cases a suitable numerical stabilization
must be introduced to avoid spurious solutions. In the problem processed in this chapter,
the error inequality 3.26 must be ful lled at each time instant in order to have an accurate
solution. The task is now to nd the continuity and coercivity constants.

~ Continuity constant: nd M > Osuch thatja(c;v) p(c;v)j M kek, kvk,
8v2V:

ja(c;v)  p(cVv)j | |0(CZ;V)J+J'a(c;V)J'Z

ws —vd + —“rcrvd
C ° z
K wsk, 1 =v d+ - jrcrvjd

@y c L1

Ws —  kvk , + —kr ck o kr vk ,

@y, - c
W kok,, 1 kvk, s + — koky, 1 kvky,
Cc

ws + — kck, kvk, = M kck, kvk,

c
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" Coercivity constant: nd > Osuchthata(v;v) p(v;V) kvk\z, 8v2V:
Z Z
a(v;v) p(v;v)= W @Vg+  rvirvd
@Y 7 ©
1 @Y ¢
= Zws —d+ S(rv?d
2 @y
1Z z
= 2 (w) rvPd+  L(rv?d
1% zZ ¢ Z
= 2 ro(wsj)v?d 5 nwy?d + S (rv)®d
Cc
= L v?d
C
= Lkr vkZ,
C
ek vkZ: = kr vk

Where the Poincaré inequality has been used settig = 0:5. The two simpli ca-
tions made are due to the fact thatws is constant in space and/ on the boundary
is 0 due its belonging to the spac¥,.

So in the end:

M= we+ (3.27)

Cc

=0:8-- (3.28)
C

So the need of the discussed case is to have the ra¥oto be small as possible. Unfor-
tunately, considering di erent values of realistic parameters ofvs and - there is a good
chance to not ful Il this condition. In the literature [3, 17, 33, 35], sediment di usivity
values range from10 4 m?z to 0:1 ’“?2 considering di erent types of materials that can
be transported. While for the sediment falling velocity values can range frod0 ° T to
0:01m",
From 3.26, the Peclet number for the sediment equation is de ned (considering linear
polynomials,r = 1).

M W
Pe. = hk—:1:25hk < :1:231k 1+

(3.29)
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Its value is computed for each element, so the condition should be ful lled for each com-
putational cell. If not, the stabilization term in that cell is inserted in the solution system.
Now consider the real case wherg = 10 * mTZ ws =0:01T and =1 as usual. Follow-
ing equation 3.29 the value of the Peclet number in this case for a mesh with = 0:1m

is Pe = mk%x Pec = 12:625 The resulting concentration eld at T = 100 s is shown in
gure 3.3.

Figure 3.3: Pe=12:625 T =100 s

It is clearly visible that the solution shows some bad behaviours, rst of all the upper
value reaches a number bigger than 1, which is not realistic. So the aim is to now stabilize
the solution.

3.3.2. Streamline di usion stabilization

The process of stabilization consists in adding new terms to the discretized equation. In
general two terms are added, one bilinear form and one functional. The aim is now to
nd ¢, 2 V, such that:

z
d
—dih v d Pn (ChsVh) + @n (ChsVh) + Sp(Ch;Vh) = Gh(Vh)  8Vh 2 Vo (3.30)

In the case of streamline di usion, a new di usive term is added in order to balance the
highly advective nature of the problem. Indeed, if the falling velocitys is very high the
Peclet number is also very high and could pass the threshold to have a stable solution.
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H Z g
i _ k
Sh(Ch; Vh) = kK k Wsj_gj Ch Wsj_ rve d .
= hew @c @y '
., =N
. @Qy@y

While Gy (Vh) =0 8v,2 Vh;O-
In the assembling phase, the stabilization matri§ is calculated as before passing through
the local computation.

Z Z
Q@' L @
S ") = hew ——d = hw b, ¢ —d
_ @' 3.32
=S QL
2 .3 2 R ‘ 3
S hows - b, G d Z
Kk ‘y
s-=4s]8 = Fhow |, b,%2d S=hw b, b (3.33)
' k
§-:|3- thS K Qy%; d

From the de nition, is visible that the magnitude of this component is regulated by the
dimension of the element considered. So in the end, the components related to the term
of 3.31 are inserted in thed vector. The solution gains bene ts after having added the
streamline di usion stabilization, as shown in gure 3.4.

Figure 3.4: y-Stabilized solution:Pe=12:625 T =100 s
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However this does not cure all the spurious oscillations: on the right side of the bucket,
the sudden change of the solution to O imposed by the boundary condition still gives
a concentration higher than 1. Indeed the stabilization term heals only the variations
along y and not along x. In order to get an even better solution, another term like 3.31
is introduced with the di erence of acting on the x-direction. This means that the new

bilinear form and matrix related to stabilization write:

Qg @y Qe @y
S ‘Vh) = hew ——d+ hw ——d 3.34
h(Ch; Vh) kWs @y@y kWs @x@x (3.34)
Z Z
S-=hws b, b,d+ hw b, b,d (3.35)

k k

is a parameter which takes values inside the intervd0; 1]. The e ect is governed by
a constant because the transport is in the y direction, so in x the stabilization acts with
a smaller e ect. The result is de nitely positive since the values turns to be inside the
correct range of0; 1]. The resulting simulation is shown in gure 3.5, considering = 1.

Figure 3.5: xy-Stabilized solution:Pe=12:625 T =100 s

3.3.3. Convergence analysis

In order to check if the solution is still somehow accurate, the convergence analysis of the
stabilized problem is proposed confronting its result to the one of problem 3.10. Consider
the ctional solution 2.5 and plug it in 3.2. Then the forcing term is computed in order
to satisfy the identity of the equation.
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de :
— -+ wsie L e= 1+2 24 sin(x)cos vy = +
dt 19) c c 2 (3.36)
+sin(x)sin y 3 wst = f€
The convergence rate in this case is between the linear and the quadratic one, as shown in
gure 3.6. The interpolation error values instead are displayed in table 3.1. In particular

Avijit et al. [2] derive a convergence estimate that shows a rate of convergence%of

ok  pekivike, peh®? (3.37)

Where the SD norm is derived from [21], with being a suitable constant.

2

@v?
@y (

X p
kivikep :=  —kr vk’ +  kvk’, + hiWs
C

k=1

(3.38)

Figure 3.6: Convergence of the stabilized problem (log-log scal®e=12:625 T =1 s

kc chkLz() , T=1s
h[m] 0.1 0.09 0.08
xy-stab 0.15544 0.13804 0.11919
y-stab 0.09687 0.08427 0.07085

Table 3.1: Values of thel.? errors for the stabilized problem
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The error is bigger with respect to the previous cases: this is due to the fact that some
terms are added in the solving equation and modify the nal solution, making it slightly
di erent from the real one. Indeed for the double direction stabilization, the error is
bigger than the y-stabilization since two terms are added instead of only one. Generally,
it would be desirable to have strong consistency, which means that if the real solution
of the continuous problem is plugged, then:

sh(Ciw) =0 (3.39)

So the solution of the continuous problem is recovered. In the case of streamline di usion,
the property of consistency is veri ed but not in a strongly way. This means that:

sh(ch;vn)! 0 as hg! O (3.40)

but not the condition 3.39. A more accurate stabilized solution should be reached by
applying SUPG method (or GLS, in fact they are the same considering linear nite el-
ements). Indeed, with respect to Streamline Diusion, SUPG does fulll the strong
consistency property. On the other hand, computationally speaking is more onerous since
there are too many terms to address and integrals to compute.
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4 ‘ Sediment equation: Transport
through uid motion

So far, the uid was always still and not a big factor in the simulation. Now the focus
shifts in considering a case where the uid is moving, seeing the e ects of its motion on
the value of concentration. Adding this type of transport is important since it allows the
water to have an impact on the sediment. Indeed, in the equation so far the velocity
was not present.

4.1. Solution in the Eulerian nodes

Considering a Lagrangian point of view of the problem, the attention must be paid to the
imposition of conditions at the left and right hand sides, as said in section 1.1.5. If the
domain is composed by inlet or outlet boundaries, there will be a passage of particles in
and out of the domain. The mesh nodes are following the uid movement, so when a node
reaches the exit of the domain it will be compressed with other or in the worst case can
exit the domain and be lost outside it. To avoid this problem, the nodes at the entrance
and the exit are treated as Eulerian: in this way they are still and do not move with the
uid. This solution, together with the remeshing and alpha phase, gives as result a very
good evolution of the position of the nodes.

Considering the Eulerian nodes, a di erent equation has to be solved in these points: the
total derivative has to be split in the two components and so the Eulerian formulation of
the equation is recovered.

@c g t
—+urc+r (ws—c) — c¢c=0 4.1
ot ( sjgj) X (4.1)

Numerically speaking the challenge now shifts in nding a way to solve the Lagrangian
formulation in some nodes and the Eulerian one on the outlet and inlet.
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4.1.1. Solving system and matrix assembly

The structure of the model is more or less the same, but for the Eulerian nodes the
computation includes a new term which has a convective matrix correlated. To recover
the discretized form of the new term in equation 4.1, only Eulerian nodes are considered
in the domain for now. Then through a restriction operator, the newly acquired matrix
will have an e ect only on the xed nodes. Multiply the equation by the test function
taken from the test space so that:

Z @c Z Z Z @c
=vd + u (rgvd+ “‘rcrvd ws —vd=0 8v 2V,
@t ro c ° @y °
(4.2)
Addressing the new term, a bilinear form has to be introduced:
Z
e:Vo W! R st ekr)= u (rk)rd (4.3)

Like for all the other bilinear forms, the analogue in the discretized problem is shown in
4.4. The functional spaces are always the same as in the cases seen before.

z
@} @)
u

en("j;i)= x@"‘uy@y

' i d = Eij (44)
This matrix will always be e ective in a portion of the nodes, since it is present only
on Eulerian nodes. All the nodes which are xed are saved in the set, and so the
restriction matrix R 2 RN N is de ned:

8

< .

1 ifx;x 2
Ry = . hh e e (4.5)
- 0 otherwise

Considering the explicit time integration, the nal linear system to solve is:

&nﬂ - i En+1§ tn + P tn é tn gn - f’l (46)

The Eulerian matrix is time dependent, since inside the integral there are the two velocity
components. This creates no problems since the value of the velocity is known at the
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time instant t"*1. This is due to the fact that the sediment equation is solved after the
momentum equation.

The assembly of the convective matrix is treated in a di erent way with respect to the
other components that were added before. So, the local convective matrix computation
for a particular element is:

z
: @c, ~ @c,
e(c;'i) = Ug— + Uy— "
(c:4) S @x Y@y
= U b, c +u b c 'id
> (4.7)
= buc+bu, "id
k
= E; ct
2 3 2R

qux+guy I1d Z
L_ G - gR" b d L=

E-=4E,5=4_ bux+bu, '2d 5= 1 bu+bu d (4.8)
qux"'gyuy I3d

The velocity components are evaluated at the center of the considered element. After
having computed the local matrix, a vectore" related to the convection term is recovered:

x3
e = EL for i=1;23 (4.9)

Then, through the connectivity, the global convection vectoe is found and summed up
to the global force vectord. Finally, at instant t"*! the concentration is:

+ (di+e) t"
m;

gt =¢ (4.10)

4.2. Transport in a channel ow

The e ects of these new modi cations are studied with a very simple problem: the channel
ow. The water is moving from left to right and on the top and bottom boundaries the
velocity is null. A horizontal velocity pro le is imposed at the entrance and at the exit
the natural condition is considered. Regarding concentration the system is the same of
3.3, but considering the di usivity and falling velocity null.
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