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1. Introduction
Track geometry is routinely monitored using ded-
icated Track Recording Vehicles (TRVs) with
specific measurement units. While accurate,
TRVs are costly and disruptive to operations,
which motivated research into alternatives that
use inertial sensors on in-service trains to infer
the track shape from the dynamic response.

Simple methods, based on integrating acceler-
ation measurements at the axle box twice, are
a common example. However, more complex
observer algorithms have been tested as well.
The most common observer in this domain is
the Kalman filter, which handles the track as a
stochastic signal. By contrast, the Unknown In-
put Observer (UIO) framework is designed to de-
couple and reconstruct unknown inputs directly
from measured outputs, without placing assump-
tions on the properties of the signal to be recon-
structed. This framework has been tested before
on track geometry reconstruction, however those
studies focused on higher velocity operation.

This thesis builds upon [1], targets metro level
speeds and the (3–25 m) wavelength range, as-
sessing UIO performance under realistic condi-
tions that include low and variable speeds, noise,
and lateral excitations, and contrasts it with a
second simpler double integration method.

2. Theoretical Background
The UIO framework is introduced as posed in [2].
Consider a linear system with unknown input d:

ẋ = Ax+Bu+ Ed, y = Cx, (1)

where x denotes the state, u the known inputs,
y the measured outputs, and A,B,C,E the sys-
tem, input, output and disturbance matrices.

A UIO consists of a structural design such that
there is no disturbance feedthrough on the esti-
mation error e = x−x̂. Introducing an additional
observer state z, the structure becomes,

ż = Fz + TBu+Ky, x̂ = z +Hy,

with matrices F, T,K,H according to,

0 = (I −HC)E, T = I −HC

F = TA−K1C, K2 = FH

such that K = K1+K2. The corresponding error
dynamics are:

ė = Fe = (TA−K1C)e (2)

Notably, (2) does not contain any feed through
of the disturbance term d. For the UIO, define
A1 = TA as the system matrix and K1 the ob-
server gain. A valid UIO requires two conditions:
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(i) rank(CE) = rank(E) and (ii) detectability of
the pair (C,A1). In this work, detectability is
assessed via a finite-horizon approximate observ-
ability Gramian (see Section 3.1.2), after which
K1 is tuned such that the estimation error matrix
F is stable, where the unknown input estimate
follows as a by product of the state estimate:

d̂ = (CE)+
(
ẏ − CAx̂− CBu

)
, (3)

here (CE)+ denotes the left pseudoinverse. Note
how (3) requires the output derivative ẏ.

3. Methods
3.1. Observer Method
A high-fidelity Simpack model of a Milanese
metro car, developed at Politecnico di Milano,
was used to generate synthetic measurements.
The model represents a single car body with two
bogies.

3.1.1 Linear Model

A 9 DoF linear model serves as the basis of the
observer (Figure 1): front bogie (fb), rear bogie
(rb), and car body (cb), each with vertical (z),
pitch (θ), and roll (ϕ) motions; wheel–rail con-
tact is simplified so that the axles’ vertical and
roll motion represent the tracks’ vertical align-
ment and cross level respectively.
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Figure 1: Side view schematic of train bodies

Consider the system in (1), such that x =
[xdof ; ẋdof ] ∈ R16 and u = 0, with

xdof = [zfb, θfb, ϕfb, zrb, θrb, ϕrb, zc, θc, ϕc]

Disturbances act at the wheelset–track interac-
tion as vertical/cross-level displacement and ve-
locity, combined as d̄ = [d ḋ]T ∈ R16. Front/rear
axle disturbances act with a delay:

d2(t) = d1(t− τ), τ =
2lw2

v
.

Using these features, two system augmenta-
tions are implemented. (i) A second-order Padé
delay per bogie front to rear axle adds 16 states,
by extending the system with 8 diagonal Padé
blocks: Ap ∈ R2×2, Bp ∈ R2×1, Cp ∈ R2×1

and Dp = 1. This results in A ∈ R34×34 and
E ∈ R34×8, reducing independent disturbances
to just each bogies’ front-axle motion. (ii) Inte-
grating the disturbance velocity extends x with 4
states, such that disturbance displacement is in-
cluded in the state directly, which gives the final
matrices A ∈ R38×38, E ∈ R38×4.

Two simplifications follow from this main
model: a 6 DoF version (only z, θ per body; no
roll) produces 22 states and reconstructs vertical
alignment only and a 4 DoF half-system version
(single bogie + car-body z) produces 18 states
and targets cross level and vertical alignment
with simplified car-body dynamics.

3.1.2 Observability

Eight vertical accelerometers are used to capture
the relevant dynamics: four on the bogies at the
primary suspension locations and four at the car-
body corners (see Figure 1). Accelerations are
integrated to obtain the observer output y (ve-
locities), while the original acceleration measure-
ments provide ẏ; this avoids numerical differen-
tiation in (3).

The first UIO condition holds with this out-
put configuration: rank(CE) = rank(E). The
second condition (detectability of (C,A1) with
A1 = TA) is assessed via a finite-horizon ap-
proximate observability Gramian, as posed in
[3]. The infinite horizon observability Gramian is
not defined for systems with integrators; there-
fore, a proxy is built over a finite time horizon
Wo(t1, t2) ≈ WN : τ1, . . . , τN ∈ [t1, t2].

DN =

√
t2 − t1
N

N∑
i=1

[
eA

⊤
1 τiC⊤] ⇒ WN = DND⊤

N ,

such that the SVD DN = UΣV ⊤ produces the
eigenvectors (U) and eigenvalues (Σ) of WN . Un-
der constant speed the system is Linear Time In-
variant (LTI), therefore only the horizon Th and
the number of samples N must be defined. The
choice

Th = k
λmax

v
, k = 4, N =

Th

∆t
,
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captures at least four cycles of the longest D1
wavelength λmax = 25m at the sensor sampling
time ∆t. The cutoff between observable and un-
observable nodes is selected from a steep eigen-
value magnitude drop on a logarithmic scale (ex-
ample in Figure 2).
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(a) v = 10 km/h

0 10 20 30 40
Index

(b) v = 45 km/h

Figure 2: Eigenvalues of WN (A1, C): 9 DoF

Then, let Uo ∈ Rn×n1 collect the left eigenvec-
tors corresponding to the n1 observable eigenval-
ues of WN , and define Uno = null(UT

o ), as the
orthogonal complement, so that P =

[
Uo Uno

]
.

The observable canonical form follows as,

P−1A1P =

[
A11 0
A12 A22

]
, CP =

[
C∗ 0

]
(4)

where A11 corresponds to the observable sub-
space, and A22 to the unobservable one. De-
tectability follows if all eigenvalues of A22 are
stable.

Detectability was confirmed for all models,
with 18/38, 14/22, and 8/18 observable nodes
for the 9 DoF, 6 DoF, and 4 DoF models, re-
spectively.

3.1.3 Tuning

For detectable systems, the observer gain is
tuned on the observable subspace A11, as defined
in (4). With A22 stable, Linear Quadratic Esti-
mation (LQE) tuning is applied to Kp1, using
Q = In1 and R = Im, such that (A11 −Kp1C

∗)
is stable. Then, the full observer gain follows as,

K1 = P
[
KT

p1 0
]T

, F = TA−K1C,

producing a stable error matrix F , as seen in (2).
This stabilizes the vertical-alignment estimate,

but the cross-level channel exhibits undamped
oscillations caused by a marginally stable pole
pair introduced by the Padé delay states and
connected to the roll dynamics. The oscillation
wavelength is fixed by the bogie wheelbase as,

λ = 2lw2
π√
3
≈ 3.9 m,

independent of the train velocity. A small arti-
ficial damping is therefore applied to the Padé
block,

A∗
p = Ap − ϵI, ϵ = kd ωn, kd = 0.05,

with ωn the Padé natural frequency. This re-
moves the oscillation in the 9 DoF and 4 DoF
models. The 6 DoF model does not require
damping, as it does not consider cross level (roll).

Under varying velocity, the system is no longer
LTI as posed in Section 3.1.2. However, the LTI
assumption is maintained due to the modest ac-
celeration and deceleration of metros and the low
velocity variability in the observable eigenvalues,
as seen in Figure 2. At varying velocity, gains
are precomputed at equal samples ∆v = 5 km/h
and linearly interpolated during operation.

3.1.4 Operating Conditions

Excitations. Vertical, cross level and lateral
track excitations were synthesized in Simpack us-
ing the predefined ERRI B176-based PSD mod-
els for vertical and roll excitation. The wave-
length content was set to λ ∈ [1, 70] m (spatial
frequencies f ∈ [1/70, 1] m−1), which contains
and extends beyond the D1 range. The “High”
subtype was selected, which represents relatively
poor track quality, and the same spectral settings
were used across simulations for consistency. The
lateral track irregularity is only present when
specified as an added disturbance.

Sensor noise. Accelerometer noise was
added to simulated measurements to emulate
existing sensors with noise densities 0.007 and
0.175 mgrms/

√
Hz for the carbody and bogie

measurements respectively. A zero-mean white
Gaussian signal ñ was low-pass filtered at fc =
100Hz and scaled to the reference nrms, such that
its RMS matched the target density, then im-
posed on the ideal signal:

ynoisy = y + ñ · nrms
√
fc

RMS(ñ)
(5)

This yields realistic acceleration measurements.

3.2. Signal-Based Method
Alternatively, a second, Signal-Based (SB) ap-
proach was implemented on real axlebox mea-
surements collected on the Meneghino metro
in Milan. Where, the reference track geome-
try was retrieved off an existing TRV dataset.
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The SB method reconstructs rail geometry from
vertical accelerations measured on the left and
right ends of a wheelset. Axle-box accelerations
were acquired using a sensor with noise density
0.920 mgrms/

√
Hz. Double integration is used

to obtain displacement. In the formulation, the
left/right accelerations aL, aR are combined into
mean-vertical and roll accelerations,

aavg =
aR + aL

2
, aϕ =

aR − aL
ls

,

where ls is the lateral distance between the two
sensors. After double integration,

uavg =

∫∫
aavg dx

2, uϕ =

∫∫
aϕ dx

2,

the individual rail profiles follow as

uL = uavg − lw1 uϕ, uR = uavg + lw1 uϕ,

with 2lw1 the nominal track gauge. Vertical
alignment is the mean profile uavg, and cross level
is the difference uR − uL = 2lw1 uϕ.

To suppress drift, a second-order high-pass
Butterworth filter is applied with cut-off,

fc = vmin/λmax, λmax = 25m,

where vmin = 5km/h was heuristically set. The
reconstructions are sampled along the track onto
the space domain using an available spatial ref-
erence in the recording data.

4. Results
4.1. Performance Metrics
PCC (Pearson Correlation Coefficient): quan-
tifies correlation in [−1, 1]; values near 1 in-
dicate strong shape alignment independent of
scale. NRMSE (Normalized Root-Mean-Square
Error): measures average error amplitude nor-
malized by the reference standard deviation, al-
lowing comparison across different signals and
track conditions. rRMSE (rolling RMSE): com-
putes RMSE in a moving 25 m spatial window
to reveal local performance variations. PSD set-
tings: Power Spectral Densities (PSD) are evalu-
ated in the spatial domain using Welch’s method
with a Hamming window and 50% overlap. The
frequency axis is limited to the D1 wavelengths
as f ∈ [1/25, 1/3] m−1.

4.2. Model Verification UIO
To validate the simplified linear observer model,
bogie and car-body velocity PSDs were compared
to the high-fidelity Simpack model, using the pre-
viously mentioned windowing settings, only now
over f ∈ [1/70, 1] m−1(see Figure 3)
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Figure 3: Model verification in frequency do-
main, at v = 45 km/h (D1 edges as dashed line).

The simplified model reproduces the Simpack
response closely (largest deviation in car-body
roll ϕ̇). Both models exhibit wheelbase-induced
filtering: deep notches in bogie ż and ϕ̇ near f≈
0.23 m−1 and f≈0.70 m−1 (out-of-phase axle ex-
citation), and in bogie pitch θ near f≈0.47 m−1

(in-phase excitation, λ = lw2). Similar valleys
appear in car-body PSDs due to the spacing be-
tween bogie connection points.

4.3. Constant Velocity UIO
Table 1 summarizes constant-speed results for
Disturbance Free (DF), Sensor Noise (SN), Lat-
eral Excitation (LE), and the 4 DoF/6 DoF sim-
plifications. DF: accuracy is largely velocity-
independent; cross level is slightly poorer at
10 km/h, consistent with identical Signal-to-
Noise Ratio (SNR) across speeds. SN: accuracy
improves with speed as excitation increases while
noise remains fixed (improved SNR). LE: little
degradation and no velocity trend, since both
disturbance and excitation scale with speed.

Simplifications: the 6 DoF (vertical-only)
matches the full model for vertical alignment, in-
dicating roll is irrelevant for vertical alignment;
the 4DoF half-system maintains cross-level qual-
ity but slightly worse vertical, pointing to the
bogie as the main driver of cross level estimate.

cross-level performance is consistently worse
than vertical. The cross level PSD of the DF sim-
ulation (see Figure 4) shows a short-wavelength
divergence in estimation (f < 0.2 m−1 =⇒
λ < 5), starting with an underestimation, which
aligns exactly with the bogie-wheelbase induced
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filter near f ≈ 0.23 m−1, as defined in Sec-
tion 4.2. Then an overestimation in f > 1/3.9 ≈
0.256 m−1, aligning with the undamped oscilla-
tion from Section 3.1.3.

Vertical Cross level
Cond km/h nrmse pcc nrmse pcc

DF 10 0.017 1.000 0.397 0.951

DF 45 0.016 1.000 0.314 0.956

DF 80 0.023 1.000 0.315 0.957

SN 10 0.312 0.955 0.520 0.926

SN 25 0.085 0.996 0.374 0.943

SN 45 0.039 0.999 0.316 0.955

LE 10 0.031 1.000 0.403 0.950

LE 45 0.018 1.000 0.334 0.950

LE 80 0.025 1.000 0.332 0.951

4DoF 45 0.237 0.974 0.320 0.959

6DoF 45 0.015 1.000 - -

Table 1: Reconstruction results at constant ve-
locity.
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Figure 4: Cross-level PSD (DF, 45 km/h)
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Figure 5: DF reconstruction under varying ve-
locity (9 DoF model).

4.4. Varying Velocity UIO
A disturbance-free simulation, with varying v ∈
[10, 70] km/h and a = 1m/s2 was tested with the
9 DoF model (Figure 5). Reconstruction quality
is similar to constant-speed results across most of
the run; degradation appears only at the lowest
speeds, where cross level shows a clear rRMSE in-
crease (vertical slightly), suggesting a breakdown
(at low varying velocity) of the LTI assumption
used in the tuning (Section 3.1.3).

4.5. Signal-Based
The SB method was evaluated on four real track
sections, each with 2–6 recordings; Table 2 re-
ports section averages. Results on real data are
worse than the UIOs’ noisy performance in Ta-
ble 1, yet the comparison is not one to one, as
operating conditions and track geometry are not
the same (left/right vs vert/cross).

Left Track Right Track
Sec vavg nrmse pcc nrmse pcc

1 31.9 0.547 0.842 0.533 0.856

2 27.9 0.567 0.830 0.608 0.801

3 38.2 0.416 0.910 0.367 0.928

4 40.3 0.609 0.797 0.664 0.757

Table 2: Average reconstruction results of longi-
tudinal level at each section, with v in km/h

4.6. Method Comparison
Both methods were directly compared on syn-
thetic Simpack data with added lateral excita-
tion and sensor noise applied as (5), with axle-
box noise density defined as in Section 4.5. Two
cases were tested: (i) a varying-velocity profile
v ∈ [10, 70] km/h (Figure 6) and (ii) a constant-
velocity run at v = 25 km/h.

In the varying-velocity case, both methods
track vertical alignment closely, with degradation
at the lowest speeds; for cross level, SB achieves
lower NRMSE and higher PCC than UIO. In
the constant 25 km/h case, UIO outperforms SB
on the vertical and a close match on the cross
level, confirming UIO has an advantage at low
speed. Table 3 summarizes the outcomes and
shows that UIO at 25 km/h is stronger than UIO
in the varying-velocity run despite the latter’s
higher average speed, indicating that brief very-
low-speed segments dominate the performance.
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Vertical Cross level
Vel Met nrmse pcc nrmse pcc

10-70 UIO 0.098 0.995 0.383 0.937

SB 0.262 0.966 0.170 0.986

25 UIO 0.084 0.997 0.372 0.941

SB 0.314 0.952 0.320 0.951

Table 3: Results method comparison
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Figure 6: UIO vs SB

5. Discussion
The simplified linear model matches the Simpack
spectra and reveals wheelbase-induced filtering:
notches in bogie z, ϕ near f ≈ 0.23, 0.70 m−1

and in θ near 0.47 m−1, explaining the short-
wavelength underestimation in cross-level recon-
structions. Padé-related marginal poles impose
an oscillation with wavelength λ ≈ 3.9 m; light
damping partially removes them, yet still visi-
ble in the PSD (Figure 4). Notably, both lim-
itations are velocity invariant and would there-
fore become less relevant when applied at higher-
velocity ranges, which target longer wavelengths.

At constant speed, reconstructions are accu-
rate and largely insensitive to lateral excitation;
sensor noise mainly affects low speeds. Cross
level reconstruction remains weaker than ver-
tical, consistent with the structural filtering.
Simplified models indicate decoupled dynamics:
the 6-DoF model suffices for vertical alignment,
while a 4-DoF half-system maintains cross-level
quality, implying a dominant role for bogie dy-
namics in cross level reconstruction. The decou-
pling suggests cross level and vertical alignments
could be estimated using separate observers.

With a varying-speed profile, performance is
similar to constant speed except at the lowest
velocities, where cross-level errors rise and ver-
tical degrades slightly, reflecting limits of the
constant-velocity LTI design.

Simulation head-to-head tests of SB vs UIO
show SB as slightly better, especially at higher
velocity. However, a significant difference in sim-
ulated and real-world performance for SB sug-
gests disturbance modeling as inaccurate. Po-
tentially, UIO would perform better on real data,
exposing a limit of simulation-based research.

6. Conclusion
Three linear vehicle models with delay and
disturbance-integration augmentations were for-
mulated for UIO design; detectability was es-
tablished via a finite-horizon approximate ob-
servability Gramian and an observable-canonical
decomposition; gains were tuned on the ob-
servable block, with artificial damping of Padé
oscillations. Performance was assessed under
disturbance-free, noise, lateral excitation, and
varying-speed conditions, and compared to an al-
ternative signal-based method.

The results showed that an Unknown In-
put Observer can reconstruct track geometry at
metro speeds within the D1 wavelength range.
Vertical alignment is recovered across all simula-
tions; cross level is reliable at longer wavelengths,
less so at short wavelengths due to wheelbase-
induced filtering and a Padé-related oscillation.
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