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Abstract

The aim of this thesis is to conduct a parametric analysis of transfer trajectory options
to the Earth-Moon L2 Near-Rectilinear Halo Orbit (NRHO) family by utilising invariant
manifolds. Due to their high stability characteristics, the NRHO family is the target of
many present and future space applications including the NASA Gateway [9]. In this
study, the generation and identification of these orbits are discussed along with a detailed
eclipse analysis. The transfer design to the operational orbit utilises the homoclinic con-
nections along the L2 point by using an intermediate Halo orbit. A parametric study
is conducted to see the maneuver cost variation for different Halo and NRHO pairs. As
a preliminary analysis, the transfer to the intermediate halo trajectory is conducted by
merging a two-body solution with the invariant manifolds proper of the Circular Restricted
Three-Body Problem (CRTBP). As a parking orbit, Low Earth Orbits (LEO) and Geo-
stationary Transfer Orbits (GTO) are studied with varying perigee radii. Additionally, an
alternative insertion point on the Halo stable manifold is studied. Then the most feasible
option is refined by applying a CRTBP model. Both segments, parking orbit to halo and
halo to NRHO, are merged and a trade-off is conducted based on the cost, transfer time
and eclipse characteristics. The resulting transfer trajectories are proposed as a backup
option for the REMEC mission [1].

Keywords: invariant manifolds, periodic orbits, transfer design, Lagrange points, NRHO,
Earth-Moon system, parametric analysis





Abstract in lingua italiana

Lo scopo di questa tesi è fornire un’analisi parametrica dei possibili trasferimenti da
un’orbita di parcheggio intorno alla Terra a un’orbita del tipo "Near Rectilinear Halo
Orbit" (NRHO) intorno al punto di librazione L2 nel sistema Terra-Luna attraverso le
varietà invarianti iperboliche. molteplice. Grazie alla loro stabilità, la famiglia di or-
bite NRHO è obiettivo di molte missioni spaziali, inclusa la stazione lunare prevista dalla
NASA [9]. In questo studio, il calcolo e l’analisi di queste orbite sono presentati in maniera
dettagliata, includendo anche lo studio delle possibili eclissi. Il trasferimento all’orbita
operativa utilisza le connessioni omocliniche associate al punto L2 utiliszando un’orbita
Halo intermedia. Viene condotto uno studio parametrico per vedere la variazione del
costo della manovra per diverse combinazioni Halo e NRHO. Come analisi preliminare
il trasferimento all’orbita Halo intermedia si ottiene unendo una soluzione a due corpi
con le varietà invarianti del Problema Ristretto Circolare dei Tre Corpi (CRTBP). Come
orbita parcheggio, l’orbita terrestre bassa (LEO) e orbita di trasferimento geostazionaria
(GTO) sono studiate assumendo diversi valori di perigeo. Inoltre, un inserimento alter-
nativo viene studiato in base al punto di inserimento sulla varietà stabile di halo. Quindi
l’opzione migliore viene perfezionata applicando un modello CRTBP. Entrambi i segmenti
vengono uniti e le conclusioni sul trasferimento più conveniente vengono tratte in base
al costo, al tempo di trasferimento e alla durata delle eclissi. Le risultanti traiettorie di
trasferimento sono proposte come opzione di backup per la missione REMEC [1].

Parole chiave: varietà invarianti, orbite periodiche, disegno di trasferimento, punti di
Lagrange, NRHO, Terra-Luna sistema, analisi parametrica
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1| Introduction

The dynamical behaviour of two celestial objects under their mutual gravitational attrac-
tion is well understood by the two-body Problem (TBP). This dynamical model could be
used to patch the trajectory of the spacecraft in a multi-body environment by connecting
conic sections whenever the spacecraft enters the sphere of influence of a given celestial
body. As a practical example, this method has been implemented for the preliminary tra-
jectory design of the Apollo and Voyager missions. A different approach to this problem
involves the implementation of hyperbolic manifold dynamics which is natural dynamics
given by the simultaneous and comparable gravitational attraction of two massive bodies
on a small body to conduct transfer, station keeping, and end-of-life maneuvers. Further-
more, this dynamical model could be used to reduce the �v compared to the traditional
methods by reducing the mission cost significantly such as in the case of the Genesis
mission, where a �v of 100 m/s was saved [5].

Let us consider two massive bodies and one with a mass much lower than the other
two. This is a simplification of the general Three-Body Problem (3BP), called Restricted
Three-Body Problem (RTBP), that applies to many situations in the solar system. If the
two primaries follow a circular orbit around their center of mass, we can further simplify
the equations of motion. This is the so-called Circular Restricted Three-Body Problem
(CRTBP). In 1772 Lagrange proved that five equilibrium points exist in the CRTBP model
synodic frame [28]; three on the axis connecting the two bodies and two at an equilateral
distance. At these points, the forces acting on the satellite compensate each other such
that the relative position to the primaries remains constant in the rotating frame. Since
their discovery, the Lagrangian points in any three-body system have been a great subject
of interest for the science and engineering community. A properly placed spacecraft in
this region shall follow an orbit with periodic or quasi-periodic behaviour. Moreover, as
explained for instance in [22], a periodic orbit around L2 could be an optimal position
to observe the deep space while an orbit around L1 is best suited for Sun observation.
The trajectory design in this thesis is based on the Radiation Environment Monitor for
Energetic Cosmic rays (REMEC) mission. REMEC is a CubeSat mission proposed by
European Space Agency (ESA) aimed to monitor deep space for cosmic rays. The backup
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operational orbit for the mission is selected as a NRHO at Earth-MoonL2. Due to this,

right now Earth-Moon L2 is the main target under the study.

In the late 1960s, Farquhar studied the analytical approximations for the three-dimensional

periodic orbit at the Earth-Moon system [10]. There, he de�ned the halo orbits as three-

dimensional periodic orbits in the vicinity of the collinear equilibrium points. Near-

Rectilinear Halo Orbits (NRHOs) are a subset of these halo trajectories. They di�er from

halos by having a more stable nature, thus allowing a low-cost station-keeping design. To

generate these trajectories in the CRTBP, a general algorithm is given in [15]. Further-

more, the works in [31], [17], [32], and [4] proposed a transfer design based on impulsive

maneuvers, while [25] proposed low-thrust missions. Additionally, station-keeping designs

for periodic orbits around libration points in the Earth-Moon system have been conducted

in [33], [24], and [11].

1.1. Literature review: past and future missions to

Earth-Moon L2, L4 and L5

Based on the requirements for the REMEC, in table 1.1, previous and future missions

to Earth-Sun Lagrange pointsL4, L5, and L2 are presented.L4 and L5 included since

possible rideshare launcher transfer could be utilised to those locations. Currently, 16

missions have been sent to the Sun-Earth Lagrangian points and future missions such as

PLATO (ESA), LiteBIRD (JAXA), and ARIEL (ESA) are in development. Regarding

previous missions, Herschel, Planck, and Gaia are the most suitable candidates to obtain a

preliminary idea about the space environment experienced and the mission design applied

in the L2 point. In her work, Soldini [26], studied the behaviour of these spacecraft under

the e�ect of solar radiation perturbation in the ER3BP. Five equilibrium points still exist

in the ER3BP, however, now the rotating frame has a non-uniform angular velocity.

The REMEC mission is designated as a CubeSat. Although past missions provide in-

valuable insight into the expected trajectory, they are massive compared to a CubeSat.

Regarding the CubeSats, most of the state of art comes from academic studies. One such

mission is a study conducted by Viscio [30] which proposes a preliminary design of a 6U

CubeSat for Earth-Sun points for space-weather evaluations.
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Satellite Launch Target Mission Operator Launch Duration

Name Date Point Status Mass [years]

[kg]

Comet 2029 SEL2 In progress ESA/JAXA 850 5

Interceptor

ARIEL 2029 SEL2 In progress ESA 1300 4

LiteBIRD 2028 SE L2 In progress JAXA/ISAS 450 3

PLATO 2026 SEL2 In progress ESA 2134 4

WFIRST 2027 SEL2 In progress NASA/GSFC 4166 5

Euclid 2023 SEL2 In progress ESA 2160 6

JWST 2021 SEL2 Active NASA/ESA/CSA 6161 10

Spektr-RG 2019 SEL2 Active Roscosmos/DLR 2712 6.5

Gaia 2013 SEL2 Retired ESA 2029 8

Chang'e 2 2010 SEL2 Retired CNSA 2480 4

Planck 2009 SEL2 Retired ESA 1950 4

Herschel 2009 SEL2 Retired ESA 3400 4

Wind 1994 SEL2 Active NASA 1250 27

WMAP 2001 SEL2 Retired NASA 835 9

OSIRIS-Rex 2016 SEL4 Active NASA 2110 7

STEREO-A 2006 SEL4 Active NASA 619 15

ESA Vigil 2020 SEL5 In progress ESA - -

Hayabusa 2 2014 SEL5 Active JAXA 610 7

STEREO-B 2006 SEL5 Lost Contact NASA 619 9

SST 2003 SEL5 Retired NASA 950 17

Table 1.1: Missions related to Earth-Sun Lagrange pointsL4, L5 and L2

1.2. Literature review: transfer trajectory design to

Earth-Moon L2

A literature review for the transfers from the Earth to Earth-Moon L2 NRHO has been

conducted and presented in Table 1.2. Target orbit parameters, i.e., perilune, apolune and

period, and resonance are presented. The period here is de�ned as the one full rotation

around the Moon while the resonance is the ratio of the Moon's period around Earth to

the orbital period of the spacecraft around the Moon. Hitherto, seven possible transfer
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methods have been studied to reach NRHO from the literature.

Parking Target � v TOF Transfer

Orbit Point [m/s] [years] Type

Perilune Apolune Resonance Period

[km] [km] [days]

Circular LEO 3250 71000 9:2 6.5 398.0 - A

Circular LEO 5750 75000 4:1 7.3 393.0 - A

Circular LEO 2000 68000 - 5.9 404.0 - A

Circular LEO 3250 71000 9:2 6.5 6.3 136 B

Circular LEO 5750 75000 4:1 7.3 26.0 104 B

sGTO 3269 - 9:2 6.573 2749.5 29.02 C

sGTO 2047 - 24:5 6.074 2743.0 28.96 C

sGTO 5542 - 4:1 7.322 2760.1 29.12 C

sGTO 3269 - 9:2 6.573 1936.5 78.72 D

sGTO 2047 - 24:5 6.074 1880.6 77.85 D

sGTO 5542 - 4:1 7.322 2174.1 82.25 D

sGTO 3269 - 9:2 6.573 1540.8 93.19 E

sGTO 2047 - 24:5 6.074 1506.4 92.89 E

sGTO 5542 - 4:1 7.322 1720.7 9.334 E

Circular LEO 4000 - - 7.0 456.0 5.1 A

Circular LEO 7000 - - 7.7 3683.0 >54.6 F

Circular LEO 7000 - - 7.7 3677.0 >54.6 F

Circular LEO 7000 - - 7.7 3740.0 >47.9 F

Circular LEO 7000 - - 7.7 3800.0 >45.4 F

Circular LEO 7000 - - 7.7 3850.0 >43.6 F

Circular LEO 7000 - - 7.7 3904.0 >43.0 F

Circular LEO 5000 - 4:1 7.322 3953.0 - G

Table 1.2: Transfer options from Earth to EM L2 NRHO.

Transfer type A has been studied in [31] and [17]. An impulsive maneuver injects the

spacecraft into a Moon �yby trajectory. Then a powered gravity assist targets the desired

NRHO. Finally, the last burn inserts the satellite into a nominal NRHO. As stated in [31]

and [17], the insertion plus powered �yby cost for this type of transfer lies in the range

of 400 � 450 m/s for the low perilune NRHOs. Importantly, no data was provided in the

literature regarding the initial burn to place the satellite into the �yby trajectory from
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the parking orbit. For our analysis, as stated in [32], we can consider that a 3.15 km/s

maneuver would be su�cient to place the satellite into the translunar trajectory. Like

A, type B transfers utilise an impulsive burn to place the spacecraft on a ballistic lunar

capture trajectory and a �nal burn to insert the spacecraft into its �nal operational orbit.

According to a study presented in [31], insertion costs could be reduced vastly for this type

of transfer, dropping to merely 6.3 m/s. Here also no data was provided for the initial

burn to leave the parking orbit. Low-thrust options have been taken into consideration as

well. According to the work presented in [25], three types of transfer have been proposed.

Parking orbit is sGTO with orbital parameters presented in Table 5-8. Type C transfer

targets a time-optimal solution while targeting the NRHO directly, requiring a� v of at

least 2743.0 m/s. Like type C, type D aims to achieve a time-optimal trajectory however

now utilising the manifolds of the Earth-Moon space system. As a result, the� v reduces

down to 1880.6 m/s at the expense of time of �ight which increases drastically compared

to the former case. Finally, the last type E targets a fuel-optimal trajectory, in which the

� v cost is down to 1506.4 m/s, while the time of �ight increases slightly to 92.894 days.

Type F has been studied in [16]. Only impulsive maneuvers were applied. Starting from

a 200x200 km LEO, the spacecraft was placed on an L2 halo orbit and then inserted

into a NRHO by utilising manifold dynamics. Di�erent intermediate halo orbits for the

same target have been presented in Table 1.2, where the lowest� v is 3.677 m/s. As

studied in [34], type G is the most direct approach. Again, only impulsive maneuvers

were applied. Starting from a 200x200 km LEO, the spacecraft was placed on a NRHO

directly, resulting in a � v of 3953 m/s.

In conclusion, if we consider as target a NRHO in the Earth-Moon system, according to

the literature, the cost to transfer from a GTO would be between 1.2 - 1.7 km/s, while

from LEO at least 2 km/s higher. The highest cost is associated with the departure from

the Earth's neighborhood, about 1 km/s from a GTO and 3 km/s from a LEO. The second

maneuver needed to reach an L2 Earth-Moon NRHO can be optimized and studied in

various ways. The most optimistic scenario is 200 m/s, but likely it is a bit higher.

1.3. Current work

This thesis aims to conduct a parametric study for the transfers targeting NRHOs at the

EM � L2 by utilising the invariant manifolds. The major contributions are presented in

Chapter 4, 5 and 6. Chapter 4 focuses on the trajectory design to the halo family at

EM � L2 from an Earth parking orbit. Multiple options for parking orbit and manifold

insertion points are studied by utilising two-body and three-body dynamics. In Chapter
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5, homoclinic connections are implemented between halo family and NRHO subset for

multiple combinations showing the behaviour of the transfer cost with respect to periodic

orbit couple selections. Chapter 6 presents the complete trajectory design in CRTBP for

multiple operational and intermediate halo orbit selections.

The thesis is organized as follows: in Chapter 2 the mathematical background regarding

the methodology is explained in detail along with the terminology. In Chapter 3 the halo

family around EM � L2 is generated and the NRHO subset is characterized along with an

eclipse analysis. In Chapter 4 a parametric analysis is conducted for the transfer between

an Earth parking orbit and EM � L2 halo with various parking and halo orbit options, and

insertion geometries. The behaviour of the LEO and GTO parking orbits with varying

perigees are analyzed by combining two-body and three-body dynamics. Additionally,

two di�erent manifold insertion point selections are compared. The optimum selections

here are re�ned by implementing complete CRTBP dynamics. Chapter 5 focuses on the

parametric analysis of the transfer between a halo and a NRHO by utilising homoclinic

connections. In Chapter 6, the results from the previous two chapters are merged to obtain

the complete transfer trajectory and a trade-o� is done to obtain the best options. Finally

in Chapter 7, the conclusions, summary and the future work to be done are explained.
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Models

In this chapter, the methods and mathematical models implemented in this study shall

be explained in detail.

2.1. Circular restricted three-body problem

In its simplest form, the motion of a spacecraft in space could be described by the two-

body problem. In this model, a further simpli�cation can be introduced if the mass of

one object is very small compared to the other such as a satellite orbiting a planet. Then

the two-body problem can be de�ned as,

•�R = �
Gm
j �Rj3

�R; (2.1)

Here the vector �R represents the position vector of the spacecraft with respect to the center

of the massive body,m is the mass of the planet andG is the gravitational constant in

the inertial frame. This model could be augmented in such a way that the e�ect ofn

number of massive bodies is taken into account. In a three-body scenario, the model can

be expressed as,

•�R3 = �
Gm1

j �R13j3
�R13 �

Gm2

j �R23j3
�R23; (2.2)

This is de�ned as the restricted three-body problem. Here the "restricted" term is due to

the assumption that the third mass in the system is assumed to be small compared to the

other two. A further simpli�cation is to assume that the primaries in the system follow a

circular orbit around their common center of mass hence resulting in the circular restricted

three-body problem. As stated before, in this thesis the motion of the spacecraft in the

Earth-Moon system is analyzed using this dynamics model. No additional perturbations
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are taken into account.

2.1.1. Rotating and inertial frames

Two sets of coordinate frames are required to explain and de�ne the circular restricted

three-body problem: the inertial and the rotating reference systems. The inertial frame

is assumed to be a non-rotating and non-accelerating frame with respect to distant stars.

In this study, the inertial reference frame elements shall be presented with[X̂ Ŷ Ẑ ].

The rotating frame as the name suggests together with the primary with the smallest

mass with respect to the bigger one. The x-axis of the rotating frame is along the apse

line connecting the two primaries and the frame rotates around its z-axis. In this study,

the rotating reference frame elements shall be presented with[x̂ ŷ ẑ].

The geometry of the frames is represented in Figure 2.1. The origin of the two frames

is assumed to be at the barycenter of the primaries with the z-axis coinciding with each

other. At t = 0 all three axes are aligned with each other.

Figure 2.1: Rotating and inertial frames

Non-dimensionalization of states

To have a better grasp of the reference frame transformations in this study, it is neces-

sary to explain the concept of non-dimensionalization. The states in the rotating frames

are generally represented in non-dimensional values whereas in inertial frames classical

dimensions are utilised. Non-dimensionalization is a useful step to derive the generalized

versions of the di�erential equations. Three characteristic dimensions, length, time, and

mass, are selected to apply the method. The distance between two primaries is selected as

the characteristic length. Hence the non-dimensional distance between the two celestial
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bodies becomes1. For the characteristic mass, the total mass of the primaries is chosen

as,

mn = m1 + m2 (2.3)

Here we can introduce the mass parameter for the system as,

� =
m2

mn
(2.4)

Hence the mass of the �rst primary represented as,

1 � � =
m1

mn
(2.5)

Hence the non-dimensional total mass of the system becomes equal to 1. Here it is

observed that the resulting mass representations de�ne the position of the primaries in

the rotating reference frame such that the vectors de�ned as,

(
�r1 = � � x̂;

�r2 = (1 � � )x̂;
(2.6)

Finally, the characteristic time is de�ned as,

tc =

s
l3
c

� 1 + � 2
; (2.7)

Here � 1 and � 2 are the standard gravitational parameters of the primaries andlc is the

characteristic length. The resulting non-dimensional time demonstrates that, namely,

a circular orbit around the barycenter, the system has a non-dimensional mean motion

equal to 1 demonstrated as,

n =
r

� 1 + � 2

l3
c

; (2.8)

As a result, the angle of rotation between the two frames is,

� =
t
tn

; (2.9)
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In the Earth-Moon system, the resulting non-dimensionalizing parameters are de�ned in

Table 2.1,

lc tc �

[km] [s] [� ]

384400 375189.5 0.0121505856

Table 2.1: Non-dimesionalizing parameters for Earth-Moon system.

Rotating to inertial frame transformation

To explain the R3BP dynamics, it is necessary to have a clear explanation of the trans-

formation between the rotating frame and the inertial frame. The problem geometry is

presented in Figure 2.1. As stated before, att0, both the frames are assumed to be co-

inciding and the rotation occurs around the z-axis, so only a rotation around that axis

is su�cient to align the frames. Additionally, in order to convert from non-dimensional

units, multiplication with ln is required. Equation (2.10) represents the transformation,

0

B
@

X

Y

Z

1

C
A = lnA t

0

B
@

x

y

z

1

C
A (2.10)

Here, the states[x y z] and [X Y Z ] are the positions with respect to the origin of the

frames. So in order to obtain the inertial state with respect to the Earth,[x y z] needs

to de�ne the distance to Earth in the rotating frame. Additionally, the transformation

matrix is de�ned as,

A t =

2

6
4

cos(� ) � sin(� ) 0

sin(� ) cos(� ) 0

0 0 1

3

7
5 ; (2.11)

To achieve the conversion of velocity components, the derivative of Equation (2.10) reads,

0

B
@

_X
_Y
_Z

1

C
A = ln _A t

0

B
@

x

y

z

1

C
A + lnA t

0

B
@

_x

_y

_z

1

C
A (2.12)

Here, the derivative of the transformation matrix is de�ned as,
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_A t =

2

6
4

� sin(� ) � cos(� ) 0

cos(� ) � sin(� ) 0

0 0 0

3

7
5 ; (2.13)

Finally, we obtain,

0

B
@

_X
_Y
_Z

1

C
A = lnA t

0

B
@

_x � y

_y + x

_z

1

C
A (2.14)

As a �nal step, a division with non-dimensional time is required to obtain the correct

dimensional velocity.

Inertial Frame to Rotating Frame Transformation

For the inertial frame to the rotating frame, the algorithm is reversed. Now starting from

the inertial frame coordinates, the position in non-dimensional units is obtained from

(2.15).

0

B
@

x

y

z

1

C
A =

1
ln

A � 1
t

0

B
@

X

Y

Z

1

C
A (2.15)

and to achieve the conversion of velocity components, Equation (2.16) is used. Again here

the derivatives need to be corrected by multiplying by non-dimensional timetn ,

0

B
@

_x

_y

_z

1

C
A =

1
ln

A � 1
t

0

B
@

_X + y
_Y � x

_Z

1

C
A (2.16)

To provide an example, in Figure 2.2, the representations of a NRHO are presented in

the rotating and inertial frames. It is clearly seen that the motion in the rotating frame

is much simpler to visualize and observe the behaviour of the periodic orbit.
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(a) Moon inertial frame. (b) Earth inertial frame.

(c) Rotating frame.

Figure 2.2: Representation of NRHO in various frames.

2.1.2. Equations of motion

As explained before non-dimensionalization is a useful step to represent the problem

involving the three-body problem. As a result, Equation (2.2) can be written as,

•�r3 = �
1 � �
j �r13j3

�r13 �
�

j �r23j3
�r23; (2.17)

Now, let's de�ne the position vector of the satellite in the rotating frame in non-dimensional

coordinates,

�r3 = xx̂ + yŷ + zẑ; (2.18)

So the relative position of the spacecraft with respect to the primaries is,
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(
�r13 = ( x + � )x̂ + yŷ + zẑ;

�r23 = ( x + � � 1)x̂ + yŷ + zẑ;
(2.19)

Taking the derivative once, the expression for the velocity vector is,

_�r3 = ( _x � y)x̂ + ( _y + x)ŷ + _zẑ; (2.20)

Taking the derivative again, the acceleration is de�ned as,

•�r3 = (•x � 2 _y � x)x̂ + (•y + 2 _x � y)ŷ + •zẑ; (2.21)

Equating Equations (2.21) and (2.17) and inserting the expressions in Equation (2.19),

we obtain,

•x = 2 _y + x � (1 � � )
x + �

r 3
13

� �
x � 1 + �

r 3
23

;

•y = � 2 _x + y � (1 � � )
y

r 3
13

� �
y

r 3
23

;

•z = � (1 � � )
z

r 3
13

� �
z

r 3
23

;

(2.22)

(2.23)

(2.24)

2.1.3. Pseudo-potential function

It is observed that the relations for accelerations show a similar pattern for the three

components so, a pseudo-potential function could be de�ned as,

U� =
1 � � e

r13
+

�
r23

+
x2 + y2

2
; (2.25)

which satis�es,

8
>>>>>><

>>>>>>:

@U�

@x
= •x � 2 _y;

@U�

@y
= •y + 2 _x;

@U�

@z
= •z;

(2.26)

It follows that,
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8
>><

>>:

1
2

d( _x2 + _y2 + _z2)
dt

=
dU�

dt
;

d(2U� � v2)
dt

= 0;
(2.27)

that is, the model admits one integral of motion, which is called the Jacobi integral. The

constant is discovered by German mathematician Carl Jacobi in 1836. Like the energy in

the two-body problem, the Jacobi constant is a constant of motion in a restricted three-

body problem giving insight into the total energy of the third particle in the rotating

frame. It can be de�ned as,

JC = x2 + y2 +
2(1 � � )

d
+

2�
r

� ( _x2 + _y2 + _z2); (2.28)

Since theJC is constant along the trajectory, for any given point the possible magnitude

of the velocity can be de�ned from Equation 2.28. Moreover, by equating the velocity

terms to 0, the furthest boundary for the trajectory for a particular Jacobi constant can

be determined. The boundaries are named zero velocity curves and the regions bounded

by these curves are named forbidden zones where the trajectory never passes unless the

constant changes. Several of these regions in the Earth-Moon system are visualized in

Figure 2.3. It is clearly seen that the forbidden regions are symmetric with respect to the

x-axis shrinking with decreasingJC.

Figure 2.3: Zero velocity curves.
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2.1.4. Lagrange points

Due to the nature of the dynamics of a three-body system, there exist �ve equilibrium

points where the third body remains at the same orientation relative to the primaries

resulting in zero acceleration and velocity in the rotating frame. Based on these conditions

we have,

8
>>>>><

>>>>>:

0 = x � (1 � � )
x + �

r 3
13

� �
x � 1 + �

r 3
23

;

0 = y � (1 � � )
y

r 3
13

� �
y

r 3
23

;

0 = � (1 � � )
z

r 3
13

� �
z

r 3
23

;

(2.29)

It is observed that the third equation is satis�ed only if z = 0 hence proving that the

equilibrium points are located on the x-y plane. Alternatively, these expressions could be

obtained by checking the gradient of the pseudo-potential function as de�ned in Equation

(2.26).

First discovered by Euler in 1765 [28], three of these points lie along the apse line con-

necting the primaries. The position of these points are found by solving,

x =
(1 � � )
(x + � )2

�
�

(x � 1 + � )2
; (2.30)

The three roots of Equation (2.30) can be easily found by applying a change of variables

as,

8
>><

>>:

xL 1 = 1 � � � 
 1;

xL 2 = 1 � � + 
 2;

xL 3 = � 1 � 
 3;

(2.31)

The new variables are inserted into Equation (2.30) and solved numerically for
 1 > 0,


 2 > 0 and 
 3 > 0. Here 
 1 designates the distance from the Moon in the direction of

Earth. It de�nes the position of L1. Similarly, 
 2 describes the distance from the Moon

opposite to the direction of Earth de�ning L2 point. Finally, 
 3 is used to locate theL3

where it de�nes the coordinate� 1 � 
 3 on the x-axis.

First discovered by Lagrange in 1772 [28], the remaining two points are found utilising

the �rst two equations in Equation (2.29). It can be shown that these two relations
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are satis�ed for r23 = r13 = 1. Hence the remaining two points form two equilateral

triangles with respect to the primaries and symmetric with respect to the x-axis. As per

the de�nition, L4 is positioned above the x-axis andL5 is located below.

The coordinates for the equilibrium points for the Earth-Moon system are presented in

Table 2.2.

Lagrange x y z

Point [NDU ] [NDU ] [NDU ]

L1 0.8369 0 0

L2 1.1557 0 0

L3 -1.0051 0 0

L4 0.4878 0.8660 0

L5 0.4878 0.8660 0

Table 2.2: Lagrange points for Earth-Moon system.

The location of the equilibrium points along with the zero velocity curves is illustrated in

Figure 2.4.

Figure 2.4: Zero velocity curves with equilibrium points.

2.2. Basic numerical methods
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2.2.1. Poincaré map

Poincaré map is a useful tool to visualize the behaviour of the dynamic �ow of a system.

These maps are utilised in many ways such as to �nd the periodic and quasi-periodic orbit

solutions and homoclinic and heteroclinic connections. In this study, two types of planes

are selected to be analyzed. Type A de�ned as the plane de�ned byy = 0 and type B is

the plane de�ned by x = � � . The sections are visualized in Figure 2.5. Here the maps

demonstrate the piercing points of the stable manifold illustrated in Figure 2.6.

(a) Poincaré section type A y = 0 . (b) Poincaré section type B x = � � .

Figure 2.5: Poincaré section pattern for a stable manifold.

Figure 2.6: Outer stable manifold
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2.2.2. State transition matrix

The state transition matrix (STM) is de�ned as a linear map of the state att with respect

to the state at t0. It is a very useful tool with many applications. The usages include

the targeter design, the de�nition of the stability behaviour of an orbit, and manifold

computation. A speci�c case of STM is called the monodromy matrix. The monodromy

matrix is the STM after one full orbit revolution. The �ow of the dynamics system is

de�ned as,

�x = � (�x0; t0; t); (2.32)

Assuming a small perturbation on a reference solution the �ow can be written as,

�x + � �x = � (�x0 + � �x0; t0; t); (2.33)

Here a �rst-order expansion is applied resulting in,

� (�x0 + � �x0; t0; t) = � (�x0; t0; t) +
@�
@�x0

(�x0; t0; t)� �x0; (2.34)

where inserting Equation (2.33) into Equation (2.34) results in,

�x + � �x = � (�x0; t0; t) +
@�
@�x0

(�x0; t0; t)� �x0; (2.35)

Additionally inserting Equation (2.32) into Equation (2.35), the relation of a perturbation

at t with respect to the perturbation of the initial state is found as,

� �x = �( t; t 0)� �x0; (2.36)

where�( t; t 0) indicates the transition matrix de�ned as,

�( t; t 0) =
@�
@�x0

(�x0; t0; t); (2.37)

By de�nition, at t = t0 the STM is the identity matrix. Having the initial conditions

well de�ned, the STM can be propagated by utilising the system dynamics. De�ning the

dynamic model as,
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_�x = f (�x; t ); (2.38)

The �rst order Taylor expansion with respect to a reference solutionx � results in,

_�x(t) = f (�x � ; t) +
@f
@�x

(�x � )(�x � �x � ); (2.39)

where de�ning the displacement terms as shown below,

(
� _�x = _�x � _�x � ;

� �x = �x � �x � ;
(2.40)

and inserting them and Equation (2.38) into the Equation (2.39). The dynamics regarding

the perturbation of the system is found as,

� _�x = A(t)� �x; (2.41)

whereA(t) is the Jacobian of the system, namely,

A(t) =
@f
@�x

(�x � ); (2.42)

Inserting Equation (2.36) into the Equation (2.41), the dynamics of the STM is obtained

as,

_�( t; t 0) = A(t)�( t; t 0); (2.43)

whereA(t) is,

A(t) =

"
03� 3 I 3� 3

U�
XX 2


#

; (2.44)

where
 is de�ned as,


 =

2

6
4

0 1 0

� 1 0 0

0 0 0

3

7
5 ; (2.45)
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In Equation (2.44), the second-order partial derivatives are,

U�
XX =

2

6
4

U�
xx U�

xy U�
xz

U�
yx U�

yy U�
yz

U�
zx U�

zy U�
zz

3

7
5 ; (2.46)

being,

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

U�
xx = 1 �

1 � �
r 3

13
�

�
r 3

23
+

3(1 � � )(x + � )2

r 5
13

+
3� (x � 1 + � )2

r 5
23

;

U�
yy = 1 �

1 � �
r 3

13
�

�
r 3

23
+

3(1 � � )y2

r 5
13

+
3�y 2

r 5
23

;

U�
zz = �

1 � �
r 3

13
�

�
r 3

23
+

3(1 � � )z2

r 5
13

+
3�z 2

r 5
23

;

U�
xy =

3(1 � � )(x + � )y
r 5

13
+

3� (x � 1 + � )y
r 5

23
;

U�
xz =

3(1 � � )(x + � )z
r 5

13
+

3� (x � 1 + � )z
r 5

23
;

U�
yz =

3(1 � � )yz
r 5

13
+

3�yz
r 5

23
;

U�
yx = U�

xy ;

U�
zx = U�

xz ;

U�
yz = U�

yz;

(2.47)

2.2.3. Di�erential corrector

In this study, the trajectory design involves solving a two-point boundary value problem

(TPBVP). A di�erential corrector algorithm is utilised to solve the problem in the CRTBP.

Although there are many applicable methods to solve a TPBVP, a simple method based

on a Newton approach is utilised for every targeting problem in this thesis due to its basic

nature and multiple usages as seen for instance in [20], [15] and [23].

Fixed time targeter

The �xed time di�erential corrector provides the most basic solution for a TPBVP. De�n-

ing an initial state x0 a transfer trajectory can be de�ned by a time of �ight t as shown

in Figure (2.7). The state at the end of the trajectory is shown asx(t). The aim of the

algorithm is to �nd the maneuver � v0 such that x(t) = xdesired .
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Figure 2.7: Fixed time di�erential corrector scheme

Since the aim is to target a speci�c point in the three-dimensional space, Equation (2.48),

de�nes the position errors at the end of propagation.

8
><

>:

�x

�y

�z

9
>=

>;
=

8
><

>:

x(t) � xdesired

y(t) � ydesired

z(t) � zdesired

9
>=

>;
(2.48)

The targeting matrix for the problem is formulated as follows, where the matrix represents

the Jacobian of the dynamics �ow which is obtained from the STM. Solving the expression

for @_x0, @_y0 and @_z0, the initial velocities are updated until �x = �y = �z �= 0.

8
><

>:

�x

�y

�z

9
>=

>;
=

2

6
4

@x
@_x0

@x
@_y0

@x
@_z0

@y
@_x0

@y
@_y0

@y
@_z0

@z
@_x0

@z
@_y0

@z
@_z0

3

7
5

8
><

>:

� _x0

� _y0

� _z0

9
>=

>;
; (2.49)

Variable time targeter

A more complex alternative for the �xed-time targeter is to introduce the time of �ight as

a variable for the algorithm. The scheme of the method is illustrated in Figure 2.8 where

�t is the change in transfer time.
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Figure 2.8: Variable time di�erential corrector scheme

Here the aim of the targeter is the same as the �xed-time case however now the Jacobian

matrix has to be updated to include the e�ect of the time of �ight change. The resulting

scheme is shown as,

8
><

>:

�x

�y

�z

9
>=

>;
=

2

6
4

@x
@_x0

@x
@_y0

@x
@_z0

•x
@y

@_x0

@y
@_y0

@y
@_z0

•y
@z

@_x0

@z
@_y0

@z
@_z0

•z

3

7
5

8
>>>><

>>>>:

� _x0

� _y0

� _z0

�

9
>>>>=

>>>>;

; (2.50)

The resulting Jacobian matrix is3 � 4 because there are more free variables than con-

straints. This results in an in�nite number of solutions so a new algorithm is applied

that �nds the minimum norm solution to the variable-time single-shooting problem. The

updated method is,

8
>>>><

>>>>:

� _x0

� _y0

� _z0

�

9
>>>>=

>>>>;

= LT (LL T )� 1

8
><

>:

�x

�y

�z

9
>=

>;
(2.51)

whereL is the Jacobian matrix, namely, Equation (2.52). Here again, an iterative method

is applied to achieve�x = �y = �z �= 0.

L =

2

6
4

@x
@_x0

@x
@_y0

@x
@_z0

•x
@y

@_x0

@y
@_y0

@y
@_z0

•y
@z

@_x0

@z
@_y0

@z
@_z0

•z

3

7
5 (2.52)
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Earth-Moon L2

In this chapter, the methodology to generate the family of periodic halo orbits is explained

in detail. Then the characteristics of the NRHO family are de�ned with the demonstration

of the eclipse behavior in the Earth-Moon environment.

3.1. Generating Periodic Halo Orbits

One signi�cant behavior of the periodic halo orbits is that they are symmetric with respect

to the x-y plane in the rotating frame. Namely, with a careful selection of the initial

condition, only three non-zero components exist as de�ned in,

p0 = [ x0 0 z0 0 _y0 0]T ; (3.1)

To generate a periodic orbit one of these components shall be �xed while the others are

iterated until the perpendicular crossing on the x-y plane is achieved att = � . In order

to achieve the perpendicular crossing, after a half period, the velocity in the x and z

direction and the position in y must be equal to zero.

As explained for instance in the [15], since the Halo family bifurcates from the planar

Lyapunov family, z0 is �xed initially. The di�erential correction procedure aims at �nding

the roots of the following variations after a time equal to a half period, namely,t = T=2,

8
>><

>>:

� y = y(t) � y0;

� _x = _x(t) � _x0;

� _z = _z(t) � _z0;

(3.2)

where x0 and _y0 are the free variables of the problem varied to achieve the condition

� y = � _x = � _z = 0. Thus the targeting matrix for the problem is de�ned as,
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8
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�y

� _x

� _z
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>;
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@z0

@y
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@_x
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@_x
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@z0
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8
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>:

�x 0

� _y0

��

9
>=

>;
; (3.3)

Here an iterative procedure is conducted by updating the initial conditionsx0 and _y0 by

subtracting �x 0 and � _y0. The iteration continues until it satis�es the relations �y < � ,

� _x < � , and � _z < � where� is the tolerance.

A similar process is applied whenx0 is chosen as the �xed component. Now wherez0 and

_y0 are the free variables of the problem varied to achieve the condition� y = � _x = � _z = 0.

The targeting matrix for the problem is de�ned as,

8
><

>:

�y

� _x

� _z

9
>=

>;
=

2

6
4

@y
@z0

@y
@_y0

_y
@_x
@z0

@_x
@_y0

•x
@_z
@z0

@_z
@_y0

•z

3

7
5

8
><

>:

�z 0

� _y0

��

9
>=

>;
; (3.4)

where the same iterative procedure is applied until the perpendicular crossing is achieved

within a de�ned tolerance.

To generate the whole orbital family both targeting schemes are used. The selection of

the scheme is based on the amount of change of the �xed componentsx0 and z0 where

the �rst method is applied in the regions wherez0 changes in a faster manner and the

second method is applied in the regions wherex0 changes in a faster manner.

After the generation of the �rst orbit, the new initial condition of the Halo orbits can be

predicted as,

pn+1 = pn + d � q0; (3.5)

herepn+1 is the predicted initial state, pn is the previous initial state,d is scalar de�ning

the magnitude of the increment between the states, andq0 is the direction of the increment.

It has to be noted that the value d is negative for southern families while positive for

northern ones. Here the directions are presented as,

(
q0;x = [1 0 0 0 0 0]T ;

q0;z = [0 0 1 0 0 0]T ;
(3.6)

In the beginning, we �x z0, then when expression (3.7) holds, then we switch to the
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algorithm wherex0 is the �xed parameter.

jxn
0 � xn� 1

0 j > jzn
0 � zn� 1

0 j; (3.7)

Having found the initial states for the whole family, the complete periodic orbit can be

obtained by propagating the �rst state by 2� . Also to save computational time, the mirror

image of the half orbit can be found as well since the periodic orbits are symmetric with

respect to the x-y plane.

3.2. Halo and NRHO families

Our main target, the NRHOs, are periodic orbits and belong to the halo family. So

starting from a planar Lyapunov orbit, Halo orbits are generated up to a perilune of 50

km for both northern and southern counterparts. The initial state for the �rst periodic

orbit is given in Table 3.1. The magnitude of the incrementd is selected as 0.001.

x0 y0 z0 _x0 _y0 _z0 T

[NDU ] [NDU ] [NDU ] [NDU ] [NDU ] [NDU ] [NDU ]

1.1809 0 -0.0001 0 -0.1558 0 3.4155

Table 3.1: Initial state for EM � L2 Halo family generation.

The results are presented in Figure 3.1 and 3.2 where the green dot indicates the EM-L2

while the red dot represents the Moon.



26 3| Operational Orbit Design in Earth-Moon L2

(a) XY view. (b) YZ view.

(c) XZ view. (d) XYZ view.

Figure 3.1: NorthernEM � L2 halo families.

Since the motion is symmetric along the x-y plane, there are northern and southern Halo

solutions that bifurcate from the same Lyapunov orbit. As explained before, southern

families are obtained by incrementing the initial states in the negative z-direction.
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(a) XY view. (b) YZ view.

(c) XZ view. (d) XYZ view.

Figure 3.2: SouthernEM � L2 halo families.

As previously stated NRHOs are a subfamily of halo orbits. The classi�cation is based

on a parameter called the stability index. The index is based on the eigenvalues of the

monodromy matrix and indicates the stability property of the orbit, as de�ned in Equation

(3.8),

v =
1
2

(j� 1j + j� 2j) ; (3.8)

Here � 1 is the real eigenvalue greater than 1 and� 2 is the real eigenvalue lower than

1. Based on the value of the stability indexv, the system is: stable (v<1), unstable (v

>1), or marginally stable (v = 1). In Figure 3.3, the evolution of the stability index as

a function of the perilune is shown for the southern family of halos. As we can see with

decreasing perilune, the stability index rapidly converges. The magni�ed part of the plot

shows the range where the NRHOs are usually de�ned. The orbits in this region are more
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stable compared to the other Halo orbits thus providing advantageous station-keeping

properties.

Figure 3.3: Stability index as a function of the perilune radius for the L2 southern family

of halos.

Additionally, in Figure 3.4a and 3.4b, the period and Jacobi constant evolution are pro-

vided. The period of NRHOs ranges between 6-10 days around the Moon increasing with

higher perilune. The behavior is quite the opposite for the Jacobi constant in the NRHO

part where higher perilune indicates a lower value.

(a) Jacobi constant. (b) Period.

Figure 3.4: Jacobi constant and period as a function of the perilune radius for the L2

southern family of halos.

Like Figure 3.1 and 3.2, in Figure 3.5 and Figure 3.6 we have plotted the NRHO families
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of both northern and southern families in a tighter manner. Here we have also shown the

stability behavior by using a color map.

(a) XY view. (b) YZ view.

(c) XZ view. (d) XYZ view.

Figure 3.5: NorthernEM � L2 NRHO families.

Comparing Figure 3.5 and 3.6, the stability behavior is quite similar for both northern

and southern family members.
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(a) XY view. (b) YZ view.

(c) XZ view. (d) XYZ view.

Figure 3.6: SouthernEM � L2 NRHO families.

3.3. Eclipse analysis for EM-L2 NRHO family

The eclipse behavior of the NRHO family is modeled and analyzed thoroughly. The

eclipse occurs if a body blocks the light rays coming from an illuminating body. For the

spacecraft design, the eclipse duration is a critical parameter that produces inputs for

the solar array design and thermal requirements. Regarding the mission analysis, it is

also crucial to be aware of the eclipse durations to consider the absence of solar radiation

pressure a�ecting the station-keeping requirements. In order to conduct the analysis the

Sun is introduced in the Earth-Moon rotating frame as illustrated in Figure 3.7.
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Figure 3.7: Sun placement in the rotating frame.

The Sun is assumed to be located at a distance of 1 AU from the center of the rotating

frame following a circular orbit with an inclination of 5 degrees. The method is based on

the study [21] which focuses on theEM � L1 halo orbits. Additionally in [32] has studied

eclipse characteristics ofEM � L2 NRHOs as well. At t = 0 the Sun is located behind of

the Moon resulting in a full solar eclipse. Then the Sun phase angle� is de�ned between

the solar vector and thex axis of the rotating frame. The phase angle is incremented by

1 degree at every step in order to simulate all possible Sun-Earth-Moon geometries for

one year. At each step, the NRHO is propagated for one full period along with the Sun

phase angle thus simulating the behavior of the illuminating body for one complete orbit.

3.3.1. The de�nitions of shadow regions

To have a clear approximation of the eclipse time a shadow model is selected for the

mission analysis. The shadow model is based on a basic geometrical analysis presented

in [29]. Instantaneous change along the shadow regions is assumed. The geometry of the

problem is presented in Figure 3.8.



32 3| Operational Orbit Design in Earth-Moon L2

Figure 3.8: Eclipse geometry.

Here the area between the penumbra and umbra line de�nes the region where the partial

eclipse occurs whereas the region between the umbra lines de�nes the full eclipse event.

Both primaries are assumed to have a spherical geometry. The illuminating body is

centered at point S having a radius ofr1 and the eclipsing body is centered on pointP

with a radius of r2. The satellite follows an orbit around the eclipsing body represented

by a thick black line. The distance to the apse line connecting the primaries is represented

as ys and the vertical distance of the umbra and penumbra line at the satellite position

is de�ned as yu and yp, respectively. The illumination state of the spacecraft could be

obtained by comparing theys with yp and yu such that the yu < y s < y p indicates

partial eclipse andys < y u shows that the satellite is in the umbra. De�nition of the yp

and yu are,

(
yp = tan( � p)(x + xs);

yu = tan( � u)(y � xs)
(3.9)

where� p and � u are the angles of penumbra and umbra, respectively. It is clearly observed

that the umbra vertical line shrinks while the penumbra line increases. The angles of

penumbra and umbra could be found as,

8
>><

>>:

sin(� p) =
r1 + r2

Rsp
;

sin(� u) =
r1 � r2

Rsp
;

(3.10)
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whereRsp is the distance between the primaries. The resulting angles for the Sun-Earth

and Sun-Moon couple are presented in Table 3.2,

Eclipsing � p � u

Body [deg] [deg]

Earth 0.269007205 0.264121687

Moon 0.267227 0.265896

Table 3.2: Penumbra and umbra angles for primaries.

3.3.2. Eclipse analysis results

Figure 3.9 shows the eclipse behavior of the NRHO family with respect to� . In Figure

3.9a and 3.9c, the color bar indicates the duration of eclipse for one revolution in hours

whereas in Figure 3.9b and 3.9d, it indicates the percentage of the eclipse duration with

respect to the orbital period of the NRHO. It is clearly seen that no conjoined eclipse

occurs with the Moon and Earth at the same geometry.
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(a) Earth duration. (b) Earth percentage.

(c) Moon duration. (d) Moon percentage.

Figure 3.9: Eclipse behaviour due to primaries.

Starting with the Earth, in Figure 3.9a and 3.9b, it is observed that the eclipse occurs

only for a small range of Sun phase angles around 180 degrees. Along the vertical axis, it

is seen that for Jacobi constant ranges from 3.035 to 3.055, the orbit experiences eclipses

for a single range of� within a year whereas, for the lower Jacobi constants, there are

two sets of ranges. The maximum eclipse duration is found as 10 hours corresponding to

0.04% of the full period forJC = 3:015and � = 179 degrees.

For the Moon, the behavior is quite di�erent compared to the Earth, as seen in Figure

3.9c and 3.9d. It is observed that the variation in the eclipse range of the Sun phase angle

is highly dependent on the NRHO selection with a lower Jacobi constant corresponding

to a lower range of� . Here, on contrary to the Earth there are always two sets of ranges

for all JC options. The maximum eclipse time due to the Moon is computed as 2.7 hours

corresponding to 0.011% of the full period for againJC = 3:015and � = 255 degrees.
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As shown before in Figure 3.4a, a higher Jacobi constant indicates a lower perilune. As

a result, it is concluded for the Moon, closer orbits experience the eclipse in a shorter

duration per orbit but for a wider range of Sun phase angles.

In Figure 3.10, the eclipse evolution of a NRHO with 17400 km perilune has been presented

for the Moon and Earth showing clearly the phase angles when the satellite enters the

shadow regions.

(a) Earth. (b) Moon.

Figure 3.10: 1 year eclipse behaviour.

Figure 3.11 demonstrates the maximum eclipse scenarios for one full period due to the

primaries, showing that for both Earth and Moon, it occurs for the orbit with perilune

17400 km. The phase angle corresponding to Earth is� = 179 and for the Moon, it is

� = 255 degrees.
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(a) Earth.

(b) Moon.

Figure 3.11: Maximum eclipse orbits.
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In Figure 3.12 the total eclipse time for one year for each NRHO orbit has been presented.

It is clearly seen that the eclipse due to the Moon decreases sharply up to 8000 km of

perilune radius while eclipsing due to Earth increases in a nearly steady manner. When

the sum of two bodies is considered after 3000 km the overall eclipse duration remains

steady at around 70 hours per year. The maximum duration is 94 hours for the Moon

corresponding to a NRHO with 2000 km perilune whereas for the Earth it is around 45

hours with a perilune of 17000 km.

(a) Duration. (b) Percentage.

Figure 3.12: 1 year total eclipse behaviour.
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4| Parking Orbit to Halo Transfer

Trajectory Design

In this chapter, the detailed description of the transfer trajectory design from a given

Earth parking orbit to a given halo orbit is explained. The trajectory involves three

segments: halo inner stable manifold, transfer to the stable manifold, and the parking

orbit. First of all, the method to obtain the manifolds is demonstrated. Secondly, the

possible parking orbit selections are presented. Thirdly, as a preliminary approach, the

Hohmann transfer design is analyzed illustrating the behavior of various Poincaré sections

and parking orbit types. Finally, based on the previous results, the trajectory design is

re�ned for the stable manifold transfer, and the parking orbit by implementing a targeting

algorithm in the CRTBP. A similar study is conducted in [3] and [14] targeting Halo orbits

around EM � L2 while in [2] the invariant manifolds are utilized to target Lissajous orbits

at EM � L1.

4.1. Computing manifolds

As mentioned before, the periodic around the equilibrium points have stable, unstable,

or marginally stable characteristics [27]. A useful and important characteristic of these

unstable orbits is the existence of trajectories that approach and depart from the periodic

orbit asymptotically. The two sets of trajectories are called hyperbolic invariant manifolds

where the "invariant" de�nition comes from the fact that if a spacecraft is placed on the

manifold, it will remain on the manifold through the propagation [8]. The computation

of these manifolds involves the utilization of a monodromy matrix corresponding to a

given periodic orbit. The matrix provides insight into the stability behavior of the state

by its eigenvalues and eigenvectors. The eigenvector corresponding to the real eigenvalue

lower than 1 is used to �nd a linear approximation of the stable manifold, whereas the

eigenvector corresponding to the real eigenvalue greater than 1 is used to compute an

initial condition on the unstable manifold. Each hyperbolic manifold has two branches, a

positive and a negative one. In order to obtain stable manifolds backward propagation in
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time is required while forward in time is required for unstable manifolds [19]. The local

perturbed state can be computed as,

�X s = �x(t i ) + d � �V Ws (t i ) (4.1)

Here,x(t i ) is the state at timet i on the halo orbit, d is a scalar indicating the magnitude of

the perturbation and �V Ws (t i ) is the normalized stable eigenvector indicating the direction

of the perturbation. As suggested in [23], for Earth-Moon systems the perturbations

ranging from 30 - 70 km is su�cient to hold the linear approximation. In [23] study

the eigenvectors are normalized with respect to the �rst three elements such that the

perturbed state is at a constant distance at every point. The resulting perturbation is on

the order of 0.1 m/s. In this study, normalization is conducted for all of the components

of the eigenvector. An intermediate value of 50 is selected for the perturbation, resulting

in position perturbation in the range of 10 to 30 km and in a velocity perturbation of

nearly 0.1 m/s. It is observed that both of the methods are feasible for the generation of

the manifolds. The normalized vector is,

�V Ws (t i ) =
Ŷ Ws (t i )

jŶ Ws (t i )j
(4.2)

The local stable eigenvector̂Y Ws (t i ) consists of six elements as shown below,

Ŷ Ws (t i ) = [ xs ys zs _xs _ys _zs]T (4.3)

The same procedure applies when computing the local unstable perturbed state as,

�X u = �x(t i ) + d � �V Wu (t i ) (4.4)

where �V Wu (t i ) de�ned as,

�V Wu (t i ) =
Ŷ Wu (t i )

jŶ Wu (t i )j
(4.5)

and Ŷ Wu (t i ) is,

Ŷ Wu (t i ) = [ xu yu zu _xu _yu _zu]T (4.6)

To compute the local manifolds, the knowledge of the corresponding stable eigenvector

is required. There are two ways to obtain this vector. The �rst way is to compute the
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monodromy matrix corresponding to each state along the periodic orbit resulting in a

computationally demanding process. There are ways to reduce the process by obtaining

the state transition matrix at the half period and estimating the monodromy matrix as

explained in detail in [23]. The other way is to utilize the STM to approximate the local

eigenvector by multiplying it with the stable eigenvector at the initial state. Then the

local unstable eigenvector is computed as,

Ŷ Wu
i = �( t i ; t0)Ŷ Wu

0 (4.7)

The local stable eigenvector is computed as,

Ŷ Ws
i = �( t i ; t0)Ŷ Ws

0 (4.8)

In Figure 4.1 stable and unstable manifolds of a Halo orbit are presented,

Figure 4.1: Manifolds for Halo in Earth-Moon system.

As stated before, in order to obtain the global stable manifolds a backward propagation in

time is required, and forward in time for global unstable manifolds. Here it is important

to check during the propagation of a possible Moon impact scenario such that �ltering is
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required. Additionally, it is observed that within the Earth-Moon CRTBP, there are no

feasible interior manifolds below 320000 km of perilune radius. Plus no manifolds exist

for NRHO orbits that are stable so a transfer scenario involving these types of Halos and

NRHOs is not possible with the provided mission scheme.

4.2. Earth parking orbit design

In order to observe the e�ect of the parking orbit selection on the total� v cost, various

options are analyzed. In this study, the shape of the parking orbits is �xed by assuming

circular LEO and GTO options with perigee altitudes ranging from 200 - 2000 km. No

constraints are imposed regarding the orientation of the parking orbit.

4.2.1. LEO to GTO transfer

In order to quantify a possible parking orbit change, a preliminary analysis regarding� v

cost to reach GTO from LEO has been conducted. GTO orbit is achieved by a Hohmann

transfer. Equation (4.9) gives the required� v:

� v =
r

�
r1

� r
2r2

r1 + r2
� 1

�
(4.9)

Figure 4.2: Required� v to reach GTO from LEO.

where� is the standard gravitational parameter of Earth,r1 is the perigee of transfer orbit,

r2 is apogee of the target orbit. The perigee is selected as the altitude of the LEO, while
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the apogee is selected as the generic altitude of the Geostationary Earth Orbit (GEO).

The resulting total � v of the maneuver is presented in Figure 4.2. The� v ranges between

2.4 - 2.0 km/s, decreasing with increasing LEO altitude.

4.3. Parking orbit to manifold insertion

In this study with the speci�ed Poincaré section in Chapter 2 , it is observed that within

the 1-year time limit imposed on the propagation of the manifolds, the trajectories do not

pass close to the Earth so an intermediate transfer is required between the parking orbit

and the stable manifold.

4.3.1. Hohmann maneuver approach

As a preliminary approach, by utilizing the two-body dynamics, a Hohmann-like procedure

is applied between the parking orbit and the point of intersection of the manifold with a

given Poincaré section in order to see the e�ect of the various Poincaré sections and parking

orbit candidates regarding total maneuver cost. The method involves two impulsive burns

at the apogee and the perigee of the transfer orbit. The apogee is de�ned as the manifold

piercing point at the Poincaré map whereas the perigee corresponds to the perigee of

the parking orbit. Here, the parking orbit is assumed to be perfectly aligned with the

transfer trajectory thus not considering any� v requirement for the inclination correction.

Equation (4.9) is used to compute the� vT LI while � vINS is obtained by taking the

di�erence of the velocity at the apogee of the transfer orbit and manifold state at Poincaré

section.

The manifold computation is conducted in the range of 32000 to 50000 km perilune radius

incrementing the perilune radius by 2000 km. Additionally, for the analysis, 500 points

are selected on the Halo orbit.

At �rst, Poincaré section A is analyzed in detail. In Figure 4.3, the total maneuver cost

for 44000 and 46000 km perilune radius Halo is presented utilizing a GTO as parking

orbit. The cost of the transfer ranges between 0.65 to 1.6 km/s for the �rst option while

the range is between 0.65 to 1.7 km/s for the second option. It is observed that for both

options the total � v reduces in a linear manner with increasing apogee radius up to 300000

km for all possible perigee options, thus suggesting an optimal choice for the selection of

the trajectory. This pattern is observed for the whole Halo family. Furthermore, it is

demonstrated that the selection of a lower parking orbit perigee results in an overall less

� v for both Halo. As seen in the magni�ed images in Figure 4.3a, nearly 100 m/s of cost
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reduction could be achieved if the 200 km option is selected instead of 2000 km. The

same conclusion is obtained for the 46000 km option as well, demonstrating a 100 m/s

reduction of transfer for properly selected perigee.

Looking at Figure 4.4, the behavior of� vT LI and � vINS are observed for a GTO orbit

with various perigee altitudes. Comparing Figures 4.3 and 4.4a, it is seen that the overall

pattern of � vT OT is dominated by the Halo insertion maneuver. The insertion maneuver

ranges between nearly 0 to 1.1 km/s showing an optimum point at the apogee radius

at nearly 300000 km. Contrary to the total cost plot, it is seen that the higher perigee

results in an overall lower insertion maneuver for the same apogee radius, suggesting a

50 m/s di�erence between the maximum and minimum perigee options. As illustrated in

Figure 4.4b, the variation of the injection maneuver is signi�cantly less compared to the

insertion maneuver. For a particular perigee, the� v varies nearly 0.2 km/s increasing

with higher apogee. Additionally, the vertical distribution of points suggests that the

injection maneuver varies by 50 m/s between the possible parking altitudes.

Having a robust idea of the possible GTO options, now LEO options are presented. As

illustrated in Figure 4.5, It is seen that, compared to GTO, the perigee variation results

in a much greater total � v for the same apogee radius, ranging up to 400 m/s. Similar

to the previous GTOs the linear behavior is also observed for both Halo orbits presented

again suggesting a minimum cost near 300000 km of apogee radius. As illustrated in

Figure 4.5a and 4.5b, the lowest possible options are 2.8 and 2.7 km/s for the 44000 and

46000 km perilune case respectively. The main di�erence compared to is regarding the

selection of the optimal altitude. As both �gures suggest a higher parking orbit altitude

is much more e�cient, saving nearly 400 m/s.

The insertion and injection analysis for the LEO options is illustrated in Figure 4.6. As

clearly seen in Figure 4.6a the insertion maneuver shows a distribution the same as the

GTO case ranging between 0 to 1.1 km/s demonstrating again a linear distribution with

a minimum point. For � vT LI , Figure 4.6b suggests that the variation in the distance of

the insertion point is only providing a maximum cost saving up to 100 m/s whereas the

variation of the perigee altitude causes a signi�cant variation of 400 m/s.

As suggested before, the Poincaré section B is also analyzed for possible low-cost transfers.

The total � v cost for GTO and LEO options is presented in Figure 4.7. It is seen in Figure

4.7a that the � v distribution for GTO is much narrow with varying perigee altitude

compared to the type B case, demonstrating a maximum change up to 40 m/s. This

variation is signi�cantly higher in the LEO case as illustrated in Figure 4.7b, resulting in

a nearly 500 m/s di�erence between 200 km and 2000 km orbit radius selection. Both
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results suggest that the Type B Poincaré section shows a rather linear decreasing behavior

with an increasing apogee radius with the lowest possible� v nearly 1.2 km/s for GTO

and 3.2 km/s for LEO. It is clear that for the Type B Poincaré section, the resulting

maneuver costs are higher thus no further detailed analysis is conducted.
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(a) r p = 44000 km .

(b) r p = 46000 km.

Figure 4.3: Total � v cost for di�erent Halo with GTO as parking orbit.
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(a) � vINS cost.

(b) � vT LI cost.

Figure 4.4: � v cost for the individual burns with GTO as parking orbit.
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(a) r p = 44000 km.

(b) r p = 46000 km.

Figure 4.5: Total � v cost for di�erent Halo with LEO as parking orbit
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(a) � vINS cost.

(b) � vT LI cost.

Figure 4.6: � v cost for the individual burns with LEO as parking orbit.
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