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Abstract

This thesis explores, within the framework of light matter interaction, the ability of differ-
ent Fourier optical cavities [26] to confine excitons by making them experience a periodic
potential [5], which is generated by the vacuum oscillations of the electromagnetic field.
Fourier cavities are a novel optical structure where one of the surfaces of a conventional
cavity is patterned with a sinusoidal shape: exploiting this discrete translational symme-
try, the light dispersion bends, forming a periodic band structure akin to the electronic
structure of a solid state system. In order to explore its eigenmodes, numerical simula-
tions with COMSOL® and its MAN package [39][41], are carried out. In this regard, the
materials that make up the cavity are studied and simulated via fully ab initio calcula-
tions, thanks to the GPAW [30] [40] [24] and the Quantum Espresso [11] [12] [10] codes.
Finally, the exploration of the cavity eigenmodes is also carried out by nanofabricating
a prototype of dielectric hBN cavity [27]: the nano lithographic technique used is the
temperature scanning probe lithography, tSPL [31], on a PPA layer placed on top of the
hBN flake. The outcome of this work is the calculation of the cavities eigenmodes, which
could be later used to calculate the coupling coefficient with the excitons: the theoretical
steps are introduced, but the calculation itself is open for future developments. Regarding
the experimental work, after performing optical measures on the samples, the system of
substrate, hBN, and PPA is found not to work. The reason lies in the nanofabrication:
a future development should either use a different technique, different substrate, or etch
the flake to directly carve the pattern on hBN.

Keywords: metaphotonics, quantum materials, ab initio calculations, nanolithography,
numerical simulations





Abstract in lingua italiana

Questa tesi esplora, all’interno dello studio dell’interazione luce-materia, la possibilità di
usare cavità ottiche di Fourier [26] per confinare eccitoni attraverso la creazione, mediante
le oscillazioni di vuoto del campo elettromagnetico, di un potenziale periodico [5]. Per cav-
ità di Fourier [26] si intende una normale cavità ottica, la cui superficie superiore ha però
una forma sinusoidale: sfruttando la discreta simmetria translazionale che ne consegue, la
dispersione della luce risulta piegata, e così si viene a formare una struttura a bande simile
al caso dei solidi cristallini. Per studiare le soluzioni dell’equazione di Maxwell all’interno
di tali cavità, sono state fatte simulazioni con COMSOL® e il relativo pacchetto MAN
[39][41]. A tal proposito, i materiali costitutivi della cavità sono stati studiati con conti
ab initio, grazie ai codici GPAW [30][40][24] e Quantum Espresso [11][12][10]. Infine, lo
studio dei modi di cavità è portato avanti anche dal punto di vista sperimentale, con la
nanofabbricazione di una cavità dielettrica di hBN [27]. Per ricavare la forma sinusoidale,
è stata usata la tecnica nanolitografica conosciuta come tSPL [31] su uno strato di PPA
posto sopra il fiocco di hBN. Il risultato di questa tesi è il calcolo dei modi propri della
cavità, che potranno essere usati per il conto delle costanti di accoppiamento con gli ecci-
toni: la procedura teorica è introdotta, ma il calcolo in sé è lasciato a futuri sviluppi. Per
quanto riguarda il lavoro sperimentale, a seguito di misure ottiche sui campioni fabbricati,
il sistema composto da substrato, hBN, e PPA è risultato non funzionante. La ragione sta
nella nanofabbricazione: per future implementazioni sarà necessario usare o una tecnica
differente, o un diverso substrato, oppure ancora transferire la forma sinusoidale da PPA
a hBN con etching.

Parole chiave: metafotonica, materiali quantistici, ab inito, nanolitografia, simulazioni
numeriche
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1

Introduction

The study of light and matter interaction, as the name suggests, lies at the very crossroad
between the fields of optics and solid state physics. In this regard, it is quite common to
either analyse the electromagnetic field, and approximate the matter contribution with
a known dielectric function, or to analyse matter, and approximate the electromagnetic
contribution with a free-light dispersion. In order to broaden the understanding of phys-
ical phenomena happening at the edge of these approximations, a more comprehensive
treatment of both the electromagnetic field and matter particles is required.

The systems, chosen for this study, where the interaction takes place, are optical cavities
that have characteristic bi-dimensional sinusoidal patterns called Fourier surfaces [26].
Because these kind of structures are a novelty in the field of light-matter interaction, one
of the scientific question to be answered is on the possibility of the modes living inside
these special cavities to confine quasi-particles such as excitons. In order to address this
issue, three types of cavities are taken into consideration and simulated: the first one ex-
ploits the phenomenon of total internal reflection to confine light; to further enhance the
confinement, the second one employs particular states called surface plasmons polaritons
[4]. These states can be viewed as solutions to the Maxwell’s equations at the interface
between a metal and a dielectric. Similarly, the third kind of cavity increases the confine-
ment even more via states called phonon polaritons [4]: they are also quasi-particles, but
their source lies in the relative movement of ions inside a lattice. An extensive analysis
of their performance is presented and commented.

Periodicity in the optical cavity is central to this study, and the reason is that the fun-
damental goal of this work is to show how periodic patterns cause excitons to experience
a periodic potential. The general concept of using optical cavities to change materials
proprieties has been widely discussed in literature (for reference [18] [28] [2]), but the
novel idea on exploiting periodicity comes from the paper "Tunable Phases of Moiré Ex-
citons in van der Waals Heterostructures" [5]: in that study, it is the creation of a Moiré
superlattice to cause excitons the experiencing of a periodic potential. This work aims to
reproduce similar results, using an optical cavity instead of the Moiré lattice.
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Excitons are quasi particles born from the Coulomb interaction between an excited elec-
tron and a hole. This work deals in particular with excitons that live in 2D materials
called transition metal dichalcogenides (TMDs): due to the low dimensionality, electrons
and holes inside these materials can interact more strongly, as there is less matter around
to potentially screen the interaction. This condition results in an enhancement of the
optical response.

In order to address these topics, this thesis is arranged in the following manner: the first
chapter introduces concepts such as the behaviour of light when trapped inside cavities,
how it strays from the free space case, and what the consequences are. These ideas will be
the groundwork for the later discussions. Then, it is examined the behaviour of matter in
presence of light, with a special focus for the materials chosen. In order to quantitatively
assess their optical response, fully ab initio calculations are carried out. The results of
these computations will be used for the simulations of the field inside the cavity. In the
third chapter, simulations of the electromagnetic field are presented and analysed: there,
three subsections are devoted to examining the most relevant aspect of the simulations,
that is, the numerical methods applied. After that, in order to explore the possibility of
building a Fourier cavity, and measure its optical response, the fourth chapter presents the
experimental work, with a detailed description of the nanofabrication methods, the setup
for the optical measurements, and their results. In doing so, another research question
is also addressed: on the possibility of having a grating effect on the guided modes by
simply adding a patterned layer of another material (a thermoplastic) on top of hBN.
Lastly, the fifth chapter gives a brief overview at the future developments.

The outcome of this work is the calculation of the cavities eigenmodes, which could be
later used to calculate the coupling coefficient with the excitons: the theoretical steps are
introduced, but the calculation itself is open for future developments. It is finally worth
mentioning that the results presented regarding the hyperbolic polaritons are part of a
project which is still running, and therefore they are to be considered as only a sample of
a work which is in progress.
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1.1. Light in optical cavities

In order to enhance the coupling with excitons, the intensity of the electromagnetic field
needs to be increased. The most direct way would be to simply increase the number
of photons, but that requires a lot of input power. Therefore the choice made in this
work, more cost effective, is to enhance the electromagnetic field by confining it. During
the course of history, many methods have been devised to accomplish such result, as, for
example, optical lenses, systems of mirrors, or cavities. This section will mainly focus on
the electromagnetic field inside optical cavities, and its dispersion relation: that is, how
different optical structures modify the propagation of light. In the following, four relevant
and insightful cases, among the many, will be discussed.

1.1.1. Fabry-Perot cavities

The most simple, yet very effective, structure is known as the Fabry-Perot cavity : it
consists of two perfect planar mirrors, placed at a distance 2d from each other.

(a) Sketch of the cavity (b) Scheme of the rays inside the cavity

Figure 1.1: Fabry Perot cavity sketches

Because the mirrors are assumed to be perfectly reflecting, a ray launched inside this
structure with an angle θ (with respect to the propagation direction) will be reflected top
and bottom, as shown in the picture 1.1b.

In order to understand how this multiple bouncing modifies the electric field and the
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dispersion relation, consider the following argument. The propagation can be sustained
only if the following self-consistency condition is met: ∆φAC − ∆φAC = 2qπ where q
is a positive integer, zero included. What the equation enforces, explicitly, is that the
phase of the light, taken in to points symmetric with respect to the bouncing off of a
mirror, must be the same (except for a 2π shift): this is the reason why it’s referred to as
self-consistency condition. Considering the figure above, it naturally follows:

AC = d/sin(θ) and AB = AC · cos(2θ) = d · cos(2θ)/sin(θ) (1.1)

Therefore:

AC − AB =
d

sin(θ)
− d

sin(θ)
· cos(2θ) = d

sin(θ)
(1− cos(2θ) =

=
2d

sin(θ)
sin2(θ) = 2d · sin(θ)

(1.2)

(1.3)

By definition, the phase acquired by a monochromatic light ray that has traveled an
optical path n ·∆x is equal to n ·∆x · 2π/λ (λ being the wavelength of the light). Thus:

∆φAC −∆φAB =
2π

λ
· n · AC − 2π − 2π

λ
· n · AB =

2π

λ
· n ·

(
AC − AB

)
− 2π

=
2π

λ
· n · 2d · sin(θ)− 2π

(1.4)

(1.5)

As a consequence of the self-consistency relation becomes:

2qπ =
2π

λ
· n · 2d · sin(θ)− 2π

2(q + 1)π =
2π

λ
· n · 2d · sin(θ)

(1.6)

(1.7)

By defining m = q+1, the self-consistency relation for guided modes inside a Fabry-Perot
cavity can be written as:

sin(θm) =
mλ

2d · n
where m = 1, 2, 3, ... (1.8)

Hence, within a given cavity, there will be a variety of modes propagating with different
angles. Considering a generic mode, whose propagation vector k⃗ lays in the (x, z) plane
and makes an angle θ with the x axis, it is possible to write:

k⃗ = kzu⃗z + kxu⃗x = k · sin(θ)u⃗z + k · cos(θ)u⃗x (1.9)
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with u⃗x and u⃗z unit vectors along the axis x and z, respectively. Assuming θ = θm (i.e.
it satisfies the self-consistency equation), it follows:

kzm = k · sin(θm) =
2π

λ
· mλ

2d · n
=
mπ

d

kxm = k · cos(θm) =
2π

λ
· cos(θm)

(1.10)

(1.11)

Therefore:

k2xm = n2

(
2π

λ

)2

cos2(θm) = n2

(
2π

λ

)2 (
1− sin2(θm)

)
=

= n2

(
2π

λ

)2

− n2

(
2π

λ

)2

sin2(θm) =

= n2

(
2π

λ

)2

− n2

(
2π

λ

)2
m2λ2

4d2n2
= n2

(
2π

λ

)2

−m2π
2

d2
=

= n2ω
2

c2
−m2π

2

d2

(1.12)

(1.13)

(1.14)

(1.15)

Hence, the dispersion relation for a Fabry-Perot cavity is:

ω =
c

n

√
k2xm +m2

π2

d2
(1.16)

It is interesting to note that the dispersion is parabolic, as opposed to the linear dispersion
found for e.m. waves propagating in free space: it is now clear that light confined in a
cavity behaves in a fundamentally different way than light in free space.

Another relevant characteristic of the modes, besides the dispersion relation, is the shape
of their electromagnetic field; for simplicity, only the electric field will be considered.
Assume one of these modes corresponds to a specific value of m: it is possible to write its
electric field as a sum of two waves, as shown in the picture below.

Indeed:

E+
m(x, z, t) = Ame

i(ωt−kxx−kzz)

E−
m(x, z, t) = Ame

i(ωt−kxx+kzz)ei(m−1)π

Em(x, z, t) = E+
m + E−

m = Ame
i(ωt−kxx)

[
e−ikzz + ei(m−1)πe−ikzz

]
(1.17)

(1.18)

(1.19)

where the phase shift ∆φ = qπ = (m − 1)π is accounted for. In order to visualize them
better, it is possible to rewrite the field expression as a product of a periodic term times
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Figure 1.2: Sketch of the waves k⃗+ and k⃗− making up to overall electromagnetic field

a propagating one:

Em(x, z, t) = cm · um(z) · ei(ωt−kxx) (1.20)

where

m odd cm =
√
2dAm and um(z) =

√
2

d
· cos

(mπz
d

)
m even cm = −i

√
2dAm and um(z) =

√
2

d
· sin

(mπz
d

) (1.21)

(1.22)

It is important to realise that the normalization constant Am is that is proportional to√
1/A where A = lx · d. Assuming lx constant and very large, since the field is unbound

along x, the normalization constant becomes dependent on d following Am ∝ 1/
√
d. Thus,

the smaller the distance between the mirrors, the higher the amplitude, which means that
the electromagnetic field inside a Fabry-Perot cavity is enhanced.

Before moving on to the next example, it is relevant to notice that there will be a value
mmax such that

sin(θmmax+1) =
(mmax + 1)λ

2d · n
> 1 (1.23)

Hence:

mmax =
2d · n
λ

(1.24)

that is, mmax is the closest integer to 2d·n/λ. Thus, by varying the geometry, the material,
or the wavelength, it is possible to have Fabry-Perot cavities that host different numbers
of modes.
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1.1.2. Dielectric waveguides

Another widely known structure is the planar dielectric waveguide: it consists of a slab
of a dielectric material having refractive index n1, called core, placed in between another
dielectric material having refractive index n2, called cladding. It is also assumed that
n1 > n2.

Figure 1.3: Sketch of a dielectric waveguide: in blue the cladding, in purple the core

The confinement of light within the core is based on the idea of total internal reflection:
because n1 > n2, if a ray inside the core meets the cladding at a certain angle, it will be
completely reflected. It is possible to define a critical angle:

sinθ1CR =
n2

n1

(1.25)

Thus there will be internal reflection as long as θ1 > θ1CR.

Figure 1.4: Sketch of the rays inside the dielectric slab

From the picture above it is clear that θ1 = π/2−θ. Hence, by defining θ1CR = π/2−θCR,
when θ1 > θ1CR it will follow that θ < θCR. Therefore:

sinθ1 > n2/n1 → sin(π/2− θ) = cosθ > n2/n1 → θ < arccos(n2/n1) (1.26)
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At this point, it is interesting to find out the modes that live inside this structure.
As shown in the previous example, a mode must satisfy the self-consistency condition
∆φAC −∆φAC = 2qπ where q is a positive integer, zero included. The distances are still:

AC =
d

sinθ

AB = AC · cos2θ = d

sinθ
cos2θ

(1.27)

(1.28)

(1.29)

While the phase shifts become:

∆φAC =
2π

λ
n1

d

sinθ
− 2φr

∆φAB =
2π

λ
n1

d

sinθ
cos2θ

(1.30)

(1.31)

Imposing self-consistency ∆φAC −∆φAC = 2qπ leads to:

2π

λ
n1

d

sinθ
− 2φr −

2π

λ
n1

d

sinθ
cos2θ = 2qπ → 2π

λ
n1

d

sinθ
(1− cos2θ)− 2φr = 2qπ

2π

λ
n1

d

sinθ
2sin2θ − 2φr = 2qπ → φr

2
=
π

λ
n1d · sinθ − q

π

2

(1.32)

(1.33)

Therefore

tan
(φr

2

)
= tan

(π
λ
n1d · sinθ − q

π

2

)
(1.34)

In order to proceed, it is necessary to deal with φr (see section ?? in Appendix A for the
complete derivation). It is possible to prove that the modes correspond to the angles θ
that satisfy the equation:

tan
(π
λ
n1d · sinθ − q

π

2

)
=

√
cos2θ1CR

sin2θ
− 1 (1.35)

From which it derives that the number M of guided modes for a given cavity is:

M =

⌈
2d

λ

√
n2
1 − n2

2

⌉
(1.36)

where the term
√
n2
1 − n2

2 is known as numerical aperture.

Having understood the conditions required for modes to propagate, it is now time to
analyse their behaviour more closely. In the following, assume a mode travels with an
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angle θm and has a TE polarization. Thus, in a similar fashion to the Fabry-Perot case,
it is possible to prove (full derivatin can be found in A.2 Appendix A):

E(x, z, t) = ume
i(ωt−kxmx) (1.37)

where:

um =



Amcos
(
2πn1sinθm

λ
y
)

n even, |y| < d/2

Amsin
(
2πn1sinθm

λ
y
)

n odd, |y| < d/2

cme
−γmz for y > d/2

cme
+γmz for y < d/2

(1.38)

From this expression of the field, it is possible to see that the enhancement of the elec-
tromagnetic field inside a dielectric waveguide follows from a similar argument as the
Fabry-Perot case. However, this time, the confinement is weaker, due to the evanescent
tails e±γmz in the cladding region.

Lastly, from the self consistency relation it is also possible to obtain the dispersion relation.
Firstly, it is relevant to notice:

2π

λ
n1sinθm =

√
n2
1ω

2

c2
− k2xm (1.39)

Therefore:

tan2(φr/2) =
cos2θ1CR

sin2θm
− 1 =

1− sin2θ1CR

sin2θm
− 1 =

1− n2
2/n

2
1

1− k2xmc
2/n2

1ω
2
− 1 =

=
k2xmc

2/n2
1ω

2 − n2
2/n

2
1

1− k2xmc
2/n2

1ω
2

=
k2xm − n2

2ω
2/c2

n2
2ω

2/c2 − k2xm

tan2(φr/2) = tan
(π
λ
n1d · sinθ − q

π

2

)
= tan2

(
d

2

√
n2
1ω

2

c2
− k2xm −m

π

2

)
(1.40)

Which naturally implies:

tan2

(
d

2

√
n2
1ω

2

c2
− k2xm −m

π

2

)
=
k2xm − n2

2ω
2/c2

n2
2ω

2/c2 − k2xm
(1.41)

There is no exact analytical expression for ω = ω(kxm); however it is possible to calculate
it numerically, as shown in figure 1.5.
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Figure 1.5: Numerical solution of equation 1.41, valid for TE modes only

1.1.3. Plasmonic cavities

It is well known that in vacuum or in a dielectric material the general solutions of Maxwell
equations are plane waves. However they are not the only possible general solution. In
fact, when considering the interface between a dielectric and a metal, a new kind of
solution arises [15] [43]: plasmon polariton. The name "polariton" refers to a quasiparticle
born from the interaction between light and a matter excitation; in this case, the excitation
is the plasmon. The idea behind a plasmonic cavity is to exploit this type of solutions to
confine the field strongly, even on a sub-wavelength scale.

Figure 1.6: Sketch of a plasmonic cavity: in purple the dielectric ε2, in blue the metal ε1
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Consider a planar interface between a dielectric and a metal slab, whose dielectric func-
tions are, respectively, ε2 = εd and ε1(ω) = 1 − ω2

p/ω
2. Assume the interface lies on the

(x, y) plane at a height z = 0. Due to the optical isotropy of the two media, it is possible
to consider, without loss of generality, a solution propagating along the x axis; at first
assume it is a TM wave. Because the fields are expected to be damped away both in the
metal (1) and in the dielectric (2), the solution to the Maxwell equations can be written
as:

E⃗1 = (E1x, 0, E1z)e
i(q1x−ωt)e+k1z

B⃗1 = (0, B1y, 0)e
i(q1x−ωt)e+k1z

E⃗2 = (E2x, 0, E2z)e
i(q2x−ωt)e−k2z

B⃗2 = (0, B2y, 0)e
i(q2x−ωt)e−k2z

(1.42)

(1.43)

(1.44)

(1.45)

Because the parallel components of the fields at z = 0 must be continuous:

E1x = E2x; B1y = B2y; q1 = q2 (1.46)

Thus:

E⃗1 = (Ex, 0, E1z)e
i(qx−ωt)e+k1z

B⃗1 = (0, By, 0)e
i(qx−ωt)e+k1z

E⃗2 = (Ex, 0, E2z)e
i(qx−ωt)e−k2z

B⃗2 = (0, By, 0)e
i(qx−ωt)e−k2z

(1.47)

(1.48)

(1.49)

(1.50)

Furthermore, by applying the Maxwell equation ∇ · (εE⃗) = 0, it follows:

iqEx + k1E1z = 0 and iqEx − k2E2z = 0 (1.51)

Considering these two equations and imposing the continuity of the normal component
ε1(ω)E1z = ε2E2z, it is possible to write:

ε1(ω)

k1
+
ε2
k2

= 0 (1.52)

In order to find the solutions, it is now necessary to consider the two curl Maxwell’s
equations:

∇× E⃗i = −1

c

∂B⃗i

∂t
and ∇× B⃗i = εi

1

c

∂E⃗i

∂t
(1.53)
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where i = 1 for the metal and i = 2 for the dielectric. To get rid of the magnetic field, it
is necessary to take the curl of the first equation, and inserting the resulting expression
in the second one, so that the final result is:

∇2E⃗i =
εi
c2
∂2E⃗i

∂t2
(1.54)

Substituting the fields in 1.47 into the above equation yields:

q2 = k21 +
ε1(ω)

c2
ω2 and q2 = k22 +

ε2
c2
ω2 (1.55)

which can be merged into the single expression:

q2 =
ω2

c2
ε1(ω)ε2
ε1(ω) + ε2

(1.56)

By substituting ε1(ω) and ε2 with their definition, it is possible to write the surface
plasmon polariton dispersion relation:

q2 =
ω2

c2
εd

ω2 − ω2
p

(εd + 1)ω2 − ω2
p

(1.57)

Below, its plot:

Figure 1.7: Surface plasmon polariton dispersion



1| Chapter one: Confining light 13

Note that the dispersion for small values of q closely follows the dispersion of electro-
magnetic waves propagating inside the dielectric medium: the polariton is here more a
photon than a plasmon. Then, the curve strays from the light line, and finally, for higher
values of q, it tends to the constant ωp/

√
εd + 1. It is not a random value: indeed it is

the frequency obtained by solving the Maxwell’s equations whit the speed of light set to
infinite. For this reason, it is also known as the surface plasmon polariton non-retarded
solution.

Lastly, as a final remark, it is interesting to note that, at the beginning of the subsection,
if the assumption was to have a TE profile instead of a TM one, there wouldn’t have been
any solution. It is possible to understand why in an intuitive way. Indeed, eq. 1.51 shows
the ratio between the transverse (z) and longitudinal (x) components of the electric field
inside the medium. By including eq.s 1.55 and 1.56, it follows:

E2z

Ex

= i
q

k2
= i

√
ω2
p − ω2

εdω2
(1.58)

This expression shows clearly how the component along z dominates in the low frequency
(and low momentum) range, making the polariton behave in a light-like manner; the
longitudinal components takes over only for very high frequency (E2z = Ex for ω =

ωp/(εd+1)), where the polariton acts more like a plasmon. Now consider a TE mode: its
electric field has only the transverse (y) component, thus lacking the ability to generate
a hybrid photon-plasmon (i.e. a polariton) quasi-particle.

1.1.4. Hyperbolic dispersion cavities

At the end of the last subsection, there is a plot of the surface plasmon polaritons dis-
persion. Looking at that plot, it is insightful to notice that the surface plasmon polari-
tons dispersion exists only in the interval (0, ωp/

√
εd + 1), and that in such energy range

ε1(ω) < 0. Indeed, those kind of solutions of the Maxwell equations are only allowed at
the interface between a medium with a positive dielectric constant and a medium with a
negative one. Because materials with an anisotropic ε exist, the question rises naturally:
what would happen to a medium whose dielectric constant is positive along one direction
and negative along another one? The answer are the quasi-particles hyperbolic polaritons
[17] [38] [8] [13] [16] [34]. The meaning of their name lays in the shape of the disper-
sion relation in k space. Indeed, assume a material has a dielectric constant that can be
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represented by the diagonal tensor:

ε =

εxx 0 0

0 εyy 0

0 0 εzz

 (1.59)

Consider now the wave equation:

ε
1

c2
∂2E⃗

∂t2
−∇2E⃗ = 0 (1.60)

Assuming the electric field E⃗ ∝ ei(k⃗·r⃗−ωt), then the above equation becomes:ω
2εxx/c

2 − k2y − k2z kxky kxkz

kxky ω2εyy/c
2 − k2x − k2z kykz

kxkz kykz ω2εzz/c
2 − k2x − k2y

 E⃗ = 0 (1.61)

In order to find the solutions it is necessary to impose:

det

k
2
0εxx − k2y − k2z kxky kxkz

kxky k20εyy − k2x − k2z kykz

kxkz kykz k20εzz − k2x − k2y

 = 0 (1.62)

which results in:

TxTyTz + TyTzk
2
x + TxTzk

2
y + TxTyk

2
z = 0 (1.63)

where
Tα ≜ k20εαα − k2x − k2y − k2z and k20 = ω2/c2 (1.64)

In order to proceed, consider a medium where εxx = εzz = ε∥ > 0 and εyy = ε⊥ where
ε⊥ < 0. As a consequence:

Tx = Tz = T∥ = ε∥ω
2/c2 − k2x − k2y − k2z and Ty = T⊥ = ε⊥ω

2/c2 − k2x − k2y − k2z

(1.65)
Thus eq. 1.63 becomes:

T∥T⊥ + T⊥(k
2
x + k2z) + T∥k

2
y = 0 (1.66)
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which can be simplified into:(
ω2

c2
−
k2x + k2y + k2z

ε∥

)(
ω2

c2
− k2x + k2z

ε⊥
−
k2y
ε∥

)
= 0 (1.67)

The second term reveals where the adjective "hyperbolic" comes from: the expression’s
plot in the (kx, ky, kz) has a hyperbolic shape (the idea is even clearer when seen from
above, figure 1.8b)

(a) 3D view (b) Cut along plane of constant kz

Figure 1.8: Full dispersion assuming ε∥ = 1 and ε⊥ = −1

In order to see the relevance of this hyperbolic form for field confinement, consider that
light propagating in the free space, on the other hand, has a spherical dispersion. At a
certain energy ω0, a general solution is a superposition of multiple states lying on the
isosurface ω = ω0: because such surface is spherical, this number of states is limited,
and therefore the solution has only a limited number of k-vectors, which results in poor
confinement. Vice versa, with a hyperbolic dispersion, there can be infinitely many states,
and hence k-vectors contributions, which results in much greater confinement. In theory
the hyperbolic iso-surfaces are infinite, hence hosting an infinite number of states; in
practice that is not the case, but still the number of states is a lot bigger than the
spherical dispersion case.
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1.2. Manipulating light dispersion

The language of symmetry is a powerful tool in physics. This section will explore the conse-
quence of symmetries in an optical structure, with a special focus on discrete translational
symmetry: the reason for the scientific interest towards periodic structure is because of
their particular symmetry, which causes the appearance of photonic band structures. This
section is adapted from the book "Photonic Crystals: Molding the flow of light" [19]

1.2.1. Optical Bloch theorem and band structure

Assuming a linear, isotropic, non dispersive, non magnetic (µr ≈ 1, and lossless material,
the Maxwell equations become:

∇ · H⃗(r⃗, t) = 0 ∇× E⃗(r⃗, t) + µ0
∂H⃗(r⃗, t)

∂t
= 0

∇ ·
[
ε(r⃗)E⃗(r⃗, t)

]
= 0 ∇× H⃗(r⃗, t)− ε0ε(r⃗)

∂E⃗(r⃗, t)

∂t
= 0

where it holds true:

D⃗(r⃗, t) = ε0ε(r⃗)E⃗(r⃗, t) and B⃗(r⃗, t) = µ0µ(r⃗)H⃗(r⃗, t)

Further, assuming an harmonic behaviour in time, the fields can be written as:

H⃗(r⃗, t) = H⃗(r⃗)e−iωt and E⃗(r⃗, t) = E⃗(r⃗)e−iωt

Hence, substituting this analytical expressions of the fields in the above equations and
taking a few algebraic steps, it is possible to condense everything in a single equation:

∇×
(

1

ε(r⃗)
∇× H⃗(r⃗)

)
=
(ω
c

)2
H⃗(r⃗)

By defining the operator Θ̂ as:

Θ̂H⃗ := ∇×
(

1

ε(r⃗)
∇× H⃗(r⃗)

)
the equation above can be re-written as an eigenvalue problem:

Θ̂H⃗ =
(ω
c

)2
H⃗(r⃗)
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This result is known as master equation. In general, eigenfunctions and eigenvalues of Θ̂
are not easily found. However, suppose the existance of an operator Ŝ, whose eigenfucn-
tions and eigenvalues easy to determine. If the system possesses the symmetry related to
this operator, that is if Θ̂ commutes with Ŝ, then it is possible to build and classify the
eigenfunctions of Θ̂ using the properties of Ŝ. To better understand this concept, consider
the examples of continous and discrete translational symmetry.

Consider the operator related to the continous translational symmetry: T̂d⃗, where d⃗ rep-
resent an arbitrary displacement vector. A system that has this symmetry along all three
directions is called homogenous medium. In such a case, the eigenfunctions of T̂d⃗ have
form c · eik⃗·r⃗, and it is possible to write the modes (i.e. the eigenfunctions of Θ̂) as:

H⃗k⃗(r⃗) = H⃗0e
ik⃗·r⃗

Hence, the modes can be classified by their k⃗ vector. Even though nothing can be said
regarding their frequencies, it is still possible, for each k⃗, to order the modes for increasing
ω. Thus, any mode can be identified by the unique couple (k⃗, n) where the band number
n stands for the place in line of increasing frequency of the mode.

The operator related to the discrete translational symmetry is T̂R⃗ where R⃗ = ℓ⃗a represents
the displacement vector. This discrete symmetry can be thought of in terms of dielectric
function, conisdering ε(r⃗) = ε(r⃗ + R⃗). Notice that R⃗ cannot take any arbitrary value,
rather it must be an integral multiple of the lattice vector a⃗, where |⃗a| is the lattice
constant. The eigenfunctions of this operator are plane waves of the form exp(i⃗k · R⃗),
exactly as it happened for the previous case. However there is a major difference compared
to the continous symmetry. Indeed, consider a discrete translational symmetry along all
three directions, so that R⃗ = Uau⃗x + V bu⃗y + Zcu⃗z where a, b, and c are the lattice
constants, and U, V, and Z are integers. Then it is possible to define a reciprocal vector
G⃗ = L(2π/a)u⃗x +M(2π/b)u⃗y + N(2π/c)u⃗z (with L,M, and N arbitrary integers). As
a consequence, all the modes having wave vector equal to k⃗ + G⃗ are degenerate, and
therefore it is reasonable to consider the eigenfunctions of Θ̂ as linear combinations of
those modes:

H⃗k⃗(r⃗) =
∑
G⃗

c⃗k⃗,G⃗(r⃗) · e
i(k⃗+G⃗)·r⃗ = eik⃗·r⃗

∑
G⃗

c⃗k⃗,G⃗(r⃗) · e
iG⃗·r⃗ = eik⃗·r⃗ · u⃗k⃗(r⃗)

where u⃗k⃗(r⃗) is a periodic function, that is u⃗k⃗(r⃗) = u⃗k⃗(r⃗+ R⃗) for any lattice vector R⃗. This



18 1| Chapter one: Confining light

result is known as (optical) Bloch’s theorem. Its validity implies that the mode frequencies
must also be periodic: i.e. ω(k⃗) = ω(k⃗ + G⃗). Thus, it is straightforward to define (first)
Brillouin zone the region with non-redundant values of k⃗. Another relevant consequence
of the theorem is that k⃗ is a conserved quantity modulo the addition of reciprocal lattice
vectors. In this regard, considering a system with discrete translational symmetry, it is
possible to substitute the result of the Bloch’s theorem in the master equation, obtaining
the following expression:

∇× 1

ε(r⃗)
∇× eik⃗·r⃗u⃗k⃗(r⃗) = (ω(k⃗)/c)2eik⃗·r⃗u⃗k⃗(r⃗)

(i⃗k +∇)× 1

ε(r⃗)
(i⃗k +∇)× u⃗k⃗(r⃗) = (ω(k⃗)/c)2u⃗k⃗(r⃗)

Θ̂k⃗u⃗k⃗(r⃗) = (ω(k⃗)/c)2u⃗k⃗(r⃗)

where Θ̂k⃗ has been defined as a new Hermitian operator. Because k⃗ is a continous param-
eter in Θ̂k⃗, it is reasonable to expect that, for a fixed band index n, the frequency of each
band varies continously with k⃗. Thus the modes of the system are a family of continous
functions ωn(k⃗), and such functions define the band structure of the system.

1.2.2. 1D photonic crystals and gap opening

The simplest system with discrete translational symmetry is the multilayer film: it is a
1D photonic crystal made up of alternating layers with different dielectric constant ε1
and ε2. It is also possible to visualise this system as an infinite repetition of the dielectric
waveguide along the z axis. Therefore, considering symmetry arguments, it is clear that
modes can be classified using k⃗∥, kz, and n. Furthermore, assuming a spatial period a,
the modes take the following Bloch form:

H⃗n,kz ,⃗k∥
(r⃗) = eik⃗∥·(xu⃗x+yu⃗y)eikzz · un,kz ,⃗k∥(z)

where k⃗∥ can take any value, while kz can be restricted to the first Brillouin zone, which
in this case is defined as the interval −π/a ≤ kz ≤ π/a. Thus, the band structure will be
revealed by plotting ωn(kz) inside this interval. The computed band structure is presented
in the following figure 1.9.

It is also possible to qualitatively deduce this result by employing heuristic arguments.
Firstly, consider the case where ε1 = ε2 = ε: the system would become a homogeneous
dielectric medium, with an arbitrary periodicity of a. Hence, the modes will have the
known dispersion ω(kz) = ck/

√
ε, and because of the periodicity there will be a folding of
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Figure 1.9: Simulation of the (scaled and shifted) dispersions for a period L = 200 nm,
varying ε1, and ε2 = 1

the lines at the edge of the Brillouin zone. Then, consider the case where ε1 ̸= ε2, but their
difference is small. The picture above shows that such system has a dispersion relation
almost the same as the previous one, with the important difference of manifesting a band
gap, called optical band gap. The reason why this feature emerges can be understood
by a simple argument: consider the profile of the electric field for the mode immediately
above and below the gap. Since the gap lies at kz = π/a (i.e. at the edge of the Brillouin
zone) the modes will necessarily have a periodicity of 2a. There are only 2 ways of fitting
modes with this period: either by placing the nodes in the ε1 layers, or by placing them
in the ε2 layers. As a consequence, in the former case the energy of the mode will mostly
be present in the ε2 layers, while in the ladder case the energy will mostly be in the ε1
layers.

The bending of the bands due to the discrete translational symmetry is a crucial point
in this investigation. As shown in literature Troisi et al. [37], it is possible to use the
e.m. field band structure to create a periodic potential for excitons, which results in
their confinement, in a similar fashion to what can be achieved with more conventional
potential generated by a crystalline structure [5].

1.2.3. Proposed structure: Fourier cavity

Having quickly explored various ways to confine light, it is now time to present the
structures studied in this work: Fourier cavities [26]. Generally speaking, a Fourier
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cavity is an optical cavity with at least a Fourier surface, i.e. a surface with a sinusoidal
pattern.

Figure 1.10: A sketch of the cavity

The core idea of this work is to place an active monolayer material, TMD, inside this
structure, and let the vacuum quantum fluctuations, enhanced by the presence of the
pattern, couple with the excitonic states of the 2D material. In principle, there could
be a lot of different patterns that can achieve field confinement, with different efficiency
each. Hence, the focus of this study falls on simple sinusoidal pattern because once its
influence on the light has been assessed, then it would be possible to understand the
effect of a more complicated pattern by combining the known effects of multiple Fourier
components. Additionally, a basic design such as the one considered can be more easily
fabricated in the laboratory.

The periodic pattern sets a discrete translational symmetry, which causes the formation
of a band structure in the dispersion of light, as seen in the previous subsections. In
this regard, there are a few parameters of interest: firstly, the period of the pattern L

plays a fundamental role. Indeed, the light bands will repeat periodically in k space every
|G⃗| = 2π/L , with the first Brillouin zone defined within the k interval (−π/L, π/L). The
larger the period in real space, the smaller the Brillouin zone, and vice versa.

Another relevant parameter is the thickness d of the cavity. Even if the exact relation
between d and the properties of light confined depends on the particular kind of cavity
considered, it is still fair to say that a larger thickness will be related to a longer wavelength
in the electromagnetic excitation, while a smaller thickness to a shorter wavelength.
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Lastly, the amplitude A of the pattern will be related to the symmetry properties of the
system. Qualitatively speaking, a smaller amplitude will drive the structure toward the
flat surface case, while an higher amplitude will enhance the features related to the peri-
odicity.
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interaction

2.1. Optical response of a material

As the aim of this work is to study the confinement of excitons via the interaction with the
e.m. field, it is vital to understand how materials interact with it. In the following the role
of excitons in the optical response will be discussed. It is important to mention that even
if, in general, photon carry a momentum different than zero,in this section, for simplicity, it
will be considered only the special case where excitons couple to zero momentum photons.
In recent years, theories that consider the coupling with finite momentum photons are
being developed, but the mathematical background to deal with them is more involved,
and out of the scope of this work.

2.1.1. Dielectric function from the linear response theory

The analysis of the interaction with light is carried out with the help of the linear response
theory. The underlying idea is that the linear response function tells how a given physical
quantity changes when the system is subjected to a weak perturbation [36].

Within this framework, the interaction picture is employed. As a quick recap, it is relevant
to mention that the overall hamiltonian Ĥ is split into Ĥ0 + V̂ , where the time-evolution
of generic operator Â is calculated using Heisenberg picture with respect to Ĥ0

ÂĤ0
(t) = eiĤ0tÂ(t)e−iĤ0t, (2.1)

while the remaining time dependence due to V̂ is carried out by Schroedinger picture:

|ψ(t)⟩ = ˆUI(t, t0) |ψ(t0)⟩ with ÛI(t, t0) = eiĤ0tÛ(t, t0)e
−iĤ0t0 (2.2)
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Inserting the above expressions in the Schroedinger equation leads to:

ÛI(t, t0) = T̂ exp

[
−i
∫ t

t0

V̂Ĥ0
(t′)dt′

]
(2.3)

where T̂ is time-ordering operator (later goes left).

Assuming V̂ (t) = e−i(ω+iη)tV̂ (i.e. scalar and harmonic time-dependence), it is possible to
prove [14]:

δA(ω + iη) =
∑
s

⟨0| Â |s⟩ ⟨s| V̂ |0⟩
ω − ωs0 + iη

− ⟨0| V̂ |s⟩ ⟨s| Â |0⟩
ω + ωs0 + iη

(2.4)

Notice that A depends on the states |s⟩, which are exact many-body eigenstates of Ĥ0.
In the simpler case of non-interacting particles they are Slater determinants of single par-
ticle eigenstates from one particle hamiltonians; on the other hand, if the electrons are
assuming to be interacting, then the eigenstates are not known.

In order to calculate the optical response, the main focus will be placed, among the many
possible response functions, to the density response function. This function relates the
change of density to the presence of an external perturbative potential. Assuming that
Â = n̂(r) and that the external potential is V̂ =

∫
V (r)n̂(r)dr, the Kubo formula can be

written as:
δn(r, ω) =

∫
χ(r, r′, ω)V (r′)dr′ (2.5)

where:

χ(r, r′, ω) =
∑
s

⟨0| n̂(r) |s⟩ ⟨s| n̂(r′) |0⟩
ω − ωs0 + iη

− ⟨0| n̂(r′) |s⟩ ⟨s| n̂(r) |0⟩
ω + ωs0 + iη

(2.6)

As mentioned before, in the case of non-interacting electrons |s⟩ are not many-body
eigenstate, rather they are Slater determinants of single-particle eigenfunctons |ϕi⟩. It is
thus possible to define a non-interacting density response:

χ0(r, r′, ω) =
∑
ij

(fi − fj)
ϕi(r)

∗ϕj(r)ϕi(r)ϕj(r
′)∗

ω − (ϵj − ϵi) + iη
(2.7)

with fi = θ(ϵF − ϵi) occupation number of orbital i.

In the case of a periodic system (a cristal, for example) it is convenient to work in reciprocal
space, by taking the Fourier transform of χ with respect to both spatial component. In
particular, if Q = G+ q with G reciprocal lattice vector, and q vector in the first BZ, it is
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possible to show that any periodic function f(r, r′) = f(r + R, r′ + R′) is block diagonal
in reciprocal space f(G + q,G′ + q′) = f(G + q,G′ + q′)δqq′ . Hence it can be written in
compact form f(G+ q,G′ + q′) = fGG′(q), which leads to:

χ0
GG′(q, ω) =

∑
nm

∑
k

(fnk − fmk+q)
⟨ϕnk| ei(G+q)r |ϕmk+q⟩ ⟨ϕmk+q| e−i(G′+q)r |ϕnk⟩

ω − (ϵmk+q − ϵnk) + iη
(2.8)

In principle the main objective would be to calculate χ, but so far the only approximation
is the non-interacting electron one, which is used to compute χ0. It is now necessary to
find a way to go from χ0 to χ. a promising starting point would be to remember that
it is possible to emulate interactions via effective potentials. There are many effective
fields theory, with different approximations: some examples are Hartree-Fock (stronger
approximations), and TD-DFT (theoretically exact).

Indeed, consider, within an Hartree-Fock approximation, the effective potential vs(r, t) =
vion(r) + vH(r, t) + vext(r, t) with:

vH(r, t) =

∫
n(r′, t)

|r − r′|
dr′

vext(r, t) = vext(r)e
−i(ω+iη)t

(2.9)

(2.10)

From

δvs(r, ω) = vext(r, ω) +

∫
δn(r′, ω)

|r − r′|
dr′ (2.11)

it follows:

δn(r, ω) =

∫
χ0(r, r′, ω)δvs(r

′, ω)dr′

δn(r, ω) =

∫
χ(r, r′, ω)vext(r

′, ω)dr′

(2.12)

(2.13)

and:

χ(r, r′, ω) = χ0(r, r′, ω) +

∫ ∫
χ0(r, r′, ω)

1

|r1 − r2|
χ(r2, r

′, ω)dr1dr2 (2.14)

A few remarks about this final result are in order: firstly, notice that the expression above
is a Dyson equation, whose general form is χ = χ0 + χ0vχ. Secondly, the approximation
applied in this case is better known as Random Phase Approximation (or RPA in short)
because we consider electrons "the Hartree way", i.e. neglecting exchange and correlation.

Finally, it is now necessary to calculate the dielectric function from the response function.
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By definition, the microscopic inverse dielectric function is a response function that relates
changes of the total potential to changes of the external (applied) potential:

δvtot(r, t) =

∫ ∫
ε−1(r, r′, t− t′)vext(r

′, t′)dr′dt′ (2.15)

Notice that, in the same way of the responses above, also ε−1 is a retarded function. It is
possible to take its Fourier transform:

δvtot(r, ω) =

∫
ε−1(r, r′, ω)vext(r

′, ω)dr′ (2.16)

where:

δvtot(r, ω) = vext(r, ω) +

∫
δn(r′, ω)

|r − r′|
dr′ (2.17)

Notice that vtot ̸= vs because vs takes into account the exchange potential as well.

Considering the above expression, it is possible to write the inverse dielectric function
explicitly:

ε−1(r, r′, ω) = δ(r − r′) +

∫
χ(r1, r′, ω)

|r − r1|
dr1 (2.18)

If the RPA is applied, the expression becomes:

ε−1(r, r′, ω) = δ(r − r′)−
∫
χ0(r1, r′, ω)

|r − r1|
dr1 (2.19)

and its Fourier transform is:

ε−1
GG′(q, ω) = δGG′ − χ0

GG′(q, ω)

|G+ q|2
(2.20)

2.1.2. Exciton contribution

The non-interacting particle picture works quite well in most situations, but it fails cru-
cially, as the name suggests, when the influence of electrons on each other generates states
with a significant contribution to the overall optical response. An important example of
such states is the exciton: it is a quasi-particle born from the Coulomb interaction between
an excited electron and a hole. In order to characterise it more precisely, it is convenient
to start from the many body Hamiltonian for interacting electrons:

Ĥ =
∑
i

p2i
2

−
∑
i,I

ZI

|ri −RI |
+

1

2

∑
i ̸=j

1

|ri − rj|
(2.21)
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To make the calculations simpler, assume there are only two bands. In a one-electron
picture (i.e. the non-interacting case), it would be enough to take a Slater determinant
basis and the hamiltonian Ĥ would be diagonal. However, the equation above is for
the many-bodies case, and thus one would need to find the many-body eigenstates |s⟩.
Because it is not possible to get them exactly, some approximation is in order. For
instance, consider the ground state within a non-interacting system:

|ΨGS⟩ = |ϕvk1 ...ϕvkN ⟩ (2.22)

where

|ϕvk1 ...ϕvkN ⟩ =
1√
N !

det


ϕ1(r1) ϕ2(r1) ... ϕN(r1)

ϕ1(r2) ϕ2(r2) ... ϕN(rN)
...

... . . . ...
ϕ1(rN) ϕ2(rN) . . . ϕN(rN)

 (2.23)

In order to avoid dealing with complicated many-body states |s⟩, it is useful to consider
the approximation of single excitations of the ground state. In simple terms, the ground
state (GS) corresponds to a situation with no excitons; the 1st excited state corresponds
to a situation with one (single) exciton, and so on. By putting this idea into equations
one gets:

|Ψex
k ⟩ = |ΨGS,cvk⟩ = ĉ†ckĉvk |ΨGS⟩ (2.24)

Note that this expression is valid only for a point k. In general:

|Ψexc⟩ =
∑
k

Akĉ
†
ckĉvk |ΨGS⟩ (2.25)

It is important to point out that, even if the assumption is that electrons and holes have
either k = 0 or k ̸= 0, in this approximation exciton are considered to have q = 0.

With the above basis set, it is now possible to solve the equation:

⟨ΨGS| ĉ†vkĉckĤ |Ψexc⟩ = EAk (2.26)

(2.27)

which, after following known results from one- and two-body operators becomes:

kinetic + nuclei︷ ︸︸ ︷
(ϵck − ϵvk − E)Ak +

el-el repulsion︷ ︸︸ ︷∑
k′

Ukk′Ak′ = 0 (2.28)
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This expression is the two particle static approximation of the Bethe-Salpeter Equation,
and it is a fundamental starting point for the treatment of exciton. It is also relevant to
know that Ukk′ , known as the Coulomb kernel, accounts for both the direct interaction

Ud,kk′ = −⟨ϕck(r1)ϕvk′(r2)| 1/r12 |ϕck′(r1)ϕvk(r2)⟩ (2.29)

and the exchange interaction

Uex,kk′ = ⟨ϕck(r1)ϕvk′(r2)| 1/r12 |ϕvk(r1)ϕck′(r2)⟩ (2.30)

Although there are numerical method to solve the Bethe-Salpeter equation, in order to
proceed analytically it is necessary to consider a few approximations: first Uex,kk′ is ne-
glected; then the system is assumed to be a bulk-like crystal, hence single-particle func-
tions are ϕvk(r) = eikruvk(r); also the approximation u∗ck(r)uck(r) ≃ 1

V
⟨uck|uck′⟩ ≃ 1

V
will

be employed. Lastly, the bands are assumed to be parabolic:

ϵck = EG +
k2

2me

ϵvk = − k2

2mh

(2.31)

(2.32)

Thus
ϵck − ϵvk = EG +

k2

2µex

(2.33)

where the excitonic effective mass is defined as µ−1
ext = m−1

e +m−1
h . As a consequence the

Coulomb kernel becomes:

Ud,kk′ = − 1

V

∫
e−ir(k−k′)

r
dr = − 1

V

4π

|k − k′|2
(2.34)

Even if this expression is sound, there is a practical problem: when simulating a system of
many particles, such as a solid, this expression becomes problematic, as all the particles,
even if relatively far apart, always interact with one another. Because the reality is
different, as charges screen one another, it is common to make the assumption of having
a screened potential in the form:

U screen
d,kk′ = − 1

V

4π

ε|k − k′|2
(2.35)

Notice that the screeing term added at the denominator is none other the dielectric
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function calculated in the previous subsection. In this way, there is effectively a first link
between the excitons and the optical response to a field.

Substituting eq. 2.34 and taking into account all the approximation discussed, eq. 2.28
becomes (

EG +
k2

2µex

− E

)
Ak −

1

V

∑
k′

4π

ϵ|k − k′|2
Ak′ = 0 (2.36)

By taking the Fourier transform of Ak one gets:

F (r) =
1√
V

∑
k

Ake
ikr (2.37)

From here, it is possible to derive the hydrogenic equation:[
− ∇2

2µex

− 1

ϵ · r

]
F (r) = (E − EG)F (r) (2.38)

where the term W (r) = 1
ϵ·r takes into account the screened electron-hole interaction. Be-

cause, as the name suggest, this equation resembles closely the one used for the hydrogen
atom, also their solution will be similar. It relevant to mention that eq. 2.38 in the case
of 2D materials takes the form:[

−∇2

2µ
−W (r)

]
F n(r) = En

b F
n(r)

W (r) =
1

4α
[H0(x)−N0(x)]x=r/2πα

(2.39)

(2.40)

with W screened Coulomb interaction written in terms of the Keldysh interaction, which
employs the Struve and Neumann functions H0 and N0 respectively; α is the crystal
polarizability. The reason behind the difference from the 3D case, is that in 2D the
screened interaction is:

U screen2D
d,kk′ = − 1

A

4π

ε|k − k′|
, (2.41)

which is different than 2.35, where the scaling over |k−k′| was squared. As a consequence
2D materials have a non-local response, which is often found in the form:

ε2D(k) = 1 + αk (2.42)
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2.1.3. Coupled exciton-light problem

Equipped with the description of the exciton, it is now time to move on the exploration of
the exciton-light coupling. In order to properly describe their interaction, it is necessary
to consider a quantisation of the electromagnetic (e.m.) field: here, the field is quantised
via the interaction potential ˆ⃗

A. The e.m. field hamiltonian added to the many body one
generates:

ĤQED =

matter + field inside︷ ︸︸ ︷
−

(
ˆ⃗p− e

ˆ⃗
A
)2

2m
− Ŵ +

free field, light︷ ︸︸ ︷
ω

(
â†â+

1

2

)
(2.43)

with ˆ⃗p momentum, ˆ⃗
A vector potential, Ŵ scalar potential in the matter, and â, â† anni-

hilation and creation operators, respectively. The expression above can be written more
explicitly as:

ĤQED = Ĥel + ω

(
â†â+

1

2

)
+ ˆ⃗p(â† + â) +

A2
0

2
(â† + â)2 (2.44)

The last term of ĤQED can be re-written as:

A2
0

2
(â† + â)2 ∝

diagonal︷ ︸︸ ︷
2â†â+ 1+

BT︷ ︸︸ ︷
â†2 + â2 (2.45)

where BT stands for Bougoliov Transform, which is used to reshape the terms to fit into
the free field component. As a consequence, that contribution ends up re-normalizing the
frequency ω → Ω, and equation 2.44 then becomes:

ĤQED = Hel + Ω

(
â†â+

1

2

)
+ A0

∑
i,j,⃗k

(〈
ϕik⃗

∣∣ ˆ⃗e · ˆ⃗p ∣∣∣ϕjk⃗

〉
d̂†
ik⃗
d̂jk⃗â

† + h.c.
)

(2.46)

where d̂†
ik⃗

and d̂jk⃗ are electronic creation and annihilation operators (respetctively) with
band index i,j. Firstly, although the full expression of the vector potential is

ˆ⃗
A = A0e

iq⃗·r⃗(â† + â) (2.47)

the e... term has been neglected in virtue of the long wavelength approximation, or long-
wavelength electron-photon coupling. It is relevant to mention that this assumption,
despite its wide use, is not without some issues: to be precise, if carried too far, it results
in action having a speed v → ∞, which is clearly non-physical. Secondly, the cavity is
assumed to host only a single mode having a frequency ω, and to be lossless.
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In order to go forward and to make the problem easier to handle analytically, it is pos-
sible to make the additional approximation of non-interacting excitons (which is fairly
reasonable for non-pumped cavities). In other words, it shall be assumed:

Ĥel |Ψexc
n ⟩ ≈ ϵexcn |Ψexc

n ⟩ where |Ψexc
n ⟩ =

∑
cvk⃗

An
cvk⃗
d̂†
ck⃗
d̂vk⃗ |Ψ0⟩ (2.48)

which, in simple terms, means that |Ψexc
n ⟩ is a linear combination of singly excited elec-

tronic determinants, and ground state |Ψ0⟩ is a single determinant.

Furthermore, by assuming that the electron-hole Coulomb interaction is not affected by
the photons (even tough it is not fully true), one can write:

⟨Ψexc
n | ĤQED |Ψexc

m ⟩ =
[
ϵexcn + Ωâ†â+Nel

A2
0

2
(â† + â)2

]
δnm + A0

(
Mexc

nmâ
† +Mexc∗

mn â
)

(2.49)

where the excitonic matrix elements are:

Mexc
nm =

∑
ijk⃗

〈
ϕik⃗

∣∣ ê · p̂ ∣∣∣ϕjk⃗

〉
⟨Ψexc

n | d̂†
ik⃗
d̂jk⃗ |Ψ

exc
m ⟩ (2.50)

At last, excitonic states are considered non-dispersive (momentum independent): that is,
the excitonic states are described by spin-independent 2-bands BSE, where only a single
valence and a single conduction bands are taken into account. As a consequence M
elements can only have two general expressions:

Mexc
0n =

∑
k⃗

An
k⃗

〈
ϕvk⃗

∣∣ ê · p̂ ∣∣ϕck⃗

〉
(2.51)

or

Mexc
mn = Nel

∑
k⃗

Am∗
k⃗
An

k⃗

[〈
ϕck⃗

∣∣ ê · p̂ ∣∣ϕck⃗

〉
−
〈
ϕvk⃗

∣∣ ê · p̂ ∣∣ϕvk⃗

〉]
(2.52)

The first terms determines if the exciton is bright or dark, while the second determines
the mixing nature (i.e. the transition bright to dark or vice versa).

The next step would be to diagonalise the matrix obtained by projecting onto the mixed
exciton-photon basis |Ψexc

n ⟩ ⊗ |γ⟩. The exciton-polariton eigenfunction will then be:

∣∣∣Ψpol
I (Ω)

〉
=
∑
nγ

CI
nγ |Ψexc

n ⟩ ⊗ |γ⟩ (2.53)
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Consistently with the previous exploration of the exciton behaviour, in order to proceed
analytically a Mott-Wannier (MW) model shall be considered. The first consequence is
that excitons are very localised and therefore the valence-conduction momentum matrix
elements are constant:

Mexc
0n = ⟨ϕvK | ê · p̂ |ϕcK⟩F (r⃗ = 0⃗) (2.54)

Further, assuming parabolic conduction and valence bands leads to:

⟨ϕvK | ê · p̂ |ϕvK⟩ = ê · d
dk⃗
ϵvk⃗ = − k

mb

⟨ϕvK | ê · p̂ |ϕvK⟩ = ê · d
dk⃗
ϵvk⃗ = − k

mb

Mexc
mn =

[
1

mh

+
1

me

]∑
k⃗

Am∗
k⃗
An

k⃗
ê · k⃗

(2.55)

(2.56)

(2.57)

By taking into account these expressions, the optical response is:

σ(ω,Ω) =
∑
i

Mpol
0nM

pol
I0

ω − Epol
I (Ω) + Epol

0 (Ω) + iη
(2.58)
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2.2. Materials of the Fourier cavity

The idea behind the making of a cavity is to confine the e.m. field inside so that its
amplitude can be greatly enlarged and therefore the coupling with the excitons increases.
The cavity can be thought as made from two parts: an active medium, where excitons live,
and the cladding around. The properties of both these materials need to be considered
carefully: indeed, excitons behave differently depending on the active medium they live
in, while having different cladding leads to different kinds of confinement of the e.m. field
(namely, total internal reflection, surface plasmon polaritons, and hyperbolic polaritons).
Therefore, in the following, a study of two candidate materials is carried out: for the
active material its band structure and its optical response (in terms of the polarizability),
both with and without excitonic contributions, will be presented. Regarding the cavity
material, besides the computation of its band structure, the analysis will be centered on
the extraction of parameters useful for the COMSOL® implementation of the hyperbolic
cavity. Indeed, in that case, the hBN response will be approximated as a single pole
Lorentz function (see subsection 3.3.1), where the values of its parameters ωpx, ωpx, ωpx,
and ωpx will be computed in this section.

2.2.1. 2D materials as active medium

One of the most interesting class of bidimensional materials are the transitional metal
dichalcogenides, also known as TMDs: the name comes from the fact that they all share
a formula of the type MX2 where M stands for a metal element, while X is an element of
the chalcogen family. Hence, a first reason why these compounds are so widely studied:
the possibility of combining different elements in countless combination opens the door
for a huge variety of novel materials which may carry intriguing properties. Note also that
the properties of a TMD bulk material are often different than that of same monolayer
material. Another characteristic is the possibility of stacking up different TMDs one on
top of the other, and, via Van der Waals interaction, they will form a heterostructure
with again new properties. Lastly, because of their lower dimensionality, there is less
dieletric screening, compared to the standard isotropic bulk scenario, and therefore the
contribution of excitons, surface plasmons, and polaritons is more relevant.

One of the candidates for the active material is tungsten disulfide WS2, shown in the
picture above. Its single-layer structure can be found in either rhombohedral or hexagonal
symmetry: in this study the latter will be analysed.

Because the aim of this work is to present a fully theoretical simulation, instead of relying
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(a) Top view (b) Side view

Figure 2.1: Sketch of monolayer WS2 crystal structure: tungsten atoms in dark blue,
while sulfur atoms in light blue

on experimental data, the properties of the materials considered are calculated ab initio.
In this study such calculations are performed with the GPAW software [30] [40] [24] [25]
[3]

The first step towards the understanding of this material is the study of its electronic
band structure. The computation is carried out on a 8 by 8 by 8 k-points grid, with a
PBE functional, and an energy cut-off of 200 eV; furthermore, a spin-orbit correction is
included, and the plotting of the bands is spin resolved.

Figure 2.2: Spin resolved band structure

Being a standard DFT calculation without GW0 correction, the band gap is quite smaller
than the experimental one. Nonetheless, there are quite a few features to notice. First of
all, the band gap: from the picture it is clear that monolayer WS2 has a direct band gap.
This propriety marks a significant difference from its bulk form, where the band gap is
indirect. Another noticeable feature is the spin-orbit splitting of the valence bands at the
K point: the splitting of the bands causes a removal of the degeneracy, so that spin up
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and spin down electrons have different energies. Further, it is relevant to consider that
the spin-splitting at the valence peaks of two adjacent K points, as depicted in the image
above, is inverted. This feature leads to interesting phenomena: for example light having
right-hand, or left-hand, polarization excites selectively electrons belonging to only one
peak [42].

Further characteristic of this material can be seen by considering its optical response [40].
As a first step consider the random phase approximation RPA, where electrons interact
with each other via an effective potential. As stated in previous chapters, because the
dielectric function is not really well defined for 2D system, it is convenient to consider
the polarizability α instead (which is well defined). Under such conditions, the optical
response, proportional to the absorption, becomes:

Figure 2.3: Optical response computed under RPA

Notice the onset is a little above 1.5 eV, which corresponds to the computed gap, as shown
in figure 2.2.

In order to get a more precise result, it is also possible to take into account excitonic
effect through the Bethe-Salpeter equation. In this new case, the optical response changes
significantly:
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Figure 2.4: Optical responses computed under RPA and BSE

The excitonic contribution can be clearly seen through the new peaks appearing inside
the gap: that is because the new approximation takes into account the presence of such
bound states.
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2.2.2. Hexagonal Boron Nitride as cavity material

In this work, the choice of the material for the cavity falls under hexagonal boron nitride,
or hBN in short. It is a layered crystal, made up of monoatomic sheets where the atoms
are arranged in an hexagonal structure, much like graphite is made up of graphene sheets,
except for the fact that hBN doesn’t have carbon atoms, but boron and nitrogen ones,
alternating in the hexagonal pattern.

Figure 2.5: Sketch of the crystalline structure of hBN

This material is a semi-transparent anisotropic dielectric, with a diagonal dielectric tensor
that can be expressed as:

ε =

ε∥(ω) 0 0

0 ε⊥(ω) 0

0 0 ε∥(ω)

 (2.59)

As shown in the notation, it is possible to find an isotropic plane, where every direction
is equivalent, and a perpendicular axis, where the behaviour changes.

In order to better understand the properties of this material, it is necessary to study it
in a more quantitative way. Therefore, in the following, there will be presented ab initio
calculations, computed via the Quantum Espresso software [10] [11] [11]. First of all,
consider the band structure, shown in figure 2.6:
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Figure 2.6: Band dispersion diagram for bulk layered hBN

Notice that the size of the band gap does not correspond to the experimental measurement,
because the calculation are carried out without the GW correction to DFT. Besides the
value of the gap, these band structure is in full agreement with the literature reference
[35]. Then, as a next step, the optical response should be calculated. However, as stated
in the introduction to this section, the focus is on the hyperbolic response. Indeed,
the parallel and perpendicular components of the dielectric tensor of hBN in the far IR
frequency are dominated by the phononic response, and they can be well approximated
by the expressions:

ε∥(ω) = ε∞∥

(
1−

ω2
LO∥ − ω2

TO∥

ω2 − ω2
TO∥ + iγ∥ω

)

ε⊥(ω) = ε∞⊥

(
1− ω2

LO⊥ − ω2
TO⊥

ω2 − ω2
TO⊥ + iγ⊥ω

)
,

(2.60)

(2.61)

where the frequencies marked as "LO" or "TO" refer respectively to the longitudinal
optical and transverse optical phonon frequencies. In the hBN bulk crystal happens
that the phonon branches couple with the photons, giving rise to a polaritonic state.
One of the consequence is the energy splitting between the resonance frequencies of the
longitudinal phonon modes and the transverse ones [15]. Moreover, the peculiarity of hBN
is that this splitting happens at different energies along the two principal axes: these
phenomenon lies at the core of the formation of hyperbolic polaritons. It is therefore
fundamental for the simulation of the hyperbolic cavity the ab initio calculations on the
values of the parameters appearing in the equations above. In order to do so, the Quantum
Espresso code is preferred over the GPAW code, because the former implement the LO-
TO correction, not present in the latter. The results of such calculations is the phonon
dispersion, shown in figure 2.7.
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Figure 2.7: Phononic dispersion relation; LO and TO modes are indicated by the labels

Notice the splitting of the LO and TO branches at the Γ point. These dispersion is in full
agreement with similar calculations in literature [29]. The phonon calculations, are also
in agreement with the reference values [2]:

ωLO∥ = 200meV ωTO∥ = 168meV ωLO⊥ = 103meV ωTO⊥ = 94meV

Hence, the plot of the dielectric functions in equations 2.60 and 2.61 is shown in figure
2.8:

Figure 2.8: Plot of the parallel and perpendicular term of hBN’s dielectric tensor; the
values of the γ parameters are arbitrary
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It is important to mention that the values of the γ parameters, which determine both the
broadening and the height of the peaks, have been artificially set.

Having a full description of the material that constitute the core of the optical cavity,
it is now possible to address the electromagnetic field simulations, discussed in the next
chapter.



41

3| Chapter three: Numerical

Simulations

After having discussed how the electromagnetic field behaves inside cavities with a simple
geometry, it is now time to study its behaviour inside a Fourier cavity. Because an
analytical approach is out of question for the arbitrary geometry, in this section numerical
simulations will be employed to find the eigenmodes of the electromagnetic field inside
different kind of Fourier cavities. The main challenge of the study, the numerical methods,
will have their own dedicated subsections.

All the simulations are achieved using the software COMSOL® [1], and the extracted data
are plotted with Python scripts.

3.1. Dielectric waveguide

The first kind of Fourier cavity taken into consideration is a dielectric waveguide made
of an hBN core and a glass cladding, where the surface between the core and the top
cladding has been shaped into a sinusoidal pattern. As seen in section 1.2, it is expected
to see a bending of the dispersion relation, and the opening of an energy gap. In the
following subsection firstly there will be a discussion on the numerical methods necessary
for the simulations, and then the simulations results will be presented.

3.1.1. Numerical treatment

The simulations are carried out using the RF module paired with an eigenfrequency study
in a 2D environment. The system is modeled as a single column of 3 main layers: the
one representing hBN is sandwiched between the other two, which represent the cladding
around. Between the core and the top cladding there is an additional layer that represents
the patterned PPA resist: the sinusoidal pattern has an amplitude A, with its lowest
point sitting at a distance H from the hBN. Moreover, scattering boundary conditions
are additionally placed at the top and bottom edges, while the left and right boundaries
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have Floquet periodic boundary condition with k vector kx. The RF module solves for
all three (complex, in general) components of the e.m. field. In order to obtain the
dispersion relation, a parametric sweep over values of kx ∈ (0, G), with G = 2π/L and L
period length, is applied to the eigenfrequency study.

Figure 3.1: Picture of the model

In figure 3.1 a sketch of the structure and in figure 3.2 of the parameters discussed.

Figure 3.2: Sketch of the strcture, with parameters indicated
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3.1.2. Simulations

An example of the results of the simulation is presented in the following, all the other
plots are in the appendix B

Figure 3.3: Simulation with a period of 100 nm, T = 100 nm, H = 20 nm, A = 20nm;
the circle marks the region where the gap is

As a guide for the eye the figure shows the light lines with slope nxz and nglass at the two Γ

points: indeed, as shown in section 1.1.2, it is known that the guided modes are confined
within the light cone with slopes equal to the refractive indices of the core and of the
cladding, and that the dispersion relation is periodic, with a period equal to G⃗. However,
before beginning any further analysis, it is relevant to consider that these plots are post-
processed. The reason is that, because the simulation box is finite and very big, there are
a lot of box-states solutions: they stem from the fact that the simulation box acts as a
Fabry-Perot cavity. Because the eigensolver cannot discriminate between the box-states
and the actual dielectric waveguide modes, and since the density of the former states is
higher, it finds mostly box-states. This behaviour brings a few consequences. Firstly, the
eigenvalue solver needs to be instructed to look for frequency around the first cone, and
not in all the ℏω vs k space. Therefore, even if theoretically all the modes present in
the cone generated at the Γ point should be exactly mirrored in the cone generated at
the Γ + G⃗ point, the simulation favour the modes living in the cone at the left Γ point.
Secondly, it is necessary to clean the resulting data, in order to show (mostly) only the
guided modes, while filtering out the box-states. Hence, it is used a filter that exploits
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the quality factor Q = Re{f}/2Im{f}, which can be thought of as a measure of the
confinement of the e.m. field: the guided modes have a high Q factor, since they are
mostly confined in the core region; on the other hand the box-states are widely spread
trough all the box length, thus resulting in a low Q factor.

The first thing to notice is that the periodic structure has a very clear effect on the
dispersion: the lines generated near the Γ point are mirrored in the Γ+G⃗ point, and there
is some crossing (which is actually a bending) at the Γ/2 and Γ + G⃗ points. However, to
better understand what is happening, it is necessary to know some characteristics of the
simulations itself. Firstly, the lines representing the 0-th mode show a threshold (that is,
they don’t stretch to the zero energy point), even if they theoretically should. The reason
is that the complete stretch to zero energy is true in an infinite space; on the other hand,
the simulations are carried out in a box which, albeit much larger compared to the system
size, is not infinite: as a consequence there is minimum energy threshold.

(a) 0-th mode (b) 1-st mode (c) 2-nd mode

Figure 3.4: Profile of the Ez component for the first three TE modes; colour scale in V/m

Above, it is possible to see the field profile of the first three TE modes. Notice that the
the numbering of the modes is given by their vertical periodicity, while the horizontal one
is a byproduct of the numerical simulations. From those pictures it looks like this kind of
cavity does not confine the electromagnetic field efficiently: indeed the colour scale shows
relatively small amplitudes of the field: they are comparable to the amplitudes of the box
states, which are not confined at all.

Because, at the naked eye, all the dispersion plots (see Appendix B) look the same, in
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order to further analyse these results, it is necessary to approach the data in a more
quantitative way. First of all, the choice considered is that the quantity of interest is
the lowest band gap produced at the Γ + G⃗ point due to the bending of the bands (the
position of the gap is highlighted by the blue circle in the picture 3.3; note that its size
makes the gap itself to little to be seen with a naked eye). The reason for the interest is
that the size of the gap is a measure of the bending of the bands: the bigger it is, the
more bent the bands will be, and thus the higher the likelihood for the exciton to couple
to periodic modes.

Considering the simulations with varying core layer thickness in Appendix B from a) to
e), it is possible to see how this parameter influences the gap.

(a) Gap vs T (b) Gap vs H

Figure 3.5: Variation of the gap against T and H

As expected, the gap decreases as the thickness grows: this behaviour can be understood
by considering that, as the thickness gets higher, the size of the pattern becomes relatively
smaller, hence moving the simulation towards the flat case, where the bands do not bend
and therefore the gap is null.

Notice also the order of magnitude of the gap’s size: it is around 1 meV. This value
explains why at the naked eye the bands seemed to cross instead of bend.

Similarly happens if the minimum core-pattern distance is increased, as shown in figure
3.5b. Also in this case the gap decreases the higher the parameter gets. Indeed, a similar
argument can be made: as this distance H increases, the smaller (relatively) the pattern
becomes, driving the simulation again towards the flat scenario.

Lastly, consider the variation of the amplitude of the pattern, shown in figure 3.6
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Figure 3.6: Gap vs A

At first enhancing the amplitude directly translates into an increase in the gap, as the
sinusoidal pattern’s contribution gains more importance. However, after about 60 to 70
nm, the gap begins to shrink: the reason can be attributed to the same argument applied
for the two analysis above.

Having gathered the results above, it is now possible to address the question of the
scientific investigation, on the ability of this kind of cavity to confine excitons. From the
simulation computed, it is clear that the answer is no. Indeed, even if the parameters
T and H are shrunk to get the gap above the 1 meV threshold, there is a fundamental
problem with the structure. In order to confine excitons, a periodic cavity must have
a Brillouin zone big enough to see a variation in the exciton dispersion of at least 1
meV, and some states resonant with the exciton ground state energy. This arbitrary
threshold of 1 meV has been chosen considering the common experimental resolution of
experimental measurements from literature. Assuming for simplicity an hydrogen model
where the dispersion has a parabolic shape (see subsection 2.1.2) with known values for
the parameters [7], it follows that WS2 has the resonance at about 2 eV, and that a
difference of 1 meV can be discriminated at a distance from the Γ point (in k space)
corresponding to a period below 70 nm. However, as seen in the simulations, already with
a period of 100 nm the band gap is at about 6 eV: making the period shorter will cause
the gap to be even higher. An energy so high is a problem for two reasons: firstly, it
will be harder for excitons to couple with a radiation too far in energy. Secondly, lamps
used in experimental measurements have a finite spectrum, which defines a limited energy
window where modes can be observed: if the modes’ energy is too high, they cannot be
experimentally seen.
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(a) a = 90 nm (b) a = 92.5 nm

(c) a = 100 nm (d) a = 260 nm

Figure 3.7: Light lines and exciton dispersions for different values of the period a; the
dashed line shows where the excitonic dispersion is 1 meV different from its value at the
Γ point

Moving away from the specific case simulated above, even considering a materials with
a high refractive index, the same trade-off between having a big period to match the
energies, and having a small period to match the k space requirement rules out the
dielectric waveguide as a cavity to confine excitons. In the example shown in Fig. B.2,
the matching energy condition is met at approximately 260 nm and upwards, while the k
space requirement is fulfilled below 92.5 nm.

The only solution left is to consider a non-resonant regime. In that case, however, it
is necessary to carefully consider the energies of the modes: indeed, hBN has a gap at
around 6 eV [6], and any modes with a similar energy can either be absorbed, or inreract
with hBN’s excitons.



48 3| Chapter three: Numerical Simulations

3.2. Plasmonic cavity

The second kind of Fourier cavity analyzed relies on the surface plasmon polaritons to
confine the electromagnetic field within an even smaller volume than in the previous case.
It is structured as a hBN slab with a sinusoidal pattern on the top surface, that lies on
a silver substrate. In the following subsection firstly there will be a discussion on the
numerical methods necessary for the simulations, and then the simulations results will be
presented. Below a sketch of the model used.

Figure 3.8: Sketch of the model

The parameters discussed in the following subsections are sketch in figure 3.9.

Figure 3.9: Detailed view on the parameters
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3.2.1. Numerical treatment

The eigenfrequency study within the RF module in COMSOL® supports only non disper-
sive media. However for plasmons, the equation that needs to be solved is the following:

ε(ω)
ω2

c2
E⃗ −∇2E⃗ = 0 (3.1)

In short, the eigensolver takes a guess frequency ωg, computes ε(ωg), and then solves the
problem for ω: if the medium is non dispersive or weakly dispersive, it does not mat-
ter if the guessed frequency coincides with the one found solving the equation, because
ε(ωg) ≈ ε(ω) ∀ ω. On the other hand if the medium is dispersive, then ε(ωg) ̸= ε(ω) in
general, and therefore the solution found is not the correct eigenfrequency.

Even if there are no COMSOL®-native solution to this issue, it is still feasible to address
dispersive system thanks to the theory behind the MAN (Model Analysis of Nanores-
onators) package [39] [41] [23]. The fundamental assumption of this approach is that the
medium permittivity is written analytically as a multi-poles Lorentz model:

ε(ω) =
∑
n

ε0ε∞

(
1−

ω2
pn

ω2 − ω2
0n + iγω

)
(3.2)

and constant permeability µ = µ0. Because in the present work a single-pole permeability
is accurate enough to describe the system, the assumption will be to have only one pole.
The main idea now is to re-write eq. 3.1 with the help of two auxiliary field:

P⃗ (r⃗) = −ε0ε∞
ω2
p

ω2 − ω2
0 + iγω

E⃗(r⃗) J⃗(r⃗) = −iωP⃗ (r⃗) (3.3)

Considering also the Maxwell equations:

iε(ω)−1∇× H⃗(r⃗) = ωE⃗(r⃗) −iµ−1∇× E⃗(r⃗) = ωH⃗(r⃗) (3.4)

it is possible to write a system of 4 equations. After the substitution of ε(ω) with its
analytical expression, and a few algebraic steps, 3.1 becomes the linear equation:

0 −iµ−1
0 ∇× 0 0

i(ε0ε∞)−1∇× 0 0 −i(ε0ε∞)−1

0 0 0 i

0 iω2
pε0ε∞ −iω2

0 −iγ



H⃗(r⃗)

E⃗(r⃗)

P⃗ (r⃗)

J⃗(r⃗)

 = ω


H⃗(r⃗)

E⃗(r⃗)

P⃗ (r⃗)

J⃗(r⃗)

 (3.5)
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Moreover, this expression can be put into quadratic form:[
∇× µ−1∇× 0

ε∞ω
2
p −ω2

0

][
E⃗(r⃗)

P⃗ (r⃗)

]
+ ω

[
0 0

0 iγ

][
E⃗(r⃗)

P⃗ (r⃗)

]
+ ω2

[
−ε∞ −1

0 1

][
E⃗(r⃗)

P⃗ (r⃗)

]
= 0 (3.6)

The above equations are enough to solve the issue and find the eigenmodes of the system.
However, COMSOL®, solves the equation using the finite element method (FEM) [32]:
in this framework, the differential equations above must be written in its weak form. The
corresponding integro-differential equation are thus:∫

V

∇× F⃗ (r⃗) · µ−1∇× E⃗(r⃗)− ω2ε∞F⃗ (r⃗) · E⃗(r⃗)− ω2F⃗ (r⃗) · P⃗ (r⃗)d3r⃗ = 0∫
V

ε∞ω
2
pF⃗ (r⃗) · E⃗(r⃗)− ω2

0F⃗ (r⃗) · P⃗ (r⃗) + iγωF⃗ (r⃗) · P⃗ (r⃗) + ω2F⃗ (r⃗) · P⃗ (r⃗)d3r⃗ = 0

(3.7)

(3.8)

In order to implement these equations in COMSOL® the same settings and boundary
conditions considered in subsection 3.1.1 are applied, with only two exceptions. Firstly,
it is relevant to mention that the weak form equation automatically implemented inside
the RF module is the following:∫

V

∇× F⃗ (r⃗) · µ−1∇× E⃗(r⃗)− ω2ε∞F⃗ (r⃗) · E⃗(r⃗)d3r⃗ = 0 (3.9)

The only difference with eq. 3.7 is the term −ω2F⃗ (r⃗) · P⃗ (r⃗) which is added using the
"weak form contribution" option inside the RF module.

Secondly, eq. 3.8 is implemented by adding to the simulation the Weak Form PDE
module, which takes care of solving the equation. However a few details about it need to
be explained: indeed, even though equation 3.8 is formally correct, it is not numerically
stable. In order for the simulation to work properly, it is necessary to write it as:

∫
V

1

λ2N

(
ε∞F⃗ (r⃗) · E⃗(r⃗) +

−ω2
0F⃗ (r⃗) · P⃗ (r⃗) + iγωF⃗ (r⃗) · P⃗ (r⃗) + ω2F⃗ (r⃗) · P⃗ (r⃗)d3r⃗

ω2
p

)
= 0,

(3.10)

where λN is a parameter which makes the equation numerically stable, and in the following
simulations it is set equal to 100 nm. The choice of this value, suggested in the User Guide,
is totally empirical: after trying different numbers in multiple simulation it is possible to
conclude that the stability of the numerical methods is sound around λN ≈ 100 nm.
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3.2.2. Simulations

Because the aim of this work is to study the effect of a pattern which is directly on the
surface of the cavity, and not on the substrate, for the case of surface plasmon polariton
the pattern is considered to be on the dielectric part, and not on the metal one. Hence,
the cavity taken into consideration is made from a patterned hBN core, with varying
thickness, and a silver substrate. The choice of silver lies in the fact that its dispersion is
well approximated (within a reasonable limit) by a single pole Lorentz-type function. An
example of the results of the simulation is presented below here, while the rest are in the
appendix B.

Figure 3.10: Simulation with a period of 100 nm, core thickness 100 nm and amplitude
10 nm

From this picture it is clear the effect of the periodic pattern on the dispersion of the
modes. Considering that silver has ωp = 8.99 eV, the asymptote is correctly shown at
ωSPP = ωp/

√
εcore + 1 = 3.87 eV. Notice also how, close to the asymptote, the dispersion

is almost flat, and therefore the bending generates a high density of available states near
the resonant energy.

By looking at the plot, which is post processed to remove box modes (see discussion
in subsection 3.1.2), it is possible to see that, besides the surface plasmon polaritons,
waveguides modes are present: they are indicated by the blue arrows.
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Before analysing the dispersion further, consider the field profiles: as the theory in sub-
section 1.1.3 shows, only the TM modes can form plasmon polaritons. These modes can
be chiefly described via the component of the electric field perpendicular to the surface,
which in the case of these simulations is Ey, as shown in figure 3.11.

(a) (b) (c)

(d) (e) (f)

Figure 3.11: Ey field profiles for different kx values; scale is V/m

Notice how, in the lowest branch, as the value of the kx vector is increased, the surface
plasmon polaritons moves from being on the tip of the pattern, to being close to the silver
substrate. Notice also the field asymmetry present in the pictures: it is due to the fact
that the modes possess a finite value of kx.

On the other hand, higher energy modes do not show this behaviour: they stick to the
silver surface:
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(a) (b) (c)

Figure 3.12: Examples of Ey profiles of higher order modes; scale is V/m

Moving on, it is relevant to notice that, for this kind of cavity, the period is not a parameter
of interest. That is because, to avoid the k-space vs resonance trade-off, it is possible to
look for material with an asymptote close to the target energy. Hence, the parameters of
interest are only the thickness of the hBN core, and the amplitude of the pattern on top
of it. Here’s the results of the analysis of the gap (quantity of interest) at the Γ point:

(a) Gap vs Amplitude (b) Gap vs Core Thickness

Figure 3.13: Study on the variation of the gap

The parameters have been chosen to be in a realistic range. Unfortunately the gap
is well below the threshold of 1meV, and therefore any analysis of the curves is not
useful, since such small fluctuations won’t be experimentally distinguishable. Even though
surface plasmon polaritons introduce great confinement in the field, they fail to generate
a meaningful gap.
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3.3. Hyperbolic dispersion cavity

The third kind of Fourier cavity aims to achieve even smaller confinement of the elec-
tromagnetic field thanks to the help of hyperbolic polaritons. To be precise, the cavity,
made of hBN, can sustain hyperbolic phonon-polaritons in the IR frequency range (see
subsection 2.2.2 for a detailed presentation). In the following subsection firstly there will
be a discussion on the numerical methods necessary for the simulations, and then the
simulations results will be presented.

3.3.1. Numerical treatment

The issue of dispersive media in COMSOL® is addressed with the same MAN approach
employed in 3.2.1. The only difference is that now the permittivity, which remains fre-
quency dependent, is not a scalar quantity, but a diagonal tensor:

ε(ω) =

εx(ω) 0 0

0 εy(ω) 0

0 0 εz(ω)

 (3.11)

Further, because the system considered, namely hBN, has an in-plane isotropy, there will
be used the further assumption εx(ω) = εz(ω). Hence, the auxiliary fields are defined as:

P⃗ =


−ε0ε∞x

ω2
px

ω2−ω2
0x+iγxω

Ex

−ε0ε∞y
ω2
py

ω2−ω2
0y+iγyω

Ey

−ε0ε∞x
ω2
px

ω2−ω2
0x+iγxω

Ez

 J⃗ = −iωP⃗ (3.12)

By also defining the tensorial quantities

ε∞ =

ε∞x 0 0

0 ε∞y 0

0 0 ε∞x

 Ωp =

ω
2
px 0 0

0 ω2
py 0

0 0 ω2
px

 Ω0 =

ω
2
0x 0 0

0 ω2
0y 0

0 0 ω2
0x

 Γ =

γx 0 0

0 γy 0

0 0 γx


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the linearized equation becomes:
0 −iµ−1

0 ∇× 0 0

−iε−1
0 ε

−1
∞ ∇× 0 0 −iε−1

0 ε
−1
∞

0 0 0 i

0 iε0ε∞Ωp −iΩ0 −iΓ



H⃗

E⃗

P⃗

J⃗

 = ω


H⃗

E⃗

P⃗

J⃗

 (3.13)

Notice that it is formally equivalent to eq. 3.5. Similarly, the quadratic form is also
formally equivalent to eq. 3.6:[

∇× µ−1
0 ∇× 0

ε∞Ωp −Ω0

][
E⃗

P⃗

]
+ ω

[
0 0

0 iΓ

][
E⃗

P⃗

]
+ ω2

[
−ε∞ −1

0 1

][
E⃗

P⃗

]
= 0 (3.14)

And lastly, the weak form:∫
V

∇× F⃗ (r⃗) · µ−1∇× E⃗(r⃗)− ω2ε∞F⃗ (r⃗) · E⃗(r⃗)− ω2F⃗ (r⃗) · P⃗ (r⃗)d3r⃗ = 0∫
V

ε∞ΩpF⃗ (r⃗) · E⃗(r⃗)− Ω0F⃗ (r⃗) · P⃗ (r⃗) + iΓωF⃗ (r⃗) · P⃗ (r⃗) + ω2F⃗ (r⃗) · P⃗ (r⃗)d3r⃗ = 0

(3.15)

(3.16)

In order to implement these equations in COMSOL® the same settings and boundary
conditions considered in subsection 3.2.1 are applied, taking into consideration that the
scalar quantities ε∞, ωp, ω0, and γ are now tensors.

It is relevant to stress that this generalization is not discussed in the main MAN papers,
rather, together with its implementation, it can be considered as an original contribution.

3.3.2. Simulations

The implementation of the MAN framework for the hyperbolic cavity case has been signif-
icantly more challenging that the previous one. First of, consider the weak form equations
3.16. A straightforward implementation would be:∫
V

ε∞xω
2
pxFxEx + ε∞yω

2
pyFyEy + (−ω2

0x + iγxω + ω2)FxPx + (−ω2
0y + iγyω + ω2)FyPyd

3r = 0

(3.17)
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But that would not be numerically stable, as explained in the previous section, where the
numerical stabilization was:∫

V

1

λ2N

(
ε∞F⃗ (r⃗) · E⃗(r⃗) +

−ω2
0F⃗ (r⃗) · P⃗ (r⃗) + iγωF⃗ (r⃗) · P⃗ (r⃗) + ω2F⃗ (r⃗) · P⃗ (r⃗)d3r⃗

ω2
p

)
= 0,

(3.18)

However, compare equations 3.17 and 3.18: it is not possible to re-write the former exactly
in terms of the ladder, because there are two ω2

p terms with different values. A first
approach would be to simply take the largest plasma frequency and use it to normalise.
Hence equation 3.17 would become:∫
V

1

λ2N

(
ε∞xFxEx + ε∞y

ω2
py

ω2
px

FyEy +
(−ω2

0x + iγxω + ω2)

ω2
px

FxPx +
(−ω2

0y + iγyω + ω2)

ω2
px

FyPy

)
d3r = 0

(3.19)

In figure 3.14 the results of such choice:

Figure 3.14: Norm of the electric field for a fixed frequency and fixed kx vector

These kind of solutions are referred to as "mesh modes", because their profile closely
follows the underlying mesh nodes. Additionally, these modes are all found within 1 THz
from the guess frequency inserted in the eigensolver. They do not hold any physical mean-
ing, and their presence indicates that something has gone wrong.
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In order to avoid this problem, one could try to change the value of λN or divide by
ω2
py instead, but the result is the same: only mesh modes. This behaviour of the solver

implies that a new approach needs to be considered. For instance the two components,
x and y, could be separated into two different PDEs: in that way, each term is divided
by the corresponding plasma frequency, by a different λN , and the numerical stability
could be achieved. There is, however, a fundamental problem that lies within the FEM
implementation: the two equations, for the x and the y components, would be one-
dimensional. As a consequence, it would be impossible to use the "curl" shape function,
which requires a test function of two components, for F : because the solver for the main
Helmholtz equation employs precisely a curl shape function, not using the same one for
the two additional PDEs would result in great numerical instability.

A way to get over this impasse is to construct two fictitious poles in the following manner:

P⃗ = ε0 (χ1 + χ2) E⃗, (3.20)

The susceptibilities are defined as:

χ1 =

[
εx(ω) 0

0 εxY (ω)

]
χ2 =

[
εyX(ω) 0

0 εy(ω)

]

where, and this is the fundamental point, the peak of εx(ω) (εy(ω)) is in the same position
of the peak of εxY (ω) (εyX(ω)), but with ωpxY ≈ 0 (ωpyX ≈ 0). In this manner, the overall
physical system is not modified, while the numerical stability is, hopefully, much better.
Indeed, in this framework it is possible to consider the two χ as two separate poles, and
write the equations:∫

V

1

λ2Nx

(
ε∞xFx1Ex + ε∞x

ω2
pxY

ω2
px

Fy1Ey +
(−ω2

0x + iγxω + ω2)

ω2
px

(Fx1Px1 + Fy1Py1)

)
d3r = 0∫

V

1

λ2Ny

(
ε∞y

ω2
pyX

ω2
py

Fx2Ex + ε∞yFy2Ey +
(−ω2

0y + iγyω + ω2)

ω2
py

(Fx2Px2 + Fy2Py2)

)
d3r = 0

(3.21)

(3.22)

Here, the only components with physical meaning are P1x and P2y, while P1y and P2x are
only a mathematical artefact. As shown in figure 3.15, this approach has more promising
results, but it does not yet give the correct results [9].
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Figure 3.15: Norm of the electric field for a fixed frequency and fixed kx vector
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Work

In the previous sections, numerical simulations and theoretical predictions have been
made. In this chapter, the aim is to study if the folding of the bands is experimentally
visible. In order to address this question, a prototype of a cavity is fabricated. In the
following, the details of its fabrication and the experimental reflection measurements on
it will be discussed. The first section is designated to the fabrication technique, while the
second one focuses on the experimental measurements.

4.1. Fabrication of the sample

The preparation of the prototype requires two main steps: creating hBN structures on
a substrate, and placing a sinusoidal pattern on top of them. These procedures will be
thoroughly described in the following subsections.

4.1.1. Exfoliation of hBN

The fabrication of the cavity begins with the substrate where it will be placed. The
substrate must hold two crucial characteristics: firstly it needs to be transparent or semi-
transparent in order to improve the optical contrast (vital for the optical measurements);
secondly, it needs to be conductive in order for the nanolithography process to work prop-
erly. Two substrates holding the aforementioned properties have been selected: ITO glass
and CrAu glass.

ITO, which stands for indium tin oxide, is a compound famously known for being trans-
parent and conducting at the same time, and for being easily deposited as a thin film.
Indeed, ITO glass is a 15 mm by 20 mm piece of Polished soda lime float glass with a
fully oxidized layer of ITO on top. This layer has a quoted resistance of 20 Ω, a thickness
of 100 nm, and a roughness of 1.8 nm (measured by the manufacturer via AFM). All the
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properties are a perfect fit for the needs of the presented study, except for the value of
the roughness, which is not exactly ideal: as a consequence, it will be difficult to exfoliate
on top of such surface, as hBN favours sticking to more flat substrates.

The second substrate is also a piece of glass, about half the size of the previous one, on
top of which it has been deposited, in the DTU 2DPHYS department laboratories, a 2 nm
layer of chromium and a 8 nm layer of gold. This structure is not quite as transparent as
the ITO substrate, but it is approximately as conductive. Most importantly, its greatest
advantage over the ITO glass is that its metallic nature makes it easier for hBN to stick
on top.

After the substrate selection it is necessary to place hBN on top of it. For that to work
the substrates need to be cleaned first. Initially, the cleaning happens in a fume hood,
and it consists of a few steps:

1. acetone bath at 40oC for 30 minutes, to remove possible traces of dust or other
particles;

2. water bath at room temperature for 2 minutes, to remove completely any acetone
droplets and remaining impurities;

3. IPA (isopropyl alcohol) bath at room temperaturefor 2 minutes, to remove any water
droplets and still remaining impurities.

Then, in order to remove IPA as well, the substrate is dried with a nitrogen gun, taken out
of the fume hood, and sent to a plasma chamber, where it undergoes an oxygen plasma
cleaning procedure for 10 minutes. Only upon completion of this last step, the substrate
is ready for use. Indeed in the process of fabrication of nanostructure it is extremely
important to work with a clean substrate, because any unwanted external particles can
greatly affect the working of the system.

A hBN crystal, as seen in chapter 2, is made up of many layers kept close to each other
via Van der Waals interactions. In order to have flakes of hBN on the substrate, it is
necessary to take some of the layers from the crystal by employing a method called ex-
foliation. This procedure is carried out in the following way: some tape is stuck to the
crystal and slowly removed, so that a portion of the layers is now on the tape. Then,
another piece of tape is stuck to the first one, and slowly removed. This sticking and
un-sticking of pieces of tape continues until a sufficiently thin deposit of hBN remains on
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one piece of tape. After that, this last piece is stuck to the substrate. In order to make
it easier for hBN to stick to the substrate, the whole structure with tape on top is placed
on a hot plate at 90oC for a few minutes, and then the tape is slowly removed. The final
result is a substrate with hBN flakes.

In order to have the sinusoidal pattern, it is necessary to carve it via nanolithography.
Because it is not possible to perform it directly on the hBN flake, it is useful to cover
the whole sample with a polymeric resist made of a solution of PPA (polyphthalamide,
also known as high performance polyamide): indeed the working of the nanolithography
process, discussed in the next subsection, is based on the evaporation of this material. A
drop of this substance is placed on top of the sample, which is then placed in a spin-coater,
where, by exploiting the centrifugal motion, the solution is spread all over the sample.
After that the sample is baked on a hot plate for a few minutes, so that the PPA solution
on top can more quickly relax in a stable structure.

4.1.2. Nanolithography and characterization

Among the many available technique for nanolithography, the one chosen in this study
is the thermal scanning probe lithography [31], or tSPL in short, and it is carried out
with a machine called nanofrazor. The main reason for this choice is the micro- to nano-
meter scale precision of this instrument: because the optical measurement are carried out
using visible light, it is necessary to have pattern which are not too far from the light’s
wavelength. There exist also other very accurate technique, as electron beam lithography
for example, but to work they require stricter conditions.

Its working principle is the use of a high temperature AFM tip to sublimate a nanometer-
sized portion of the underlying material, thus creating a pattern.

The tip is voltage controlled, meaning that it will dig deeper into the sample as the voltage
is increased: the voltage applied is calculated on the basis of a capacitative measurement
between the tip and the sample. As a consequence, the sample must be somehow con-
ductive, otherwise the capacitance computation will fail, and the tip will not be able to
know its distance from the sample. Hence, since hBN is not a conductive material, the
choice of a conductive substrate is imperative.

The images above show how the work on the nanofrazor looks under an optical microscope.
As it can be seen, the second picture shows some smaller patterns: the reason is that
the nanofrazor is very sensitive to even the smallest environmental changes, and thus
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Figure 4.1: Picture of the nanofrazor: notice the tip, which is almost in contact with
the sample, and the microscope, which allows the user to see where the pattern is being
carved

(a) Side view (b) Top view

Figure 4.2: Picture of the AFM tip on a stage

sometimes it seems to now work properly. However, since the pattern is hardly visible,
it is convenient to use the nanofrazor in "reading" mode, i.e. as an AFM reader. The
results are in figure 4.4:
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(a) CrAu sample (b) ITO sample

Figure 4.3: Pattern on PPA sitting on hBN flakes on different substrates

(a) CrAu , period = 300 nm (b) ITO sample, period = 200 nm

Figure 4.4: AFM-like scanning along a line perpendicular to the pattern

Notice the presence of an approximately 60 nm dip, besides the periodic pattern: what
happened is that, even though the PPA coating is relatively thin, in order to have a
pattern-hBN distance of about 10-20 nm, it was necessary to carve down the resist, and
then make the pattern.

It can be clearly seen that the pattern has a distinct periodicity, even tough some noise-
like features are present. The discrepancies between the desired shape and the actual
result can be attributed to the extremely sensitive nature of the tip: as the pattern is
imprinted, most of the resist is sublimated as soon as it is touched by the hot tip, but tiny
pieces may stick temporarly to the tip. Hence the tip’s shape gets a little modified, and
its overall electric resistance as weel. As a consequence it strays from the desired shape.
Even if these variations look small, they are still in the tens of nanometer scale.
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The sample shown in this section have been picked among many similar ones. The main
challenge of working with this type of ITO substrate is its significant surface roughness,
which is a double problem: layered materials like hBN tend to avoid sticking to it, while
dust particles are easily trapped. Hence not only the cleaning process described in the
previous subsection needs to be repeated more than one time, but also the exfoliating
process on such surface requires extreme care, many trials, and at the end the available
hBN flakes are very limited in number. This issue is not present for the CrAu sample, on
which, many more flakes are easily found. On the other hand, if ITO samples can be easily
acquired commercially, these CrAu samples need a quite laborious in-house fabrication,
which requires significantly more time.
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4.2. Optical measurements

Once the sample has been fabricated, it is now possible to verify experimentally what was
found out in the simulations. The next subsections describe the experimental set up, how
it works, and present the analysis of the data from the samples.

4.2.1. Description of the optical setup

In order to experimentally measure the dispersion relation of the guided modes inside
the cavity, it is necessary to analyse light at different wavelength (related to energy,
the y axis), and at different angles (related to k, the x axis). The first requirement is
satisfied by employing a spectrometer, that is a light detector that, thanks to internal
mirrors, diffraction gratings and multiple detectors, is able to take a spectral image: i.e.
to measure how many photons have a certain frequency, for each frequency of a limited
spectrum.

The second requirement can be satisfied in many ways, for instance moving the light
source or moving the detectors to cover a certain range of angles. The technique used in
this set up, however, is different. A fixed source shines white light onto the sample; then,
the reflected light is channeled to a lens, and then to the detector, the spectrometer. The
fundamental element is the lens: if the light were to go directly to the detector, it would
just see the sample, and no information about angles would be transmitted. Instead, in
the set up considered, the light goes through a lens that performs a Fourier transformation
of the sample’s image: this new image lies in k space, and therefore carries information
about the angles. At this point, one last step needs to be considered.

Figure 4.5: Example of an output of the spectrometer: the x axis represents the wave-
length while the y axis the position

The output of the spectrometer is a plot where on the x axis lie the wavelength analysed,
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on the y axis the position (arbitrary units, explanation comes later), and the colour of
each pixel represents the intensity (grayscale). The problem is that the position displayed
is a fictitious one: the intensity at each point is the result of the spectrometer taking, at
a fixed wavelength, the mean intensity of a horizontal row of pixels in the image. As a
consequence the information on angles is lost. To solve this issue, a slit is placed before
the spectrometer: hence, the image that arrives at the detector is not the full (kx, ky)
Fourier-transformed image, rather it is only a thin vertical line. Hence, each point in the
spectrometer output is not the mean over multiple points, but only the measured intensity
at a single point.

At last, one more element of the setup needs to be presented: a small circular aperture.
Indeed, even if the light coming from the lamp goes through a microscope with a high
objective before hitting the sample, it illuminates a rather large portion of the sample,
including areas where the pattern is not present. These areas will contribute to the
overall noise, which will screen the signal coming from the patterned area. To avoid
this scenario, the aperture is placed between the sample and the lens, so that the image
Fourier-transformed will include only the patterned zone.

4.2.2. Results and comments

Before considering the measurements on the samples analysed in subsection 4.1.2,it is
necessary to perform numerical simulations that will provide a guide to examine the
experimental results. The COMSOL® implementation is very similar to the previous
case, with the only exception that the parameters for all the materials are taken from
literature [22] [20] [33] [21]. The results are presented in figure 4.6.

(a) CrAu (b) ITO

Figure 4.6: Simulations of the dispersion relation for the samples, colour bar for intensity
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From the picture, it is clear that the expectation is to see a much stronger signal for the
ITO sample, but the CrAu sample has the potential of showing double the lines: indeed,
with a bit of focus, it is possible to recognize two more lines under the two more visible
ones. A remark before presenting the experimental result: from the numerical simulations
it appears that the bands’ folding is hardly visible when using a PPA coat on top of hBN.
However, before drawing the final conclusion, it is necessary to consider the experimental
result. In this regard, note that the intensity read by the detector needs to be normalized.
Firstly it is necessary to eliminate the dark counts by subtracting the intensity measured
when the lamp is switched off. Then, in order to eliminate possible contributions coming
from the environment around the sample, it is necessary to perform a normalization by
dividing for the intensity measured in a portion of the flake without the pattern. Hence,
the final intensity is calculated following the equation:

I =
Isample − Idark
Ireference − Idark

(4.1)

Consider the Cr-Au sample. The experimental dispersion relation acquired is shown in
figure 4.7:

Figure 4.7: Experimental dispersion relation for CrAu sample, intensity normalized at 1st

and 99th percentiles

As it can be seen, unfortunately it is not possible to see the dispersion lines of the modes,
even after enhancing the data. A similar dispersion results from the measurements on the
ITO sample, shown in figure 4.8:
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Figure 4.8: Experimental dispersion relation for ITO sample, intensity normalized at 1st

and 99th percentiles

Also in this case there is no visible trace of the characteristic lines of the modes.

These unsatisfactory results are caused by many factors. Firstly, as highlighted in sub-
section 4.1.2, the shape of the pattern presents many irregularities. Then, the reduced
size of the overall pattern required the circular slit to be almost completely closed. As
a consequence there could be diffraction effects that disrupt the signal. Moreover, the
small values of the intensity of the image suggest that the measurements from the sample
and from the reference are very similar. That means that the pattern on PPA does not
contributes significantly to the signal.

At last, it can be concluded that patterning PPA instead of hBN does not lead to a visible
bending: the signal, if present at all, is surely very hard to acquire.
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5| Conclusions and future

developments

In this work, the behaviour of the electromagnetic field inside Fourier optical cavities
has been discussed. The role of a discrete periodicty has been studied. A few examples
have also been presented and analysed: a dielectric waveguide, where an experimental
evaluation has been attempted; a plasmonic cavity, where surface plasmon polaritons
are exploited to confine the field; and an hyperbolic cavity, where the peculiar phonon
response generates a change in sign between diagonal terms of the dielectric tensor, thus
furthering confining the modes. In this regard, ab initio calculation has been employed
to compute the optical response of both the cavity and the material that would host the
excitons. Therefore, the outcome of this study is the calculation of the eigenmodes of the
electromagnetic field inside the listed cavities, and the optical response of the materials.

The next step to make towards the goal of simulating exciton-photon coupling, thus
combining the two main results of this work, is to quantise the calculated field. The idea
would be to extract the electromagnetic field from the numerical simulation, decompose
it in its Fourier components and, from there, compute the Hamiltonian and solve the
Schroedinger equation with it. In this regard, a specialised code that deals with light-
matter interaction at the second quantisation level is needed [37]. With regards to the
hyperbolic cavity, there are multiple possibilities ahead. Regarding the MAN approach,
a more thorough analysis of the causes of numerical instabilities needs to be performed.
Alternatively, a new mathematical framework could be considered: for instance, even if
the computations are more costly, the Helmhltz equation can be solved iterativaly in a
self-consisten way. From an experimental point of view, the next step would be to plasma
etch the pattern in the PPA, so that it gets transferred to the hBN itself. This would
certainly enhance the optical response. Other nanolitographic technique can be tested
as well, from electron beam litography to chemical etching. In a broader view, it would
also be necessary to experimentally measure the response from other kinds of cavities, for
example the plasmonic one, or the hyperbolic one.
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A.1. Dielectric waveguide modes

Assuming a TE polarization, Fresnel reflection law can be written as

rTE =
cosθi − n · cosθt
cosθi + n · cosθt

where n = n2/n1, θi is the incidence angle, and θt is the transmission angle, as shown in
the picture below.

Furthermore, Snell law implies n1sinθi = n2sinθt, i.e. sinθi = n · sinθt.

Since n · cosθt = n
√
1− sin2θt, it follows n · cosθt =

√
n2 − sin2θi. As a consequence:

rTE =
cosθi −

√
n2 − sin2θi

cosθi +
√
n2 − sin2θi

Because we are assuming total internal reflection, it holds true sin2θi > n2, hence:

rTE =
cosθi − i

√
sin2θi − n2

cosθi + i
√
sin2θi − n2

=
a− ib

a+ ib

By defining a+ ib = ceiφ, it follows c =
√
a2 + b2 and φ = arctan(a/b). Thus:

rTE =
ce−iφ

ce+iφ
= e−2iφ

and therefore:

φ = arctan

(√
sin2θi − n2

cosθi

)
φr = 2φ = 2arctan

(√
sin2θi − n2

cosθi

)
and

tan
(φr

2

)
=

√
sin2θi − n2

cosθi
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From the last picture, it is clear that:sinθi = cosθ

cosθi = sinθ

As a consequence:

tan
(φr

2

)
=

√
cos2θ − n2

sinθ
=

√
1− sin2θ − sin2θ1CR

sin2θ
=

√
1− sin2θ1CR

sin2θ
− 1 =

=

√
cos2θ1CR

sin2θ
− 1

Having two expressions involving φr, it is now possible to equate them and find:

tan
(π
λ
n1d · sinθ − q

π

2

)
=

√
cos2θ1CR

sin2θ
− 1

Solutions of this equations are sinθ where θ corresponds to a propagating mode of the
waveguide. However this equation can only be solved numerically, and not analytically.
Nonetheless, with the help of a few algebraic manipulation, it is possible to get some
insight. First consider sinθ = y and plot the following:f(y) = tan

(
π
λ
n1d · sinθ − q π

2

)
g(y) =

√
cos2θ1CR

sin2θ
− 1

The solutions are the points where f(y) meets g(y). Note that g(y) exist only up to
y = sinθCR. Therefore the number of guided mode is set to a value M given by:

M =

⌈
2n1d ·

sinθCR

λ

⌉
Writing sinθCR as a function of n1 and n2:

2n1d

λ
sinθCR =

2n1d

λ

√
1− cos2θCR =

2n1d

λ

√
1− sin2θ1CR =

2n1d

λ

√
1− n2

2

n2
1

=

=
2d

λ

√
n2
1 − n2

2

Hence, it is possible to have a more physically meaningful expression for M :

M =

⌈
2d

λ

√
n2
1 − n2

2

⌉
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where the term
√
n2
1 − n2

2 is known as numerical aperture.

A.2. Dielectric waveguide e.m. field

Having understood the conditions required for modes to propagate, it is now time to
analyse their behaviour more closely. In the following, assume a mode travels with an
angle θm and has a TE polarization. Thus, in a similar fashion to the Fabry-Perot case,
it is possible to write:

k⃗+ =
2π

λ
n1sinθmu⃗z +

2π

λ
n1cosθmu⃗x = kzmu⃗z + kxmu⃗x

k⃗− = −2π

λ
n1sinθmu⃗z +

2π

λ
n1cosθmu⃗x = −kzmu⃗z + kxmu⃗x

Hence:

E(x, z, t) = ume
i(ωt−kxmx

where:

um =

Amcos
(
2πn1sinθm

λ
y
)

n even

Amsin
(
2πn1sinθm

λ
y
)

n odd

In the previous example, it was possible to impose the condition of null field at the mirror
position and beyond, because it was assumed that their surface was perfectly reflecting.
However, it is not possible to apply the same strategy here, as the modes will have a
tail in the cladding region. It is therefore necessary to calculate their behaviour in the
cladding. Consider the Helmoltz equation:

∇2 ⃗̃E +
ω2n2

c2
⃗̃E = 0⃗

Because of the TE polarization assumption Ẽ = Ẽy(x, z), thus ∂2Ẽy/∂y
2 = 0, and the

equation becomes:
∂2Ẽy

∂z2
+
∂2Ẽy

∂x2
+
ω2n2

2

c2
Ẽy = 0

By considering Ẽy as a superposition of modes, it is immediate to deduce:

∂Ẽy

∂z
= cm

dum
dz

eikxmx → ∂2Ẽy

∂z2
= cm

d2um
dz2

eikxmx

∂Ẽy

∂x
= cmum(z)(−ikxm)eikxmx → ∂2Ẽy

∂x2
= −cmum(z)k2xmeikxmx
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Inserting these expressions into the equation, it follows:

d2um
dz2

− γ2mum = 0 where γ2m = k2xm − ω2

c2
n2
2

Making the ansatz um(z) = egz, it follows:

g2egz − γ2me
gz = 0

Assuming g = ±γm, the solution is um(z) = e±γmz. Therefore:

um(z) = cme
−γmz for z > d/2

um(z) = cme
+γmz for z < d/2
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(a) A = 10 nm (b) A = 20 nm (c) A = 30 nm

(d) A = 40 nm (e) A = 50 nm (f) A = 60 nm

(g) A = 70 nm (h) A = 80 nm (i) A = 90 nm

Figure B.1: Simulations with a period of 100 nm, A = amplitude of the sinusoidal pattern
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(a) T = 100 nm, H = 20 nm (b) T = 125 nm, H = 20 nm (c) T = 150 nm, H = 20 nm

(d) T = 175 nm, H = 20 nm (e) T = 200 nm, H = 20 nm (f) T = 100 nm, H = 40 nm

(g) T = 100 nm, H = 80 nm (h) T = 100 nm, H = 120 nm (i) T = 100 nm, H = 160 nm

Figure B.2: Simulations with a period of 100 nm, T = core layer thickness, H = resist
thickness, i.e. minimum core-resist distance
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(a) H = 100 nm, A = 0 nm (b) H = 100 nm, A = 10 nm (c) H = 100 nm, A = 20 nm

(d) H = 100 nm, A = 30 nm (e) H = 100 nm, A = 40 nm (f) H = 110 nm, A = 10 nm

(g) H = 90 nm, A = 10 nm (h) H = 80 nm, A = 10 nm (i) H = 70 nm, A = 10 nm

Figure B.3: Simulations with a period of 100 nm, H = core layer height, A = amplitude
of the pattern
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