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Abstract

The main objective of this thesis is to prove the well-posedness of a Cauchy problem for
a particular class of Kolmogorov-Fokker-Planck nonhomogeneous equations with measur-
able time dependent coefficients. The class of operators we study could be viewed as an
intermediate step to the case with coefficients which vary also in space. Actually, existence
and uniqueness have been proved when the coefficients depend also on the space variable
but under a quite restrictive condition on their regularity (see for instance [7]). Since we
deal with measurable coefficients, even though we can employ an explicit fundamental
solution (see [5]), the proof of the well-posedness needs a refined technique and is based

on various results found in the paper [1].

Keywords: Kolmogorov-Fokker-Planck operators, nonhomogeneous Cauchy Problem,
representation formulas, fundamental solution, Schauder estimates, compactness, Banach

Alaoglu Bourbaki Theorem, Ascoli Arzela Theorem
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Abstract in lingua italiana

L’obbiettivo principale di questa tesi é di dimostrare la buona posizione di un problema di
Cauchy per una classe di equazioni di Kolmogorov Fokker Planck non omogenee e con co-
efficienti misurabili dipendenti dal tempo. La classe di operatori studiati potrebbe essere
vista come un passo intermedio per arrivare al caso in cui i coefficienti dipendono anche
dalla variabile spaziale. In realta, l'esistenza e l'unicita sono gia state dimostrate per
coefficienti dipendenti anche dalla variabile spaziale ma con assunzioni piuttosto restrit-
tive sulla loro regolarita (per esempio si veda [7]). Siccome in questo caso si considerano
coefficienti misurabili, anche se si ha a disposizione una soluzione fondamentale (si veda
[5]), la dimostrazione della buona posizione necessita di una tecnica dimostrativa raffinata

ed @ basata sui vari risultati presenti nell’articolo [1].

Parole chiave: Operatori di Kolmogorov-Fokker-Planck, Problema di Cauchy non omo-
geneo, formule di rappresentazione, soluzione fondamentale, stime di Schauder, compat-

tezza, Teorema di Banach-Alaoglu-Bourbaki
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Introduction

The Kolmogorov Fokker Planck operator with linear drift is a differential operator of the
form:
N N
E = Z aijﬁij + Z bij:cj@- - 815 (1)
ij=1 ij=1
where N is the number of space variables, A = {aij}ﬁyjzl is a matrix which may depend

on (x,t) and is positive semidefinite while B = {b;;}};_, is a constant matrix.

Operators of this kind arise in the context of stochastic systems. Following [3| page 18, if

we consider a stochastic system:
dx(r) = b(x(r),7)dr + B(2(7), 7)dw(T); x(t) =2 (2)

where b and B are a deterministic vector and matrix functions respectively and w repre-

sents an n-dimensional white noise, then the transition probability density p = p(x,t,y, )
which is defined by

Pla(s) € Alalt) =2) = [ pla.t.y.s)dy.
A
satisfies two partial differential equations. Indeed, if we define {a;;};_, = BBT”, then
p(z,t;-) satisfies the forward Kolmogorov equation (also called Fokker Planck equation),
which is:
| N
Osp + Vy - (bp) — 3 Z a5, (aip) =0 (3)
ij=1

while p(-;y, s) satisfies the backward Kolmogorov equation, which is:

N
1
(‘)thr b- Vmp—i— 5 Z aijc‘)g

i,j=1

It is apparent that when the function b depends only on z in a linear way the equations

(3) and (4) can be easily reduced to (1). Moreover, in many cases the matrix BB” has



2 | Introduction

diagonal block structure with only the first block not identically zero and positive definite.
This particular structure of the matrix is related to systems in which the white noise term
appears only in a subset of the equations, for instance in the physical Brownian motion
(Example 20 [3]|) the white noise enters only the equations corresponding to the velocity
of the particle. We refer to the survey book [3]| (chapter 2) and the initial sections of the
papers [16] and [7] for many other possible applications.

As a starting point for the study of the class of operators (1) it is interesting to consider the
case of constant coefficients a;;. Under this assumption the operator has many properties
related to the structure of homogeneous group in RY (see [4] chapter 3) which were first

explained in the work by Lanconelli and Polidoro [17]. Moreover, still in the case of

N
Lj=1>

constant coefficients {a;;} the operator may show regular solutions whenever the
datum is regular according to whether a certain condition between A and B is satisfied
(Proposition A.1. [17]). A differential operator having this property is called hypoelliptic.
Under the assumption of constant coefficients the hypoellipticity of (1) could be proved
also through a smooth fundamental solution whose construction is sketched in the paper
(]12]). Actually a smooth fundamental solution for the particular case 9; + zd, — 92 has
been known since 1934 ([13], 3] page 6). After this first step ([17]) an extensive literature
has been developed in the study of more general operators of this kind (see [3] section 5.1
and [16] section 1). As an example we mention the paper [7| by Di Francesco and Pascucci
in which a fundamental solution is constructed (using the Levi parametrix method) for

the operator:

q

q N
Lu=Y " ay(z,t)05u+ Y aiz,)0u+ > byz;du+ c(z,t)u — 0, (5)

i,j=1 i=1 ij=1

under the assumption that a;;(z,t), a;(x,t) and ¢(z, t) are Holder continuous with respect
to a certain quasi-distance on the homogeneous group (introduced in [17]). We remark
also that a fundamental solution has been computed, under quite restrictive assumptions
on the regularity of coefficients, for operators related to (1), also in [15], [14], [19], [23] and
moreover a method for constructing a fundamental solution when {a;;};; are constant is
sketched in ([12]) and has been generalized, in the paper [5| by Bramanti and Polidoro,

to the case of coefficients dependent on time in a nonsmooth way.

In this thesis we will focus on a particular case of (1) where the coefficients {a;}/;_,
depend on t in a nonsmooth way. There are several reasons for these assumptions. A
first reason comes from the applications to stochastic systems, indeed, as remarked in

[5] it is natural to assume the matrix B in (2) to be only measurable with respect to
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time. Another reason (see [18] Example 1.3 and [5]) is that the theory developed in 7]
for the operator (5) assumes conditions which may be very restrictive. Moreover, the
existence result of that paper requires the datum to be Hélder in space and L™ in time,
therefore, it seems natural that a similar result could be proved for coeflicients which are
Hoélder in space but only measurable in time. Hence, we may think to our assumptions
as an intermediate step to this more general case. Actually, under the assumption of
Holder coefficients in space and measurable in time, in the article by Bramanti and Biagi
[1], Schauder a priori estimates have been proved. However, existence is remained an
open problem. In this thesis we shall prove the well-posedness of a nonhomogeneous
Cauchy problem (Theorem 2.6), the existence for the nonhomogeneous Cauchy problem,
some local estimates (Theorem 3.1), existence for unbounded datum satisfying a Gaussian
bound (Theorem 3.6), a result which gives regularity of solutions (Theorem 3.3) and a
uniqueness result for our definition (Theorem 3.4). We note that actually a result of
existence and uniqueness for the homogeneous Cauchy problem has been proved in [5],
hence it seems that there is no reason for the last two sections (sections 3.4 and 3.5),
however we decided to add also these sections since they show a possible application
of Theorem 3.1 and also since in [5] the definition of solution is given using classical
derivatives while in this thesis we shall consider weak derivatives, therefore due to this

difference we cannot apply the uniqueness result of [5].

The thesis is structured as follows:

Chapter 1 introduces the known results on the operator which we are interested in. Section
1.1 is a preliminary section which serves as an introduction to the context, in this section
we shall recall the notion of hypoellittic operators and Hérmander’s Theorem. Then in
section 1.2 we deal with the case of constant coefficients presenting some material from
[17]. Finally the chapter is ended by section 1.3 in which, following the article [5], we start
the study of the operator with time depending coefficients a;;. Chapter 2 is concerned
with the Cauchy problem in which we are interested. It begins with section 2.1 in which
we introduce the definition of solution and some preliminary results from [1] and [5], then
section 2.2 deals with the existence for the case of regular datum while in section 2.3 with
the help of some compactness results (the Banach-Alaoglu-Bourbaki Theorem A.2) and
the Schauder estimates from [1], we obtain existence under minimal regularity assumptions
on the datum. Finally in section 2.4 we combine the existence results from [5] to the one
obtained in the thesis in order to obtain existence for the general Cauchy Problem with
nontrivial initial datum. Chapter 3 introduces some extensions of the previous results.
We begin with local estimates in section 3.1, then we pass to the existence for unbounded

datum in section 3.2. Next, we consider the regularity of solutions and uniqueness in
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section 3.3 and 3.4, respectively. Finally we conclude with well-posedness of the general

Cauchy problem in section 3.5.



]_ ‘ The KFP operator with linear
drift

Since in this thesis we are interested in proving the well posedness of a Cauchy problem
when coefficients a,; are L> functions of time, after a preliminary discussion on the case of
constant coefficients (see [17]), the last part of this chapter is devoted to the explanation
of some results concerning the particular operator we are interested in. The references for
these results are [5] and [1].

1.1. Hypoelliptic operators and Hormander’s Theo-
rem

This section is devoted to hypoelliptic operators, in particular, we will introduce some

ideas related to hypoelliptic operators and Hérmander’s Theorem [12].

1.1.1. Hypoellipticity

Before defining the notion of hypoellipticity we shall define the singular support of a

distribution.

Definition 1.1. Let Q be an open set of RN and let v € D'(Q). The singular support of
v, singsupp(v), is defined by:

singsupp(v) = Q\{z € Q: IV e N, Jw e C®U) vy =w in D'(Q)}
(N, denotes the neighborhood system of x in )

With this definition we can easily define hypoelliptic operators.

Definition 1.2. A differential operator P, with possibly complez, C*(Q)) coefficients, is
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said hypoelliptic if for every u € D'(Q):

singsupp(u) = singsupp(Pu) .

That is, an operator P is hypoelliptic whenever for any given distribution u, if Pu is C*°
in an open set, then u is C*° in the same open set. For operators with constant coefficients

a simple criterion for the hypoellipticity is the following:

Theorem 1.1 (Theorem 1.2 [21]). Let L be a differential operator with, possibly complez,
constant coefficients. If there exists a fundamental solution which is C*°(RN \ {0}), then

L is hypoelliptic.

In the case of a differential operator L with constant coefficients, by fundamental solution

we mean (see for instance [10]) a distribution v € D(RY) which satisfies:
Lu=3d§, D'(RY).

We remark also that a similar notion could be defined also when the coefficients are of class
C*. By definition any fundamental solution of an hypoelliptic operator is C'° outside
the pole. Therefore, thanks to the Malgrange-Ehrenpreis Theorem, which states that any
nontrivial operator with constant coefficients has a fundamental solution, the condition

expressed by the previous theorem is also necessary for constant coefficient operators.

From now on we shall always consider real coefficients although hypoellipticity is defined

for operators with possibly complex coefficients.

1.1.2. Hormander’s Theorem

In order to state the general result by Hormander we need some preliminary definitions.
Within the next sections capital letters represent C'>° vector fields defined in €2 which
denotes an open set in RY. A smooth vector field could be thought as C* section of
the tangent bundle or as derivation on the set of C* functions. In other words we are
thinking to the vector field X : Q — T(Q) 2 RY : 2 — (ay(x),as(x),...,ax(z)) as the

first order differential operators with C'*° coefficients
X:al(?l—l—aﬁg—l—-“—l—aNGN .

This definition is particularly useful since, given any two vector fields X and Y, it is easy

to define XY as the composition of the two derivations, that is, the differential operator
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which to any f € C*°(Q) associates X (Y (f)). Then, the commutator is easily defined by
the standard formula:
X,Y]= XY - YVX. (1.1)

Notice that the commutator is a vector field. Finally let £(X,, X1, ..., X,) represent the
Lie algebra generated by the vectors Xy,. .., X, which is the space generated by

Xiu [Xin i2]7 [Xim [Xiza i3]]’ s

X X X

29 "

Xoll,...  with i;e{l,....q}, j>1.

k—17

We are now ready to state the theorem:

Theorem 1.2 (Hormander, 1967, [12]). Let Xo,...,X, be (C*) vector fields on Q, ¢ € C*
and let L be the operator defined by

q
522X3+X0+c.

i=1

If the space L(Xo, X1,...,X,) has dimension N at any given point x € €, then L is
hypoelliptic.

We remark, as it is done in [3] (page 11), that the operator (9, +2x9;)*+ (0, —2yd,)* — 4id,
satisfies the Hérmander condition, but it is not hypoelliptic, hence Héormander’s Theorem
cannot be extended in a trivial way to the case of complex coefficients. Moreover, it is
interesting to notice that, in the case of real coefficients, the condition is almost necessary,
indeed following the argument given in the original paper [12| whenever in a neighborhood
of a point the space £(Xy, X1, ..., X,) has constant dimension strictly less than N, owing
to Frobenius Theorem, whenever there exists a nontrivial solution to the operator, a

discontinuous solution could be constructed contradicting the hypoellipticity.

1.2. The KFP operator with constant coefficients

Now we turn our attention to the case of Kolmogorov-Fokker-Planck operators with linear

drift and constant matrix A.

1.2.1. Assumptions on the coefficients

As remarked in [17|, Hormander’s Theorem give necessary and sufficient conditions on
A and B for the hypoellipticity of the operator (1) with constant coefficients. Assuming

that A is positive semidefinite, which is a necessary condition thanks to a result still in
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[12], denoting the square root of A by Az = {ai;}15=, consider the vector fields:
i N N
XZ:Zd”é?] Y:waa:j@—at:BxV—ﬁt
=1 ij=1

It is easily prooved that the operator (1), when coefficients a;; are constant, is equal to
Y XP+v
i

so the condition on the vector fields X’j and Y gives the conditons on the matrices A
and B for the hypoellipticity of £. Now let X; =", j<n @ij0;j, then it easily seen that
L(Xq,...,XNn,Y) = L(Xy,...,XN,Y), hence as remarked in [17] the condition for the
hypoellipticity could be expressed as:

dim(L(X1,..., XN, Y)) =N . (H)

Moreover, the condition above is proved to be equivalent to each of the two following
conditions (see [Proposition A.1 [17]]):

Ker(A) does not contain any nontrivial subspace which is invariant for B (H")

and
ct)>0 Vt>0, (H”)

where the matrix C' is defined by:
t
Ct) = / B(s)AE(s)Tds ,  B(t) =™ (12)
0

The matrix C' plays an essential role also in the case of nonconstant coefficients, since
it enters the explicit formula for the fundamental solution. These conditions lead to a
particular form of the matrices A and B, more precisely by section 2 of [17]|, whenever the

condition (H) is satisfied there exists an ortonormal base in RY such that after a change
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of variables the matrices of the operator assume the form:

Ay, O ... O

B, *x ... x x
O O ... 0
O O ... O

O O ... B, x

where Ag is a symmetric positive definite matrix of order ¢ and there exists a sequence
of integers ¢ = mg > --- > m; > --- > m, > 1 with sum equal to NV such that B; is a
m; X mj_y matrix of maximal rank (r(B;) = m,_;) while the * blocks represent arbitrary
matrices. In the remaining part of this section the matrices A and B are assumed to

satisfy these conditions.

1.2.2. The fundamental solution for the constant coefficients op-
erator
An explicit expression for the fundamental solution with pole (y,s) € RN*! for this

particular case has been known since the articles by Kuptsov [15], [14]. The fundamental

solution we consider is the following:

e—i(x—E(t—s)y)tC’(t—s)_l(x—E(t—s)y)e—(t—s)tr(B)

P(z,ty,s) = VEm)Ndet(Ct — s))

(1.4)

In this case, in order to define the notion of fundamental solution we can exploit the
distributional framework as for the case of operators with constant coefficients: I'(-;¢) is

a fundamental solution with pole & € RV*! if
LU(:€) = =0 in D'(RNT)

This approach is no more available when the coefficients are not constant and only mea-

surable.

The properties of the fundamental solution (1.4) are essential in order to study the case
with nonconstant coefficients, but before showing some properties of I' we need to intro-
duce some definitions related to homogeneous groups on R, we refer to [4| chapter 3 for

a complete treatment. Following the article by Lanconelli and Polidoro [17] we define the
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group law o on RY as follows:
(z,t)o(y,s) = (y+ E(s)x,t +s) . (1.5)
It is apparent that o is a noncommutative group law and that:
(y,5)"' = (=E(=s)y,—s) and (y,5)""o(z,t) = (v — E(t - s)y,t — s)

therefore G = (RVT! o) is a noncommutative group which is actually a Lie group. The

operator L is invariant with respect to the left translation:
VE e RN LeL = LI

where Leu(n) = u(§ on). We observe also that the group law allows us to define a

convolution (see [4] ch. 3 section 3.4):

uxv(x,t) = /u(y, s)o((y,s) "o (x,t))dyds

which is such that for any f € C°(RY) and any v € L'(RY) (for a better explanation
and sharp result see [4] Proposition 3.46)

Lwxf)y=vx(Lf).

That is £ is left invariant w.r.t. the convolution. Thanks to the fact that £ is invariant

with respect to the left translations, it is easily seen that:

D(z,t;y,s) = D((y,s)" o (2,£);0,0) = v((y,s) " o (2,1))

where v(-) =T'(+;(0,0)) is the fundamental solution with pole at the origin.
Another important concept is that of dilations on the group G = (RV¥*1 o):

D) = diagA g, XLy, ..., AP A2)

where [,,, represents the identity matrix of order m. Notice that the function D(A) is also

an automorphism of G:

DN)((z,t) o (y,5)) = D(A)(x, 1) o D(A)(y, ) - (1.6)
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For convenience we define also:
Do(N) = diag( Mg, N2 Lo,y -, N

We say (according to [17], see also [4] chapter 3) that the operator £ is invariant with
respect to a group of dilations G = {\"},. with M symmetric and positive defined if for
any u € D(RV*T!) and any (z,t) € RV+!

YA>0 LuA(z,1)) = N (Lu)( N (2, 1)) .

Then, it is proved in [17] that the operator £ is invariant with respect a group of trans-

formations G = {A\M},- with M symmetric and positive defined if and only if

0O 0O .. 0O
B, O ... O O

M=D()) ad B=|0 B, ... O Of. (1.7)
O O ... B, O

Moreover when (1.7) is satisfied, the matrix C' assumes the following form (see Proposition
2.3 |17, [15], [14]):

C(t) = Do(V)C(1) Do (V1) (1.8)

and hence, defining the homogeneous dimension as

Q:=mo+3mi+ -+ 26+ 1)m, , (1.9)
we have:
y(z,7) = 1 efi(zTDO(\%)C(l)*lDo(\%)z) ‘ (1.10)
V(Am)Ndet(C(1)))t@/?
Notice that this formula resembles the fundamental solution for the heat equation. Indeed
looking at
1 _1lz?
H(z,t) = ——e 4+ (1.11)
@)

which is the fundamental solution of the heat operator:
H=A,—0 (1.12)

we see that it is a particular case of (1.10). Finally, we remark, as it is done in [17] section
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3, that the matrix C' is approximated by Cy(t) := Dy(v/t)C(1) Do(+/t) which is the matrix

obtained by annihilating the * terms in B (see [17], section 3). More precisely:

2TC) o = 2T Co(t) (1 +tO(1)) as t—0 (1.13)
2'Ct)x = 2" Co(t)x(1 +tO(1)) as t—0 (1.14)
det(C(t)) = det(Co(t))(1 +tO(1)) as t—0. (1.15)

The symbol O(1) represents a bounded function of ¢.

1.3. KFP operators with rough coefficients

We end this chapter introducing the fundamental solution of the operator with rough
time dependent coefficients (see [5]). We consider the KFP operator with linear drift (1)
when the matrix A depends on time, more precisely the matrices are assumed to satisfy

conditions (1.3) and the coefficients of Ay are L> functions of time satisfying:
. 1
v|¢]? < Eaij(t)fifj < ;|5‘2 VEERY ae.t
1,j=

for some v > 0.

With these conditions an explicit fundamental solution (see section 2 of [5]) is given by:

e—%(:c—E(t—s)y)TC(t,s)*l(x—E(t—s)y)ef(tfs)tr(B)
L(z,ty,s) = (1.16)
AR e, 5))
where the matrix C is defined as
t
C(t,s) = / E(t —o0)A(0)E(t —o)do . (1.17)

Notice that in this case the matrix C' depends on both ¢ and s, not only on their difference.
It is known that the fundamental solution (2.4) enjoys some regularity properties (see [5]).
Let R2V*2 be the region (as defined in [5])

RV = {(z,t;y,5) € R*N"2 1 (2,t) # (y,9)}

from Theorem 1.4 in [5], we have that:
a) I is jointly continuous in (z,;y, s) and of class C* in the z and y variables in R2V+2;

b) For any multi-indexes o, 8 € NV, 8;“85 [" is jointly continuous in the variables (z,t;y, s)
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in R2V+2;

¢) For any multi-indexes «, € NV (possibly equal to zero), 0;“85 I" is Lipschitz continuous
in any set of the kind {(z,¢;y,s): K < s+ <t < H} for fixed constants H, K € R and
0 > 0 satisfying H < K.

Once we have recalled these regularity property we can state the theorem which asserts

that T" is actually a solution:

Theorem 1.3 (|5| Theorem 4.4). For every fized (y,s) € RN+

Lanl'(z,t;y,5) =0 fora.e.t>sand everyx € RV,

We remark also (see Proposition 4.5 [5]) that:

/ Dz, t;y,s)dy =1. (1.18)
RN
Now let I', be the fundamental solution of the operator with

Ay =X, and I,=diag(1,...,1,0,...,0).
——

q

Since we shall repeatedly use its explicit expression, we introduce some notation in order

to simplify the computations, let Cy(1) be the matrix
1
Co(1) = / B(o)[,E(0)Tde and  ¢o(1) = det(Co(1))
0
then, let | - |o be the norm induced by Cy(1)~%:

|z]o ==/ Co(1) 1z -z . (1.19)

In this way the fundamental solution I', is written as:

1 1
I(x,t;y,s) = exp(——|D
(z,t;9,5) RO CE (=, 1Dl

1
T —

)@ — Bt —s)y)lg) -

VA

Now we shall state an important estimate.

Theorem 1.4 (Theorem 1.7 [5]). For everyt > s and z,y € RY,

1
VT (z,tyy,s) < D(x,tyy,s) < —La(z,t;y, s).
V v
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This is a fundamental estimate since it lets us to estimate the fundamental solution of our
operator in terms of the much simpler fundamental solution of the constant coefficients

operator.

Some explicit examples of fundamental solution

We conclude with two simple examples, where we compute the fundamental solution. In
the following computations s and ¢ denote two real numbers satisfying ¢t — s > 0.
The first example could be found in [5] (example 1.8). Let a : R — R be a measurable
function such that:

v < alt) < % ae teR (1.20)

for some constant v > 0 and let £ be the operator:
L=a(t)d?, +x0,— 0,

we want to compute its fundamental solution. The operator L satisfies all the assumptions

of this section with matrices A and B as follows:

() ()

In order to write the fundamental solution we first compute E(s):

+
3

E(s) = exp(—sB) = _;!)klﬁa’f —[—sB= < ! 0)

—s 1

i
o

then we can easily compute C(t, s) as follows:

C(t,s) = / E(t—o)A(0)E(t —o)'do = ...

- /f( 1 0) (a(a) 0) (1 a—t> - /t( a(o) (a—t)a(a)) i
s \o—t 1 0 0/\0 1 s \(0—t)a(o) (c—1t)a(o)

after integrating by parts a sufficient number of times we could easily see that the entries
of C' can be written in term of primitives of a (see [5] Example 1.8). Moreover, we can

see that C(t,s) is always positive definite and satisfies:

VCo(t — 5) < Clt,s) < %Co(t _ ) (1.21)
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where () is the corresponding matrix of:
Lo=02 +20,— 0 .

Indeed, if £ € R?, after some computations, we find:

O, 5)E = / )61+ (0 — 1)6)d

and by the same computations we obtain also:

ECh(t — 5) = / (64 + (0 — 1)6x)do

which gives (1.21). Now, denoting with ¢;;(¢,s) the entries of C(s,t), by the formula

giving the inverse of a matrix, we find:

Ol oyt = L /t((a—t>2a<o> —<a—t>a<a>> i

C11Co2 — €T —(o —t)a(o) a(o)

hence, for any & € R?

i e {0 = %a(0)& — 2(0 — t)a(0)&1& + al0)&d }do
E0s) e = det(C(L, 5))

)
_ Jla0)(t—0)e + &) do
det(C(t, ))

Finally, taking y, z € R?, we have:

(x = E(t —s)y) = (z—y) - (t —s)By =

U1
— Y2+ (t = s)u
hence

Clt,9) (o — Bt — s)y) - (2 — Bt — s)y) = alo)((t = U)x;;t((g(; ;’;)yl + @~ yp) do

so we can compute I'(z,t;y, s) as:
D(x, t;y,s) =

1 1 ! 2
N o R ST o) [ ot oies = = 0 - )i
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while the fundamental solution for the model operator is much simpler: (we assume s = 0
and y = 0 since the general case could be easily recovered)
[y(z,;0,0) =
1 1 t 2
exp(——/ t—o)ry+x da).
(47?)200(1)t2 400(1)t4 0 <( ) 1 2)

Actually, it could be further simplified by computing the integral (see [3] Example 81):

[y(z,t0,0) =

22 322 3xixs
eXp( G+e e )> '

V3
V2mt?
Notice that the operator we have just considered satisfies the conditions (1.7) hence we

shall consider another example in which this condition is not fulfilled (see [3] Example 81

for the case of constant coefficients). Let £ be the operator
L =a(t)d?, + x0, + yo, — O,
where a satisfies the same conditions of the previous example (1.20). The matrices A and

wor= (" 3) ma m-(24)

As before we compute F(s). Since B* = I, we easily obtain:

B are:

E(s) =

2k
Z 9" g + Z 418%2’““ — cosh(s)] — sinh(s)B .
k>0 : k> (2k + 1)t

Then:

E(t —o)A(0)E(t — o) =
_ cosh(t —o) —sinh(t—o)\ fa(o) 0 cosh(t —o) —sinh(t — o) _
—sinh(t — o) cosh(t — o) 0 0/ \—sinh(t —0) cosh(t —o)
_ a(o) (cosh(t — 0))? —sinh(t — o) cosh(t — o)
—sinh(t — o) cosh(t — o) (sinh(t — 0))?

therefore we easily compute C(t, s):

O, s) = / a(o) ( (cosh(t — o)) —sinh(t — o) cosh(t — 0)) i

— sinh(t — o) cosh(t — o) (sinh(t — 0))?
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Inverting the matrix we obtain C~!(s, 1)

C(t,s)™*

B det(C(t, s (t — o) cosh(t — o) (cosh(t — 0))?

hence, if £ € RV, then:

T 1, fst a(o)(sinh(t — 0)& + cosh(t — 0)52)2
Eeths)e= det(C(1,9)) do

Now, let z,y € RY, we compute (z — E(t — s)y) as follows:

(x — E(t—s)y) = x —cosh(t — s)y + sinh(t — s)By =

therefore, taking £ = (r — E(t — s)y), the integrand in (1.22) is
sinh(t — 0)& + cosh(t — 0)& =
=sinh(t — o)(x; — cosh(t — s)y; + sinh(t — s)y2)+
+ cosh(t — o) (xy — cosh(t — s)ys + sinh(t — s)y;) =
=sinh(t — o)x; + cosh(t — o)zo+
+(cosh(t — o) sinh(t — s) — sinh(t — o) cosh(t — s))y1+
+(sinh(t — o) sinh(¢ — s)y, — cosh(t — o) cosh(t — s))ys = ...

by the properties of hyperbolic sine and hyperbolic cosine we obtain:
-+ =sinh(t — o)z + cosh(t — o)xe — sinh(s — o)y, — cosh(s — o)ys

hence:

Clt,s) (x = Et—s)y) - (z— B(t — s)y) =

1 ¢ (sinh(t — 0))? sinh(t — o) cosh(t — o)
t 5))/ alo) (sinh

17

)dg

(1.22)

x1 — cosh(t — s)y; + sinh(t — s)yo
x9 — cosh(t — s)ys + sinh(t — s)y;

fst a(o)(sinh(t — o)z — sinh(s — o)y, + cosh(t — o)zs — cosh(s — a)yg)Qda

det(C(t, s))
which let us to compute explicitly the fundamental solution:

1
VAN det(C(t, 5))

D(z, t;y,s) =

fst a(o)(sinh(t — o)zy — sinh(s — o)y, + cosh(t — o)zy — cosh(s — 0)y2)2d0>'

- exp < — 4det(0(t, S))
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The fundamental solution of the corresponding model operator 82, + 29, + yd, — 9, could

be computed in the same way taking a = 1:

1 _ [7 (sinh(t — o)z + cosh(t — U)x2)2da>

Het:0.0) = S g exp 4det(C(t))

Computing the integral we can obtain (see [3] Example 81):

1
274/sinh(t)? — 2
exp < _ ((sinh(¢) cosh(t) — t)*x + (sinh(t) cosh(t) + ¢)*a3 + 2(sinh(t))2x1x2))
2(sinh(t)? — t2) '

Fl(mat; 070) =

These computations show that, even for the most simple operator one could consider,
the explicit fundamental solution is very complicated. This is the reason why it is very
important to know sharp estimates on the fundamental solution and its derivatives in

terms of simpler expression.
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2 ‘ Well posedness of the Chauchy
problem

In this chapter we shall study a class of operators of Kolmogorov-Fokker-Planck which
belongs the class studied by Bramanti and Polidoro in [5]. What we want to prove is
the well-posedness of the nonhomogeneous Cauchy problem with null initial data and the
existence of a solution in the general case. Concerning the uniqueness of the solution for
the general Cauchy problem a result is contained in [5] but we cannot exploit it due to

the differences between our definition of solution and the one given in that article.
The hypothesis on £ are the following:
N N
L= Z aij(t)&-j + Z bz‘jCL'jaz‘ — 8,5 (21)
ij=1 ij=1

the coefficients a;;(t) are measurable functions of time and as usual we consider A =

{a;}Y—, and B = {b;;};’,_,. Moreover, we now assume that these matrices are in the

form:

O o0 ... O 0

A, O ... O
B, O ... O O

O 0O ... 0

A= _ o ' B=]10O B, ... O O (2.2)

0O 0O ... 0 o

O O ... B, O

where for any ¢t Ag(t) is a symmetric positive definite matrix of order ¢ and there exists a
sequence of integers ¢ =my > --- > m; > --- > m, > 1 with sum equal to N such that
B; is a m; x m;_; matrix of maximal rank (r(B;) = m;_;). Finally, as in chapter 1, there

exists v > 0 such that the following inequalities hold:

z%ﬁgg&ﬁﬁgaw VEER! ae.t. (2.3)

Notice that the assumptions on B are stronger than the one of section 1.3 and that they
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are the same conditions that B would satisfy if the operator had constant coefficients and
was invariant with respect to the dilations {D(A)}xs. Since the trace of B is now zero

the fundamental solution of £ assumes the following form:

e~ i (@—E(t=s)y)TC(t,s) " (a—E(t—s)y)

['(x,t;y,s) = 2.4
) e derC . 9) 24
The matrix C is still defined by (1.17).
The Cauchy problem we want to solve is the following:
Lu = RY x (—o00,T
Uu f X ( OO7 ) . (2.5>

The definition of solution is not straightforward due to the low regularity of the matrix
A. Hence, we decided to adopt the most natural definition of solution suggested by the

Schauder estimates [Theorem 4.7 [1|] which will be introduced in the next section.

Before proceeding further, we want to explain the main difficulty which is involved in
the proof of our existence result. We begin with a quick description of this proof for the

simple case of the heat equation:

Hu = f

where #H is the heat operator (1.11). Starting with the representation formula for the

solution of the Cauchy problem for the homogeneous heat equation

Hu=0t>0,2c RN
u(0,2) = g (z)

which reads as

u(z,t) =— RNH(:v—y,t)g(y)dy,

the Duhamel principle suggests that the solution to the nonhomogeneous Cauchy problem

Hu = f for't >0,r € RY (2.6)
u(0,-) =0 in RY
should be given by
t
wet) == [ [ H@=yt—9)f .5 dyds 2.7
0 Jre

This is the candidate representation formula for the solution. Proving that the formula
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actually assignes the solution to the problem (2.6) requires to compute the derivatives of
the integral. This can be done in two ways. The first is simpler but requires stronger
assumptions on f, the second one is more delicate but works under weaker assumptions

on f. Let us describe the simpler approach, assuming that f € C? (]RN x (0, oo)) :

Consider the function:
ule, t) = / H(z = y,t — 5)f(y, s)dyds (z,7) € RV
]RN

which is nothing but minus the convolution of f with —H. Then, making the change of

variables {(z,7) = (z — y,t — s)}, we obtain:
u(z,t) = / H(z,7)f(x — z,t — T)dzdr (x,t) € RNTL .
RN
Now, we can compute the (classical) derivatives, for (z,t) € RV +!

Dz, 1) / [ GOt == [ H 05— 200

RN

Drsule, ) = — /t H(z 70y f) (= 2, t — 7)dzdr .
0 RN

Let H* be the adjoint operator of H:
H =N, + 0 .

Computing Hu(z,t) we obtain
Hu(z,t) / H(z,7)(Hf)(x — 2,t — T)dzdT + H(z,t)f(x — 2,0)dz =
RN RN

__ / H(z, rYHi [ — 2ot — 7)dedr + [ H(z ) f(x — 2,0)dz
RN

RN

The notation H(. ) means that the operator is computed with respect to the variables

(z,7). Then, following [9], we split the integral in three parts:

t

— / H(z, T)H{, nf(x — 2,1 — T)dzdT—
RN

/ H(z, T)H{, f(x — 2,t — 7)dzdT—
RN

H(z,t)f(x —2,0)dz = I. + J. + K .

RN
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It is easy to see that

|J.] -0 ase— 0"

while, integrating by parts in I., we obtain:

t
I. = — / HH(z,7)f(x — z,t — T)dzdT—
e JRN

— H(z,t)f(x — 2,0)dzdr + H(z,e)f(x — z,t —e)dzdr = ...

RN RN

since HH(z,7) =01if 7> 0

=K+ H(z,e)f(x — z,t —e)dzdr .
RN

Therefore we have:

Hu(z,t) = H(z,e)f(x — z,t — e)dzdr =

RN
= H(z,e)f(x — z,t)dzdr + H(z,e)(f(x — z,t —e) — f(z,2,t))dzdr .

RN RN

It is easy to see that taking the limit as ¢ — 0T we obtain:
Hu(z,t) = f(o,t) V(x,t) € RV

and this completes the description of the method. Notice that the above argument relies

on the two following facts:
HH(z,t)=0 ift>0

and for any compactly supported continuous function g and any z € R

H(z — 2,t)g9(z)dz — g(z) ast— 0" .
RN
These two properties could be taken (up to suitable modifications) as an alternative
approach to the definition of fundamental solution (see for instance [8] or [11]). Moreover,
this seems to be the only possible approach for the operator (2.1) since due to the low
regularity of coefficients we cannot exploit the distributional framework. We notice that

these conditions are proved in [5] for (1.16) (see Theorem 1.3 and Theorem 2.9).

A second proof is possible, requiring less regularity to the function f. The idea is to

compute the derivatives of v on the formula (2.7) differentiating the fundamental solution
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H, instead of f. This, however, is troublesome because the derivatives

H$i$z ( ya ) Ht (:L‘_yat_s)

are not locally integrable, so some refined idea is needed to make the integral converge.

In our present situation, our first attempt was to follow the simpler approach, requiring
the due regularity on f. So, let f € C? (]RN x (0, oo)) then let u be defined by:

- /olt /RN Iz, t;y, 8)f(y, s)dyds .

The first thing to do is the change of variable and since we want to eliminate the depen-

dence on t from I' we have chosen the following change of variables:

(x — E(t—s)y = +/det(C(t,s))dz} .

[

{C(t,s)”

Hence

(1) = —/t /RN Doty 8)f(y, s)dyds —

4(w E(t—s)y)TC(t,s)" N (x—E(t—s)y) dnd
—_= ’S S =
/ /RN e AR

={C(t,s) %(:z: — E( —s)y = z),dy = \/det(C(t,s))dz} =
\z|2 B
= / /RN N ) 2E(s —t)(z — 2), s)dyds

but this immediately gives some problems. Indeed, due to the presence of C(t, s)_%, whose

t-derivative is not easily computed nor estimated, we cannot proceed in the argument.

If we look at the constant coefficient case we see that the previous approach could be
applied with some modifications. Indeed, the function u could be interpreted as a con-

volution in the homogeneous group, therefore the most natural change of variable is
{(2,7) = (y,s) "L o (x,t)} which leads to:

u(a,t) = /Ot /RN () (1) o (2, 7)) dzdr .

Hence, we could say that the method does not work since the operator has varying coef-

ficients.

So, we tried the second approach, which is harder but does not involves the troublesome

change of variables inside the integral. Since this approach does not require to compute
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the derivatives of f, hopefully this should work under weaker assumptions on f, giving in

the end a better result than the first one we expected.

In turn, to implement the second approach in our situation it is useful to split the proof
in two steps. First (section 2.2) we prove the result assuming f smooth and compactly
supported. We stress that this assumption is made for some technical reason, but the
computation is performed computing the derivatives of I', not of f. In the second step
(section 2.3) the result is established in the general case by a suitable approximation

result.

2.1. Known results and definition of solution

In this section we introduce some definitions and notation from the article [1| which will
be used extensively in the following sections. First we need some geometric notions. Let
d: RV x R¥*1 — [0, 00) be the quasi-distance (see [4] ch. 3) defined by:

d((x,1), (y, 8)) = [|x = E(t = s)yl[ + V[t — 5] (2.8)

where || - || is defined as follows:

N 1
] =) ]
i=1

with constants ¢; defined by:

(1, qn) = (1,1, 241, ..., 2+1,... . 264+1,... .26+ 1) .
AH \ - ~ g A ~~
mo mg Mg

Notice that Dg(A) = Adag@-an) — Moreover, if we define the following homogeneous

norm:
pla, t) = [l=]| + /]t

we obtain:
d(&,n) =pnto&) V&neRNT

therefore, d has the following property:

d(&,n) =dn ot 0)=d(xo&xon) VE&x,ne RV,
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With this quasi-distance the balls B,.(£) = {n € RN™' . d(n, &) < r} satisfy the following

condition:

B,(§) = {0 D(r)Bi(0)
and thanks to the fact that the Lebesgue measure is invariant with respect to the left
(and the right) action of the group on itself, it follows that:

LY(B,(€)) = r?LYTH(B1(0))

for some (). It is easily seen that () is the homogeneous dimension (1.9).
Now we move to the definition of the spaces of functions C¥(Sz), S°(Sr) and S*(Sr) still

from [1] which will be used later.

Definition 2.1 (See Definition 1.2 [1]). Let Q = D x I where I is an open interval and
D is an open subset of RN moreover, let f: Q — R and o € (0,1). We define:

floww = s, e =L fllowey = floay + =
n

x,t) — t
|f|Cg(Q) = ess sup sup |f(z,t) — fy,1)]

o S lles @) = 1flee@) + 1 llz=@
e oy d((x,0), (4, 1)) 2@ = |flez @

and
C*(Q) = {f € C(Q): |[fllcagm) < +o0}

C(@) = {f € L)« |[fllogi < +00} -

Notice that the functions in C¢ do not need to be continuous and that (C*(€2), || - ||ce(q))
and (C2(Q), ]| - ||ce(o)) are Banach spaces.

Let T be a real number, then, once we define Sy := RY x (—o0,T'), the spaces S°(Sr)
and S%(S7) are defined as follows:

S°(Sr) == {u € C(Sy) N L>(Sy) : Vi,j € {1,...,q} ;ju € L™(Sr),Yu € L>(Sr)}
(2.9)
S*(Sr) :=={u e S%Sr): Vi,j€{l,...,q} Oyu € C*Sr),Yu e C*(Sr)} (2.10)
where derivatives are considered as distributional.
Now we can pass to the necessary results still from [1]. In the following we need essentially

four kinds of results: estimates on the fundamental solution, representation formulas, the

Schauder estimates and a regularity result which let us obtain further regularity properties
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of solutions.
We start the list of the needed results with the estimates on the fundamental solution.
In order to state the theorem we need some notation still from section 3.2 of [1]. Let

l=(ly,...,lon) € N*¥ be a multi-index the partial derivative Dém’y) is defined as

D,y = () (D)™ (0y,) 4 L (D)2

(zy
Moreover the order and the length of I are defined as:
N 2N 2N
wd) = gl + Y 4wl 1 =>"l.
j=1 J=N+1 i=1

Notice that for any sufficiently smooth function u, for any A > 0 and multindex oo € N*:
Dyu(D(A)(x,t)) = X (Dgu)(DA)(z, 1) V(1) .

We are ready to state the theorem containing the sharp estimates on I'.

Theorem 2.1 (Theorem 3.5 [1]). Let a = (a1, a) € N*N be a fived multi-index. Then,

there exist ¢ = c¢(v, ) > 0 and a constant ¢; > 0, independent if v and o, such that

|Dg. (&) = [De DT (&)

c
< m%ﬂ(ﬁ;n)
< c
> d(g’n)Q+w(a)

for every &, m € RNTY with t # 5. The resulting inequality

|D($7y)F(§7 77)l = d(&,n)@tw(a)

actually holds for every £,n € RN*1 € £ .

The next set of results in our list are the one related to representation formulas (see
section 3.3 of [1]). The first result that we will recall is Lemma 3.8 of [1] which is not

surprising if we look at the estimates above and at (1.18).

Lemma 2.1 (Lemma 3.8 [1]). Let o € NY be a fized nonzero multi-index. Then, we have

DoT(z,t;y,s)dy =0 for every x € RN and every s < t.
RN



2| Well posedness of the Chauchy problem 27

This lemma is useful since lets us add a null term to integrals which makes them conver-

gent. For this purpose we exploit also the following proposition:

Proposition 2.1 (Proposition 3.13 [1]). Let a € (0,1) be fized, and let 1 < i,j < q.
Then, there exists a constant ¢ = c(a) > 0 such that, for every v € RY and every 7 < t,
one has
2 ; o /2
1050 (2, 5y, 8)| [|E(s — t)x — y||*dyds < e(t — 7).

RN x(1,t)

As a consequence, we have
[ er s 1B — 0 - ylfdyds 0
RN x (t—e,t)

uniformly w.r.t. (z,t) € RN ase — 0.
The actual representation formula contained in [1] is the following:

Theorem 2.2 (Theorem 3.11 [1]). Let T € R be fized, and let 7 < T. Moreover, let

u € S°7;T). Then, we have the following representation formula
o)== [ Doty Luly.s)dyds
RN x(7,t)

for every point (z,t) € Sr.

The notation S°(7;T) means
SUr;T) ={ue S°Sr): u(x,t)=0ift <7} .

We remark that other representation formulas hold for the z-derivatives (see Corollary
3.12 [1]] and [Theorem 3.14 [1]|] but we do not explicitly need these results, although, in
the proof of Theorem 2.5 we exploit some arguments which recall their proofs.

Now we come to the Schauder estimates which entail also the regularity of solution.

Theorem 2.3 (Theorem 3.15 [1]). Let T'> 7 > —oo and o € (0,1). Then, there ezists
¢ >0, only depending on (T — 1), a, v, B, such that

q
> 02 ulleg sy < elLulogsn

1,7=1

Yullcosry < cllLullca(sy)

for every u € S°(7; T) with Lu € C¥(St).
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Notice that this result lets us to obtain u € S%(Sr) starting form u € S°(Sr) and
Lu € C2(Sy). This property will be very useful in chapter 2. We remark also that this
result is called Global Schauder Estimates in [1]. Finally, since we do not need the general
version of the Schauder Estimates [Theorem 4.7 [1]] we shall state a simpler version of

this theorem which directly follows from the general result.

Theorem 2.4 (Global Schauder Estimates (see Theorem 4.7 [1])). Let T > 7 > —o0

and o € (0,1). Then, there exists ¢ > 0, only depending on (T — ), o, v, B, such that
Yu € S*(Sr)

q q
> 102ulleg s + Y ullogsn + Y 0Fullexsy + ulleas:)
k=1 k=1

< c{||Lullce (s + |ullLesr) } -

With all these definitions and theorems the following definition of solution seems to be

natural.

Definition 2.2. We say that u € S°(Sr) is a solution of

_ N (_
Lu=f RY x(—00,T) (CPO)
u(t) =0 Vt<0
if u=0 when t <0 and for almost every (z,t) € Sr:
q
> ay(dhule,t) + Yule,t) = f(a,t) . (2.11)

4,j=1

We stress that in (2.11) the derivatives are considered in a weak sense. For instance
the term Yu represents the L} = function (which actually is L>) such that for any ¢ €

loc
D(RN'H):
/ Yu¢p= uY o .
]RN"'l RN+1

2.2. The Cauchy Problem with regular datum

This section is devoted to the solution of the Cauchy problem (CP0) when f is a C*
function with compact support contained in RY x (—oo0,T). We note that even though
we are assuming f € C2° we need to employ a refined technique and differentiate I' instead

of f. In particular, we want to prove the following:
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Theorem 2.5. If f € C*(Sr) then, u: Sy — R defined by

u(zx,t) = —/ /RN C(x, t;y, ) f(y, s)dyds

is such that w € S*(St) for any o € (0,1) and it satisfies Lu = f.
Before proving the theorem we need some preliminary results.

Remark 2.1. Let w € C(Q) where Q is an open set of RY. Assume that

A RETOT NS RTO

sup
hE(O,ho)

— Jw(:) ae. .

Then, thanks to the dominated convergence theorem we obtain:

u(- + hey)) —w() « : 0
N ; Ow(-) in  L>(Q)

and since
w(-+ he;)) —w(:) (@)

h h

the classical derivative will be also a weak derivative!.

> Dyw(-)

Lemma 2.2. Let f € C°(Sr) and let € > 0. Moreover, let u. : St — R be defined by:
t—e
wiat) == [ [ Tt s)dyds.
—00 RN
Then, for any a € (0,1)

Us € SQ(ST)u ‘CUE(I7t) :/ F(xatayut_g)f(yut_€>dy .
RN

Proof. First we observe that I', 0,['(x,¢;y, s) and 0;;I'(z, t;y, s) are uniformly bounded on
{(z,t,y,s) € Spr x Sy : t —s > ¢/2}, indeed, thanks to the estimates in Theorem 2.1 it
follows that V(z,t;y,s) € S X Sy, t — s > ¢ entails that

(2, t:y,s) < ¢ 1 el AID(A=) @Bl o ©
T rve ) Neo(1)(t — 5)@/2 — Q/2
0,0 (x, 55, 8)| < ‘ e v/ ID(F) = Elt=am)lf o €
(dmtvey)Neg(1)(t — s)wle)+@)/2 ga

n order to distinguish between the weak and classical derivatives, the weak one is denoted with D.
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10,1 (z, t;y,s)| < ¢ o /AD( A=) @Bty o €

T/ (drve))Neo(1)(t — s)@l(ete)+Q)/2 = ed

for some fixed constants a,a’ > 0. Now we claim that a similar bound on 0,I'(x,t;y, s)

holds in every set of the kind
{(z,t;y,8) € K x (—00,T) x RN x (=00, T): t —5>¢}

with K CC RY. Actually, since for almost any (x,t;y,s) € K x (=00, T) x R x (—c0, T)
such that t — s > ¢ we have LI'(z,t;y,s) = 0, taking a and d’ as before:

q N
0L (2, 85y, 8)| = ) > ay(t)ouT(x iy, 8) + > J7ibijajr(x>t§y73)‘ <
i,j=1 ,7=1

Z 10,1 (z,t;y, s)| + Z |2:bi;0,T (x, 5y, 8)| < N? ——|—sup Z |z; bU]

i,7=1 1,j=1 z]l

Done these preliminary observations, we can proceed with the computation of the classical
derivative of I" with respect the variable t. For |h| € (0,£/2) we compute the incremental

ratio:

1 t—e 1 h
- E[ua(x, t+h)—u(z,t)) = / / {E/ Ol (z,t+0;y,s)d0| f(y,s)dyds+
—oo JRN 0

t+h—e 1 h
+/ / [ﬁ/ 8tF(x,t+9;y,s)d8] f(y, s)dyds+
RN 0

t+h—e
/ / D(x,t;y,8)f(y, s)dyds = Ay + By + Cy, .
t RN

We want to prove that for a.e. (x,t) € St

t—e

Ap —>/ Ol (z,t;y, ) f(y, s)dyds
—00 RN

Bh —0

Oh — F(xatay7t_5)f(y7t_6)dy
RN

as h — 0. First we consider Bj,. Thanks to the estimates on 0,I" we have:

|Bh|<]/t+“/w[ /|at (nst+ 1, >|d9] e

t+h—e
< (N — +sup Z |:1:wa|

zeK

fly,s |dyds‘ .
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which tends to zero as h — 0. The convergence of (', is easily obtained. Indeed, owing to
the mean value theorem it follows that for any h there exists 6 = §(h) € (0,1) such that

Co= [ Tt oyt e+ 80 f(y,t — =+ Sh)dy

RN

Hence, taking the limit as A — 0, by dominated convergence, we obtain:
Cp — D(x,t;y,t —e) f(y,t — €)dy for any (z,t) € St .

RN

It is left to prove:
t—e
Ay —>/ ol (z,t;y, s) f(y, s)dyds a.e. (z,t) € Sr.
—00 RN
Since the derivative 0,I" exists a.e. then, for a.e. (z,t) € S

1 h
X(e,+00) (T — S)E/o Ol (z,t+ 6;y,s)dd - X(e,+00)(t = 5)0 (2, t;y,5) ae (y,s) € Sp

and moreover, thanks to the estimate on 9" for a.e. (z,t) € Sr:

I c al c
oot )y [ ALt 050, 90d8] < (V254 3 Jaiby| )1 (0. 5)| € L (S
0

i,j=1

Therefore, applying the dominated convergence, we finally obtain that for a.e. (z,t) € Sr:

t—e
A / AT (2, t;, 5) f(y, 5)dyds .
—00 RN

This proves that for a.e. (z,t) € Sy

us(x,t + h) —u(x,t) B e
h—>0/

h oo e

Ol (z, t;y, ) f(y, s)dyds—

_/]RN D(x, ty, t —e)f(y,t —e)dy .

Now we shall obtain that the classical derivative (which is defined almost everywhere) is
also a weak derivative by observing that the incremental ratio is locally bounded.
Actually, let K be a fixed compact subset of R, then by the estimates obtained at the
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beginning of the proof, for any (x,t) € K x (—o0,T") we have the following estimates:

t—e 1 h
s [ [E / |atr<x,t+e;y,s>\de] |y, )|dyds <
—co JRN 0

N
c c

< (—=N?+ —sup ib;; / fldyds
G+ s 3 b [ 1

3

C C
By| < (N?—= + sup 2 —/
< (s ) [ 1

and
1 tJrh*E
Gl<y [ [ Tyl s)idds < 1 fllomsn -
t—e RN

The last inequality follows by the fact that [,y I'(z,t;y,s)dy = 1 for any (z,t,s) €
RY x R x R such that ¢t > s, see (1.18). This lets us conclude that for almost any (x,t)

the partial derivative with respect to ¢ exists:

Oyu(z,t) = — /t_s ol (z,t;y,s) f(y, s)dyds — / D(x, t;y,t —e)f(y,t —e)dy

—co JRN RN
(2.12)
and moreover it is also a weak derivative.
For the derivatives with respect to the variables z; for i € {1,..., N} we can apply the
standard theorem of differentiation under the integral. Indeed for any fixed t € (—o0,T)

the function
he : RN x RN x (—oco,t —¢e) = R: (z,y,s) — T(z,t;y,5)f(y,s)

is of class C? with respect to z and moreover it and its z-derivatives are uniformly bounded
by an L' function:
V(z,y,s) € RN x RY x (—o0,t —¢)

|he(,y, 8)| < (y,5)| € LY(RN*(=oot=e))

c
m|f
Oih (., 9] < Z1F(w,9)] € LHRY x (00,1 —¢))

|03l (z,y,5)| < %\f(y,s)l € L'(RYN x (—oo,t —¢)) .

Therefore applying the standard theorem of differentiation under the integral sign we get
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that the classical derivatives of u. exist for all (x,t) € Sy and moreover:

t—e
Ojue(z,t) = —/ Ol (z,t;y, s) f(y, s)dyds (2.13)
—00 RN
t—e
ouctet) =~ [ [ 0Tty s)duds (2.14)
—00 RN

Since the integrands are continuous and uniformly bounded by an L! function by the
dominated convergence theorem it follows that 0;u. and 0;;u. are continuous, hence these
derivatives are also weak derivatives. Finally, exploiting (2.12), (2.13) and (2.14), we get
that for almost every (z,t) € St

Luc(x,t) = — /t_e /RN LT (z,t;y,s)f(y, s)dyds + /RN C(x, t;y,t —e)f(y,t —e)dy .
Hence, applying Theorem 1.3, it follows
Lu.(x,t) = /RN D(x, t;y,t —e)f(y,t —e)dy a.e.(x,t) € Sy .
O]

The following lemma is a refinement of Proposition 3.10 in [1] where pointwise convergence

is proved.

Lemma 2.3. If f € C°(S7) then, for every K CC RY

/ L(sy,t—e)f(y,t —e)dyds — f () uniformly on K x (—o0,T) .
RN e—

Proof. We proceed as in the first part of the proof of Proposition 3.10 in [1]. Owing to
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Theorem 1.4 and to (1.18):

IRNF(fv,t;y,t e)f(y,t —e)dy — f(z,t)] / (x,t;y,t — )| f(y,t —¢) — f(x,t)]dy <
siN/ Ty (i, byt — )| fy.t — £) — F(a,)|dy =

v

[f(y,t =€) = f(z, t)|dy =

_/ exp (—%|Do(= )( — E(e)ylg)
a RN \/y47r YNVeley(1)

={z= Do(%)(az — E(e)y),dz = gi?dy} _

[f(E(e)(z — Do(VE)2),t —€) — f(x,)]dz <

exp (—%2[3)
BN /v 4m)Neo(1)

exp (_%’Z|O) ||Vf||oo|(E(€)fE —r— E(g)DO(\/E)Z, —5)|d2 <

RN /v AT)Ney(1)

exp (—4/2) IV fllso{|E(e)z — x| + |E(e)Do(v/E)z| 4+ e¥dz <

exp (—§1:[6) )
: / iV IelIEE = ol + IBEDo(VENlle] + e} <

< C|IVAllee{lIE(e) = Illlz] + [| E(£) Do(VE)|| + €}

which, for x varying in a compact set, vanishes uniformly as ¢ — 0. O]
Now we can prove Theorem 2.5.

Proof of Theorem 2.5. In order to prove the existence theorem we exploit the uniform
convergence of u. and its derivatives. We begin with the convergence of ..

By (1.18) we easily get:

\—// (2,69, ) f (4, 5 >dyds—ug<a:tr</ / (2,659, 8)| Fy, )| dyds < ]| Il .
RN e JRN

Then for the first derivatives we proceed in the same way as in Corollary 3.12 in [1]. For

any i € {1,...,q}
t t
| —/ / 02, T(x, t;y,8) f(y, s)dyds — Oy,uc| = I/ / 02, Tz, t5y,8) f(y, s)dyds| <
0 JRN t—e JRN

t t 1
< 0. (ot y.5)ldyds| fll < [ ([, ety ) sl =
| [0t siisisie <o [ = ([ Tt tundy) sl

. / \/tl__sdsll Fllso = 2ev/2] [ ]l -
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Finally, for the second derivatives we exploit Proposition 2.1. We claim that the integral

~ /0 /R BTty s) F(B(s — t)a,s) — fly,5))dyds

is absolutely convergent and that 0,,,,u. uniformly converge to it. Indeed, for any (z,t) €
Sr, since f is C®(RN*1) (therefore also C%(RY*1) for any a € (0, 1)), by Proposition 2.1

we get:

t
/ /Iﬁmﬂﬂt%ﬁﬁﬁﬁ—ﬂﬁﬁ—f@ﬁmwﬁﬁ
—00 RN
t
Sc/ / 102 T, t;y, 9)| || E(s — t)a — y|[*dyds < c(t — 7)*/* < +o0
oo JRN

then, owing to Lemma 2.1:

o, / /“ D(, by, 8)[f(E(s — 2, 5) — f(y, $)ldyds

Therefore, by Proposition 2.1, we obtain:

/ / L(z,t;y,s)[f(E(s —t)z,s) — f(y, s)|dyds — Ojjuc(z,t)| <
<[ ANuj (o, 9, )L (Bls — 1)z, 5) — f(y, )] dyds <
Sc/t ] /RN |8§j$if(x,t;y, S)|E(s — t)z — y||*dyds < ce¥/? .

We have proved that u has continuous derivatives up to the second order with respect to
the variables z; for i € {1,...,q}. Applying Lemma 2.3 we obtain that Lu. — f in L7°

loc

hence thanks to the formerly proved limits we get

q
Yug & f — Z aijaiju .
ij=1
The convergence is also in D'(Sr) so Yu = f — >77._ a;05u in D'(Sy). Therefore
Yu € L*(Sr) and Lu = f. Thus u € S°Sr) and by Theorem 2.3 it follows that
u € S*(Sr). This concludes the proof. O
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2.3. The Cauchy Problem with minimal regularity
assumptions

Now we want to extend the existence result of the previous section, more precisely, we
will prove the existence of solutions for functions f in C' and then we will obtain the well

posedness of the Cauchy Problem (CP0). The theorem we want to prove is the following:

Theorem 2.6. Let f € C%(Sr) be such that supp(f) C RY x [0,T].
Then, 3u € S°(S7) solution of

Lu=f RY x (—o0,T)
u(-,0) =0 RN

Moreover u € S*(St) and there exists a constant ¢ depending only on v, T and « such

that the following stability estimate holds:

q q
> N0sulleg(se + 1Y ullegsn + Y N10iullcasr + llullowsy < cllfllegs -

ij=1 i=1

First we prove the existence theorem for compactly supported functions in C%(Sy).

Theorem 2.7. If f € C%(Sr) and is compactly supported, then, the function u : Sy — R

defined by
/ / (@, t;y,8) [ (y, 8)dyds
RN

is such that uw € S*(St) and Lu =

Proof. In this proof the symbol * denotes the standard convolution.
The proof exploits the compactness entailed by the Schauder estimates of the article [1].
Let f. = f*¢. be the convolution of f with a mollifier and let u. € S*(St) be the solution

given by the existence Theorem 2.5:

- /t /RN Dz, t;y, 5) fe(y, s)dyds .
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We want to prove that u. — u in L>(Sr). First we prove that:
3

fo——finL>. (2.15)

e—0t

1
Indeed, since for any ¢ € LY(RNTY) ¢ x ¢, L), ¢ where ¢.(—z,—t) = @.(x,t), then

we easily have:

o (fes )i =1 (frd % Po)pr = 1(f,0)r1 Vo € L'(Sr) .

Now, since f has compact support, there exist 77 < T such that supp(f), supp(f:) C
RN x (T}, T) for any € sufficiently small. Then, observing that '(z,¢;-) € LY(RY x (T}, T))

for any (x,t), we obtain:

W) eSr [ Tt fsduds = [ Tty )duds
ST ST
which means that u.(z,t) — u(x,t) for any (z,t) € St.
Now, let ¢ € L*(Sr), since u. — u pointwise and |¢(u. — u)| < [¢]2]|f]|s, applying again

the dominated convergence theorem we get:

o) [ Tty oy s)dydsdndt = | owt) [ Twtiy, )y dydsdo
ST ST St St

hence
Loo(Us, @)1t —rpoe (U, P) 1 Vo € Ll(ST) . (2.16)

Then, notice that || f:||ce(sy) < || fllce(sr) and ||ue|| < || f||o- therefore, by the Schauder

estimates (Theorem 2.4), it follows that, for some fixed constant ¢ > 0:

q q
lellea(se) + Y NOsuelleas + D 10iuellogise) + 1Y uellogsr) <

i=1 ij=1

< c{lluellzoesry + 1 fellogsny < elllullooesr + [ fllogsn}

for any € > 0 sufficiently small. Hence the L*(Sr) norms of Qju., 0;;u. (1,7 € {1,...q})
and Ywu. are uniformly bounded (w.r.t. ¢) therefore, applying the Banach-Alaoglu-
Bourbaki Theorem (see the appendix A) we can obtain a subsequence converging in
the weak* topology o(L>(S7), L'(Sr)). Moreover, noticing that the weak* convergence

in L>(S7) entails convergence in the sense of distributions, thanks to the uniqueness of
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the limit in the sense of distributions, we obtain that (for 7,5 € {1,...,q¢}):

*
de; =+ 0 st Oiue, — O
&j
*
&juai E—\ &ju
J

*
Yu., = Yu .

€j

Notice that actually it is not necessary to take a subsequence since the limit is unique.
Finally, since u is continuous with weak derivatives Yu, 0;;u in L>(Sr), it follows that
u € SO(Sr).

In order to complete the proof it is left to show that Lu = f, but, thanks to (2.15) we
only need to prove that Lu, ? Lu. Let ¢ € L'(Sy) and 4,5 € {1,...,q} then:

[,o° (aivj&»,jua, ¢>L1 = [ <8m~ua, ai,j¢>L1 — [o° (amu, ai,j§b>L1 = [ <ai7j8i7ju5, ¢>L1 .
Thus u € S°(Sr) and Lu = f € C%(S7). By Theorem 2.3 it follows that u € S%(Sy). O

Theorem 2.8. Let f € C¥(St) such that supp(f) C RN x (7,T) for some 7 € (—o0,T)
and let u : S — R be defined by

¢
uet) == [ [ Tt dyds
—0o JRN
then u € S*(Sr) and Lu = f.

Proof. The proof of this theorem is similar to the previous one but this time f is approx-
imated in a different way. Let {¢;}; C D(RY) be such that 0 < ¢; 1 1 (as i — +00) and
sup; ||¢il|comyy < 400, define f; = f¢; and u; to be the solution of Lu; = f; given in

Theorem 2.7. Notice that u; admits the representation formula:

wet) == [ [ Tt == [ [ Tt s mds

Since I'(x,t;-) is integrable for any fixed (z,t¢) then, thanks to dominated convergence,
u; — u poinwise and moreover ||u; — ulloo < ||f]loo- Hence taking any ¢ € L'(S7), by

dominated convergence, we obtain:

et =) = [ (u=w)dadt 0
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thus u; — w in L>®(Sy).
Now we observe that f; = f in L>°(Sz), indeed ||fi — f||loo < ||f|| hence applying again

the dominated convergence theorem, for any ¢» € L'(Sr) we obtain:
e {f = fu)p = [ f(1 = ¢i)pdadt — 0 for i — 400 .
St

Finally, employing the Banach Alaoglu Bourbaki Theorem and the Schauder estimates
[Theorem 2.4] as we did in the proof of Theorem 2.7, we find that, for k,j € {1,...,¢}:

* * * *
Oku; — O Okjui — Oju Yu, = Yu Lu; = Lu .
K] (2 (2 (2

This entails that v € S°(S7) and Lu = f. Therefore, applying again Theorem 2.3, we get
u € Sa(ST). O

Now we can finally prove the Theorem 2.6.

Proof of Theorem 2.6. If u is a solution then, by Theorem 2.2, it is in the form u(-) =
fST (- y,s)f(y, s)dyds, hence u is equal to the solution given by the Theorem 2.8. More-
over, it is also S*(St) and by the Schauder estimates [Theorem 2.4| we get:

q q
> 0sullee(sn + 1Y ulleg s+ Y N0sulloasy + ulloagsy) <
i,j=1 i,j=1

< clfllogsm*llulleo) < 26| fllogcsr) -

]
2.4. On the general Cauchy Problem
This section concerns the general Cauchy problem:
= RN x (—o0,T
U(-, 0) =g RN

where L is satisfies the same conditions of sections 2.1 and 2.2.

First we recall the definition of solution of Lu = 0 and of (CP) with f = 0 from the article
[5]. We remark that the article [5] requires only (1.3) instead of (2.2), but we still assume
(2.2) to be satisfied.

We begin with the definition of solution from [5].
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Definition 2.3 (Definition 1.2 [5]). Given an interval I, a function u: RN x I — R is a
solution of Lu = 0 in RN x I if:

ue C(RYN x I);
for every t € I, u(-,t) € C*(RN);
for every z € RN, u(x,-) is absolutely continuous and % € L% (I);

for a.e. t € I and every x € RN, Lu(z,t) = 0.

Definition 2.4 (Definition 1.3 |5]). We say that u is a solution to the Cauchy problem:

{ Lu=0  RYx(t,7) (217

u(-,tg) =g RY

for some T € (—o0,+00], ty € (—o0,T), where f is continuous in RN of belongs to
LP(RY) for some p € [1,+00) if:

(a) u is a solution to the equation Lu =0 in RY x (t5,T);

(by) if g € C(RY) then u(x,t) — g(xo) as (x,t) — (o, tg) for every xy € RY;

(ba) if g € LP(RY) for some p € [1,+00) then u(-,t) € LP(RY) for every t € (ty,T) and
[u(-,t) = gllp@yy — 0 as t — to.

Now we recall the existence theorem from the article [5].

Theorem 2.9 (Theorem 4.11 [5]). Let

) = [ Tlatin )y (2.18)

Then:

(a) if g € LP(RN) for some p € [1,4+00] or g € C(RN) N L¥(RY) then u solves the
equation Lu = 0 in RY x (0,+00) and u(-,t) € C*(RYN) for any t > 0.

(b) if g € C(RY) and there exists C > 0 such that

/ lg(z)|e " dz < 400 . (2.19)
RN

then there exists T > 0 such that u solves the equation Lu = 0 in RY x (0,T) and
u(-,t) € C°(RY) for any t > 0.

The initial condition g is attained in the following senses:
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(i) For every p € [1,+0), if g € LP(RY) we have u(-,t) € LP(RYN) for every t > 0, and
[u(-,t) = gllLr@yy = 0 ast — 0" .

(ii) If g € L=(RY) and g is continuous at some point xo € RY then
u(x,t) — g(xg) as (z,t) — (wo, )

(iii) If g € C.(RN) (i.e. vanishing at infinity) then

sup |u(z,t) — f(z)| > 0ast — 0 .

TzeRN

(iv) If f € C(RY) and satisfies (2.19), then

u(z,t) — g(xo) as (z,t) — (10,07) .

We remark that the article [5] contains also a uniqueness result which however we shall
not recall here because in this section we limit ourselves to existence of a solution.

In order to obtain a solution we wish to add the one given by Theorem 2.9 to the one of
Theorem 2.8 and obtain a solution of (CP). Before doing so we shall try to understand
better the Definition 2.3.

In particular we want to show that if v is a function satisfying:

1) u e C(RYN x (0,7));

2) u(-,t) € C*(RY) for any t € (0,7);

3) u(z, ) is absolutely continuous for any z € RY and 2% € Lj2 ((0,T)),

it is not guaranteed that classical x-derivatives of u are L}, weak derivatives.

Consider the function:

t3cos(Z) t>0 R
u(z, ) —-{ cos() t>0,w€ (2.20)

B 0 t<0,z€R

As we will see, this function satisfies all the properties above but its classical second

derivative in the x direction is not an L]

by the definition of u. Moreover, for any (x,t) € R? with ¢ > 0 the classical derivative of

function on R?. Points 2) and 3) are immediate

any order at the point (x,t) exists and

1
8xu<l’,t) - —tsin(t%), (ﬁmu(x,t) - _Z COS(%),
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x .
Ou(x,t) = 3t cos(t—Q) — 2z sm(t—2) :

In order to prove point 3) we compute the weak derivative of ¢ — wu(x,t) for fixed = € R.
Let ¢ € D(R) and let = be a fixed point in R, then for any € > 0:

—<u(x,-),%> - —/{KE} u(x,t)%(z)dt—/{m} u(:c,t)%(t)dt:

hence integrating by parts in the last integral

dg d¢
S R O F O I MEUEOT

—o(e) + /{ - (312 cos(t%) — 2 sin(t%)]gb(t)dt

and since the integrand is bounded we can take the limit, hence:

—(u(z, ), %) = /0 h 3¢ cos(t%) — 2z sin(%)}(b(t)dt

which proves that u satisfies point 3). Now we claim that the classical second order z-
derivative is not in L}, (R?). Indeed, if it were L}, then, by Fubini Tonelli theorem, for
almost every x € (0, 1) the function

)

1
te 02 u(r,t) = 7 COS(t2

would be L'((0,1)). But this is not true as the following computations show: fix x € (0,1)
and 7" > 0

/1 ylcos< Ndt = {y= - .d —-ﬂ}—/Tﬁcos(x )
1 t y t27 y_ t3 - ) y y y

T2

hence taking the limit as T" — +o00, by monotone convergence we obtain

+o0 1
/ ]— cos( |dtL / —| cos(xy)|dy = 400 .
Y

Noticing that away from the line ¢t = 0 the classical second z-derivative is of class C*

we obtain that the weak derivatives are not L} . functions. Moreover we could give an
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explicit formula for the weak derivative: let ¢ € D(R?) and & > 0, then

(02, 8) = / ula 1)02, 6 (x, t)dadt =
RQ

= / u(z, )02 ¢(z,t)dzdt +/ u(z, )02, ¢(x, t)dxdt = ...
R2M{t>c)

R2N{t<e}

integrating by parts in the first integral

:/ 8§xu(x,t)¢(x,t)dxdt—/ u(z, )02, ¢(x,t)dxdt
R2({t>c}

R2N{t<e}

taking the limit as e — 0% we finally obtain:

(0% u,¢) = lim 02 u(x,t)¢(x,t)dxdt .

=0t JR2n{t>e}

This shows that, if true, in order to obtain that any solution u (in the sense of 2.3) has
Ll

loc

the fact that Lu =0 .

weak derivatives, it is necessary a nontrivial argument which takes into account also

On the other hand, we are interested only in proving the existence of a solution so we can
employ the explicit expression of u given by Theorem 2.9 and this leads to a solution with
O, Ojju € L2 (RN x (0,+00)) for any 4,5 € {1,..., N} and Yu € L (RY x (0, +00)).

For simplicity we restrict ourselves to the case g € L=°(RY).

Proposition 2.2. Let g € L=(RY) and let u be defined by (2.18). Then:
1) The weak derivatives O;u, djju are LS (RN x (0,400)) for every i,j € {1,...,N};

loc

2) The weak derivative Yu is L2 (RY x (0, +00));

loc

3) Lu=0 a.e. inRY x (0,+00).

Proof. Let u be defined by (2.18). As in the proof of Theorem 2.9 in [5], we can say that
by the standard theorem of differentiation under the integral sign and the estimates on

I', the classical x-derivatives of u can be taken inside the integral:

Ou(z,t) = N Ol (z,t;y,0)g(y)dy (2.21)
R

yulait) = [ 0,0ty 0)gly)dy (2.22)
RN

for any i,5 € {1,...,N}.
Now we observe that for (z,t) € K CC RN x (0,T) and y € RY, applying Theorem 2.1,
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we have:

N , _c
|DST (2,85 y,0)] < (@)

This implies (by (1.18)) that for any (z,t) € K

Fucl S CK,aFcu/(x? t) Y, O) : (223>

|Oiu(z, 1)] S/ 0L (2, £, 0)| lg()ldy < cxallgl|Le (2.24)
RN

|Oijulz, )] < /N 1050 (x, 1y, 0)| l9()|dy < cxijllgll (2.25)
R

therefore, the classical z-derivatives are bounded. Now, let ¢ € D(RY x (0,T)), by

Fubini-Tonelli theorem:

T
/ u(z, t)0;¢p(x, t)dxdt = / / u(z, t)0;¢(x, t)dxdt
RN x(0,T) o JrN
T
/ u(x,t)0;¢(x, t)dedt = / / u(x,t)0;¢(x, t)dxdt
RN x(0,T) 0o JrN
hence, integrating by parts in the inner integrals, we obtain
T
/ u(z, t)0;¢(x, t)dxdt = —/ Ou(z, t)p(x, t)dxdt
RN % (0,T) 0o JrN
T
/ u(x,t)0;;0(x, t)drdt = / / Oiju(z, t)p(x, t)dzdt |
RN x(0,T) 0o JrN
applying again the Fubini-Tonelli theorem, we get
/ u(x, t)0;¢(z, t)dxdt = —/ Oiu(z, t)p(z, t)dxdt
RN x(0,T) RN x(0,T)
/ u(x,t)0;;0(x, t)dxdt :/ Oiu(z, t)p(x, t)dxdt
RN % (0,T) Nx(0,T)

and this proves the first point. The second point follows in the same way if we observe

that the classical derivative dyu is equal to Y 7 i1 a;;0;;u— Zf\; b;;x;0;u hence it is locally

bounded. Therefore applying the same procedure for ¢ € D(RY x (0,7)):

—/ u(z,t)0pp(x, t)dadt = / / u(z,t)0pp(z, t)dxdt =
RN % (0,T) RN

T
—/ / 8tu(x,t)q§(x,t)dxdt—/ Oyu(x, t)o(z, t)dxdt
RN Jo RN x(0,T)

we get point two. The integration by parts is justified since u(z, -) is absolutely continuous.
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This proves that the classical derivatives are also weak and hence the third point directly
follows by the Theorem 2.9. O]

Once we have done these observations, we can state an existence Theorem for (CP).

Theorem 2.10. Let g € L®(RY) and let f € C¥(RY x (0,+00)). Moreover, let u be the
function defined by

u(z,t) = /RN [(z,t;y,0)9(y)dy — /RN o T)F(m,t;% s)f(y, s)dyds . (2.26)

Then it satisfies:
1) ue C(RY x (0,+00));
2) Ou, Oju € LS (RY x (0,400)) for any i,j € {1,...,q};

loc

3) Yu € L2 (RN x (0,4+00));

loc

4) Lu = f where the derivative are considered as weak derivatives;

5) If 1o € RY is a point of continuity for g,
u(x,t) — g(l'()) as (I,t) - (5(70,0+)
and for any p € [1,4+00)
u(-t) = g in L (RY) ast — 0" .
Proof. The first four points follow directly by Theorem 2.8, Theorem 2.9 and the Propo-

sition 2.2. While the last point follows observing that if we take R > 0 and a nonnegative
function ¢ € C.(RY) such that ¢ =1 in {x : |z| < R}, writing

u(z,t) = /RN [(z,t;y, 0)¢(9)9(?J)6@+/R [(z,t;y,0)(1-0(y))g(y)dy =: ug(w,t)+uq_g)(z,1)

N

by Theorem 2.9, we obtain:
uy(,t) = g in LP({x : |x| < R}) as t — 0"

while
U1—g)(+,t) = g uniformly on {z : |z| < R} as t — 0% .

[]

Notice that in point 1) of Proposition 2.2 we have that the weak z-derivatives with respect
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to all the variables are locally essentially bounded while in point 2) of Theorem 2.10 we

do not.
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3 ‘ Some extensions

In this chapter we shall prove some extensions of previous results. The first section
contains some local estimates which allow us to prove the existence of a solution for
unbounded datum f satisfying a growth condition at infinity (in Section 3.2). Moreover,
section 3.3 contains a regularity result, together with a representation formula which
allows us to prove uniqueness for the general Cauchy problem under weak assumptions
on the solution (section 3.4). Finally, we conclude with the well-posedness of the general

Cauchy problem (section 3.5).

The local estimates of section 3.1 and the results of section 3.3 aim to show that local
regularity of a solution u depends only on the local regularity of Lu. Moreover, as we
shall see, the local estimates (Theorem 3.1) let us prove some compactness properties like
the one used in the proof of Theorems 2.7 and 2.8. These results let us to prove existence
since if the datum is regular in some region we only need to care about the convergence

of the integral which defines the solution. Indeed, if the function

u(z,t) = — /RN+1 D(x,t;y,s)f(y, s)dyds (3.1)

is well defined and L7S. then, by approximating the datum f with C¢° functions and
exploiting some suitable compactness properties we can prove that the function (3.1) is
a solution. Actually, we could push forward this argument and consider a datum which
may be singular in some region. The most natural data of this kind are measures in the

form g ® dy.

This kind of datum is natural since if we look at the heat equation we have the equivalence!

between the two following problems:

(3.2)

{Hu:() RN x (0,7)
u(z,0) =g(z) zeRY

1Under suitable assumptions on the solution u, for instance u € C*H(RY x [0, +00)).
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and
Hu=—g()®6  D'(RY x (—00,T)) . (3.3)

Moreover, proceeding formally, taking f = —¢g ® 0 in (3.1) we obtain:

) = [ Tty 0go)dy

which is nothing but (2.18).

Actually, in the following ¢ is assumed to be only a measure instead of a function (for

1

loe) and in this case u assumes the form:

instance L

(1) = / Tty 0)g(dy)

We decided to consider this weaker assumption on g since, if g were L} then, g®d would
still be a measure on RY¥*! and therefore the proof of Proposition 3.4, which is achieved
by approximating g ® § with test functions on R¥*! is the same if we assume ¢ to be
a measure. Another reason for this choice is that the uniqueness result (Theorem 3.4)
assumes the initial datum to be satisfied in a very weak sense so that we still obtain
uniqueness if g is a measure. Therefore, the only difference is a more general statement

since any Lj,. function could be viewed as an absolutely continuous? Radon measure.

3.1. Local estimates

Before stating the main result we introduce some notation.
In what follows D, D" and I, I’ shall denote bounded open sets of RY and of R respectively.

First we define the local version of C* and C¢.

Definition 3.1. Let o € (0, 1), we define:
Cr(D'x I'):={feC(D' xI'): ||fllcapxn < +0o¥D x I CC D' x I'}

oD X T) o= {f € LD x I') « ||fllcewnn < +00VD x I cC D' x I'}

x,loc loc

where the norms are the same of Definition 1.17.

Then we define three spaces X*(D' x I'), X2, (D' x I') and S§..(D’ x I') as follows:

loc

2With respect to dz.
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Definition 3.2. Let a € (0,1), consider the following spaces:

XD ' xI'N:i={ueC¥D' x1I'):Vi,j <q
O € C(D' ' x I'),0iu € CH(D' x I'), Yu e CI(D' x I')}
Xe (D' x I') = {ueCeD x I'): Vi,j <q
Opu € Cpp (D' x I'), Oju € C3 1, (D' x I'), Yu € Cy, (D' x I')}

loc
She(D'xI') i ={uec C(D'xI'): Vi,j <q 0Ojuec Cqi (D' xI'), Yuec Cgp,.(D' xI')} .

Moreover, we define the norm:

q q
||u||XQ(D/><Il) = Z ||8iju||C%(D/X1/) =+ Z ||8,~u||ca(D/XI/) + ||Yu||cg(D/><Il) —+ ||u||0a(D/X1/) .

1,j=1 ,j=1

We remark that the space X*(D' x I') with the norm || - ||xe(p/«ry is a Banach space
while X

(D' x I') when endowed with the family of seminorms {|| - || xe(pxn) }pxrccp/xr

is a Fréchet space.

The main result of this section is the following.

Theorem 3.1. For every D x I and D' x I' nonempty open sets satisfying D x I CC
D' x I' cC RN*L, there exists ¢ > 0, depending only on £, D x I and D' x I', such that:

Vu e X RYY) ullxexry < c(llullpeprr + || Lullee (o) -

This result let us to prove many interesting facts about the spaces previously defined. For
(D x1I)=5}

loc

instance, we can prove that X (D x I). Before proving Theorem 3.1 we

loc

need a preliminary lemma:

Lemma 3.1. Let ¢ > 0 and let n. € D(B.) such that n. = 1 on B.o. Moreover, let
h € LY(RY) be a compactly supported function. Define &.(z,t;y,8) = 1n-((y,s) "L o (z,1))

and the functions
vz, t) = /F(ﬂf,t;y,S)(l — &(z,t;y, 8))h(y, s)dyds
and (i€ {1,...,N})

w: (z,t) — /@,I(x,t;y, s)(1—&(x,t;y, 8))h(y, s)dyds .
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Then, for any B multi-index and for any o € (0,1):

D, DPw € (RN, D,DPv, D,Dw € C*

Jloc

RV .

Notice that the functions v and w above have locally Lipschitz derivatives of any order

(67

o 10c derivatives with respect to time, therefore, they are also

with respect to x and
X« (RNJrl)‘

loc

Proof. postponed. O

Proof of Theorem 3.1. In order to simplify the notation, within this proof we adopt the
following conventions:

e we avoid writing the variables inside the integrals,

e since during the proof I' is always evaluated at some point (z,¢) and integrated with
respect the last two variables, inside the integrals we shall write I' without writing the
variables,

e like in the previous point, inside an integral, V,I' stands for V,I'(-;y, s) where (y,s)
represent the integration variables,

e when the domain of integration is missing it is assumed to be RN+

For instance, if f is an L function on RV*!, we shall write:

u:/Vny in RV*!

instead of
wet)= [ VT by, ) fly, s)dyds Yz, RV

RN+1

Let F: X, (D' x I') x C(D" x I') be defined by F(u) = (Lu,u) and let

{(fj,u;)} be a sequence in Im(F') (the image of F) such that:

(D' x I') = C°

Jloc

(Frouy) =2 (Fu) € Tn(E) .

We want to prove that Im(F) is closed, equivalently that (f,u) € Im(F'), so that we can
apply the Open Mapping Theorem. Notice that C%, (D' x I') x C(D’ x I') is a Fréchet

xz,loc

space when endowed with the seminorms

- Nzeeorsry + || - lleerxry } prxrccpxr -

Let (zg,tp) € D' x I' and U = {(z,t) : |v — x| <71 |t —to| <0} CC D' x I', consider
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¢ € D(D' x I') such that ¢ = 1 on U. Then by the definition of X}, it follows that
du; € S*(RNH1) and
L(pu;) = Lu;d + [(AV)Vu; + Lou,]

hence owing to the representation formulas of Theorem 2.2 we obtain:

du; = — / T(Lu);6 — / T[(AV6) - Vu,| — / (Lo)u; |

The first integral converges in X*(RY*!) (as j — 0o) thanks to Theorem 2.4.
While the second integral, when (z,t) € U, can be integrated by parts since the singularity

is excluded by the integration:

[ riavevey = [((-a0oui+ [((-aVo))- V7,0

Hence, we obtain that V(z,t) € U

b, £) = w;(a, £) — / L6 — ADGu,T / —(AV@)uy] - V,I—

/qbij— —/ Y¢)Fuj+/AV¢-VyI‘uj—/q§ij

Taking the limit as 7 — +o00, we obtain the following representation formula:

V(z,t) e U  wu(z,t) = —/(Y¢)Fu+/AV¢-VyFu - /(be :
Now let U, = {(z,t) € U : d((x,t);0U) > €} and let n. € D(B;) be such that n. =1 in
B.js. Define & (x,t;y,5) := n-((y,s) "' o (2,1)), then:
V(z,t) e U
Jrore= [toe syt [ -ty s)re
/Aqu) -V, [u = /AVQS -V, ¢ (x, ty, s)u + /Ang -V, (1 =& (x, ty, s))u

Notice that when (z,t) € U, the two following equality holds:

/[chU]éa(x,t; y,s)I'=0

/ (—AVS)uE.(x, £y, 8)V,T =0
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since, if (z,t) € U., the support of (y, s) > &.(x,t;y, s) is contained in U while Y'¢ and V¢
are null in U. Hence, we are left with terms which do not have any singularity, therefore,
by Lemma 3.1, we obtain that u € X (D’ x I').

Lastly, thanks to the regularity properties of u; and of u, the following step is justified.
Let ¢ € D(D'" x I'), integrating by parts, we have:

J(Luj)p = [u; L
4 4 as j — 400 .

[ fe July = [(Lu)p

Hence we obtain that Lu = f, therefore, F'(u) = (f,u).

What we have just shown proves that Im(F') is closed, hence, it is a Fréchet space (with the
subspace topology) and since F' is one-to-one and onto from X.(D’'x 1) to Im(F), by the
(D' x I') to Im(F)).
Hence, for any D x I there exist a constant ¢ > 0 and an open set D" x [" cC D' x I,
depending only on £, D x [ and D" x I’, such that

Open Mapping Theorem (see the Appendix B), F' is open (from X}

loc

Vu € X (D' x I')  Jullxooxny < cl[ullLeprxrny + [[Lullog (prxir) -

This follows in the same way as in (B.2). Indeed, taking a sequence of nonempty open
subset of {D,, x I, },>¢ such that:

Uanln:D’x]’

and
DnXInCDn+1X[n+1CCD/XI/ anO

we can apply the same argument used to prove (B.2) with f = F and

E = X (D' x T), pi() = I Ilxg

loc

F =1Im(F), ¢i(-) = || - llzoixr) + | - lleaixry) -

(Djx1y)

The thesis follows since any u € X2, (RY™!) is also X2.(D' x I'):

Yu € X (RN

[ullxaxry < e(l|ul|lzo@rxry + |[Lullcaprxrny) < cl||ullpe o<y + |[Lullesprxrm) -

O

Comparing the above proof with the one of Theorem 1.1 in [21] we immediately notice
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that the poof above exploits the same argument with some additional technicalities.

We are left to prove Lemma 3.1 and to do so, we exploit another technical lemma.
Lemma 3.2. Let K : R*®V*2 — R be such that for any multi-index 3, D? K € Lip,.(R*N*2).

Then, given h € L*(RN*TY) compactly supported, the function u defined by

u(w,t) = | K(rtiy,9)h(y,s)dyds (r,t) € RN

RN+1

is such that for any multi-index B and for any o € (0, 1)

Dy e (RN, D.DPuecCf (RN .

Proof. We begin by differentiating with respect to x under the integral sign. By the

standard argument, we obtain:

DPu(x,t) = DPK (x,t;y, s)h(y, s)dyds .

RN-H

Moreover, since (by dominated convergence) these derivatives are continuous, then, they
are also weak. Now we want to differentiate with respect to t inside the integral. Following

the same argument as in the proof of Theorem 2.2, for any (z,t) € RV !

1 1 [
S[Dﬁfu(m,t +6) — DPu(x,t)] = / 5/ D,DP K (x,t + 0;y,5)d0h(y, s)dyds .
0

RN+1

Since, for almost any (y,s) € R¥T! we have:
1 0
3/ D.DPK(z,t+0;y,s)d0 — D,D’K(x,t;y, s)
0
and
1 0
5 [ DD (@t + 61y, 9)d8h(y. )] < DD sty hly. )] < MGy, )]
0
by dominated convergence, it follows that for any fixed (z,t) € RV*!

[DPu(z,t +6) — DPu(x,t)] — D.DPK (z,t;y, s)h(y, s)dyds as 6 — 0 .

RN+1

S
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Since the incremental ratio is locally uniformly bounded

LDSu(a,t +8) — Ddu(a, )| < M [ [hly,5)ldyds

(5 RN-H
the derivative is distributional (by Remark 2.1). Finally, once we obtained these formulas,
denoting with u. the standard convolution of u with a mollifier, we obtain

|DiD3ue(2,t) = Dy Djuc(a',t)] < || DDy Dyue||c |2 — '] < || Dy Dy DK | / ||z — ']
RN+1

hence taking the limit almost everywhere as ¢ — 0T we obtain that for almost any
(z,t) € RNH!

Dy DPu(z,t) — DuDPua’ )] < ||DiDuDPK || / hl|z — 2]
Since, for any K CC R™""! there exists ¢ > 0 such that if (x,t), (2/,t) € K
’.1' - 1‘/’ < Cd((l‘,t), (xlvt)) =c Hl’ - .Z'/H

then, there exists a representative of DyDJu which belongs to C2, (RN *1). O

Now we an easily prove the Lemma 3.1.

Proof of Lemma 3.1. We want to apply the Lemma 3.2 for K = I'(1 — &) and K =
VI(1 —&.). Since WE2(RY) = Lip(RY) it is sufficient to verify that D?K, D,DPK €
L2 (R?V+2). First we remark that the following Leibniz formula for partial derivatives
holds (see, for instance, Theorem 2.5.2 of [10]):

If fe D'(RY) and g € C®(RY) then for any multi-index «

D%fg = Z lﬁlefDﬂ

Y+B=a

Now, let U denotes either I" or §;I" and let a be a multi-index, by the above formula:

o B(1 _

DSK = > 'B'DV\IJD (1-¢&)
Y+B8=a

hence applying again the Leibniz rule:

DDIE = Y WDtDV\I/DB(l—&)Jr > ,—ﬂ,D”\IthDﬁ( —&).
Y+B=a Y+B=a
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Therefore, we only need to prove that D, D)W e D}V are bounded in {(x,t;y,s) : /2 <
d((x,t), (y,s))} since 1-¢, is C* and is equal to zero in {(x, t;y, s) : /2 > d((x,t), (y, s)) }.
Thanks to Theorem 2.1 this is immediate for D}V while for D, D]V it is enough to
observe that in {(z,t;y,s) : ¢/2 < d((z,t),(y,s))}, denoting with £, the operator
sz:l a;;(t)Di; + ijzl bijx;D; = L + Dy, we have:

D.DIT = DID,I" = DIL,T" = £, DT

and
b.D}o,I'=D}o,D, DI = DD, L,I'=L,D]D,T .

This concludes the proof. O

3.2. Existence for unbounded datum

In this section we shall prove the existence of a solution to Lu = f when f satisfies a
suitable bound, but before stating the theorem we prove a compactness result for the

space X». which exploits almost the same argument used in Theorems 2.7 and 2.8.

Proposition 3.1 (Compactness). Let Q = D x I be an open set of RN and let {u;};

be a sequence in X[ .(Q) such that for any D' x I' CC Q

loc

sup ||u;] | xe(prxry < +00 .
Jj=0

Then, there exists a subsequence {u;, }r and a function u such that:
i) uj, — u locally uniformly;

it) Ojuj, — O;u locally uniformly;

iii) u € C2(Q);

w) O € C () for any i € {1,...,q}.

Moreover, for any fized D' x I' CC Q:

v) Yuj, prxr = Yupxp in (D' x I');

Vi) Oty pxrv N Qutiprxp in L®(D" x I') for any i,l € {1,...,q};

’UZZ) Eujk|D’><I’ — EU\D’XI’ m LOO(D, X [’)

Proof. Within the proof the indexes ¢ and [ are arbitrary integers in {1,...,q}.
Let D' x I' CC ) be a nonempty open set, then, the norms C*(D’ x I') of u; and 0;u; are
uniformly bounded hence, the functions {u;}; and {J;u;}; are equicontinuous, therefore,

by Ascoli Arzela Theorem, it follows that there exists a subsequence given by j, and a
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function v € C'(D’ x I') such that 9;v € C(D' x I'), u;, — v and Qju;, — O;v.

Moreover, since the C*(D’ x I') norms of u;, and O;u;, are uniformly bounded, then we
obtain that v, ;v € C%(D x I). Indeed for v we proceed as follows: let (x,t), (2/,t') €
D" x I', then

’U(l‘, t) — U<I/7 t/)l < |1)(I‘, t) — Ujy (‘T7 t)| |ujk (I? t) — Ujy (I/’ t/>| ’U(x,7 t/) — Ujy (Ilv t/)’

A ), @) =A@, @) @), @) d(@b), (@)
taking the limit inferior, we obtain that

o(z, 1) = v(@', )|
d((x, 1), (', 1))

We omit the proof for d;v since it is analogous.

< liminf | |u;, || xo i) -

Now, by the hypotheses, we see that the L>(D’ x I') norms of Yu;, and 0yu;, are
uniformly bounded (w.r.t. 7), hence, by the Banach Alaoglu Bourbaki Theorem it follows

that there exists a subsequence (which is still denoted with j;) such that
YUjMK N YU, 8ilujk|K N aiﬂ} .

Now taking a sequence of subset D,, x I,, which is increasing and whose union is equal to
), by diagonalization, we can find a subsequence {ujZ }, and a function u such that the
conditions from i) to vi) are satisfied. It remains the condition vii). Let ¢ € L'(D" x I')
and let H =D’ x I' CC §Q then

Loo{ @i 1Ot i, B pr = oo (OipUjr i, @it @) 1 = Loo(Diptimr, @i 19) 11 = 1oo{@igOsuim, @) 1 -
O

Now we sate the existence theorem.

Theorem 3.2. Let f € C¢

x,loc

(RN te. f=0 t<0. If there exists 0 < ¢ such that
|f(z,t)| < const.els (x,t) .
Then, there exists T > 0 such that the function
u(z,t) = —/S D(x,t;y, s)f(y, s)dyds
T

is well defined in St and is Sf..(St).
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Moreover, it satisfies the following Cauchy Problem:

(Lot S 3.4

u=20 t§0'

Notice that we used the norm |- |o (1.19), but we could have stated it by using | - |.
However, we decided to use this norm since we shall use the estimates of Theorem 1.4,

hence, with this notation the computations are a little simpler.

In order to prove the theorem we need a preliminary lemma.

Lemma 3.3. Let f € L2 (Sr) be such that f = 0 in {(x,t) € RN : t < 0}. Assume

loc

that there exists a positive constant ¢ satisfying
2| E(—0)Do(va)2[2 < Zyz\g Vo € (0,T]Vz #£0 (3.5)
and such that the following bound on f holds
|f(z,t)] < const.ello a.e. (x,t)€ Sr.

Then, the function
u(z,t) =/ I(z,t;y,s)f(y, s)dyds
St

is well defined for any (x,t) € St and there exists ¢ > 0 depending on ¢, T, B and v such
that:
lu(z, t)| < cost.e 1o V(z,t) € St .

Remark 3.1. Notice that the condition (3.5) could be seen as a relation between ¢ and a
suitable operator norm of E(—oc)Dy(\/0). However, we prefer to keep it in this way since

it is directly applicable. Actually, condition of this kind arise naturally also in the next

sections see: (3.12), (3.15), (3.26), (3.28) and (3.30).
Proof. We can assume that

1flz, )| < el qo. (x,t) €Sy .
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Thanks to the estimates in Theorem 1.4:

§1Do(7=)(@—E(t=s)y)[3

u(z, t)] < — 1(x, ty, C|y‘0d ds —/ el dyds =
fulz,2) / /RN v e Y RN \/ 47w —5)%c(1) Y

|D0 —w)|?

={w=E(t—-s)yt—s=o0}= / HECR o =
RN x/

Aty Nano(l)

“|Do(—=

)z[3
L
Cr—we )= / B g <
RN \/ (4mv)No@c(1)
o(ﬁ)z%
/ — ch\E( UZ|0dZ€2C|E Ux\odo__ {D(\/_)fzz} _
RN \/ Arv)NaQcy(1)
e~ 718 2 B(=o)DVa)2I5 g | (2l E(=)2ld g —: o |

| i e

Exploiting the hypotheses we easily see that the integral between square bracket is uni-

formly bounded by a constant M > 0. Hence, there exists a constant ¢ > 0 such that

t
* < M/ 2 E(=0)alf - < Mte€l2le
0

Now we can easily prove Theorem 3.2.

Proof of Theorem 3.2. Let T > 0 be such that vVt € (0,T], Yw # 0
2| B(—t) Do(Vul} < Zfuwl} -

Notice that this condition is nothing but (3.5). Hence, by Lemma 3.3, we obtain that
the integral which defines u is absolutely convergent and that u € Ly (Sr). Now take a
partition of unity {¢,} of R¥*1. Let u, € S%(Sr) be the solution to Lu, = ¢,f as in
Theorem 2.7, then, by the local estimate of Theorem 3.1, taken D x I cC D' x I' CC
RY x (—o00,T), we obtain

i Z Un || xe(pxr) < (]| Z Up||Loo(prscry + ||£ Z Un||ca(prxrr)) -

j<n<i j<n<i j<n<i

Since the series > u,, converges to u in L (RY x (—00)), the right-hand-side tends to

zero as i, j — +oo. Hence, we obtain convergence of the series in X (R x (—o0,T)) and
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therefore we have:

+oo +oo +oo
Lu=LY u,=Y Lu,=Y ¢uf=F.
n=1 n=1 n=1

3.3. Regularity of solutions

In this section we prove a theorem which asserts that any solution with weak derivatives

in a suitable LP space belongs to X . As a corollary we obtain the equivalence between

loc*
X2 and S¥

loc @ . Within this section a denotes a real number in [1, 4+00) such that

V(z,t)  D(z,t;-) € L*RN x (1,7))

_a_
a—1"

For instance we can consider a € [1,1 + %) (by Theorem 1.4)

and a* denotes its conjugate: a* =

t+T
/ T(a, t;y, s)) dyds <
t

-T
1

t
1
< e
- /t_T ryv+1 \/(dmv)Nagy(1)e (t — 5)@/2
1 va 1

T
— 1 / / o~ F 1Dl g —
\/ (47TV)NQCO(1)G 0 JRN+1 0aQ/2

={z= DO(L

]_ ]. va 2
— s |Z|0d d —
\/_)w} = (4 V>Naco(1)a /Ov / . (a_l)Q/2€ 4 wao =

4 1D0( A=) @Bl gy 1

do < +o00 .

1 T
= / e_yfz%dz/ ——
/(47W)Na00<1)a RN+ o oleDQ/2

Theorem 3.3. Let ) be a nonempty open set and let u be such that:
HuelL, () ;

loc

2) Oj;u € LE (Q) for anyi,j € {1,...,q} ;

loc

3) Yu € L& ().

loc

If for some a € (0,1) Lu € CF,,.() then u € X}3.(€2).

loc

Before proving the theorem we state a proposition which contains a representation for-

mula.
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Proposition 3.2. Let Q C RNt and let u be such that
1) u € Ly, (Q);

2) Oiju € L (Q) for any i,j € {1,...,q} ;

3) Yu e Lg ().

loc

Then, for any U CC  open subset and for any ¢ € D(QY) such that ¢ =1 in U:
u(z,t) =
—/ L(z,t;u,5)(Lu)(y, s)o(y, s)dyds — / I(z,t;y, )Y ¢(y, s)uly, s)dyds+
RN+1 RN+1

+ V., (z,t;y,s) - A(s)Vo(y, s)uly, s)dyds  for a.e. (z,t) €U .

RN+1

If u is continuous then the equality holds for every (z,t) € U.

Proof. Within this proof we adopt the same conventions we used in the proof of Theorem
3.1 but with the following additional notation:
e whenever w is a function w, indicates the mollified function (in G).

With this notation the representation formula in the statement is rewritten as

u= —/F(Eu)¢—/FY¢u+/VyF-AV¢u ac. inU .

Notice also that Lu. is the function obtained applying £ to u. while (Lu). represents the
mollified of Lu.

Let U and ¢ € D(2) be as in the statement of the theorem.
Since u, € X,

2 (RN*1) by the properties of the convolution in G, we have

£(6.) = (£u)ed + [(AVS) Vo, + L] + [Adu, — (A0%).Jo
moreover, since u.¢ € X*(RN*1) by Theorem 2.2 we obtain:
du. = — / I'(Lu).¢p — / [[(AV¢)Vu. + Lou.] — / [[A0*u, — (Ad*u).)¢ in RN
Integrating by parts for (z,) € U we obtain:
ouleit) = - [ T(Cujo~ [TI-(40%) + Lolu.
- / V,T- [~ (AVé)u.] — / T[APu. — (APu)]é = A. + B. + C. + D.

(the right hand side is evaluated at (z,t) according to the initial remarks on the notation).
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Now we claim that:

A, — uyy pointwise in U (3.6)

and

D. — 0 pointwise in U (3.7)

where uy; € S*(RVT1) is the solution of Lu, = f¢ given by the existence Theorem 2.7.
Actually, since for any p € (1, +o0] and any v € LP()) we have
ve v in LP(Q)

(for p € (0, 4+00) it follows directly by the strong convergence, while for p = +o0 it follows

by a dominated convergence argument) we find:
(Lu)ed = (Lu)d in L

[AD%u, — (AD*u).]¢ % 0 in L% .

Therefore, by I'(x,t;-) € L, we obtain (3.7) and (3.6).

Concerning B, and C. we want to prove that:
B. — —/F[Yqﬁu] pointwise in U (3.8)

and

C. — /VyF - (AV¢)u  pointwise in U . (3.9)

Notice that if (x,t) € U the functions I'(z,t;-)Y¢(-) and V,I'(x,t;-) - (A(-)Ve(-)) are
uniformly bounded and compactly supported, hence by the L}

loe convergence of u. to u

we obtain (3.8) and (3.9). This completes the proof since if u is continuous then w,
converges to u pointwise, otherwise if u is only L}, u. converges up to a subsequence

almost everywhere to u. O

Proof of Theorem 3.3. We shall adopt the same convention of the previous proof.

Let (zo,t9) € Sy and let U CC € be an open neighborhood of (xg, ), let ¢ € D(2) be
such that ¢ = 1 on U. Moreover, let U, := {(x,t) € U : d((x,t);0U) > €} and n. € D(B;)
be such that n. =1 in B, ,.
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Define & (2, t;y,5) = n.((y,s) "' o (z,1)), then for every (z,t) € U

.

D(2, ;. 5)Y 6(y, $)u(y, s)dyds —

RN+1

Il
—

(2, t;y,8)6 (2, t;y,8)Y ¢y, s)uly, s)dyds+

RN+1

/R Tt )1 = &, 65, )Y DLy, 9)uly o) dyds

+

and
vyr(xa t7 Y, 8) ' A(S)v¢(y7 S)U(y, S)dyds =
RN-H

:/ §e(w,tyy,s) V(2. ty, 8) - A(s)Voly, s)uly, s)dyds+
RN+1

+ /RN+1<1 - §5<l',t; Y, s))VyF(x,t; Y, 5) A(S)V¢(y, S)u(y, S)dyds .

Since supp(é.(z,t;-)) C B.(x,t) and ¢ = 0 on U then for any (z,t) € U.:

/ D(z, by, 8)E (. £, )Y &y, s)uly, s)dyds = 0
RN+1

and

/RN+1 &ty s)Vy (2.t y,s) - A(s)Vo(y, s)uly, s)dyds =0 .

Hence, owing to the representation formula of Proposition 3.2, we can see that: (adopting

for & a convention similar to the one for I')
u=— /F(ﬁu)¢ — /F(l — &)Y ou+ /(1 - &)V, -AVou inU .

Therefore since pLu € C¢(RYNT1) by the existence Theorem 2.7 and the Lemma 3.1 we find
that u € X (U.). This concludes the proof since if ¢ is sufficiently small, (2o, ) € U.. O

From this it is easily proved the following Corollary.

Corollary 3.1. Let Q be an open set and let a € (0, 1), then

Kioe(§2) = S5 (1) -

Proof. The hypotheses of Theorem 3.3 are satisfied for any u € S}

loc

Q). O
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3.4. Uniqueness

In this section we aim to obtain uniqueness also for the case of nontrivial initial data.
Actually, a uniqueness theorem for the Cauchy problem (CP) is present in the article [5]
but the solution given by our existence theorem does not satisfy its hypotheses, hence it

cannot be applied.

Let a and a* as in section 3.3 then we have:

Theorem 3.4 (Uniqueness). Let u be a function such that:
1)ue CRY x(0,T)) ;

2) Ojju € LE% (RN x (0,T)) for anyi,j € {1,...,q} ;

3) Yu e L& (RN x (0,7));

4) Lu=01in R x (0,T);

5) For any ¢ € C.(RY)

u(z, t)p(z)de —— 0

RN t—0t

(i.e. in the sense of zero order distributions);
6) There exists ¢ > 0 such that:

T
/ / lu(z, t)|e~ 1 Bdzdt < +o0 . (3.10)
0 JrN
Then, u = 0.

Before proving the theorem we point out the validity of a useful inequality:

1
5|a|§— b2 <|a—b]2 VabeRY. (3.11)

Indeed, since

(le by 1+
2 - 2
letting ¢ = a — b we obtain the inequality.
Proof. Consider 7 := min{v, =} where ¢ is the constant of Theorem 2.1, then, let A €

(0,1) be such that:
e For any o € (0,A] and any w # 0, Vy # 0

1 2

|y|2 7 |Do(5)wlg
2 1 < — 3.12
T D EeE <8 Tub (3.12)
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Notice that such a A exists since we can write the condition (3.12) as:

for any o € (0, A

1y,
~ ly|? v Do(Fwls w1
20c+D||E(e) op =2(c+1)sup —=—— < —inf —X—— = ——
' v20 [E(o)ylf — w0 |wlj 8 11Do(@)llop
(3.13)
where || ||op is a suitable operator norm. Therefore, the existence of A follows by the fact

that o — ||E(c) |0, and o — ||Dy(a)||o, are continuous and that the first is bounded
in a neighborhood of 0 while the second tends to zero as ¢ — 0.
Moreover, notice also that A depends only on 7, ¢, B and that Vo € (0,4), Vz € RY

(c+ DJ2R < 21D~ 2) E(0)2f} < 21Do(—=) B2l (3.14)

o

ool Y|
Q

From the definition of A it follows that there exists ¢ > 0 such that:
e For any o € (0, A] and any w € RY

1

Sl (et D < GlBEwl (3.15)

- v
cluf} < ZIDo(

Fix (z,t) € RY x (0, A), we shall derive some estimates on I'(x, t; 3, s) and on 8,I'(z,t; v, s)
(i € {1,...,q}) for (y,s) varying in RY x (0,¢) \ {(y,s): = # E(t — s)y}.

Let s € (0,t) and y € RY be such that x # E(t — s)y, by Theorem 1.4:

D(r.ty,5) < ! ¢ HID A B . 4
(A7) Neo(1)(t — 5)@/2

if i € {1,...,q} by Theorem 2.1 (¢ is a fixed positive constant):

d 1 —Z|Do(—A=) (z—E(t—s)y)[3
. 1 Vi—s 0 —:-
5T (25, 5)] = @mo)Neo(1) (8 — s)@ 2" t B

Since 0 <t — s < A < 1 defining m := % we obtain:
(477)Neo (1)
A B < m o~ i 1Po(ZF=)@—Blt=s)y)l§ _.

(t — s)@+!
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multiplying and dividing x by |z — E(t — s)y|?T!, since t — s < A < 1 we have:

Vis
|z — E(t — s)y|9+!

t—s

1 . o Q+1
B | =z — E(t — s)y)| —§1Do( A=) = E(t=s)9)l3

|Do(\/%—s)(x — E(t — s)y)|et!

=TT B S Bt — s)yleT

~§1Do(F) @Bt}

since every norm is equivalent in finite dimensional vector spaces, letting h > 0 be a
constant such that
2| < hl|z|p VzeRY

we obtain:
ey Q1 _
S ) L R 1] N
v 3 t—s
. 1 o~ EIDo( A=) @ B—s) o
|z — E(t — s)y|9+! -
< Mo 1 ~ZIDo( A=) =B _.

= MNP TR — syl ©

2 +1

where Mgy = m(%h) SUp,~o(z72 €7 7). Finally, by (3.15), we find:

- Mov e < |

<
T e = B - s)y|ot!

hence, exploiting the inequality (3.11) for a = E(t — s)y and b = x together with (3.11),

we obtain:

—(c+D)yl3

_ell=l3 . _eclzlg
< Mqpe™™® e sIBt=9)lf < Maze ™t
T o= E(t— s)y|@t! T o= E(t— s)y|@t!

Therefore, we proved that for any fixed (z,t) € R x (0, A), and for any (y, s) € RY x (0, )
such that £ E(t — s)y (1 € {1,...,q}):

Mg €116

—(c+1)|y|2
T B aen (c+Dlvlo (3.16)

F(ZE, tv y7 S)? ’ayzr(x7 tv y7 S)’ S

Now fix (z,t) € RY x (0, A) then, there exists Ry > 0 such that for any y € R" and any
o €(0,A),if [y[ > Ro
[z — E(o)y| = 1.

Let p € D(0,1) be such that p > 0 and fol,o = 1, moreover, let ¢(s) := fos p. For any
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7TE€Re>0and R > 0 define:

Yy—T
—)

er(y) = o(lyl — R),  ¢(y) = ¢(

It is apparent that ¢ has C'(RY) norm uniformly bounded (w.r.t. R > 0) and that

diiqag(s) 5 6.(s) in (D°(R)) . (3.17)

Taken 7 € (0,7), ¢ € (0,t —7) and R > Ry by Proposition 3.2 (and Fubini Tonelli
Theorem) it follows that:

ulont) = / /RN By - Vor(y)oL(s)uly, s)L(z, t;y, s)dyds+
—l—/o RME) /RN or(y)uly, s)T(x, t;y, s)dyds—
—/0 /]RN A(s)Ver(y) - V(@ By, s)uly, s)¢Z(s)dyds -

Then, we take the limit as ¢ — 0T, the first and the last integrals converge by dominated

convergence while the second one converges since (3.17) and the function

s [ er(Y)T(z,t;y, s)u(y, s)dy
R

is continuous. Hence

//]RNBy Vor(y)uly, s)I'(z, t;y, s)dyds+
+/ wr(y)uly, )T (x, t;y, 7)dy—

/ /RN s)Vor(y) - Vyl(x, 6y, s)uly, s)dyds

Now we take the limit as 7 — 0, the first and the third integrals converge (still by
dominated convergence) while the second integral tends to zero thanks to the hypothesis
5) and the fact that since

(yv T) — F(ZL’, l; Y, T)¢R(y)

is uniformly continuous then

I'(z,t;-,7)0r(:) = T'(2,t;-,0)¢r(-) uniformly as 7 — 0 .
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More precisely, due to the fact that, for any R > 0, u(-,t) could be viewed as an element

of the dual of the space of continuous functions which are null at the boundary:

(C(Br(0)), ] - [l0)

we can write the second integral as:
(ule.7)nlC ot 7) = [ oty L i)y
R

therefore by the well known fact that, given a Banach space X, if x; — x in X and L; =0
J j
in X* then (L;,z;) — 0, it follows that:

(u(-,7), or( T (z, t; -, 7)) = /RN or(y)uly, T)T(z,t;y,7)dy — 0 as 7 — 01 .

Therefore, we obtain the following representation formula:

//]RNBy Vor(y)uly, s)I'(z, t;y, s)dyds+
_/0 /]RN A(s)Vor(y) - V,T(x, t;y, s)uly, s)dyds .

Finally, thanks to (3.16) and the hypothesis on Ry, as R — 400 we have:
t
0 < [ Bl erlleluty, DI i, )it
y|>R

/ / ||A||oo||wR||ooZ| D(z, b9, )| [uly, s)|dyds <

< Mozl |Ver|loo max{1, ||Alloc}

t
{[ ] el neerbiuy, ojayds} <
0 Jlyl>R

- < Mozl [Verlle max{1, [[Af|}

/ / —elWld|u(y, s)|dyds sup [(|IB%w| + 1)e*|w|3] — 0.
RN

|lw|>R

The proof follows by induction since, if A < T, the hypotheses are verified for u(z,t +
A/2). O

Here we state the uniqueness theorem from [5]. We remark that this theorem actually

holds for the more general class of operators with matrix B whose *-entries in (1.3) may
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be nonnull.

Theorem 3.5 (Uniqueness, Theorem 4.13 [5]). Let T € (0,4+00|, and let either f €
CRYN), or f € LP(RY) with p € [1,400). If u; and uy are two solutions to the same
Cauchy problem

(3.18)

Lu=0 RY x (t,T),
U(',t@) =9,

in the sense of Definition 2.4 and satisfy

T
/ / ]uj(x,t)|e":|””‘gda:dt <4oo j=1,2
o JrN

for some ¢ > 0, then uy = uy in RY x (0,7).

3.5. More on the general Cauchy Problem

This section aims to develop further the remarks done in section 2.4, in particular we shall
prove the existence of a solution (in Sf. for any « € (0,1)) under weaker assumptions on
the initial datum. As remarked in the introduction to this chapter, the idea underlying
the proof of the existence of a solution to the homogeneous problem is to approximate it
with a sequence of solutions of suitable nonhomogeneous problems. In the following we

shall consider initial data which are measures hence, if g as a measure, we shall replace
(2.18) with:

ula, 1) = / T, 0)g(dy) = / TGt 9)g ©0(d(,0)

1
loc

1

functions is included in this one, since any L; .

It is easily seen that the case of L
function is simply an absolutely continuous Radon measure (absolutely continuous w.r.t.
the Lebesgue measure). Moreover, due to the form of u whenever the initial datum is L”
or continuous we can exploit the Theorem 1.3 which let us to obtain stronger convergence

to the initial datum.

Seen these preliminary observations and the formerly proved Theorems, we can state our

last definition of solution:

Definition 3.3. Let f € L (RN x (0,7)), let g be a zero order distribution. Then, a

loc
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function u is said to be a solution to the Cauchy Problem:

Lu = RY x (0,T
u('7 O) =49 RY
if:
1)ue CRYN x (0,T));
2) Yu,0u € LS (RY x (0,T)) for any i,5 € {1,...,q} ;
3) Lu=f inRY x (0,T);
4) For any ¢ € C.(RY)
/ u(z, t)p(r)de —— 0 .
RN t—0t
Notice that, thanks to Theorem 2.9, we could say that I'(-;y,0) is a solution of:
LI(+ =0 RV
( 'Y, S) X (S7+OO> (320)
[(z,s) =9, RY

and actually it is unique among those which satisfy a certain condition (3.4).

Now we can state a theorem concerning existence and uniqueness:

Theorem 3.6. Let g be a zero order distribution and let f € C%, (RN x (0,+00)). If

x,loc
there exists ¢ > 0 such that:

—C|T 2
sup{{g(z), p(z)e ) : p € C.(RY), [J¢llw < 1} < +00 (3.21)
esssup sup |f(z,t)]e 8 < 400 (3.22)
t>0 gzeRN

then, there exists T > 0 and a unique solution of (3.19) satisfying

s+T o
/ / IT(z, t;y, s)|e”¢ 1"  dadt
s RN

for some ¢ > 0. Moreover, the unique solution u assumes the form:

wat) == [ Tty sais+ [ Tt 000)

and satisfies the two following conditions:
1)ue S (RY x (0,T)),

loc

2) for any D x I and D' x I' satisfying D x I CC D' x I' CC RN x (0,T) there exist a



70 3| Some extensions

constant C' > 0, depending only on ¢, L, D x I and D' x I', such that:

q q
Z ||0sjul|capxry + Z [|Oiul|copxry + [|Yullcapxry + [[ul|lcepxn <

ij=1 ij=1
< C(esssup sup |F(z DB+ sup (g(), p(@)e B + || llos orerm)
t>0 IERN APGCC(]RN)

llelloo<1

Notice that, when g is a continuous function on R", we may think to it as the zero order
distribution defined by:

(9.6 = | s@ola)is 6 € DRY)

and the condition (3.21) reduces to:

/ lg(z)|e~ "0 dz < 400
RN

hence, u is in the form:

wat) == [ [ Tt fsdyds+ [ Tt 000)dy

and the datum is attained locally uniformly. Moreover, if in addition ¢ satisfies

sup |g(z)|e " < 400 (3.23)

zeRN

then the stability estimate reduces to:

q q
Z ||0sjul|capxry + Z |0iu||capxry + [|Yul|copxry + [[u]|campxn <

t,j=1 1,j=1
< C((esssup sup |f(z, 6)]e™b + sup [g(x)[e™0 + || fllce ) -
t>0 gzeRN zeRN
The proof of the theorem is achieved through some intermediate results and is given at

the end of the section.
We begin with some notation which will be used.

Let ¢ be a real constant and let || - ||. : Co(RY) — [0, 4+00) be defined by:

lelle := sup e*bjip(x)] .

zeRN
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It is easily seen that this defines a norm on C,(RY) (the space of compactly supported
continuous functions) and that the completion of (C.(R, || - ||.) could be seen as the set of
functions v € C'(RN) such that z — v(z)e”” belongs to Cx(RN) (the set of continuous
function vanishing as |z| — 400). We shall denote the completion of (C.(RY),|| - ||.)
with F.. With this definition we can easily see that the condition on ¢ is nothing but the
requirement that ¢ is an element of the dual of (C.(RY,|| -||.) (hence it can be defined
on E.). Moreover, since any zero order distribution on RY could be seen as a Radon

measure, if ¢ € E, then, extending g to the whole E,., we write g(¢) as

¢(z)g(dzr) .

RN

We introduce also the following norm:
91le.e == sup{(g(x), p(x)e~ 0} : o € CuRY), |l < 1} .

We can start with some preliminary results:

Lemma 3.4. Let u; be a sequence of continuous functions on RY such that there exist
ceR:

sup ||u;]|. < +o0 (3.24)
Jj=0

and which converges locally uniformly as j — +o00 to a function u. Then u is continuous
and such that

||u||c < hmjinf ||UJ||C

moreover, for any ¢ < c:

I[1]
Uj —— u
Jj—+o00

Proof. The fact that u is continuous is immediate and by pointwise convergence we obtain
also that [|u||. < +o0. Indeed, for any z € RV

|u(xz)|ells = lim inf Juj ()] e < lim inf |||
Now let R > 0, we have:

sup |u;(x) — u(z)|e B < sup Juy —ul(2)e 4+ sup Ju; — ul(z)e 1 <
zeRN |z|o<R |z|o>R

< sup |u; — ul(z)e " + (c—e)R?

lzlo<R

(supHugH + ||ulle)e”
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Hence, taking the limit as 7 — +o00, we obtain

. (o 2
lim [Ju; — ulle < (sup ||ujfle + [luflc)e (cmelt
J

therefore, by the fact that ¢ > ¢ we obtain our claim. O]
We need another preliminary lemma:

Lemma 3.5. The two following properties holds:
1) For any fived ¢ > 0, for anyt > 0 and y € RN

o 1l el DoVDw gy | o= SIE@WIE

)

/ [(z,t;y,0)elidz < ! [/
RN (Amv)Neo(1) L ry
2) If f € C.(RY), then for any ¢ > 0:

/F(x,t;-,O)f(x)dx”—%f(-) ast —0 .
RN

Proof. 1) Thanks to Theorem 1.4:

¢~ HIP(GD) @=BOVIG o —clald g —

/ [(x,t;y, O)e’cmgda: <

1 _Q
RN (47TV)NCO<1)t RN
w = Do(—2)(z — _ 1 o~ 10l3 o—clDo(VEw+ E(t)ul3
(= Do) = B ) = s L. d

W =: %

hence, applying the inequality (3.11) with a = E(t)y and b = Dy(v/t)w, we obtain:

L < 1 [ / e—z\w\3€+c|Do(ﬂ>w|3dw] e~ S1EW
(Amv)Neo(1) LJry

2) In order to prove the second point we proceed in a similar way to the point (iii) of
Theorem (2.9) (see [5]). Let ¢ € D(RY) then

| . I(z,t;y,0)f(z)dz — f(y)] = | /RN [(x,t:y, 0)[f(z) — f(y)]dz| <
<1 [ Tt 0000 - 6] + 210~ Sl [T, 0e =

R

~1 [Tt 0)0(o) — olu)lde| + 26— fll
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Consider the first integral:

‘ /RN F(a:,t;y,O)[fb(a:) - gb(y)]dx‘ < /RN [(z,t;y,0)|6(x) — ¢(y)|dz <

1

o~ §1D0(F) e~ E(t)y)|5|¢(x) — ¢(y)|dz = {w = Do(—=)(z — E(t)y)} =

N

\/ (4mv Nco /RN

1

(4mv)Neo(1 RN
1

(4mv)Neg(1)
{ /R e TBlo(Do(VEyw + E(t)y) — o(B(t)y)| + / emidulo(B(t)y) - ¢<y>|} <

(LDl Tl + [ e bulot) o0

we see that, as ¢ — 07, it converges to zero uniformly with respect to y. Therefore we

e~ 5103 Do(VE)w + B(t)y) — ¢(y)|dw <

obtain:
lim sup | (2, t;,0) f(z)dz — f(y)| < 2/|f — 9|l

t—=0t yerN  JRN

which proves the uniform convergence. Owing to point 1), for any ¢ > 0 let ¢ > 2¢ then:

| [Tt 005)dy

RN

< | sup e8| 7 () / P(, iy, 0)e Midye i <
RN

yeRN

< e [/ e—%|w|%6+c/|Do(\/i)w\8dw] e—%/|E(t)y|g+c|y\g .
(47TV)NCQ(1) RN

This proves that, for ¢ sufficiently small, the quantity

M < / T, t;y,0)e Ve W5 £ (1)) dyels <
RN

sup ‘/ (2, £;,0) f (y)dy| o
yeRN | JRN
is uniformly bounded, hence, by Lemma 3.4,the proof is concluded. O

Now we are in position to prove one of the two results which let us to prove Theorem 3.6.

Proposition 3.3. If g is a zero order distribution and satisfies (3.21) for some ¢ > 0.
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Then, the function

u(z,t) = /]RN L(x, t;y,0)g(dy) (x,t) € RN x (0,T) (3.25)

18 well defined for some T' > 0 and satisfies the following conditions:
1) There exists a constant T > 0 such that for any t € (0,T) and x € RY

1

1 Y|Do(5)z|3
u(z, 1)) < 1P 0 g

= /@) V)R

2) There exists ¢ > ¢ and a constant M > 0 depending only on T, v, B and ¢ such that
for any t € (0,T) the following inequality holds

||u('7t)||6’,* < M||g||c7* ;

3) For any ¢ € C,(RY)
/ u(z,t)p(r)de —— 0 .
RN

t—0t

Proof. Let T > 0 be such that Vt € (0,T], Vy # 0, Yw # 0

2
ﬂgc < K& ) (3.26)

[E@yl§ 4 [Do(vE)wl]3
The existence of such a 7' is proved as the existence of A in (3.12). Notice that in this
case we are assuming a strict inequality since in what follows, we shall need the inequality
to be strict.
Notice also that from the previous inequality it follows that V¢ € (0, 7], Vw € RY

cluf} < SIDo(—)EMul; . (3.27)

Sl =

which is nothing but (3.5).
1) Let (z,t) € RN x (0,400), thanks to Theorem 1.4:

1 —%|Do(Z)(z—E(t)y)3
u(w,t)] < ['(x,t;y,0)d < / e~ 1P Yiq .
[u(e, t)] /RN (a,8;9,0)dlg|(y) T Je l91(y)
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Now, by (3.11), taking ¢ = Do(=2)(E(t)y) e b = Dy(=-)z, we obtain:

t t

1 PR
ju(a,1)] < AT [ R E g )

Since §|D0(\/%)(E(t)y)|8 > c|y|3 for any 0 < ¢ < T and any y € R then, for any 0 <t < T

and z € RY, we have:

1 41D <1>x2/ ~elul?
u(z, t)| < e MO0 e vlog )
bl S e [ el

2) Let ¢ > 0 be such that V¢ € (0,7T], Yy # 0, Yw # 0

B P
70 e« — 19 3.28
VAGHT 1 DoVl (3:28)

that is V¢ € [0,T], Yy # 0, Yw # 0
v
lyle < ¢/21E(yls,  [Do(Vwlid < LR (3.29)

It exists thanks to the definition of 7', notice also the strict inequalities and the fact that

t is assumed to be in [0, 7] (which is compact).

Then:
/ '“(”“”“'e_clx'gd“/ / =BT (2, 1, 0)d]g|(y)dr =
RN RN JRN

by Tonelli Theorem and point 1) of Lemma 3.5, we have:

* < / [ 1 / e wld o IDo(VOWIE 7,/ ef%/‘E(t)yI%d‘g‘(w
RN RY

V (Amv)Neg(1)

therefore, by the definition of ¢/, there exists a constant M > 0 such that for any ¢ € (0,7))
the following inequality holds:

/ u(z, t)le""ode < M | eMidlg|(y) .
RN RN
The constant M exists since the inequalities (3.29) could be written as:

E(1)1]]2 119 / V[ D )12
max [|EO) B, < /2. ¢ <[ max 1DV,
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where || - ||op represents a suitable operator norm. Hence, we can find € > 0 such that
v
[Do(VHwlie = Jlwl§ < —elwlj vw e RY

and this proves that M exist:

1 2
M = / e =y
 (drv)Neo(1) Jry

3) Let ¢ € C.(RY) then, by point 2) of Lemma 3.5, we have:

/ ['(z,t;-,0)¢(z)dr — ¢(-) in E.ast—0.
RN
Therefore:

| /RN u(z, hplwyde = | oy)dg(y)| =
- /RN | /RN D(@, 65y, 0)¢(x)dz = ¢(y)|dlgl(y) > 0 ast—0" .

and this concludes the proof. O

Before moving to the next result we make two remarks concerning how the initial datum

is attained.

Proposition 3.4. Let g be a zero order distribution such that (3.21) holds. Then the
function u defined by (3.25) belongs to S2.(RY x (0,T)) for any a € (0,1) and moreover
Lu = 0.

Proof. The proof is divided in two parts, the first part deals with compactly supported ¢
while the second part deals with the general case.

The symbol * denotes the standard convolution and the symbol B,(p) denotes the Eu-
clidean ball or RV*! centered at p with radius r.

1) Let g be a compactly supported zero order distribution, let p. € D(B:(0)) be a mollifier
(¢ >0) and let g. = (9 ® 0) * p.. Consider the function:

ue(z, 1) =/ ['(x,t;y,)g-(y, s)dyds
RN-H

then, by Theorem 2.7, we obtain that u. € S*(RY¥*!) and Lu, = —g..
Now consider D' x I' CC RY x (0, +00), let § > 0 be such that D’ x I’ CC RN x (§, +00).
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Then, for any € € (0,d/2) and any (z,t) € D’ x I’, owing to Theorem 1.4, we obtain:

sz, 1)) < / D (2, £y, )]g.| (9, 8)dyds <
RN x (—¢,e)

o~ 4 ID0( A=) @ B(t-s)y) 3
/RN )

< |y, s)dyds <

< e )2 7 |9:|(y, s)dy

o Mgl gl®Y*Y) 22|§/I(RN+1) .
T dm)F(5—e)F  (Am)r(6—e)F T (4mv):6%

Now let D x I CC D’ x I', by Theorem 3.1, we obtain that there exists ¢ such that for
any € >0

|luellxa@xr) < EllltellLeor + [1Luellog @)

and since Lu. = —g. then, thanks to € € (0,d/2), it follows that:

27 |g|(RNH)
(4m)Neo(1)65

||Ue|fxa(W) < Of|ue|[Loe(pxry <€

Therefore, we obtain convergence to a function v according to Proposition 3.1. Finally,

since for any € > 0

19ell 2 vy = 19l (RY)

therefore since D(RY 1) is dense in Ciy(R¥*1) and since g. — g®4 in D'(RV*1), we have
for ¢ € Cx(RV*) and ¢ € D(RN )

lim [{ge — g ®0,¢)| <lim |(g. — g @0, — )| +1im (g — g ® 5, )| < |g|(R)[|6 — ¢l

therefore

g- = g®d in(Cg(RY))*

This proves the pointwise convergence of u. to u in RY x (0, +00), hence, u = v.
It is easily proved that Lu = 0, actually, we have Lu. — 0 in L2 (RN x (0,7)) and by
Proposition 3.1 we have Lugx — Lujx in L2(K) for any K CC RY x (0, +00). Notice

that by the previous section we know that u is S}*., since Lu = 0.

locy
2) Let g be as in the statement. Consider R > 0 and the measure gg = X{lz|<r}9- Let ug
be the function obtained as in the previous part.

Moreover, let T > 0 be as in Proposition 3.3 and let D' x I’ cC RY x (0,T), then, for

any (z,t) € D’ x I' we have

unle, ) < [ TGt 0dlonl() < [ TGt 0)dlolo)
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Hence, by Proposition 3.3 we obtain that ||ug||ze(p/x 1y is uniformly bounded with respect
to R > 0. Take D x I cC D’ x I', by Theorem 3.1 there exists a suitable constant ¢ such
that for any R > 0

[url| xe@sr) < Clluglliemxr) -
Therefore, by Proposition 3.1, it follows that ugr converges (in a suitable sense and up to
a subsequence) to a function v € S (RY x (0,7T')) which is such that Lv = 0.
In order to conclude we need only to observe that ur converges to u pointwise. Since
llgrlles < ||g]lcs and for fixed (z,t) € RN x (0,T) the function I'(z,¢;y, 0) belongs to E.,

applying again the same argument as before we obtain our claim. O]
We can finally prove Theorem 3.6.
Proof of Theorem 3.6. Let T > 0 be such that Vt € (0,T], Vy # 0, Yw # 0

ylo _
|Et)yl3 4| Do(Vt)w)?

(3.30)

Notice that T is the same of (3.26) and therefore it satisfies also the condition (3.5). The

function

t
wet) == [ [ Tty s)f(ys)dyds+ [ Doty 0)gldy) =
0 JRN RN
= up(w,t) +uy(z,t) (z,t) € RN x (0,7)
is well defined thanks to Lemma 3.3 and Prop 3.3. Moreover, by Proposition 3.4 and
(RN x (0,7)) and Lu = f in RN x (0,T). By point

3) of Proposition 3.3 we obtain that the initial datum is achieved, hence u is a solution
of (3.19). Then by point 2) of Proposition 3.3, there exists ¢ > 0 such that

Theorem 3.2, we can say that u € S,

loc

sup / lug(z, e Plidr < +o00
te(0,T) JRN

hence by the other estimate on u; in Lemma 3.3 we obtain that the conditions of Theorem
3.4 are satisfied, therefore, the solution in unique among the functions which satisfy (3.10)

for some ¢. It is left only the stability estimate, in order to prove it we notice that looking
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at point 1) of Proposition 3.3 and to Lemma 3.3, we see that:

lu(z,t)] <
<) e

1 a1
7|Do(7

< lesssup||f(-,t)||—c| + e 11P0(7)

[te(o,T) LSS V (drv)Neo(1)t9

o~ 5123 (2 B(=o)D(V3)=R3 ., ] 2l B(=0)el .

Hence, for any pair of sets D x I, D’ x I’ satisfying D x I cC R¥ x (0,T) there exists a
constant M > 0 depending only on D’ x I’, B, v and ¢ such that:

|[ul| oo 1y < M(e;ss Sup 1 G0l + Mlglles)

)

this lets us to conclude since by 3.1 there exists ¢ > 0 depending only on the two sets and

the operator such that:

ul[xaxr) < c(l[ullzeoxry + | flloarxir) -

Therefore letting C' := max{M, 1}¢ we obtain:

q q
S 10sullcgwsen + D 10l lonwseny + 1Y ullososn + l[ulloamsn <
i5=1 ij=1

< c(llgllex +esssup || (- )| + || fllca o) -
te(0,T)
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A_ ‘ Appendix A - The
Banach-Alaoglu-Bourbaki

Theorem

This appendix contains some results of Functional Analysis which have been used in the

thesis.

Theorem A.1 (Theorem 6.7.1 |2|). Let X be a separable normed space. Then every

bounded sequence of linear functionals on X contains a weakly® convergent subsequence.

In Theorems 2.7, 2.8 and Proposition 3.1 we apply the previous theorem to the case
X* = L>(Q) where Q is a measurable sets of RY. Hence, we shall make some remarks
which let us to apply the above theorem.

It is well known that L*(Q) is isometrically isomorphic to L'(Q2)* and the following

function is an isometric isomorphism (see for instance Theorem 6.48 [24]):
LX) — LYQ)* 1 g A,
Ag(f) = 19, [

where the notation p«(g, f)r1 means:

r=(g, firr = /Qg(x)f(x)dx.

The weak* convergence is defined as:

g —— g in L®(Q)

Jj—+o0o

if for any f € Ll(A)
Lo {9, fyer = 10{g, )1 -

Since L'() is separable we have sequential compactness.
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The Theorem A.1 and the above argument are sufficient for the thesis. However, we
decided to add a further explanation in terms of weak topologies since it may be useful

in some parts of this thesis. We begin with the definition of weak topology:

Definition A.1 (Definition 8.9 [20]). Let X be a set and X, a topological space with
fa : X = X,, for each a € A. The weak topology induced on X by the collection of

functions {f, : a € A} is the smallest topology on X making each f, continuous.

From the previous definition, denoting with 7, the topology of X, we can easily deduce
that the family
S={f'U,): a€ A U, €714}

is a subbase for the weak topology. That is, the finite intersections of subset of S form a
base for the topology. Notice also that a sequence! {z;}; converges to x in X iff for any

a € A, for any U, € 7, containing f,(z), there exists m > 0 such that
{x; i >m} C £ (Us)

which is equivalent to
falz;)) —— fo(z) VYae A.

1—400
Now let E be a Banach space and let E* be its topological dual, the weak* topology
o(E*, E) is the coarsest topology induced by the functions {m, : x € E}, where the

function 7, is defined by:

We could notice that the weak* topology on E* is nothing but the subspace topology
induced by the product topology on R¥.

Theorem A.2 (Banach-Alaoglu-Bourbaki (Theorem 3.16 [6])). The closed unit ball

By ={f € E" : ||f]

g <1}

is compact in the weak™ topology o(E*, E).

The last result we mention is a simple characterization of metrizability for the balls in
E* (with the topology induced by o(FE*, E)) which could be employed in order to get
Theorem A.1.

Theorem A.3 (Theorem 3.28 |6|). Let E be a separable Banach space. Then Bpgs is

! Actually this holds also for nets and filters.
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metrizable in the weak* topology o(E*, E).
Conversely, if Bg- is metrizable in o(E*, F), then E is separable.

Whenever F is separable, applying Theorem A.2 and A.3 we get A.1 but actually Theorem

A.1 could be proved without involving the notion of weak topology.
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B | Appendix B - The Open
Mapping Theorem and
Fréchet spaces

In this appendix we shall recall the Open Mapping Theorem for Fréchet spaces on R.
Actually, the Open Mapping Theorem holds in more general spaces but we do not need
such a generality. Moreover, in the same spirit we shall give a characterization of Fréchet
space avoiding any reference to locally convex topological vector space (briefly TVS) as
well as to the notion of metrizability of a TVS (]|22]).

We first give the standard definition of seminorm on a real vector space (actually it could

be defined in a much more general context).

Definition B.1. A seminorm on a real vector space E is a function p : E — [0, +00)
such that:
1) P(0) =0,
2) for any x andy in E
p(x +y) < plz) +py)

3) for any A € R and any x € E

p(Az) < [Alp(z) .

Now we can give an equivalent characterization of Fréchet space (on R) which is defined
as a locally convex, complete and metrizable topological vector space (see [22]). Let E be
a real vector space, and let P = {p;}; be a countable set of seminorms on E, if:
1)for any =z,

(Vi pi(z)=0) = =0,
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2) if {x;}; is a sequence in F such that for any i
pi(zy —xy) — 0 as k,m — +oo
then there exists x € F such that for any ¢
pi(r —xx) -0 ask — 400 .

then the space F with the topology induced by the seminorms P is a Fréchet space. Notice

that with condition 1) we require that the following function on F x E' is a metric:

dz,y) =) L_plz—y) (B.1)

g 2ipi(x —y)+1
and by point 2) we require that (F,d) is complete.

We can finally state the Open Mapping theorem in our particular case. For a more general

statement see for instance [22| chapter 17.

Theorem B.1 (Open Mapping Theorem). Let E and F be two Fréchet spaces and let f :

E — F be a one-to-one and onto continuous linear map. Then its inverse is continuous.

In this thesis the above theorem is applied in order to get local estimates. Hence, in the

remaining part of this appendix we show how it has been applied.

First we observe that if £ is a Fréchet space with seminorms {p;};, we may assume the

seminorms to be ordered. Indeed, taking
ZEDY
J<i
we obtain by (B.1) a metric which induces the same topology on E. This leads to the
following remark. Assume that the norms are ordered, then, sets of the kind:

{r e E:px)<e} >0

form a neighbourhood base at 0.

Now let P = {p;}; and @ := {¢;}; be the two families of seminorms on E and F respec-
tively which make them Fréchet spaces, moreover, assume without loss of generality that
they are ordered as before.

If f is a linear mapping like the one of Theorem B.1, then, for any p; there exists ¢; and
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¢ > 0 such that the following estimate holds: for any = € F

pi(z) < cqi(f(x)) - (B-2)

Actually, this follows by a general property of continuous mappings between locally convex
TVS (see Proposition 7.7 [22]), however, here we give a direct proof.

Since f is open, the set
f{z e E:pj(z) <1}) ={f(x) € F:z € Ep;(z) <1}
is an open neighbourhood of 0 in F', therefore, there exists € > 0 and ¢; such that:
{ye F:qy) <et C{f(x) € F:z € Ep;j(z) <1}.
Thanks to the fact that f is one-to-one, for any = € F
i(f(x)) <e = pi(x) <1. (B.3)
If ¢;(f(x)) # 0 taking z := £/(2¢;(f(x))x we have ¢;(f(z)) = 5 < ¢, hence (by (B.3))
pi(z) <1

which means that 5
piz) < g%(f(m)) :

Else, if ¢;(f(z)) = 0, for any X € (0, +0o0)

(f(A)) = Agi(f(z)) =0<e

therefore (by (B.3))
Ap;(z) <1

which entails that p;(z) = 0. This proves that:

Ve e B pj(x) < g%(f(x)) :

The inequality (B.2) is used in Theorem 3.1 in order to obtain local estimates.
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