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Abstract

N this dissertation we present extensions of the short time Fourier trans-
form in the quaternionic and Clifford settings and we introduce and
study the properties of new functional calculi based on the S-spectrum.

In recent years there has been a growing interest to generalize integral trans-
forms in the noncommutative setting. This gives the opportunity to deal
with n-dimensional signals. The integral transforms have several applica-
tions in mathematical physics, precisely in signal processing, optics and
time frequency analysis.

In the first part of the thesis we focus on the Bargmann and short time
Fourier transforms in the slice hyperholomorphic and monogenic settings.
Precisely, we study peculiar short time Fourier transforms with window
functions the Gaussian and the weighted Hermite. The constructions are
based on the slice hyperholomorphic Bargmann transform and the slice
polyanalytic Bargmann transform, which main properties are investigated
in this thesis. Moreover we focus on a short time Fourier transform, in the
monogenic Clifford algebra, setting with a generic radial window function.
In the second part of the thesis we introduce new functional calculi based on
the S-spectrum and the Fueter-Sce theorem. By using its integral version
we define the F'-functional calculus for n-tuples of commuting operators.
This generates a monogenic functional calculus in the spirit of McIntosh
and collaborators. The other functional calculi that we get are based on the
factorization of the Fueter map, namely the Laplace operator in four real
variables, in terms of the Fueter operator. The functional calculi obtained
are harmonic and polyanalytic of order 2. In this thesis we focus on study-
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ing the main properties of these functional calculi, such as the respective
resolvent equations, the Riesz projectors and the basic algebraic rules.

In the third part, we introduce functional calculi on the .S spectrum based
on the factorization of the Fueter-Sce map, a suitable power of the Laplace
operator in n + 1 variables. This suggests the introduction of new classes
of functions that we plan to study more in forthcoming papers. Finally, in
the last section we give an overview on possible open questions left open
by this dissertation.
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Summary

This thesis is divided in three parts. In the first part we study the Segal-
Bargmann transform and the short-Fourier transform in the quaternionic
and Clifford algebra settings. This study is motivated by a recent and in-
creasing interest in the generalization of integral transforms to the noncom-
mutative settings. Such kind of transforms are widely studied, in general,
since they help in the analysis of vector-valued signals and images. In the
non commutative settings one can deal with n-dimensional signals. Indeed,
in image processing it is needed a higher-dimensional counterpart of the 1-
dimensional signal. As a metter of fact, the study of hypercomplex signals
can be useful in other practical fields such as optics and signal processing.
The focus of the first part of the thesis is the study of the short time Fourier
transform in the quaternionic and Clifford algebra settings. This integral
transform can be used in several applications such as predictions of sound
source position emanated by fault machine and the interpretation of ul-
trasonic waveforms. Furthermore, if we consider the normalized Hermite
functions as window functions of the short time Fourier transform we have
to deal with the theory of slice polyanalytic functions. This latter topic is
a new research path that extends the theory of slice regular or slice mono-
genic functions to higher order.

In the second part of the thesis we focus on developing new functional
calculi based on the S-spectrum and related to the Fueter-Sce construction.
Firstly we study the so called F'-functional calculus. The crucial object to
define this functional calculus is the Fueter-Sce mapping theorem in inte-
gral form. The Fueter-Sce map can be seen as an integral transform that
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maps slice hyperholomorphic functions into axially monogenic functions.
Thus, the F-functional calculus is a monogenic functional calculus in the
same spirit of McIntosh and collaborators. In this framework, we have been
able to compute a resolvent equation, which is the appropriate tool to gen-
erate the Riesz projectors.

It is well-known that it is possible to factorize the Fueter map in terms of
the Fueter operator. Therefore one can wonder the result of applying the
Fueter operator or its conjugate to a slice hyperholomorphic function. In
the first case we get an axially harmonic function. On the other hand, if we
apply the conjugate Fueter operator to a slice hyperholomorphic function
we do not get the same result, but instead an axially polyanalytic function
of order 2. We are able to write an integral representation of axially har-
monic functions and axially polyanalytic functions of order 2. These are
crucial tools to define the respective functional calculi, both based on the
S-spectrum.

In the third part we investigate the behaviour of the factorization of the
Laplace operator of n + 1 variables elevated to an integer power depend-
ing on n, namely the Fueter-Sce map, and we apply a chosen factorization
to a slice hyperholomorphic function. Due to the various factorizations of
the Fueter-Sce map, the descriptions of intermediate functional calculi are
much more involved. We point out that the case of dimension five, although
it is a specific case, it already shows all the possible functional calculi and
function spaces that can be considered in greater dimensions. It is also im-
portant to observe that all the function spaces appear also in different con-
texts in the literature, but, as far as we know, they are not related each other.
A natural problem is to study all the function spaces that are suggested by
the Fueter-Sce theorem in complex and hypercomplex setting. Moreover, it
would be a challenging problem to figure out if a similar construction holds
when we deal with fractional power of the Laplace operator, namely in the
case of the Fueter-Sce-Qian map, in even dimension.

In this thesis we consider several problems related to the integral trans-
forms in the hypercomplex setting and the study of the related functional
calculi based on the S-spectrum. Precisely, we deal with the following top-
ics: slice hyperholomorphic and monogenic function theories, S-functional
calculus, polyanalytic function theory, Dirac operator in Clifford analysis,
quaternionic Segal Bargmann-transform and Clifford Fourier transform,
quaternionic short time Fourier transform with Gaussian and normalized
Hermite functions as window functions, F'-functional calculus and differ-
ent functional calculi based on the S-spectrum. We give a brief account of
the new results obtained in the three part of the thesis.

VIII
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The first part of this dissertation is devoted to study hypercomplex inte-
gral transforms. All the new results obtained are summarized below.

* In [70], together with my PhD colleague K. Diki, we study a special
one dimensional quaternion short-time Fourier transform (QSTFT).
Its construction is based on the slice hyperholomorphic Segal-Bargmann
transform. We discuss some basic properties and prove different re-
sults on the QSTFT such as Moyal formula, reconstruction formula
and Lieb’s uncertainty principle. We provide also a formula for the
reproducing kernel associated to the Gabor space considered in this
setting.

* In [[71], together with K. Diki, we show that it is possible to extend
the previous results by considering a QSTFT with normalized Hermite
functions as windows. It turns out that such a transform is based on
the recent theory of slice polyanalytic functions on quaternions. We
will use the notions of true and full slice polyanalytic Fock spaces and
Segal-Bargmann transforms. Moreover, we show a closed formula
for the true polyanalytic Bargmann transform in terms of the Hermite
polynomials.

e The Clifford-short time Fourier transform is studied in [68]]. We in-
vestigate how the short-time Fourier transform can be extended in a
Clifford algebra setting. We prove some of the main properties of the
Clifford short-time Fourier transform such as the orthogonality rela-
tion, the reconstruction property and the reproducing kernel formula.
Moreover, we show the effects of modulating and translating the sig-
nal and the window function, respectively. The results show different
features with respect to the classic case.

In the second part of the thesis we focus on the study of the new func-
tional calculi based on the S-spectrum and on the Fueter-Sce theorem.
Moreover, we give a description of the Fueter-Sce theorem in terms of the
generalized CK-extension. Below we give summary of the main new re-
sults obtained.

* In [[72], jointly with the PostDoc A.Guzmén Adéan and with K.Diki,
we provide an alternative description of the Fueter-Sce-Qian theorem
in terms of the generalized CK-extension. The latter characterizes ax-
ial null solutions of the Cauchy-Riemann operator in R"*! in terms
of their restrictions to the real line. This leads to a one-to-one corre-
spondence between the space of axially monogenic functions in R™*!

IX



“thesis” — 2022/12/4 — ‘11:25 — page X — #12

and the space of analytic functions of one real variable. We provide
explicit expressions for the Fueter-Sce-Qian map in terms of the gen-
eralized CK-extension for both cases, n even and n odd.

Using the Cauchy formula of slice hyperholomorphic functions the
Fueter-Sce-Qian theorem admits an integral representation for n odd.
In [38]], jointly with Professors F. Colombo, T. Qian and I. Sabadini,
we show that the important relation Af{;”/ 2SL_l = FF between the
slice monogenic Cauchy kernel S; ! and the F-kernel F'X, that appears
in the integral form of the Fueter-Sce-Qian theorem for n odd, holds
also in the case we consider the fractional powers of the Laplace oper-
ator A, in dimension n + 1, i.e., for n even. Moreover, this relation
is proved by computing explicitly the Fourier transform of the kernels
S; 1 and FF as functions of the Poisson kernel. Similar results hold
for the right kernels S;' and FF.

By writing the Fueter-Sce-Qian extension theorem in integral form
and it is possible to define the F'-functional calculus for n-tuples of
commuting operators. This functional calculus is defined on the S-
spectrum and generates a monogenic functional calculus in the spirit
of McIntosh and collaborators. The main goal of the papers [35}36],
joint works with Professors F. Colombo and I. Sabadini, is to show
that the F'-functional calculus generates the Riesz projectors. The ex-
istence of such projectors is obtained via the F'-resolvent equation
which was previously known only in the quaternionic setting and also
its existence was under question. We prove the F'-resolvent equation
in the Clifford algebra setting. It is much more complicated than the
one in the quaternionic case since it contains various pieces, however
it still allows to nicely define the Riesz projectors.

The results obtained in [34]], jointly with Professors F. Colombo, S.
Pinton and I. Sabadini, can be considered a seminal work on the intro-
duction of an harmonic functional calculus based on the S-spectrum
and on an integral representation of axially harmonic functions. This
new calculus is a bridge between harmonic analysis and the spectral
theory. The resolvent operator of the harmonic functional calculus
is the commutative version of the pseudo S-resolvent operator. This
calculus also appears, in a natural way, in the product rule for the F'-
functional calculus.

In the second step of the Fueter construction an axially monogenic
function is built by applying the Laplace operator A in four real vari-

X
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ables to a slice hyperholomorphic function. In the papers [73,/74],
jointly with Professor. S. Pinton, we use the factorization of the Laplace
operator, i.e. A = DD to split the previous procedure. From this split-
ting we get a class of functions that lies between the set of slice hy-
perholomorphic functions and the set of axially monogenic functions:
the set of axially polyanalytic functions of order 2, i.e. null-solutions
of D%2. We show an integral representation formula for this kind of
functions. The formula obtained is fundamental to define the associ-
ated functional calculus on the S-spectrum. Moreover we show the
principal properties of this functional calculus. In particular we study
a resolvent equation suitable for proving a product rule and generate
the Riesz projectors.

The last part of this dissertation is devoted to present new functional
calculi based on the S-spectrum and on the factorization of the Fueter-Sce
map A"z . This case is completely different from the quaternionic case
presented in the second part and it will be the centre of our research for the
next future.

* In [37]], jointly with Professors F. Colombo, S. Pinton and I. Saba-
dini, we show that the extension operator from slice hyperholomor-
phic functions to monogenic functions admits various possible fac-
torizations that induce different function spaces. The integral repre-
sentations in such spaces allows to define the associated functional
calculi based on the S-spectrum. The function spaces and the associ-
ated functional calculi define the so called fine structure of the spectral
theories on the S-spectrum. Among the possible fine structures there
are the harmonic and poly-harmonic functions and the associated har-
monic and poly-harmonic functional calculi. The study of the fine
structures depends on the dimension considered.

Based on the techniques developed in this thesis, we already started
some new projects. We aim to tackle them in the near future. We plan
to start new research investigations in the following directions

1) The F'-resolvent equation for all dimensions. In this case we have to
deal with fractional powers.

2) Figure out if it is possible to get a sort of commutation rule between
the generalized modulation and translation operator.

3) The H*° calculus and the Phillips functional calculus for the F'-functional
calculus and the for the all fine structures.
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—®
4) Establish a generalized Cauchy-Kovalevskaya extension for axially
harmonic functions.
5) Study the function spaces that arise from the factorization of the Fueter-
Sce mapping theorem, both in the complex and hypercomplex setting.
XII
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CHAPTER

Introduction

In the literature there are two possible ways to extend the notion of holo-
morphic function of one complex variable to higher dimensions. An ap-
proach is to consider the systems of Cauchy-Riemann equations for a func-
tion of several complex variables

f:ICC"—C,

where II is an open set. This gives rise to the theory of holomorphic func-
tions in several complex variables. Another possibility is to consider quater-
nionic or Clifford algebra valued functions. The main advantage, in this
case, is that it is still possible to work with one hypercomplex variable.
This implies however that the commutativity of the product is missing. In
this dissertation we are interested in the second possibility.

In the framework of quaternionic and Clifford analysis there are various
notions of hyperholomorphic functions, among which two are prominent:
the monogenic theory and the slice hyperholomorphic theory, both gener-
alize the notion of holomorphic function of one complex variable. These
different theories are related each other by the Fueter-Sce-Qian extension,
which consists of two steps.
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Chapter 1. Introduction

Step (A) extends the set of holomorphic function to the class of slice
hyperholomorphic functions, by means of the so-called slice operator. This
consists of replacing the complex variable z = u + v with the paravector

variable x = xy + z, where the complex unit ¢ is replaced by / = - in R".

|z

Step (B) extends slice hyperholomorphic functions to monogenic func-
tions (or Fueter regular functions in the case of the quaternions). This ex-
tension is performed by the so called Fueter-Sce-Qian map, namely the
Laplace operator in n + 1 variables applied ”T’l times. If the dimension
n is odd we are dealing with a pointwise differential operator, and we call
this operator Fueter-Sce map. If we work in the quaternionic case, which
coincides with the case n = 3, the operator is called Fueter map. If the
dimension 7 is even one has to work in the setting of the fractional powers.

We can summarize the Fueter-Sce construction with the following diagram

O(D) 155 SH(Op) 25 AM(Qp),

where O(D) is the set of holomorphic functions defined in the symmetric
open set D C C, the set SH(S2p) denotes the set of slice holomorphic
functions defined in 2 C R™™!, which is an open set induced by D, and
AM(Qp) is the set of axially monogenic functions.

This dissertation is divided in three parts. In the first part we focus on
some specific integral transforms in the slice hyperholomorphic and mono-
genic settings. In the second part of this work we introduce new functional
calculi based on the S-spectrum and on the Fueter-Sce theorem.

By combining the Cauchy formula for slice hyperholomorphic functions
and the Fueter-Sce mapping theorem, it is possible to get an integral trans-
form that maps slice hyperholomorphic functions to axially monogenic
functions. This integral transform is called the Fueter-Sce theorem in in-
tegral form. This, together with the notion of S-spectrum, is fundamental
to define a new monogenic functional calculus: the F'-functional calculus.
Moreover by factorizing the Fueter map we obtain a harmonic and polyan-
alytic functional calculus on the S-spectrum.

Finally in the last part of the dissertation, we split the Fueter-Sce map
in the Clifford algebra setting. This suggests the introduction of new func-
tional calculi, two of them are in the well known settings of polyharmonic
and polyanalytic functions. This last part can be considered a seminal work
on the factorization of the Fueter-Sce map and it will be the centre of our
next researches.

Now, we introduce the state of the art of the first part of the thesis. We

2
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begin by introducing the definitions of the Bargmann and short time Fourier
transforms in complex analysis.

In [22] the author introduced for the first time a Hilbert space of entire
functions, where the creation and annihilation operators, given by

Mof(z) = 2f(z) and Df(z) = f() (1)

are closed, densely defined operators that are adjoints each others. More-
over, these operators satisfy the classical commutation rule

[Dsz] =1

where [.,.] and Z are the commutator and the identity operators, respec-
tively. Nowadays, this space is known as Fock or Segal-Bargmann space
and it is given by:
FACY) = {feo@)| | [f(z)PeFdA(z) < oo},
(C'n,

where d\(z) is the Lebesgue measure. This space is a reproducing kernel
Hilbert space. It turns out that the operators defined in (I.I) are unitary
equivalent to the position and momentum operators in quantum mechanics
through the so-called Segal Bargmann transform. This is an unitary integral
transform that maps functions in the space L?(C") onto the Fock space and
it is defined by

Bf(z) — / eQT{'\/Eﬂ'I‘Z—T(CC‘I—ﬂ'Z'Zf<x>dx‘ (1.2)

The Segal-Bargmann transform plays also a very important role in time
frequency analysis. Indeed there is a relation with the short time Fourier
transform with Gaussian window, which is denoted by V, f(z,w). The
relation is given by the formula

Z ; |z|* .

B(f) <E) =e"™e 2 V, f(zr,w), weR" z=zx+iw.
The idea of the short-time Fourier transform, for general window functions,
is to obtain information about local properties of the signal f. To this end,
the signal f is restricted to an interval and after its Fourier transform is eval-
uated. However, since a sharp cut-off can introduce artificial discontinuities
and can create problems, it is usually chosen a smooth cut-off function ¢
called "window function".
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f(g(t=x)

Then for f, g € L?(R") the short-time Fourier transform is given by
Vof(w,w) = [ FO)glt—z)e > " dt.
Rn

For this kind of transform it is possible to show properties like the Par-
seval identity, the Plancherel formula, an uncertainty principle and a Paley-
Wiener theorem, see [92]. The short-time Fourier transform is used in sev-
eral applications such as the predictions of sound source position emanated
by fault machine and the interpretation of ultrasonic waveforms.

Now we move to illustrate the state of the art related to the second part
of the thesis: the functional calculi based on the S-spectrum.

The first mathematicians who understood the importance of hypercom-
plex analysis to define functions of noncommuting operators on Banach
spaces have been A. Mclntosh and his collaborators, starting from prelim-
inary results in [[102]]. Using the theory of monogenic functions they de-
veloped the monogenic functional calculus and several of its applications,
see [99,101,/108,/112].

The S-spectrum is based on the slice hyperholomorphic theory of func-
tions and their Cauchy formula. The left slice hyperholomorphic Cauchy

4
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kernel Sgl(s, ) is given by

Zm s = (2% — 2xos + |8)°) (s — ). (1.3)

The series expansions is convergent when |x| < |s|, and the closed expres-
sion is defined for any x ¢ [s]. Thus, we can write any left slice hyperholo-
morphic function as

1
F) =g [ Sl 1),

where the set U is a suitable open set contained in the domain of the func-
tion f. For z, s € R™™ with = ¢ [s], we have the following identity

—(2? — 250z + [s]*) " Hx — 5) = (s* — 2z05 + |2[*) ' (s — T).

This implies that it is possible to write the slice hyperholomorphic Cauchy
kernel in the following equivalent way

Sl (s, x) i= (8% = 225 + |2[*) (s — 7). (1.4)

Even though S; (s, z) written as in is more suitable for several
applications, for example for the definition of a functional calculus, it does
not allow easy Computations of the powers of the Laplacian in n + 1 vari-
ables A = 82 + ZJ 1 QC , with respect to the variable = applied to it.
The slice hyperholomorphlc Cauchy kernel wrltten as in (I.4) is the one
that allows, by iteration, the computation of AT S ( ,x). Indeed, for z,
s € R"! with = ¢ [s] we have

A%Sgl(s,m) = Fr(s,z) = vu(s — :E)(s2 — 2108 + |s|2)_2, (1.5)

where 7, is a suitable constant depending on the dimension of the Clifford
algebras, see (7.47). The function F (s, x) has different type of regulari-
ties in the two variables: it is right slice hyperholomorphic the variable s
while it is axially monogenic in x. By combining and the Cauchy
formula for slice hyperholomorphic functions a Fueter theorem in inte-
gral form has been proved in [54]. The left axially monogenic function
f(z) = AT Ly (x), with f a slice hyperholomorphic function, admits the
integral representation

fo) = gp [ Bl s (), (1.6

5
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where U is a suitable open set which contains the domain of the function
f. The main advantage of (1.0) is that it gives the possibility to get ax-
ially monogenic functions by suitably integrating slice hyperholomorphic
functions.

The Cauchy formula of slice hyperholomorphic functions generates the
S-functional calculus for quaternionic linear operators or for n-tuples of
not necessarily commuting operators. This calculus is based on the notion
of S-spectrum. This was discovered in 2006 by F. Colombo and I. Sabadini
as it is explained in the introduction of the book [59].

Let V,, be a two sided Clifford Banach module and let 7" : V,, — V,, be
a bounded right (or left) linear operator. The S-spectrum of 7" is defined as

os(T) = {s € R""" : T? —25¢T + |s|*Z isnot invertible in B(V,,)},
and the S-resolvent set
ps(T) = R™1\ ().

The set B(V},) denotes the set of bounded right linear operators acting on
Va.

The existence of an appropriate quaternionic spectrum was suggested by
the formulation of quaternionic quantum mechanics given by G. Birkhoff
and J. von Neumann [26]. A quaternionic formulation of quantum mechan-
ics is systematically studied in the monograph [5]. However, such a formu-
lation of quantum mechanics turned out to be more involved than expected
due to a lack of an appropriate definition of spectrum in the quaternionic
setting. Recently, there have been some progresses in the study of quater-
nionic quantum mechanics. For example, in [86] it was proved that the
equivalence of real and complex quantum mechanics and the equivalence
of complex and quaternionic quantum mechanics are dual problems that
can be solved with the same techniques.

In accordance to (1.3)), for s € ps(T') we can define the left S-resolvent
operator of 7" at s as

S (s, T) = —(T? — 25T + |s]*Z) (T — 3Z).

This is a B(V},)-valued slice hyperholomorphic function in the variables s
and so we can define for any left slice hyperholomorphic function f defined
in a suitable open set U, with o5(U) C U, the S-functional calculus:

f(T) = / e SETIT(S)

6
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The S-functional calculus for n-tuples of operators generalizes the Riesz-
Dunford-functional calculus for holomorphic functions. It is also possible
to define the S-functional calculus for right slice hyperholomorphic func-
tions. The right S-resolvent operator of 7" at s is defined by

Spl(s,T) == —(T —3I)(T* — 2s0T + |s|°Z) .

Then, we can define the S functional calculus for a right slice hyperholo-
morphic function f, by

J(T) = / oo SO .7

For the S functional calculus it is possible to show a resolvent equation, that
is called S-resolvent equation. One of the main differences with respect to
the resolvent equation in Riesz-Dunford functional calculus is that both S-
resolvent operators are involved. Precisely, we have

Sp'(s. 1), (p.T) = [[Sg'(s.T) = S, (. T)lp = 5185 (s, T) — S (p, T)]]
(p* — 2s0p + |s|*) ",
for s, p € ps(T).
In the sequel, we will consider bounded paravector operators 7', with
commuting components 7, € B(V) for ¢ = 0,1, ...,n, with n odd. This
set of operators is denoted by BC(V},), and it is a subset of B(V},).
The S-functional calculus admits a commutative version. For paravector

operators T' = Ty+e 11+ . .+e, T, such that T € BC(V,,) the F-spectrum
of T is defined as

op(T) ={s e R"™ :  PT—s(T+T)+TT isnot invertible in B(V,,)},
where we have set T := Ty — e; T} — ... — e, T}, and the F-resolvent set
pr(T) :=R"\ op(T).

It turns out that the F'-spectrum is the commutative version of the S-spectrum,
1.e., we have

op(T) =05(T), for Ty + ey + ...+ e,1, € BC(V,).

In the sequel also for the commutative version of the S-functional calcu-
lus we will use the symbol og(7"). The definition of the commutative .S-
spectrum comes from the Cauchy kernel written in the second form, see

7
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(L4). In fact, for paravector operators 7' € BC(V,,), the commutative ver-
sion of left S-resolvent operator is given by

S s, T) = (sT—T)(s’T—s(T+T)+TT)™', se€ps(T), (1.7

and the commutative version of the right S-resolvent operator is

S (s, T) = (T —s(T+T)+TT) (sT—T), s€ps(T). (1.8)

For the sake of simplicity we have still denoted the commutative version of
the S-resolvent operators with the same symbols as for the noncommutative
ones. The operator

Qus(T) ' i=(*T—s(T+T)+TT)™", s¢€ps(T),

is called commutative pseudo S-resolvent operator, for short, pseudo resol-
vent operator. In the sequel, when we mention the S-resolvent operators
we intend their commutative versions.

The Fueter-Sce mapping theorem in integral form is the crucial object
for the definition of the F'-functional calculus. It is a mongenic functional
calculus, in the same spirit of Mclntosh and collaborators, based on the
commutative version of the S’ spectrum.

We now define the F'-resolvent operators. Let n be an odd number, we
define the left /'-resolvent operator as

FY,T) i=4u(sT = TN’ T — s(T+T)+TT)""2, s € ps(T) (1.9)
and the right F'-resolvent operator as
FR(s,T) = yo(S*T— s(T+T)+TT)""% (sI-T), s € ps(T). (1.10)

For a left slice hyperholomorphic function f and f = A"T f we define
the F'-functional calculus as

u . L I
=g [ E T 1)

and for right slice hyperholomorphic function the F'-functional calculus is
given by
y 1
) =g [ pe)dss FisT),
21 Jawne,)

8
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As for the Riesz-Dunford functional calculus and the S-functional calcu-
lus, the resolvent equation for the F'-functional calculus plays an important
role. However, the F'-resolvent equation has further differences with re-
spect to the complex resolvent equation and with respect to the S-resolvent
equation. This is a consequence of the fact that the F’-functional calculus
is based on an integral transform and not on a Cauchy formula.

The F'-resolvent equation for n = 3 is known since some years and it
coincides with the quaternionic F'-resolvent equation, precisely it is given
by

FR(s,T)S; (&, ) + S7(s, T)FE(z, )
- i(SFf(S’ T)FE(z,T)x — sFR(s, T)TFE(z, T)
— FB(z, T)TFE (2, T)x + FE(s, T)T2FE(x, T))
=[(F5(s,T) = Fy'(2,T)) & — 5 (Eyi(s,T) — F5'(2,T)) ] (a* — 2502 + [s*) 7",

for T' € BC(V3) and for any p, s € ps(T), with s & [p].
All the constructions presented so far can be summarized in the follow-
ing diagram

SH(Qp) AM(Qp)

|

Slice Cauchy Formula Trs2, Pyeter — Sce theorem in integral from

l |

S—Functional calculus F — functional calculus

Description of the contents

The thesis is divided in 13 chapters besides this introduction. In chapter
2 we give a brief overview of the Riesz-Dunford functional calculus for
linear bounded operators. We recall the main properties like the resolvent
equation, the so called Riesz projectors and the product rule. In chapter 3
we give in details the state of the art of the S-functional calculus and the
F-functional calculus. Furthermore we revise the main notions for the the-
ory of slice hyperholomorphic functions and we recall the definition and
some relevant properties of the set of monogenic functions. The main con-
tributions to the research are contained from the chapter 4 to chapter 13.
In the last chapter there is an Appendix, containing computations related

9
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to the complex Hermite functions, which we did not find in literature, and
refinements of the Fueter-Sce construction.
Now, we give a brief description of the contents of each chapter.

 This chapter is based on [7/0]. We first recall the definitions and the
main properties of the Fock space and the Segal Bargmann transform
in the quaternionic setting. These were originally introduced in [15,
76]. Then, we characterize the range of the Schwartz space under
the Segal Bargmann transform. We also take into account relations
related to the position and momentum operators in this framework.
The main goal is to study a quaternionic analogue of the short time
Fourier transform (QSTFT) in dimension one with Gaussian window
function ¢(t) = 2'/%¢~™. To this end, we extend the formula

~ 2
B(f) (%) :ei”‘”emTWV@f(x,w), weR" z=uz+iw,
where B is the complex Bargmann transform, to quaternionic setting.
Note that we need to use the counterpart of the Segal-Bargmann trans-
form in the quaternionic setting and the slice representation of the
quaternions. For f, g € L*(R,H) we have the following Moyal iden-
tity for the QSTFT with Gaussian window

<V<pf, Vw9>L2(R2,H) = 2(f, 9>L2(R,H)-

Moreover, we prove that is possible to reconstruct the signal f if we
know its QSFT. This is the idea behind the reconstruction formula

fly) = 2% /2 eQﬂjwa@f(x,w)e"r(y—x)2dxdw, Vy € R.
R

Finally, we show that it is possible to write the quaternionic Fourier
transform in terms of the reproducing kernel of the so-called Gabor
space

Gh = {V,f, f € L*(R,H)}.

» This chapter is based on [71]]. We generalize the previous construc-
tion of the short time Fourier transform for more general windows
functions: the weighted Hermite functions, defined as

n

Un(@) = on/2yn/2 ()12 1 /Ay ~1/4"

10
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If we consider v = 27 and n = 0 in the previous formula we get the
Gaussian function ¢o(t) = 2"/%e~™. In order to study the QSTFT
with the weighted Hermite functions as windows we need the theory
of slice polyanalytic functions, developed in [16,/17]. In the first sec-
tion of this chapter we recall the definition and the main properties of
this function theory. Later, we recall the definition of the polyanalytic
Fock space, defined for a given J € Sand n > 1 to be

Fotl(H) == {f € SPy(H) : g | f1(q) e d);(q) < oo},

where dA;(q) is the Lebesgue measure on the slice C;. In the polyan-
alytic theory it is possible to define also a different polyanalytic Fock
space called true quaternionic polyanalytci Fock space, denoted by
F7.(H). We show the following relation among the two different Fock
spaces

Furl(H) = @ Fi(H).
j=0

As in the previous chapter our aim is to study a polyanalytic Bargmann
transform in order to get information about the a the QSTFT with
weighed Hermite functions as windows. Moreover, we generalize the
following identity

Vi p(z,w) = e ™G (o) (%) e (1.11)

where G™'! is the complex true polyanalytic Bargmann transform.
In this context it is possible to consider a QSTFT of a vector-valued
function @ = (o, ..., @, ) with respect to U = (o, ..., ¥y). Also for
this kind of signal it is possible to have a relation as (I.11). Let us
consider the formula

A z |z|2
V-dr,w)=e ™G | —|e 2, (1.12
59z, /(5) )
where G is the full polyanalytic Bargmann transform in the complex
setting. In this chapter we show that it is possible to write the true
quaternionic Bargmann transform in the following way

B*p(q) = ck/

e*ﬂ(q2+x2)+2n\/§quk (q +4q _ x) o(z)dz,
R

V2

11
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where ¢, := 21 (2Fk!(2m)*)"2 and H, are the Hermite polynomi-
als. This expression is crucial to get a QSTFT with weighted Hermite
functions as windows and to show all the main properties of this inte-
gral transform. In this chapter we show also that in the quaternionic
polyanalytic theory it is possible to define a polyanalytic Bargmann
transform for vector-valued signal ¢ = (q, ..., p,) and it is defined
as a sum of n + 1 quaternionic true polyanalytic Bargmann transform.
By means of this and formula (I.12)) we define a QSTFT with vector-
valued signal.

 This chapter is based on [68|]. We provide a generalization of the
short time Fourier transform in the Clifford algebra setting. The basic
tool to get a good definition of this transform is to use the so-called
Clifford-Fourier transform

Fefly) = (2m)"% s Ke(z,y)f(x) dr,
where the kernel K (z,y) is given by a combination of Bessel func-
tions, see (6.7). In order to show the main properties of the Clifford
short time Fourier transform we recall the definitions of the general-
ized translation and modulation operators, introduced in [[66]]. Then
we define the Clifford short time Fourier transform as

Vol (z,0) = F (g - [)(w),

where 7, is the generalized translation operator. If the function g, in
the previous formula, is radial, then we get the following expression

Vof(e.w) = (2m) 3 | K_(t,w)g(t —2) f(1) dt.
Rn
Moreover, we show that it is possible to write the Clifford short time
Fourier transform as a combination of the generalized modulation and
translation operators. Precisely, we show the following

Vof(z,0) = 2m)7% | Myrog(t)f(t)dt.
R
We prove that all the properties that usually holds for the short-time
Fourier transform like the orthogonality relation, the Moyal formula
and Lieb’s uncertainty principle are also valid in this context. Further-
more, we show that the behaviour of the generalized modulation and
generalized translation applied to Clifford-valued signal and a radial
window function is different from the classic case.

12
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* In this chapter we give an overview of the Fueter-Sce theorem. We
start by giving, with all the details, the original proof of the Fueter-Sce
theorem done by M.Sce in [126]]. He performed the proof in a very
general and pioneering way, because it is done for a generic quadratic
algebra. As particular cases we can find the algebra of quaternions
and the paravectors. In these cases the operator that transforms slice
hyperholomorphic functions in axially monogenic functions is A"z,
where A is the Laplace operator in n+1 variables and n is an odd num-
ber. The case n = 3 coincides with the quaternionic case. In the case
n even we have to deal with fractional powers of the Laplacian and so
we have to use the techniques of the Fourier multipliers, see [[122]. In
the case of n odd F. Colombo, I. Sabadini and F. Sommen, see [54],
proved an integral version of the Fueter-Sce theorem. Precisely, given
a slice hyperholomorphic function f they were able to get an axially
monogenic function f by an integral transform whose kernel has an
interesting form. In the last section we bring together the Fueter-Sce
theorem and the generalized Cauchy-Kovalevskaya (CK) extension.
This result asserts that axially monogenic functions are completely
determined by their restriction to the real line. Conversely, any real
analytic function has a unique generalized CK extension. This means
that this operator is an isomorphism. Since the Fueter-Sce map is a
surjective map but is not injective, it does not coincide with the gener-
alized CK-extension. We provide a match among the Fueter-Sce map
and the generalized CK-extension in the case of n odd and even. This
part of the chapter is based on [72].

 This chapter is based on [38]]. We recall in the previous chapter the
action of the operator A"z, in the variable z with n being an odd
number, to the slice hyperholomorphic Cauchy kernel written in sec-
ond form see (1.4)). The expression is very simple and it is given by

A%Sgl(s,m) = V(s — 7)(s* — 2Re(z)s + \x|2)JTH- (1.13)

In this chapter, we generalize the previous formula for any n. How-
ever, in the case of n being an even number we have to deal with the
Fourier multipliers

(—A) 7T =F~@2q|-)"'F (1.14)
in order to give meaning to the fractional powers of the Laplace oper-
ator. First of all, we show that the following function

kp(s,x) = (s — )(s* — 2z + |2[*) 7, A €ER,

13
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for s* — 2zgs + |x]* € R" \ (—o0,0], is left monogenic in the
variable z if and only if h = ”T_l In order to generalize formula
(I.13) for any dimension we compute the Fourier transform of the
slice hyperholomorphic Cauchy kernel S; ' (s, z) with respect to the

variable z. Denoting by F the Fourier transform we get

_ 3 i
F[S (s, )](€) = PPCNPUPICESY B G+ EA0 (1.15)
1Sz (s, )](€) = ¢ CETDE e ot¢

As further step we compute the Fourier transform of the following
function

n+1

FnL(s, 7) i=Yp(s — ) (5% — 2x05 + |2[*) " 2

The result obtained is the following

f —15€0
F[F, (s,)](€) =k e ¢ © LH+EA0 (116)

By putting together (1.13)), (1.16) and (I.14])) we get the desired result.

* This chapter is based on [35,36]. The main topic is the study of the so-
called F'-functional calculus. This arises form the Fueter-Sce theorem
in integral form when we formally replace the paravector variable x
with the operator 7. The F'-functional calculus is a monogenic func-
tional calculus, in the same spirit of McIntosh and collaborators, based
on the theory of the S-spectrum. This functional calculus was origi-
nally introduced in the paper [41]. In this chapter we solve some of
the main problems left open in that paper. First of all by means of the
Clifford-Appell polynomials, given by

k
P() = S THm e, v e R

where the coefficients 7% (n) are constants depending on the dimen-
sion of the algebra, we write a series expansion of the F'-kernels. This
is obtained for paravectors = and s such that |z| < |s| and it is given
by

+oo m—n+1

FLsa: Z ZKgmn m—‘,—ln(ﬁ—lm’ (1.17)

m=n—1

14
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where K,(m, n) are constants depending on the dimension of the alge-
bra. We find also a series expansion for the resolvent operators of the
F-functional calculus. It was enough to replace formally the operator
T to the paravector z in the formula (I.17). We give the following
definition of F'-resolvent operator for a paravector operator 7' with
commuting components

FEH(s,T) = (6T = T)(T = (T + T)s+ TT) "%,

for n being an odd number. The central aim of this chapter is to
get a resolvent equation for the F'-functional calculus in the Clifford-
setting, we denote this object F'-resolvent equation. The quaternionic
case has been investigated in [41]], but the case of general n (odd num-
ber) has been an open problem for some years. In the case n = 3
(which coincides with the quaternionic case) the F'-resolvent equa-
tion is written just in terms of the S-resolvent operators and the F-
resolvent operators. However, this is not always possible in the gen-
eral case. In order to explain how to obtain the F'-resolvent equation
in the general case we treat separately the cases n = 5andn = 7. In
the case n = 5 we show that the equation can be written in a quite
reasonable way in terms of the S-resolvent operators and F'-resolvent
operators. The case n = 7 shows that it is not possible to have a sim-
ple closed form for the F'-resolvent equation just in terms of the S-
resolvent operators and of the F'-resolvent operators. Instead, the use
of the pseudo S-resolvent operators allows a reasonable structure of
the resolvent equation. From the case n = 7 is not anymore possible
to write the F'-resolvent equation only in terms of F'-resolvent oper-
ators, because it would lead to an equation that is too complicated.
The interesting symmetries that appear in the F'-resolvent equation
are fundamental to study the Riesz projectors in this setting, which
are defined by the following operators

- 1

P = / El(p, T)dpsp™"
Yn(27) 8(G1NC )

1 / -1 R
= s" sy F (s, T),
Y (27) Jocanc,)

where GG and G, contain part of the S-spectrum. In the monogenic
functional calculus developed by Mclntosh and collaborators the re-
solvent equation is missing. They are able to study the Riesz projec-
tors by using another functional calculus: the Weyl calculus. We start

15
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to study the Riesz projectors in the case n = 5, since in this case we
have a F'-resolvent equation written in terms of the F'-resolvent oper-
ators. For the cases with n more than five we divide the study in the
cases of the parity of h = "1

* This chapter is based on [34]. We establish a new functional calcu-
lus, that can be considered the harmonic version of the Riesz-Dunford
functional calculus. The principle tools to obtain this new functional
calculus are the Fueter mapping theorem and the theory of the S-
spectrum. By factorizing the Laplace operator in terms of the Fueter
operator , namely A = DD, we have a refinement of the Fueter con-
struction given by

O(D) Iy SH(Qp) —2 AH(Qp) —25 AM(Qp).

So, in the quaternionic setting, there is the class of axially harmonic
functions that lies between the set of slice hyperholomorphic functions
and axially monogenic functions. All the sets of functions spaces and
the associated functional calculi induced by the factorization of the
Fueter-Sce map are called fine structures. A possible fine structure
of the quaternionic spectral theory on the S-spectrum is given by the
following diagram

SH(Qp) AH(Qp) AM(Qp)
Slice Cauchy Formula SN AH in integral form L Fueter thm. in integral form
S — Functional calculus Harmonic functional calculus F' — functional calculus

In this section we show that we can write an axially harmonic function
f(g) in integral form. Precisely, given a left slice hyperholomorphic
function f we have the following formula

fm>:Df@w:—1/ Q. () Yds,f(s),  (L18)
a(UNC.y)

(e

for a suitable open set U. By formally replacing the variable ¢ with an
operator 7' with commuting components we have

ﬂm:—l/ Q...(T) s, (s),
a(UNCy)

7

16
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with f = Df. This is the definition of the harmonic functional cal-
culus on the S-spectrum or equivalently called (Q-functional calculus.
We prove several properties of this functional calculus like the basic
algebraic rules and the independence from the set U and the imagi-
nary unit J € S. Furthermore, we get a resolvent equation for the
(-functional calculus, which is given by

Qes(T) 'S (0. T) + S5 (5, T) Qep(T) ™ = 2Qo(T) T Q. p(T) !
= [(Qes(T) ™" = Qep(T) ™ )p — 5(Qes(T) ™" = Qe p(T) )]
Q,(p)~" (1.19)

By means of this equation we show a product formula of the -
functional calculus and the interesting symmetries of equation (I.19)
allow to show that the following operators

~ 1
P(T) = — sds;Q.s(T)™!
21 Jaaancy)

1 _
_ 1 Q.,(T) " dpyp. (1.20)
27 Jocinc,)

are projectors, namely P2 = P. The operator (I.20) is called Riesz
projectors for the ()-functional calculus. The fine structure described
in the following chapter is the suitable tool to obtain a product rule for
the F'-functional calculus in the quaternionic case. This is given by

A(fg)(T) = Af(T)g(T) + f(T)Ag(T) — DF(T)Dy(T),

with T an operator with commuting components and the functions f
and g are assumed such that the product f g is slice hyperholomorphic.

This chapter is based on [73,/74]. We study another possible refine-
ment of the Fueter theorem. By applying the operator D to a slice
hyperholomorphic function f. Then the function fo := DFf, is poly-
analytic of order 2 i.e. it is in the kernel of the operator D?. Therefore,
we have the following diagram

OD) 15 SH(Qp) 25 APS(Qp) 25 AM(Qp).

where AP,({)p) is the set of axially polyanalytic of order 2. In this

17
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chapter we describe the following fine structure
SH(2p) AP2(Qp) AM(Q2p)

l

Slice Cauchy Formula —2 5 AP, integral form —2 . Fueter thm. in integral form

l ! |

S—Functional calculus Po — functionalcalculus JF — functional calculus

Basically we describe the central column of this digram. By applying
the conjugate Fueter to the second form of the slice hyperholomorphic
Cauchy kernel we get the following polyanalytic kernel

'1_3521(8761) = —FL(S q)s—l—qOFL S q ZQOFL s q )k:+1 1-k

This formula together with the slice hyperholomorphic Cauchy for-
mula, imply the following integral representation for axially polyana-
lytic functions of order 2

1
1 k/ 1—k

— —q Fr(s,q)s “dsy f(s), _
e 2w [ Fis)s s )

k=0

where U is a suitable open set and the function f is a left slice hyper-
holomorphic. As for the other functional calculi the integral represen-
tation is the crucial object to define the functional calculus. Given
an operator 7' with commuting components we define the left P,-
resolvent operator as

1

Py(s,T) = 3 TH (=1 Fi(s T)s'™

=0
Then we can define the polyanalytic functional calculus of order 2 on
the S-spectrum with the following expression

Ty = 2

L
27T /(UO(CJ) PQ (SvT) dSJ f(S), (121)

where f is a left slice hyperholomorphic function. The integral
does not depend on the set U neither on the imaginary unit J € S.
Even for this fine structure we show a resolvent equation which is
the fundamental tool to show a product rule and to generate the Riesz
projectors.

18
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* This chapter is based on [37]. We continue our investigation on the
fine structures. Let h := ”T_l be the so-called Sce exponent, and A be
the Laplace operator in dimension n + 1. In the Clifford framework
the operator Trgo := A" maps the slice hyperholomorphic function
f(z) to the set of axially monogenic functions.

Therefore it is possible to repeatedly apply to a slice hyperholomor-
phic function f(x) the Dirac operator and its conjugate, until we reach
the maximum power of the Laplacian, i.e., the Sce exponent. This
implies the possibility to build different sets of functions which lie
between the set of slice hyperholomorphic functions and the set of
axially monogenic functions. In this dissertation we focus on consid-
ering dimension five. In this case the Fueter-Sce map is given by AZ.
In dimension five there are seven spaces between the set of slice hy-
perholomorphic functions and axially monogenic functions, precisely:
ABH({)p) the axially bi-harmonic functions, ACH;(€)p) the axially
Cliffordian holomorphic functions of order 1, AH({2p) the axially
harmonic functions, AP(€)p) the axially polyanalytic of order 2,
ACH1(2p) the axially anti Cliffordian of order 1, ACP(12)(£2p) the
axially polyanalytic Cliffordian of order (1,2) , AP3({2p) the axially
polyanalytic of order 3, In dimension greater than five there will be
one more function space, that is not indicated in the list above, and
with this addition, all the fine structures can be described using those
function spaces of different orders. We are able to write any func-
tion in the previous sets in integral form. This fact is crucial to give a
definition to the different functional calculi based on the S-spectrum.

* In this last chapter we present some new research directions and per-
spectives that are under investigations at the moment.

19
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Part l:Integral transforms in the
hypercomplex setting

In this first part we extend to the quaternionic and Clifford algebra settings
the short time Fourier transform. Before we recall some basic notions of
Riesz-Dunford functional calculus and hypercomplex analysis that we will
need in the sequel.

In Chapter 4 and Chapter 5 we develop special one dimensional quater-
nion short-time Fourier transforms by using the slice hyperholomorphic
and the slice polyanalytic Bargmann transforms. In these cases we con-
sider a Gaussian function and the weighted Hermite functions as windows.
Then we study the main properties of these quaternion short time Fourier
transforms.

In Chapter 6, we give an extension of the short-time Fourier transform in
the Clifford algebra setting. The tool to achieve this is the Clifford Fourier
transform, introduced in [[66]]. In this case we deal with radial window
functions.

21
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CHAPTER

The Riesz-Dunford functional calculus

2.1 Introduction

In this chapter we recall some basic concepts of the Riesz-Dunford func-
tional calculus. We will focus only on the functional calculus for linear
bounded operators. The unbounded case is not a topic of this thesis. We
will insert only some of the proofs of the results presented in this chapter.
For more details see [79]].

2.2 Vector-Valued functions of a complex variable

We start by recalling the definition of linear bounded operator.
Definition 2.2.1. Let us consider X and Y two complex Banach space.

* We say that the map 7' : X — Y is a linear operator if
Tz + py) = XTx + uTy, forall z,ye X, M\peC.

* A linear operator 7' : X — Y is said to be bounded if there exists a
constant ¢ > 0 such that for any x € X we have

[T < k||

23
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* The set of all bounded linear operators 7' : X — Y with norm defined
by
Tx
7)) = sup L]
w0 |l
is denoted by B(X,Y). If X =Y we set B(X) := B(X, X).

The classic notion of holomorphic function as well as the classical Cauchy
theorem and Cauchy integral formula can be generalized to function with
values in a normed vector space X.

Definition 2.2.2. Let X be a Banach space and 2z, € C. Let us consider a
function f : C — X. The function f is holomorphic in 2 if there exists
an open disk D(zg,7), with > 0, such that f admits the following power
series expansion

fz)=> Tuz—2)", T,eBX), neN,
n=0

converging in the norm of X in D(z, 7).

Theorem 2.2.3 (Cauchy theorem). Let U be an open bounded set in C such
that OU is a finite union of continuously differentiable Jordan curves. If the
function f: U U0OU — X is a holomorphic function, then we have

f(z)dz =0.
oU
Theorem 2.2.4 (Cauchy integral formula). Let U be an open bounded set
in C. We suppose that V- C U such that OV UV C U and OV is a finite
union of continuously differentiable Jordan curves. Then if [ : U — X is
holomorphic, for each zy € V we have
1 _
flzo) = 5= [ f(2)(z —20) "da.
ov

21

2.3 The functional calculus for linear bounded operators

Let X be a complex Banach space and 7' € B(X). We define the resolvent
set of 1" as
p(T) = {A € C|(AT - T)* € B(X)},
where Z is the identity operator. The spectrum set of 7" is defined as
o(T) = C\ p(T).

We have the following properties

24
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2.3. The functional calculus for linear bounded operators
Lemma 2.3.1. Let T € B(X). Then we have
o the resolvent set p(T) is open,
o the closed set o(T') is compact and nonempty
The following function
R\T) =\ -T)", A€ p(T),
is called resolvent operator of 7. The number
r(T) =sup{|A| : A € o(T)}, (2.1)
is called the spectral radius of 7". A crucial result is to expand in series the
resolvent operator.
Proposition 2.3.2. Let T € B(X) and X € C. Then for | T|| < |\l we have
R\,T) = i A,
n=0
Proof. Since the geometric series » - u™ = 1= converges if [u| < 1 we o
have
R\T) = OAI-T)'=x'Z-x'T)"!
= ! i(A‘lT)n = iT”A‘l‘”.
n=0 n—0
O
Proposition 2.3.3. Let T' € B(X). Then for every pair A\, i € p(T) we
have
* The function R(\,T') is analytic on p(T),
* RO\ T)R(p, T) = R(p, T)R(A, T),
* The resolvent operator satisfies the following identity
AR\, T)—TR\T)="1. (2.2)
One of the main properties that the resolvent operator enjoys is the fol-
lowing.
25
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Proposition 2.3.4 (Resolvent equation). Let T' € B(X). Then for every A,
w € p(T) we have

R\T)— R(u, T
ROLT)R(u, 7) = TAT) = B T) 23)
A
Proof. By Proposition [2.3.3] we know
AR\, T) — TR\, T) =1, (2.4)
and
pR(p, T) = TR(u,T) = 1. (2.5)
Moreover, we can write
RO\ T)R(s, T) = R, TYRO\,T). 2.6)
If we multiply equation (2.4) by R(u, T) we get
and if we multiply the equation (2.5) by R(\,T") we obtain
By taking the difference of the equations (2.7) and (2.8) and by (2.6)), we
get the resolvent equation. [

Now, we list some properties of the resolvent equation that we will be
useful in the sequel to show important properties for the the Riesz-Dunford
functional calculus.

(I) The product of the resolvent operators R(\, T')R(u, T'), at two differ-
ent points \, p € p(T), is transformed into the difference R(\,T") —
R(p, T).

(1) The difference R(\, T") — R(u, T') is entangled with the Cauchy kernel
1/(u — A) of holomorphic functions as follows

R\T) — R(u,T)
fr—A '

(III) The resolvent equation preserves the holomorphicity both in A and in
e p(T).

Definition 2.3.5. Let 7" € B(X). We denote by F(7") the family of func-
tions f which are analytic on some neighbourhood of o (7).

26



“thesis” — 2022/12/4 — ‘11:25 — page 27 — #45

2.3. The functional calculus for linear bounded operators

Now, we are ready to define the Riesz-Dunford functional calculus.

Definition 2.3.6. Let f € F(T'), and let U be an open set whose boundary
OU is a finite union of continuously differentiable Jordan curves, oriented
in the positive sense. Suppose that o(7") C U and that U U 9U is contained
in the domain of analyticity of f. Then the operator f(7) is defined by

1
f(T) = Gy RN T)f(N)dA. (2.9)
™ Jou
We observe that the integral in formula (2.9) does not depend on the
open set U, it depends only on f. The previous definition is consistent with
polynomials.

Theorem 2.3.7. Let n € Ny = NU {0} and T € B(T). We suppose
that U is an open set whose boundary OU is a finite union of continuously
differentiable Jordan curves oriented in the positive sense. If o(T') C U we

have
1

T = — R\, T)\"dA.
27TZ oU ( ’ )
Proof. Let us denote by B,.(0) a ball with radius r > ||7'||. Then by Propo-
sition[2.3.2] we have

1 > 1
— RA\T)N'AN = > T"— / ATELN(2.10)
211 9B, (0) 0 211 9B,(0)
— m
because

1 n=m,
/ AL =
8B,(0) 0 n #m.

By the Cauchy theorem, the integral in (2.10) is not affected if we replace
the circle 0B, (0) by oU. O

As a consequence of Theorem we have the following result.

Theorem 2.3.8. Let T' € B(T). We suppose that U is an open set whose
boundary OU is a finite union of continuously differentiable Jordan curves
oriented in the positive sense and we assume that the set U contains o(T).

For every p(z) = >, 2‘ay with ay € C, we set P(T) = >, T*ay. Then

P(T) = % RO
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The Riesz-Dunford functional calculus enjoys the following algebraic
properties.

Proposition 2.3.9. Let f, g € F(T) and oy, ag € C. Then we have
1) anf +azg € F(T) and (an f + aog)(T) = an f(T) + azg(T).

2) If f(N) =02 g an A", with {a, }n>0 C C, converges in a neighbour-
hood of o(T), then f(T) = > ", a, T

Proof. 1) The first follows easily from Definition [2.3.6

2) The second point follows from the fact that the series )~ a;, A" con-
verges uniformly onthe set C. : {\ € C : |A\| < r(T)+¢} fore > 0.
Then by Proposition [2.3.2] we get

1 o
T) = — DATR(N, T)dX
f(1) = o csn;o‘ R\ T)
1 o0
= — a, / A R(X, T)dA
_ 271
n=0 €
_ 1 - - —1—-kmk n
= - an/ <Z)\ T>)\d)\
n=0 € k=0
= ZanT”
n=0

O

One of the main important properties of the Riesz-Dunford functional
calculus is the so called product rule. To show this property we use the
resolvent equation (2.3)).

Theorem 2.3.10 (product rule). Let f, g € F(T') then f - g € F(T') and
f(T)g(T) = (f - 9)(T).

Proof. By hypothesis we know that f, g € F(T') then trivially f-g € F(T).
Let us consider two neighbourhoods Uy, Us of o(7T), whose boundary
0U; and 0Us are finite unions of continuously differentiable Jordan curves.
Now, we assume that U; U 9U; C U, and that U, U QU, is contained in
a common region of analyticity of f and g. By Definition [2.3.6| and the
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resolvent equation (2.3 we get
1
FOT) = =15 [ FOROTIN [ o) ROs T
4 Jou, U,
1
— i [ [ gl ROT R T dd
Uy Jau,
RA\,T T
R P LCS RS (T2 P
oU1 JoUs H = A
Now, by Fubini’s theorem, Cauchy theorem (see Theorem|[2.2.3)) and Cauchy
integral formula (see Theorem [2.2.4)) we obtain
1 9(u)
fMge(T) = —— FNRNT (/ ———du | d\
(To(1) =~ [ sovpon) ([T
1 f)
b [ atrn) ([ L) an
Ar? Jau, ouy 1= A
1
= 9 FNGN)RA, T)dA
T U,
= (f-9)(T). o
[
Another important application of the resolvent equation is the study of
the so called Riesz projectors.
Theorem 2.3.11 (Riesz projectors). Let T' € B(X) and f € F(T). We
suppose that o(T) = o1(T) U oo(T) with dist(o1(T), 02(T)) > 0. Then we
consider two open sets €2y and Qy such that o(T;) C ; with i = 1,2 and
Q1 N Qy = 0. Then the following operator
1
P:=— R\, T)d\, 1 =1,2
271 o9,
is a projector.
Proof. We have to show that P? = P. Let G, and G, tow open sets that
contain the spectrum o(7") and such that G} is the union of a finite number
of continuously differentiable Jordan curves oriented in the positive sense.
Moreover we suppose that
* 0;(T) C Gy, withi = 1,2,
« G) C Gy,
29
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o Gy C Q, withi = 1,2.
Now, by the Cauchy theorem we can write

1 1
P=— RA\T)d\N = — T)dpu.

Therefore, by the resolvent equation (2.3)) we have

P? = RO\ T)R(u, T)d\dp
0G1 66‘2
= — R, )d)\du
0G1 J 0G2 _)‘

Due to the facts that
/ 1 - / 1 0
— =27 — =0,
0Gy M — A oG, M — A

P? = — R\, T)d\ = P.
271 9G4

we obtain

]

Another important result for the Riesz-Dunford functional calculus is
the following.

Theorem 2.3.12 (Spectral mapping theorem). If f € F(T'), then f(o(T)) =
olf(T)].

We state a result, which is a particular case of the spectral mapping
theorem, that shows how to compute the spectral radius defined in 2.1).

Proposition 2.3.13. Let T' € B(X), then we have
e o(T7) = [o(T)]" = {X" : A€ o(T)}.
o 1r(T) = lim,, /T
The spectral mapping theorem implies following result.
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2.3. The functional calculus for linear bounded operators

Theorem 2.3.14 (Composition rule). Let f € F(T'), g € F(f(T)), and
F(X\) = g(f(X)). Then we have

s F e F(T),
« F(T) = g(f(T)).
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CHAPTER

Preliminaries on slice hypercomplex
analysis

In this chapter we recall the main notions of the quaternionic and Clifford
analysis. In the first section of this chapter we mention some basic re-
sults about the slice hyperholomorphic functions theory that we will need
in the sequel. In the second section we revise the main concepts of the .S
functional calculus. Most of the results presented in this chapter are well-
known, for this reason we omit all the proofs. For further information see
the books [|13,28,144,145156,59.[87./94].

3.1 Hyperholomorphic functions

The skew-field of quaternions is defined as

H = {q = qo + qie1 + €2 + gze3 | q0,q1, 92,93 € R},
where the imaginary units satisfy the relations
e% = e% = e% =-1
and

€163 = —€2€1 = €3, €263 = —€3€2 = €1, €361 = —€1€3 = €3.
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Given ¢ € H we call Re(q) := qo the real part of ¢ and ¢ = qie; +
G2€2 + gses the imaginary part. The modulus of ¢ € H is given by |¢| =
V@ + & + ¢ + ¢3, the conjugate of g is defined by § = gy — ¢ and we
have |q| = v/qg. Moreover for p, ¢ € H we have -

Pq = qp.
The symbol S denotes the unit sphere of purely imaginary quaternions
S={¢=qer+ @ea+@es | qi + ¢ +¢; =1}

Notice that if J € S, then J? = —1. Therefore J is an imaginary unit, and
we denote by
Cyj={u+Jv | u,v € R},

an isomorphic copy of the complex plane. It can be considered as a complex
plane in H passing through 0,1 and J. It is immediate that we have

H:UCJ.

Jes

Given a non-real quaternion ¢ = qo+q = qo+J4|q|, we set J, = q/|q| €
S and we associate to q the 2-sphere defined by

lq] ={q +Jlg| | J €S}

The quaternions are a particular case of real Clifford algebras.
Let R,, be the real Clifford algebra over n imaginary units eq, ..., e, sat-
isfying the relations ee,, + e, = 0, £ # m, e? = —1. An element in
the Clifford algebra will be denoted by > , eax4 Where A = {{,...(,} €
P{1,2,...,n}, ¢ < ... < {.is a multi-index and e4 = e ey, ...ey,,
ep = 1. The Clifford algebras over two units R, is the algebra of the
quaternions, previously denoted by H.

A point (zg, z1,...,7,) € R" will be identified with the element
T =To+xT =29+ Z;Zl xje; € R, called paravector and the real part
xo of x will also be denoted by Re(x). The vector part of z is defined by
r = 161 + ...+ z,e,. The conjugate of x is denoted by ¥ = xy — x and
the Euclidean modulus of z is given by |z|?> = x3 + ... + 2. The sphere
of purely imaginary vectors with modulus 1, is defined by

S"l'={z=em1+... + x| 2]+ ...+ 22 =1}

The element I € S"~! is such that /? = —1, so I is an imaginary unit, and
we will denote the complex space with imaginary unit / by C;. Given a
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non-real paravector ¥ = x¢ + x = 1o + J,|z|, we set J, := z/|xz| € S*1,
and we associate to = the (n — 1)- sphere defined by

[2] = {wo + Jz| | J €S}

In the sequel we will give the definition and the properties of slice hy-
perholomorphic functions only in the Clifford algebra setting, since it is
always possible to recover the quaternionic case.

Definition 3.1.1. Let U C R"*1,

* We say that U is axially symmetric if, for every v + [v € U, all the
elements u + Jov for J € S*~! are contained in U.

e We say that U is a slice domain if UNR # () and if UNC} is a domain
in C; for every J € S" 1.

Definition 3.1.2. An axially symmetric open set U C R™"! is called slice
Cauchy domain if U N C; is a Cauchy domain in C; for every J € S"~1.
More precisely, U is a slice Cauchy domain if for every J € S"! the
boundary of U N C; is the union of a finite number of nonintersecting
piecewise continuously differentiable Jordan curves in C.

On axially symmetric open sets we define the class of slice hyperholo-
morphic functions, in the case of Clifford algebra valued functions they are
often called slice monogenic functions.

Definition 3.1.3 (Slice hyperholomorphic functions). Let U C R""! be an
axially symmetric open setand letUf := {(u,v) e R*: u+Jv e U VJ €
S™~1}. We say that a function f : U — R,, of the form

flz) = a(u,v) + JB(u,v) (3.1)

where 2 = u + Jov for any J € S"!, is left slice hyperholomorphic if «
and [ are R,,-valued differentiable functions such that

a(u,v) = a(u, —v), Pu,v) =—PF(u,—v) forall (u,v) €U, (3.2)
and if o and [ satisfy the Cauchy-Riemann system
Opa(u,v) — 0B (u,v) =0, Jya(u,v)+ 0,0(u,v) =0.
We recall that right slice hyperholomorphic functions are of the form
f(z) = a(u,v) + B(u,v)J,

where «, (3 satisfy the above conditions.
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Definition 3.1.4. The set of left (resp. right) slice hyperholomorphic func-
tions on U is denoted with the symbol SH(U) (resp. SHr(U)). The
subset of intrinsic functions consists of those slice hyperholomorphic func-
tions such that «, 3 are real-valued function and it is denoted by N (U).

Definition 3.1.5. Let U be an open set in R"*!. A real differentiable func-
tion f : U — R, is left monogenic if

Df(x) = Oy f(x +Zeaxzf

It is right monogenic if

f(2)D = 0y, f(x +Zaxlf

In Chapter 7 we will study a connection between the slice hyperholo-
morphic and monogenic functions.

In general the product of slice hyperholomorphic functions is not pre-
served. Indeed for example the function f(x) = za, with a € R, \ R,
is left slice hyperholomorphic; but the product f(z) - f(z) = zaza is not
slice hyperholomorphic. In order to overcome this issue we give a suitable
definition of product among slice hyperholomorphic functions

Definition 3.1.6. For f = a+ Jf3,9 =~v+ Jo € SH(U), we define the
left slice hyperholomorphic product as

f*pg=(ay—B0)+ J(ad + ().

For f = a+ pI, g =~v+0J € SHg(U), we define the right slice hyper-
holomorphic product as

[*rg=(ay—B0)+ (ad + fv)J.

If we consider the previous example we have that f(x) * f(z) = 2%a?,
which is a left slice hyperholomorphic function.

The subclass of intrinsic function plays a very important rule because a
pointwise multiplication with a slice hyperholomorphic function maintains
the property to be slice hyperholomorphic.

Lemma 3.1.7. Let U C H be axially symmetric. If f € N(U) and g €
SHL(U), then fg € SHL(U). If f € SHR(U) and g € N(U), then
fg € SHR(U).
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Remark 3.1.8. The slice hyperholomorphic product, in general, is not com-
mutative. It is associative and distributive. However, if the function f is
intrinsic the slice hyperholomorphic product coincides with the classical
pointwise product :

frrg=rfg=g=c [
Similarly, if g is intrinsic we have

f*rg=fg=9gx*r [

For the sake of simplicity we recall the following result only for left slice
hyperholomorphic functions.

Theorem 3.1.9 (Representation formula). Let U C R™*! be an axially
symmetric domain and let f be a slice hyperholomorphic function and f be
a left slice hyperholomorphic on U.

e For any v = u + J,v € U the following formulas hold

Fle) = gl = LTV f(ut Jo) + 1+ L)~ o),
and
F() = 5L+ o)+ flu = Jo) + L[ (= o) = f(ut J0)]).

* Moreover, the two quantities

au,v) = %[f(u + Ju) + f(u— Jv)],
and .

8(u,0) = J2[F(u— Jv) — Fu+ o)
do not depend on J € S"71,

Definition 3.1.10. Let U C H be an axially symmetric open set. For any
f € SHL(U) the slice derivative is defined by:

0sf() = _lim (s =) (f(s) — f(2).
Similarly, if f € SH(U), then the function
0sf(2) = _lim ((s) = f(a))(s ),

is called the slice derivative of f.
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We observe that the slice derivative of a left slice hyperholomorphic
function, (respectively right), is again a left slice hyperholomorphic func-
tion, (respectively right). Furthermore, if z € R then the slice derivative

coincides with the partial derivative 88 f.
L0

In a suitable domain we can expand the slice hyperholomorphic into a
power series.

Theorem 3.1.11. If f is a left slice hyperholomorphic function on B, (a), a
ball with radius r > 0 and centre a € R, then

o0

f) =Y (=)' (0f)  for x€ Bua)

n=0
If f is a right slice hyperholomorphic function on B, (a), then

S 1 n n
@)= @) —a)"  for @€ Bia).
n=0
In [88] Gentili and Struppa proposed another definition to extend the
classical theory of holomorphic functions to the quaternionic setting. In
[S8] these concepts was considered in the Clifford algebra setting.

Definition 3.1.12. Let U C R™"! be an axially symmetric slice domain and
let f : U — R,, be areal differentiable function. Let J € S"~! and let f;
be the restriction of the function f to the complex plane C;. We say that f
is left holomorphic if for every J € S*~! we have

1/ 0
5(%+J§>ﬁ](w—l—1y):0 Ve+JyeUNC,  (3.3)

We say that f is right holomorphic if for every .J € S*~! we have

%(%—F%J)ﬁ;(w—l—[y):o Ve +JyeUNCy. (3.4)
Remark 3.1.13. It is possible to show that any left holomorphic function
(resp. right) defined in an axially symmetric slice domain satisfies the Rep-
resentation formula, see Theorem [3.1.9] This implies that a left holomor-
phic function (resp. right) is a left (resp. right) slice function. Therefore
on axially symmetric slice domain Definition and Definition
coincide. However, in other sets like open sets that do not intersect the real
axis, there exists functions that are not slice functions but satisfies or
(3.4). Thus Definition [3.1.3]is more restrictive than Definition [3.1.12] even
if it is more appropriate for the operator theory, see Remark [3.2.11]
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3.1. Hyperholomorphic functions
We now recall the hyperholomorphic Cauchy formulas that are the heart
of the hyperholomorphic spectral theories.
Theorem 3.1.14. Let s, x € R with |z| < |s|, then
Zm” 1= (2% = 2Re(s)z + |s]*) ' (z — F)
and
+oo
Z sl = —(z —3)(2* — 2Re(s)x + |s]*) 7!
n=0
Moreover, for any s, x € R" with x ¢ [s], we have
—(2* — 2Re(s)x + |s]*) 1z —3) = (s — T)(s* — 2Re(z)s + |z|*) !
and
—(z —3)(2* — 2Re(s)z + |s|*) ™! = (s* — 2Re(x)s + |z|*) ' (s — 7).
In view of Theorem [3.1.14|there are two possible representations of the _
Cauchy kernels for left slice hyperholomorphic functions and two for right
slice hyperholomorphic functions.
Definition 3.1.15. Let s, » € R""! with # ¢ [s] then we define the two
functions
Q.(z)7 ! == (22 —2Re(s)x+]s]*) 7", Qes(z)™! = (s*—2Re(z)s+]|x[*) ",
that are called pseudo Cauchy kernel and commutative pseudo Cauchy
kernel, respectively.
Definition 3.1.16. Let s, x € R™™! with = ¢ [s] then
* We say that the left slice hyperholomorphic Cauchy kernel S;l(s, )
is written in the form I if
Sp'(s,2) == Qu(2) (5 — a).
* We say that the right slice hyperholomorphic Cauchy kernel S,gl (s,z)
is written in the form I if
Spl(s,x) = (53— 2)Qu(x) "
39
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 We say that the left slice hyperholomorphic Cauchy kernel S; (s, )
is written in the form II if

S (s, x) = (5 —7)Qes(z) ™.

* We say that the right slice hyperholomorphic Cauchy kernel S;Ll (s,x)
is written in the form II if

Sgl(s, x) = Qgs(x)’l(s — ).

In this article, otherwise specified, we refer to S; ' (s, z) and S5 (s, z)
as written in the form II.

We have the following regularity for the (left and right) slice hyperholo-
morphic Cauchy kernels.

Lemma 3.1.17. Let s ¢ [x]. The left slice hyperholomorphic Cauchy kernel
Sgl(s, x) is left slice hyperholomorphic in x and right slice hyperholomor-
phic in s. The right slice hyperholomorphic Cauchy kernel Sgl(s, x) is left
slice hyperholomorphic in s and right slice hyperholomorphic in .

Theorem 3.1.18 (The Cauchy formulas for slice hyperholomorphic func-
tions). Let U C R™""! be a bounded slice Cauchy domain, let J € S"~! and
set dsy = ds(—J). If f is a (left) slice hyperholomorphic function on a set

that contains U then

fa) = -

= — S s, x)dsy f(s), forany xe€U.  (3.5)
21 Jawnc,)

If f is a right slice hyperholomorphic function on a set that contains U,
then

1
flx)=— f(s)ds; Sgp'(s, @), forany xe€U.  (3.6)
21 Jawnc,)
These integrals depend neither on U nor on the imaginary unit J € S"~1.

A Cauchy integral theorem holds also for slice hyperholomorphic func-
tions.

Lemma 3.1.19. Let f and g be left slice monogenic and right slice mono-
genic functions, respectively, defined on an open set U. For any J € S}
and any open bounded set D in U N C; whose boundary is a finite union
of continuously differentiable Jordan curves, we have

/ g(s)dsrf(s) =0.
oD,
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3.2 S-functional calculus

The Cauchy formula of slice hyperholomorphic functions generates the .S-
functional calculus for Clifford linear operators or for n-tuples of not nec-
essarily commuting operators. This calculus is based on the notion of S-
spectrum, see [9,/12,42,43,50-53|]. This notion was discovered in 2006 by
F. Colombo and I. Sabadini as it is well explained in the introduction of the
book [45]].

The existence of an appropriate quaternionic spectrum was suggested by
the formulation of quaternionic quantum mechanics given by G. Birkhoff
and J. von Neumann [26]]. We note that in this framework a spectral theorem
for quaternionic operators is necessary, and this was proved in [10] (see
also the particular cases [11,/86]) and further generalized to fully Clifford
operators in [47]].

Preliminary attempts to prove the spectral theorem for quaternionic op-
erators, without a precise notion of quaternionic spectrum, were given in
[131L135]], while in [83]] the spectral theorem for quaternionic matrices is
treated on the right spectrum, a subset of the S-spectrum.

Now, we fix the notations. We denote by 3(V},) the Banach space of all
bounded right linear operators acting on a the two sided Clifford Banach
module V,, = V ® R,,, where V' is a real Banach space. In the sequel we
will consider operators of the form 7" = Ty + 37 e;T; where Tj € B(V,)
with 7 = 0,1, ..., n. The subset of such operators in B(V;,) will be denoted
by B%1(V,,).

Now, we give the appropriate definition of spectrum. This is the so-
called S-spectrum, and it is defined in an unconventional way because it
involves the square of the linear operator 7'.

Definition 3.2.1. Let V,, be a two sided Clifford Banach module and let
T € B®Y(V,). For s € R"*! we set

Q,(T) := T* — 2Re(s)T + |s|*T.
We define the S-resolvent set og(1") of 1" as
os(T) :={s € R"™: Q(T)"' isnotinvertiblein B(V,)},
and we define the S-spectrum pg(7") of T as
ps(T) = R"™\ g (T).

For s € pg(T), the operator Q,(T)~! is called the pseudo S-resolvent
operator of 7" at s.
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Theorem 3.2.2. Let T € B%!(V,) and s € R"™ with | T| < |s|. Then we

have
S el = _QU(T) (T - 5T),
n=0

and
i s = (T —3T)Q.(T) .
n=0

According to the left or right slice hyperholomorphicity, there exist two
different resolvent operators.

Definition 3.2.3 (S-resolvent operators). Let 7' € B%(V},) and s € pgs(T).
Then the left S-resolvent operator is defined as

Sy (s, T) == =Qu(T) (T —3I),
and the right S-resolvent operator is defined as
Spl(s,T) == —(T —3I)Q4(T) "

Proposition 3.2.4. Let T € B*(V,) and s € ps(T). Then the left S-
resolvent operator satisfies the equation

S; s, T)s —TS; (s, T) =T, , (3.7)
and the right S-resolvent operator satisfies
sSR! (s, T) — Sp' (s, T)T =T. (3.8)

The equations and (3.8) cannot be considered the resolvent equa-
tions for the S-functional calculus because they do not satisfy the properties
of the classical resolvent equation. The S-resolvent equation involves both
the S-resolvent operators. Precisely, we have

Theorem 3.2.5 (S-resolvent equation). Let T € B%(V,,) then for s, p €
ps(T), with p & [s], we have

L (p, T)) D+

S}gl(s,T)Sil(p, T) :[(S}gl(s,T) — ST (3.9)
)_ SL_I(paT))]Qs(p)_lv -

—5(SE'(s, T
where Q,(p) := p*> — 2Re(s)p + |s|*.
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Remark 3.2.6. The S-resolvent equation can be rewritten by using the left
and right slice hyperholomorphic products with respect to the variables s
and p, which are denoted by *;, 5, *pg .

S}gl(s,T)Sgl(p, T) = (S;zl(s, T) — Sgl(p, T)) K5 SE%p7 s)Z
or
S (5. T)SE (1. T) = S5, 5)T #1p (S (5, T) = 57, T))

The major differences between the resolvent equations in the S func-
tional calculus (see (3.9)) and in the Riesz-Dunford functional calculus (see
(2.3)) are listed below.

(I-S) The S-resolvent equation contains both the S-resolvent operators and
an important fact to point out is that S;'(s,T) is right slice hyper-
holomorphic and S (s, T') left slice hyperholomorphic. The product
Syl (s, T)S; (p, T) preserves the right slice hyperholomorphicity in
s and the left slice hyperholomorphicity in p.

(II-S) The product S;'(s,T)S;*(p,T) is transformed into the difference
Syt (s, T)—S; (p, T) of the two S-resolvent operators, as in the com-
plex case.

(II-S) The difference Sy'(s,7)—S; ' (p, T) is entangled with (p—3)(p® —
2s0p + |s|?)~!, which is the Cauchy kernel of slice hyperholomorphic
functions, and the map

(s,p) = [[Sz" (s, T) = S;'(p, T)lp
—5[S5' (s, T) = S. (. T)]] (p* — 2s0p + |s*) 1,

for s, p € R"\ o5(T), preserves the right slice hyperholomorphicity
in s and the left slice hyperholomorphicity in p.

Remark 3.2.7. It is important to note that the product S;*(p, 7) S5 (s, T)
cannot be used in the S-resolvent equation because it destroys slice hyper-
holomorphicity.

In order to give the definition of the S-functional calculus we need the
following classes of functions.

Notation: Let 7' € B%'(V,,). We denote by SH 1 (05(T)), SHr(o5(T))
and N (os(T)) the sets of all left, right and intrinsic slice hyperholomorphic
functions f, respectively, with o5(T") C dom(f).
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Definition 3.2.8 (S-functional calculus). Let T € B*!'(V},). Let U be a
slice Cauchy domain that contains og(7") and U is contained in the do-

main of f. Set ds; = —dsJ for J € S" !, so we define for every
f € SHL(O'S(T))
FT) = S71(s,T) dsy f(s), (3.10)
21 Jownc,)
and for every f € SHr(0s(T))
f(T) = i/ f(s)ds; Sg'(s,T). (3.11)
21 Jawnc,)

The definition of S-functional calculus is well posed since the integrals
in (3.10) and (3.11)) depend neither on U and nor on the imaginary unit
Jesr

Like in the Riesz-Dunford functional calculus the resolvent equation is
fundamental to show a product rule for the S-functional calculus and to
study the Riesz projectors in this setting.

Theorem 3.2.9 (Productrule). Let T € B%'(V},) and assume f € N(os(T))
and g € SH(05(T)). Then we have

(fo)(T) = f(T)g(T).
Theorem 3.2.10 (Riesz projectors). Let T € B%Y(V,) and let o5(T) =
015(T) U 095(T), with dist(c15(T),025(T)) > 0. Let Uy and Uy be two

axially symmetric s-domains such that o15(T) C Uy and o95(T') C Uy with
U NU, = (0. Set

1
P = — S (s, T)dsy, j=1,2,
21 Jow,ncy)
1
T; = — S (s, T)dsys, j=1,2.
2m o(UysNCy)

Then P; are projectors and T; = T;P; = P;T} for j = 1,2.

Remark 3.2.11. We observe that Definition is the most appropriate
for the operator theory. One of the reason is that the slice structure of
the function is essential for the properties of slice hyperholomorphic func-
tions such as the Cauchy formulas, which are essential for operator theory.
Moreover, if we consider the S-functional calculus restricted to functions
defined on axially symmetric slice domains, this would prevent the defini-
tion of Riesz projectors via this calculus.
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In [53]] a commutative version of of the S-functional is established.

We will consider bounded paravector operators 7', with commuting com-
ponents T, € B(V) for ¢ = 0,1,...,n. By BC(V,,) we denote the subset
of B(V},) consisting of Clifford operators with commuting components, i.e.,
operators of the type >, eaTs where A = {{, ... 0, } € P{1,2,...,n}, {1 <
... < £, is a multi-index, T = Ty, and the operators 74 commute among
themselves. In this case the most appropriate definition of the S-spectrum
18 its commutative version, that for historical reasons is also called F'-
spectrum, i.e.,

op(T) ={s € R"" : $*T—(T+T)s+TT isnot invertible in B(V,)}
where we have set T := Ty — e, 1y — . .. — e, T, and the F-resolvent set
pr(T) :=R"\ op(T).

It turns out that the F'-spectrum is the commutative version of the S-spectrum,
i.e., we have

or(T) = 0o5(T), for T € BC(V},).

The definition of the F'-spectrum comes from the structure of the com-
mutative S-resolvent operators. In fact, for paravector operators 7' € BC(V},), —
the commutative version of left S-resolvent operator is defined as

S s, T) = (ST —T)s*T—s(T+T)+TT)", seps(T), (3.12)

and the commutative version of the right S-resolvent operator is

S (s, T) = (T —s(T+T)+TT) (sT—T), se€ps(T). (3.13)

The operator

Q. (T) ' i=(s*T—s(T+T)+TT)™", se€ps(T), (3.14)

is called commutative pseudo S-resolvent operator (or pseudo resolvent
operator, for short). For the sake of simplicity, we have used in (3.12)) and
(3.13) the same symbols used for 7" with noncommuting components.

We can define the commutative S-functional calculus similarly as in
Definition[3.2.8] Moreover, for this type of functional calculus the structure
of the S-resolvent equation (see (3.9)) is maintained.
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CHAPTER

On the quaternionic short-time Fourier and
Segal-Bargmann transforms

4.1 Motivation

In this chapter we introduce an extension of the short-time Fourier trans-
form in dimension one to the quaternionic setting .

To this end, we fix a property that relates the complex short-time Fourier
transform and the complex Segal-Bargmann transform:

. —7|z 2
Vof(z,w) =e ™ Bf(Z)e n ) z =T+ iw, 4.1)
where V,, is the complex short-time Fourier transform with respect to the
Gaussian window ¢ (see [92, Def. 3.1]) and Bf(z) denotes the complex
version of the Segal-Bargmann transform, see (1.2)). To achieve our aim
we use the quaternionc analogue of the Segal-Bargmann transform studied
in [76].

4.2 Quaternionic Segal-Bargmann transform

We briefly revise the notion of Fock space of slice hyperholomorphic func-
tions, first introduced in [15]]. Moreover, we recall the results that we need
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about the slice hyperholomorphic Segal- Bargmann transform, see [[76].
For a given J € S and v > 0 we define the slice hyperholomorphic Fock
space as

Fiiee(H) = {f € SH(H); /@ [£5(p)[Pe™P s (p) < oo},

where v > 0, f; = flc, and d)\;(p) = dzdy, for p = x + yJ, is the
Lebesgue measure on C;. The right H-vector space Fa.,, () is endowed
with the inner product

<f7 g)]—'Q’”

Slice

) = /(C 9:(0) f1(@)e™ AN, (q), Vf, g € Far (H). (4.2)

The associated norm is given by

B = [ 1))
J

This quaternionic Hilbert space does not depend on the choice of the imag-
inary unit J. The monomial ¢", n = 0, 1, 2, ..., form an orthogonal basis of
the slice hyperholomorphic Fock space with

Furthermore, if we consider f(¢) = >~ ,¢"a, and g(q) = >~ ¢"b, in
Fav (H) we have

= nl_—
<f7 g)}‘;’l‘;ce(H) = E ﬁbnan
n=0

This implies that a given series f(q) = >.°°, ¢"a, belongs to Fa.. (H) if
and only if the sequence {a, },>0 C H satisfies the condition

[e.e]

n! 9
Hf”]—';’l’:ce(H) = Z ﬁ’an’ < . (4.3)

n=0
Now, we observe that for ¢ € H we have the following estimate

Lemma 4.2.1. For every f € F2'. (H) we have the estimate

v 2
|f(a)] < ezl “fo?:’zl{ce(H)'
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From the previous result we get that the evaluation map 8, : Fapr.,, (H) —

H; §,(f) = f(q), is a continuous linear form. Therefore, by the Riesz’s rep-

resentation theorem for quaternionic Hilbert spaces, there exists a unique
element K¥ € F2. (H) such that

<f, K(l;>]_-2,u

Slice

H) — f(a),

for all f € F2  (H). The reproducing kernel function K, : H x H —
H; (p,q) = K.(p,q) = K (p) is given by

K, (p,q) =) v
n=0

T

Precisely, the reproducing kernel for the slice hyperholomorphic Fock space
Firee(H) is given by

, e Vnpn—n -
K, (p,q) = KJ(p) = o =avpd),  (pg) €H X H. (44)
n=0 ’

Now, we recall some basic result of the quaternionic Segal-Bargmann
transform. It has as a domain the Hilbert space L?(R,dz) = L*(R,H),
consisting of all the square integrable H-valued functions with respect to

(1, ¢) = /R o) (t)dt.

The range of the quaternionic Segal-Bargmann transform is the slice hyper-
holomorphic Fock space Fa... (H). The kernel of the quaternionic Segal-
Bargmann transform is given by:

3
Alg,z) = (%) TSV (g o) € H x R.

This function can be seen as the generating function of the real weighted
Hermite functions
% :E2 dn 2

() = (—1)ed™ (e

that form an orthogonal basis of the space L?(R; dx), with norm given ex-
plicitly by
1
v n,n T 2
ey = 20l (5)
In particular, we have the following result.
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Proposition 4.2.2. Forall ¢ € H and x € R, we have

o0

Alg,z) =D o)y (),

k=0

where 1) denote the normalized weighted Hermite functions:

h () q"
Up(x) = mpe——,  and  f{(q) = —— Yk >0,
ST @) S (V[P

Then, for any quaternionic valued function ¢ in L?*(R, H) the slice hy-
perholomorphic Segal-Bargmann transform is defined by

Bi(o)(a) = [ AS(a.a)ela)ds, @5)
R
The following result shows that the integral transform Bz is well defined
on L*(R;dx).

Proposition 4.2.3. For every q € H and every ¢ € L*(R; dz), we have

14 % v 2
BE@@ < (2)" el 2. (4.6)

Moreover, by direct computations, we can obtain the expression of the
slice hyperholomorphic Segal-Bargmann transform acting on Hermite func-
tion A .

Lemma 4.2.4. For every quaternion q € H and the nonnegative integer n,
we have

n

B (@) = (£)' 28
and

1B pze = 102 2.

Now, we show an unitary property for the slice hyperholomorphic Segal-
Bargmann transform, which is not found in literature in the following ex-
plicit form.

Proposition 4.2.5. Let f,g € L*(R,H). Then, we have

(Ba(f), Bﬁ(g)>f§gw(m) =(f,9) r2rm)- 4.7)
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Proof. Any f,g € L*(R,H) can be expanded as

)= 3" h(x)on.

k=0

where {ak}kzo, {ﬂk}kzo C H.
oo = [ssw =3 [ R

- SR ([

= Z [ (@ ||L2 R,H) 6160%

hY(x) dx) (4.8)

On the other way, since

M

Il
o

(fs i) 2y = (/R hi. ()R (x) dfé‘) aj = 1A (@) | L2 oy 0tn-

J

By [76] we have that

hi) e
Bi(/)) = Zth S @9)

HLQ(]RH)quH]—‘Q”

_ K [ACOIE:
N Z 1 (e

||L2(RH)qu||]—‘2”

> hY 2
quH v (@)l L2 e )

Q..
k
e A
Using the similar computations we obtain
hi(
Z Il 5, (4.10)
Hq |72

Slwe
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By putting together (4.9) and (4.10)) we obtain

S 1/
BE). B pae oy = Z / 1) s ot — ku
Lo (g
||q ||]:§l1':ce
=k
v o q
- Zuh R O e
Cy g ||]—'§’l’i’ce
K
q o—vlal®
T ¢ CMQ)) %
q ‘FSll:ce
5 1
= Z 17 (2) 172 .y BkW '
k=0 Slu:e
— ol
. (/ qqe la] d)\J(Q)) g
Cy
= v 2 Q- 1 k1|2
— = D In @ w5 —
Hq H o Slice
k=0 ]:S’lice
= Z|’hZ(x)||%2(R,H)Bkak
k=0
Finally, since (4.8) and (4.11) are equal we obtain the thesis. O
If we consider f = g in Proposition we have the following result.
Theorem 4.2.6. The quaternionic Segal-Bargmann transform realizes a
surjective isometry from L*(R,H) onto the slice hyperholomorphic Fock
space Fgii..(H).
4.3 Range of the Schwartz space and some operators
We characterize the range of the Schwartz space under the Segal-Bargmann
transform with parameter v = 1 in the slice hyperholomorphic setting of
quaternions. We consider also some equivalence relations related to the po-
sition and momentum operators in this setting. The quaternionic Schwartz
space on the real line, that we are considering in this framework, is defined
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by

dP
Su(R) = {¢ R— H : sup xa@(@b)(a:)

zeR

<oo}, Vo, € N}.

For J € S, the classical Schwartz space is given by

Se,(R) = {w.RH«:J, : sup 2L (p)(@)

zeR

< o0, Va, 5 € N}}

Clearly, we have that
Sc,(R) € Su(R) C L]%I(R).
Moreover, we prove the following.

Lemma 4.3.1. Let ¢ : x — 1)(x) be a quaternionic valued function. Let
I,J € Sbesuchthat I 1 J. Then, 1» € Su(R) if and only if there exist
@1, 92 € Sc, (R) such that we have

Y(x) = p1(z) + @o(x)I, Yo € R.
Proof. Let 1) € Sg(R). Then, we can write

Y(z) = p1(x) + pa()], .

where ¢, and , are C;—valued functions. Note that for all o, § € N we
have

2 2

+

2

dP

B
: o () (2)

B
. o) (@)

2% 5 (¥)(@)

In particular, this implies that ) € Sg(R) if and only if 1, s € Sc,(R).
0

Let us now denote by SF (H) the range of Sy (R) under the quaternionic
Segal-Bargmann transform Bg. Therefore, we have the following charac-
terization of SF(H).

Theorem 4.3.2. A function f(q) = Z ¢*cx. belongs to SF(H) if and only

k=0

if
sup |cx|kPVE! < 00, ¥p > 0.
keN

ie,

SF(H) = {Z ¢“cr, cx € Hand sup |ck|k:p\/H < 00, Vp > 0}.
P keN
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Proof. Let f € SF(H), then by definition f = Bgi) where ¢ € Sg(R).
Let I, J € S, be such that [ 1 J. Thus, Lemma}.3.1|implies that

Y(x) = p1(x) + pa(z)1,

where 1, 2 € Sc, (R). Therefore, we have
Bi(v)(q) = Ba(e1)(q) + Balp2)(q)1.

Then, we take the restriction to the complex plane C; and get:

B () (2) = Be, (1)(2) + Be, (p2)(2)1, ¥z € Cy,
where the complex Bargmann transform is given by
1
Be,(@)(e) = o [ e M g @)da, 1= 1,2
R

T4

In particular, we set f; = Bg(1), fi = Bc,(¢1) and fy := Bc,(p2).
Then, we have fi, fo € SF(C;). Thus, by applying the classical result in
complex analysis, see [[115] we have

[e.9]

fil2) =Y an2"and fo(z) = 3 by2", V2 € Cy.

Moreover, for all p > 0 the following conditions hold

sup |a,|nPVn! < 0o and sup |b,|nPVn! < co.
neN neN

In particular, we have then

fi(z) = Zanz" + (Z a,z")I, Vz € Cy.
n=0 n

=0

Therefore,

fi(z) = Zz”cn with ¢, = a,, + b,1, forall z € C;.

n=0

Thus, by taking the slice hyperholomorphic extension we get

f(q) = Zq”cn, Vq € H.

n=0
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Moreover, note that ¢,, = a,+b,1,n € N. Then,
Thus, for all p > 0, we have

sup |, [nPVn! < sup |a, |[nPvVn! + sup |b,|n"Vn! < .
neN neN neN

cn| < lan|+1bn], Vn € N.

Finally, we conclude that

SFH) ={f(q) = quck, ¢x € Hand sup |cx|kPVE! < 0o, ¥p > 0}.
— keN
0
Now, let us consider on L*(R, H) = LZ(TR) the position and momentum
operators defined by
d

X :p— Xo(x)=ap(zr)and D : ¢ — Dy(z) = @go(x)

Their domains are given respectively by

D(X) = {p € Li(R); Xy € Lii(R)} and D(D) := {p € Liz(R); Dy € Lj(R)}.
First, let us prove the following
Lemma 4.3.3. Forall (q,z) € H x R, we have

05 Afi(a,x) = (—q+ V22) A (g, 7).

Proof. Let (¢, ) € H x R. Then, by definition of the quaternionic Segal-
Bargmann kernel we can write

_3 _22 g
AS(q,x) =7 e Te T V",

In this case, we can apply the Leibnitz rule with respect to the slice deriva-
tive and get

05 Az(q, ) = W_%e_% (e_qQas(@ﬁmq) + 35(6_(12)6‘/%‘1) .

However, using the series expansion of the exponential function and apply-
ing the slice derivative we know that

2 2

ds(e™T) = —qe~ T and Dg(eV>*) = v/2zeV?*.
Therefore, we obtain

OsAg(q,z) = (—q + V22) Af(q, 2).
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Theorem 4.3.4. Let p € D(X). Then, we have
(05 +q) Bi(#)(q) = V2Bii(z)(q), Yq € H.
Proof. Let ¢ € D(X) and ¢ € H. Then, we have
0555 (2)(a) = [ DA (. 0)pla)d.
R

Therefore, using Lemma[.3.3| we obtain
0sBi(v)(q) = V2Bi(x9)(q) — aBg()(q).

Finally, we get
(05 + q) Bi(#)(q) = V2Bi(x9)(q), Vg € H.

As a quick consequence, we have
Corollary 4.3.5. The position operator X on L%(R) is equivalent to the
operator —=(ds + q) on the space Fa,..(H) via the quaternionic Segal-

V2 _

Bargmann transform Bg,. In other words, for all o € D(X ) we have

X(p) = (B @g%ﬁ(w.

On the other hand, we have also the following

Theorem 4.3.6. We denote by M, : ¢ — M,p(q) = qp(q) the creation
operator on Fa;_(H). Then, we have

1
V2
Proof. Let ¢ € D(X) N D(D). Then, we have

(BS) *M,Bi = —(X — D) on D(X) N D(D).

BS(Dy)(q / A0 )L o) da

Sy qu,x)so(w)dx

However, note that for all (¢, z) € H x R, we have
d
- Ai(g,2) = (-2 + V20) Af(g, 7).
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Therefore,

Bii(Dy)(q) = B(z¢)(q) — V2aB()(q).

Thus, we obtain
1
MiB5(e) = B2 ( 5(X = D) (9),

Finally, we just need to apply (B5)~! to complete the proof. O
Corollary 4.3.7. The position operator X on L%(R) is equivalent to the

operator 7(85 + q) on the space Fa,..(H) via the quaternionic Segal-

Bargmann transform Bg,. In other words, for all ¢ € D(X ) we have
(05 +¢q)

V2

On the other hand, we have also the following

X(p) = (Bg) B ().

Theorem 4.3.8. We denote by M, : ¢ — M,p(q) = qp(q) the creation
operator on F ;ﬁce(H). Then, we have

1
V2
Proof. Let ¢ € D(X) N D(D). Then, we have

Bi(Dy)(q / AZ(q, x)—p(z)dx

-3 %AH@, P)p()dr

However, note that for all (¢, ) € H x R, we have

(BS)*M,B; = —(X — D) on D(X) ND(D).

4 4 (0) = (o + V20 AS(0.)
Therefore,
B3 (D) (q) = Bi(z¢)(q) — V2aB5()(q).

Thus, we obtain

MBS = 83 (5 - D)) ().

Finally, we just need to apply (B5)~! to complete the proof. O
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4.4 The 1D quaternion Fourier transform

In this section, we study the one dimensional quaternion Fourier transform
(QFT). Namely, we are considering here the 1D left sided QFT studied in
chapter 3 of the book [25]]. In order to have less problems with computa-
tions we add —27 to the exponential. The QFT is different from the one
considered for example in [30,96,97]. Firs of all, we are making the inte-
gration over the real line, so we are working with a 1-dimensional Fourier
transform. Whereas, Hitzer and collaborators usually integrate in R? and
they sometimes consider two roots of the unit. They take into consideration
a definition of quaternion Fourier transform where the signal lies between
two exponential functions. Moreover, we have the possibility to have a kind
of convolution theorem, see Remark (4.4.4)). This type of result is harder to
obtain in the theory developed by Hitzer and collaborators.

Definition 4.4.1. The left sided 1D quaternionic Fourier transform of a
quaternion valued signal ¢ : R — H is defined on L!(R; dz) = L'(RR; H)
by

Fi()(w) = / e 2Tt (1) dt

for a given J € S. Its inverse is defined by

FNJ(¢)(t) = /Re%‘]w%(w)dw.

Let [ € S be such that J L I. We can split the signal ¢) via symplectic
decomposition into simplex and perplex parts with respect to J such that
we have:

P(t) = Pa(t) + ()]
where 11 (t), 12(t) € Cy. The left sided 1D QFT of ¢) becomes

Frl)(w) = /R =2t () dt + / eIty (1)1 ]

R

so that

Fr()(w) = F () (w) + Fi () (w)J.

According to [25]], most of the properties may be inherited from the clas-
sical complex case thanks to the equivalence between C; and the standard
complex plane and the fact that QFT can be decomposed into a sum of
complex subfield functions.
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Now, we define two fundamental operators for time-frequency analysis.
Translation
T (t) == Y(t — x) x e R.
Modulation
Mp(t) = ™ p(t),  weR
As in the classical case we have a commutative relation between the two
operators.
Lemma 4.4.2. Let 1) be a function in L*(R, H) then we have
Map(t) = e ™" M, 1,p(t), w,r € R. (4.11)
Proof. It is just a matter of computations
Mp(t) = Myp(t —x) = eI (t — 2)
= Prlwtemmlumy s )
= mlwmdniuty, () B
= e TN Tab(L).
O
From [25, Table 3.2] we have the following properties
Fi(mtp) = M_o F (), (4.12)
Fi(Mp) = 1uF(1). (4.13)
From (4.12) and @.13) follow easily that
Fr(Mumth) = T M_y F5(¥). (4.14)
Then, we prove a version of the Plancherel theorem for 1D QFT.
Theorem 4.4.3. Let ¢, € L*(R, H). Then, we have
(Fa(@), Fs(¥)) r2wmy = (&, V) 2@ m)-
In particular, for any ¢ € L*(R, H) we have
F( D)2 = [|9]| L2 m)-
59
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Proof. Let ¢,v € L*(R,H). By inversion formula for the 1D QFT, see
[25]], we have

$(w) = Fr(Fs(9)) (), Vo € R,

Thus, direct computations using Fubini’s theorem lead to

(D, ) L2 m) = /]R (W) ( /R 62“I“tfj(qb)(t)dt) dw
—/(/e%ww<>)fx@®ﬁ
/.7-"] (@) (t)dt

Fi(o), fJ(¢)>L2(R H)-

As a direct consequence, we have for any ¢ € L*(R, H)

NFs (D@m= (Fr(@), Fi(8)) L2wm
= (¢, ¢ ) L2r.m)
= H¢H%2(R,H)'

The following remark may be of interest in some other contexts.

Remark 4.4.4. The formal convolution of two given signals ¢, : R —
H when it exists is defined by

(6 v)(t /<z> Wit — 7)d

In particular, if the window function ¢ is real valued the 1D QFT satisfies
the classical property

Fi(¢ ) = Fy(@)Fs().

4.5 Quaternion short time Fourier transform with a Gaussian

window

The idea of the short-time Fourier transform is to obtain information about
local properties of the signal f. In order to achieve this aim the signal
f is restricted to an interval and after its Fourier transform is evaluated.
However, since a sharp cut-off can introduce artificial discontinuities and
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can create problems, it is usually chosen a smooth cut-off function ¢ called
"window function".

The aim of this section is to propose a quaternionic analogue of the
short-time Fourier transform in dimension one with a Gaussian window
function ¢(t) = 2/ 4e=m  For this, we consider the following formula [92,
Prop. 3.4.1]

—z|?

Vof(z,w) = e T Bf(Z)e 2, 4.15)

where the variables (z,w) € R? have been converted into a complex vector
z = x + iw, and Bf(z) is the complex version of the Segal-Bargmann
transform according to [92]]. Therefore, we want to extend (#.15) to the
quaternionic setting. To this end, we use the quaternionic analogue of the
Segal-Bargmann transform and the slicing representation of the quaternions
qg =z + Jw, where J € S.

If the signal is complex we denote the short-time Fourier transform as
V.., while if the signal is H-valued we identify the short-time Fourier trans-
form as V.

Definition 4.5.1. Let f : R — H be a function in L?(R, H). We define
the 1D quaternion short time Fourier transform of f with respect to p(t) =
21/4e=mt* gg

Vol (x,w) = e /™ B3(f) (%) e (4.16)

where ¢ = ¥+ Jw and B (f)(q) is the quaternionic Segal-Bargmann trans-
form defined in (4.5)).

Using (4.5)) with v = 27, we can write (4.16) in the following way

-2 2
- <q7+t2) —i—27r¢jt—J7ra:o.1—M‘T7r
(&

Vo f(z,w) = 23/ f(t)dt. (4.17)

R

From this formula we are able to put in relation the 1D quaternion short-
time Fourier transform and the 1D quaternion Fourier transform defined in
section 3.

Lemma 4.5.2. Let f be a function in L*(R,H) and ¢(t) = 2Y/%~™, re-
calling the 1D quaternion Fourier transform we have

Vof(r,w) = \/§fj(f - Te0) (W). (4.18)
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Proof. By putting ¢ = x + Jw in (4.17) we have
wa(l’, w) _ 226—(]7&0\)6—%6—% e—7rt267%(:r27w272:pw‘]) .
R
_627r(ac—Jw)tf(t) dt
— 2% / 6—7rt2—7ra:2+27rzt6—27rjwtf(t> dt
R
_ \/5 6—271'Jwtf(t)2%6—7r(t—x)2 dt
R
= V2 [ O - 2 dt = VIF(F ) ).
R
[
Now, we prove a formula which relates the 1D quaternion Fourier trans-
form and its signal through the 1D short-time Fourier transform.
Proposition 4.5.3. If ¢ is a Gaussian function p(t) = 2'/%¢~™" and f €
L*(R,H) then
Vof(z,w) = \/Ee_QWwaV@]:J(f)(w, —). (4.19) —
Proof. Recalling the definition of modulation and of inner product on L?(R, H),
by Lemma.5.2| we have
Vof(z,w) = \/5/ e2rIwto(t —x) f(t) dt (4.20)
R
R
Using the Plancherel theorem for the 1D quaternion Fourier transform, the
property (4.14) and the fact that F;() = ¢ we have
Vol (@,w) = V2AF(]), Fr(Moeip))
- \/§<~FJ<f)a TwM—xJT-J(%O»
= \/§<~FJ(f>7 TwM—x90>'
Finally, from @.11)) and (4.20) we get
Vof(z,w) = V2e 2 (F (), M_yT) = \/56_2”‘]“9”1/@,7-}(]‘1)(@ —).
[
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4.5.1 Moyal fromula

Now, we prove the Moyal formula and an isometric relation for the 1D
quaternion short-time Fourier transform. This will be showed in two differ-
ent ways. In the first one we use the properties of the quaternionic Segal-
Bargmann transform, whereas in the second way we use Lemma[.5.2]and
some basic properties of 1D quaternion Fourier transform.

Proposition 4.5.4. For any f € L*(R, H)

Ve fll ez = V21 fll r2em)- (4.21)

Proof. We use the slicing representation of the quaternions ¢ = =+ Jw and
formula (4.16)) to get

‘|V<pf||%2(R,H) = /|V<pf(x,w)]2dwdx
R2
_ —Jrzw|2 S q
= [l ()

[l ()

e T duy d.
Now, using the change of variable p = % we have that dA(p) = § dw dz,
hence by Theorem [4.2.6| we have

2
1412
e dw da

Vel = 2 [ IBOGIF dAw)
= 2B,

s
lice

= 2||f||%2(R,H)'
Therefore
Vo fll 2w = V2| 1l 2em)-
]

Thus, the 1D quaternionic short-time Fourier transform is an isometry
from L*(R, H) into L*(R?, H).

Proposition 4.5.5 (Moyal formula). Let f, g be functions in L*(R, H). Then
we have

<Vsofa V¢9>L2(R2,H) = 2<f, 9>L2(R,H)- (4.22)
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Proof. From (4.16]) we get

Vol Veog)L2memy = /ng(x,w)vvf(x,w)dwdx
R2

q \ _la?r _
— e—Jmaw RS ( )6 5 JmIw
/R? #(9) V2

B (f) (%) e_‘q‘?r dw dx

— BS <i) lerxwewaxw .
/R2 (9) V2

BE(f) <%) el duy da:

- [LBs0 (550 () e o

Using the same change of variables as before p = % and from (4.7)) we
obtain

Vel Vashgasmy = 2 [ BEDGIBI @ dodo

= 2(By(f), Bi(9)) z2en iy = 2(f, 9)r2mm)-
[

N

Remark 4.5.6. If we put f = A0 by Lemma 4.2.4| we have

[OIH

23/4
2k !
Remark 4.5.7. From (4.18) we can prove (¢.22) in a different way. This
proof may be of interest in some other contexts.

Let us assume f, g € L?(R, H) and recall (t) = 2'/%¢~™", by Lemma
M.5.2] and Plancherel theorem for the 1D quaternion Fourier transform we
have

Vol Vog) 2oy = /ng(x,w)vwf(x,w)dwda;
R2

V¢f<l',w> — efJﬂxw67%|q|2 k:.

= 2 ./—"](g ) Tm@)(w)fl(f ’ Tx@)(“) dw dx

R2

- 2 / ) T @) () Tple) do i
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Now, by Fubini’s theorem and the fact that ||¢||3 = 1 we get

(Vo f, VwQ)LQ(W,H) = 2/11@ (Amﬂw) - Tep(w) d$> dw

(/—> @ - ) de) do
(@) ([ #e-war) a

Ko >Hsan2dw—2/Rmf<w>dw
g

I
Q\\%\

Qb

Hence

<V90f7 V¢g>L2(R2;H) = 2<f7 g>L2(]R,H)~ (4.23)

If we put f = ¢ in (4.23) we obtain (@.21).

4.5.2 Inversion formula and adjoint of QSTFT

The 1D QSTFT with Gaussian window ¢ satisfies a reconstruction formula
that we prove in the following.

Theorem 4.5.8. Let f € L*(R, H). Then, we have
fly) = 2_411/ e27r‘]wa¢f(:E,w)e_”(y_“)zdxdw, Yy € R.
R2
Proof. For all y € R, we set
9(y) = 2_‘1*/ 62”‘]wa¢f(x,w)e_”(y_x)zdxdw.
R2

Let h € L?*(R,H). Fubini’s theorem combined with Moyal formula for
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QSTEFT leads to

—~
<
~—
KQ
—~
<
~—
ISH
<

<9> h>L2(R,H) =

=273 h(y)e*™ vV, f(x, w)e ™V dadwdy

3

/ (/ 6—2”“1/2411e—“(y—x)Qh(y)dy> Vo f (z,w)dxdw
r2 \JR

:2_1/ Voh(z,w)V, f(x,w)drdw
R2

= 2_1<V¢f7 V¢h>L2(R2)
= <f7 h>L2(R,H)-

||
[\]

!
O

Hence, we have
fly) =gly) =271 / e vy, f(, w)e’“(y’x)dedw.
RZ

This ends the proof. [

We note that the QSTFT admits a left side inverse that we can compute
as follows

Theorem 4.5.9. Let ¢ denote the Gaussian window o(t) = 2'/*¢~™" and
let us consider the operator A, : L*(R?*, H) — L*(R,H) defined for any
F e L2(R? H) by

Ay (F)(y) = 21 / 2™ Pz, w)e ™V dadw, Yy € R.

RZ
Then, A, is the adjoint of V,,. Moreover, the following identity holds
V.V, = 2ld. (4.24)

Proof. Let F € L*(R?, H) and h € L*(R,H). We use some calculations
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similar to the previous result and get
(Ap(F), h) 12y h(y)A (F)(y)dy
= 2% h(y)e>™ Y F(z,w)e ™ dedwdy
R3
:/ V2 /e 2mJwy Q1 e—m(y=2) )dy) F(x,w)dzdw
R2 R
/ VY h(z, w)F(z,w)dzdw
= <F, V h’>L2(R2 H
In particular, this shows that
. * 2 2
A(p)(F) = Vi(F), VF € L*(R%,H).
From reconstruction formula we obtain (4.24]).
]
Remark 4.5.10. We note that the identity V7V, = 2Id provides another —
proof for the fact that QSTFT is an isometric operator and the adjoint V;
defines a left inverse.
4.5.3 The eigenfunctions of the 1D quaternion Fourier transform
Through the 1D QSTFT we can prove in another way that the eigenfunc-
tions of the 1D quaternion Fourier transform are given by the Hermite func-
tions.
Proposition 4.5.11. The Hermite functions hi (t) are eigenfunctions of the
1D quaternion Fourier transform :
Fahim)(t) =27 2(=D)*h"(t),  teR.
Proof. By the first identity of Lemma[4.2.4] we have
2
V(b2 (z, —w) = e!™“BS (k3T (i> e’ﬂ%l 4.25
o (hi") (2, —w) m(hi") NG (4.25)
_ ejmw21/42k/2(QW)kQ—k/zqke—’*‘g'Z
_ eJﬂxw21/4(27r)que—#‘
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Recalling that ¢ = = + Jw and using (4.19) we obtain

Vo Fr(hi) (o, —w) = 2712e¥ ey p2m(w, 1)

—Ix lal“m
— 2—1/2627er:c6—J7rw:cBﬁ§I(hi7r) (w e 2
V2

—[q lg|% 7
_ 2—1/267erxBS h27r ( >€—2
la|?x

— 2—1/267Twa21/42k/2(2ﬂ_)k(_I)kQ_k/2qk6_ -
frg 2_1/2(_J)kejﬂwx21/4(27r)qu€_|q‘227'r

Combining with (4.23)) we get
Vo Fy(hi") (@, —w) = 272 (= D)V, hi (2, ~w).

From (4.24) we know that V), is injective, hence we have the thesis. O

4.5.4 Reproducing kernel property

The inversion formula gives us the possibility to write the 1D QSTFT us-
ing the reproducing kernel associated to the quaternion Gabor space, intro-
duced in [4]], with a Gaussian window that is defined by

gﬁ = {waa IS LQ(Ra H)}

Theorem 4.5.12. Let f be in L*(R,H) and p(t) = 214", If

Ky(w, 23w’ 2) = / e’%mltgp(t — 2l )e 2wt p(t — 1) dt,
R

then K, (w, x;w', 2') is the reproducing kernel of the space Gy, i.e.

V‘Pf(wlaw,) = KSO(QJ,?I];Q},,I'/)V@JC(ZL‘,W) dzdw.

RQ
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Proof. By Lemma and the reconstruction formula we have
wa(x',w’) _ 23/4/ G—QWJw’tf(t)e—w(t—x’)Q dt
R

_ 23/4/e—?ﬂJw’te—ﬂ(t—x')22—
R

: (/ eQWJ“te_”(t_x)QVg,f(x,w) dx dw) dt
R2

_ _ 2 32
_ \/_ 2l (w' w)te m(t—z') e n(t—z)? |
Rd

Vo f (x,w) dz dw dt.
Using Fubini’s theorem we have
V(W) = V2 ( [ttt dt) .
R2 \JR
wf z,w) dr dw
— (/ 6_27“]‘“ t21/4 —m(t—a')? 21/4p—2mJwt p—m(t—2) dt)
R
wf(:c,w ) dz dw

= (/ e 2t — ol Ye 2wl p(t — ) dt) :
r2 \JR
Vo f (z,w) dz dw

NI

= Ko (w, z;w0', 2"V, f (2, w) dedw.
R2

4.5.5 Lieb’s uncertainty principle for QSTFT

The QSTFT follows the Lieb’s uncertainty principle as the classical com-
plex case. Indeed, we first study the weak uncertainty principle which is
the subject of this result

Theorem 4.5.13 (Weak uncertainty principle). Let f € L?(R, H) be a unit
vector (i.e || f|| = 1), U an open set of R? and € > 0 such that
/ Vo f (z,w)|Pdzdw > 1 —¢.
U

Then, we have
1—¢

2 Y

\U| >
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where |U| denotes the Lebesgue measure of U.

Proof. We note that using Definition of QSTFT and Proposition #.2.3] we
obtain

lq|2

Vo (z,0)] = [Baf(a/V2)le =T
= |Bif(p)le™™"; p=q/v2
< V2l llz2w)-

Thus, by hypothesis we get
1-e < [ Vofow)Pdads < |V, FIRIV] < 200
U

Hence, we have
1—¢

>
Uz =

]

Theorem 4.5.14 (Lieb’s inequality). Let f € L*(R,H) and 2 < p < cc.
Then, we have

op+1
/ Vi () Pdrdes < 2 |||
R2 p

Proof. Let I,J € S be such that [ is orthogonal to J. Then, for f €
L*(R, H), there exist fi, fo € L*(R, C;) such that

ft) = ft)+ )], vVt eR
and for which the classical Lieb’s inequality [110] holds , 1.e:

/ Voo fi(z, w)|Pdrdw < —HleLQ ®ey =12

In particular, by definition of QSTFT we have
V,f(z,w) =V, fi(z,w) + V, folx,w)I, ¥(z,w) € R
Thus,

Vel ()P < (Vo iz, w)l + [V fale, w)])

< (
< 27NV i, w) P + [V fo(z, w)P) -
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We use the classical Lieb’s inequality on each component combined with
the fact that || f;||, < || f||, for [l = 1,2 and get
2P p p
/R Vol e,)Pdrds < = (1Al + 1ol
op+1
< _};_Hin%RJD'
This ends the proof. [
The next result improves the weak uncertainty principle in the sense that
it gives a best sharper estimate for |U|.
Theorem 4.5.15. Let f € L*(R,H) be a unit vector, U an open set of R*
and £ > 0 such that
/ Vo f(z,w)?drdw > 1 — ¢.
U
Then, we have ,
|U| Z Cp(l - E)ﬁv
_ 2 _
where |U| denotes the Lebesgue measure of U and ¢, = (2,,;1) "
Proof. Let f € L*(R,H) be such that || f]|;2em = 1. We first apply
Holder inequality with exponents ¢ = g and ¢ = LQ Then, using
p —
Lieb’s inequality for QSTFT we get
/ IV, f(z,w)|*drdw = / Vo f (2, w)*x, (7, w)dzdw
2
U R ,
P p=2
< (/ \wa(x,w)]pdxdw) |U| »
2
2]1§+1 2
P —
< ( ) Ul
p
Hence, by hypothesis we obtain
U] 2 (1 &)
-2
where ¢, = (2p+ ) " O
p
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CHAPTER

On the polyanalytic short-time Fourier
transform in the quaternionic setting

5.1 Motivation

In this chapter we build a short-time Fourier transform for more generic
window functions: the weighted Hermite functions, which are defined as
follows

o2 d”
(_1)716512 - <67ux2>
Yh(w) = d -
n 2"/2yn/2(n!)1/27rl/4y*1/4

(5.1

In our case we will consider the parameter v = 2. We note that for n = 0
we have () = 2'/4¢~™", which is exactly the window function that we
have took into accaount in the previous chapther. Therefore, this chapther
can be considered a generalization of the previous one.

The study of the QSTFT with respect to the weighted Hermite functions
as windows is related to the theory of slice polyanalytic functions of a
quaternionic variable. Recently, this topic has been intensively investigated,
see [6,7,/16-18]]. We will recall some basic notions in the next section. The
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main idea of the results of this chapter is to fix the following property

|z|2

Viplz,w) = e ™G p(z)e” 2, (5.2)

where Vy, is the complex short-time Fourier transform with respect to the
weighted Hermite functions v, (see [2, Prop.1]) and G" "¢ denotes the
complex true polyanalytic Segal-Bargmann transform. We extend (5.2) in
the quaternionic setting. To reach this aim we need the slice version of the
quaternions.

It is possible to introduce a short-time Fourier transform of a vector-valued

function J = (o, ..., n)

|z

Vidla,w) = e ™GH(z)e

where V ;5 denotes the complex short-time Fourier transform with respect

to the vector-valued window J = (¢o, ..., ¥p) (see [4, Formula 20]), and

G is the complex polyanalytic Bargmann transform (full-poly Bargmann).

Also in this case we extend the formula to the quaternions.

Based on the properties of the true quaternionic polyanalytic Bargmann

transform and the full-poly one (see also [24]) we prove the main results of

the QSTFT. -

5.2 Preliminaries on slice polyanalytic functions

In this section we recall briefly the main notations and concepts of the the-
ory of slice polyanalytic functions. This extends to higher order the theory
of slice hyperholomoprhic functions summarized in chapter 2.

Example The function F(q) = 1 — gges, for ¢ = z + Jy € H is not
slice hyperholomorphic, indeed

0 0
(%jLJa—y) F(q) = —(z + Jy)es, vJ eSS

However,

) 0\
il — ) F(o) = )
<3x + J@y) (q) =0, vJesS

Then we say that the function F'is slice polyanalytic of order 2 on H.

Definition 5.2.1 (Slice polyanalytic functions). Let n € N and denote by
C"™(U) the set of continuously differentiable functions with all their deriva-
tives up to order n on an axially symmetric open set U C H. We set
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= {(z,y) € R* : .+ Jy C U}. A function f : U — H is called left
slice function, if it is of the form

flq) = alz,y) + JB(x,y) for g=w+JyecU

with the two functions «, § : U — H that satisfy the compatibility condi-
tions a(x, —y) = a(z,y), B(x, —y) = —B(z,y). If in addition a and [ are
in C"(U) and satisfy the poly Cauchy-Riemann equations of order n € N

1
2—71(6?9C + JOy)" (a(x,y) + JB(x,y)) =0, forall JeS, (5.3)

Then the function f is called left slice polyanalytic function of order M €
N. The set of such kind of functions will be denoted by SP,, (H).

The definition is easily adapted in the case of right slice polyanalytic
functions. Moreover, if we consider n = 1 in the previous definition we get
the set of slice hyperholomorphic functions.

Now, we list a series of basic results about slice polyanalytic functions,
see [16,|17]], that will be useful in the sequel.

Theorem 5.2.2 (Representation formula). Let f be a slice polyanalytic
Sfunction of order n+1 defined on an axially symmetric slice domain ) C H.
Let I € S, then for any q = x + Jy € () the following equality holds

f@ =15 p )+ T 1),

Lemma 5.2.3 (Splitting Lemma). Let f be a slice polyanalytic function of
order n on a domain ) C H. Then, for any imaginary units I and J with
I 1 J there exist F',G : Q0; — C; polyanalytic functions of order n such
that for all z = x + Jy € Q;, we have

fr(z) = F(z) + G(2)1.

Remark 5.2.4. For n = 1 in Lemma [5.2.3| we obtain the classic Splitting
Lemma (see [87, Lemma 1.3]).

Proposition 5.2.5. (Poly-decomposition) A function f : Q0 — H defined
on an axially symmetric slice domain is slice polyanalytic of order n if and
only if there exist unique slice regular functions fy, ..., f,—1 on Q such that
we have the following decomposition

fl@) = @ fulq); Vge.
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Proposition 5.2.6. (Identity Principle) Let f and g be two slice polyana-
Iytic functions of order n on a slice domain ) C HL. If, for some J € S, f
and g coincide on U a subdomain of 2, then f = g everywhere in ().

Remark 5.2.7. For n = 1 we obtain the classical Identity Principle.

The Leibniz rule will be useful for our calculations in the next sec-
tion. The proof is based on direct computations using the definition of
slice derivative, see (3.1.10).

Proposition 5.2.8. Let f : H — H be an intrinsic function and g : H — H
be a slice regular function. Then, we have

0s(fg) = f(0s9) + (0sf)g. (5.4)

It is possible to generalize the previous result by applying more time the
slice derivatives.

Proposition 5.2.9. Ler f : H — H be an intrinsic function and g : H — H
be a slice regular function. Then, for any k € N, we have

k
ok (fg) = Z( ) (97 )0 ™). (5.5)

m=0

In [17] the authors introduced the quaternionic polyanalytic Fock space
defined for a given J € Sandn > 1 to be

FrUH) = {f € SP1(H) : : 1£2(q)]?e 219" d), (q) < o0}, (5.6)

where d\;(q) is the Lebesgue measure on the slice C,. It is given by
d\;(q) = dzdy for ¢ = x + Jy. Moreover, the space is endowed with
the following inner product

(f, g>]~¢;+1(H) = /C 9@ f1(@)e 2™ dx;(q).

In [17, Prop. 4.1] and [17, Prop. 4.2] it is showed that the polyanalytic
Fock space is a quaternionic reproducing kernel Hilbert space which does
not depend on the choice of J € S. ThuNs, from now we will denote the
quaternionic polyanalytic Fock space by F;! (H).

Now, we give the definition of the quaternionic true polyanalytic Fock
space.
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Definition 5.2.10. Let I € S. A slice function f : H — H belongs to the
quaternionic true polyanalytic Fock space F7:(H), if and only if

|fJ(q)|2€_27r|Q|2 d)s(q) < oo.
J

1) There exists a slice regular function H such that

1

= 2wl gng,—27lql?
(271_)””!6 as (6 H(Q))

flg) = (=1)"

Remark 5.2.11. By using similar arguments used in [17, Prop. 4.2] and
[15,[17.[76] one can show that the Definition [5.2.10| do not depend on the
choice of J € S.

We observe that for n = 0 the two different Fock spaces are the same.

5.3 Polyanalytic Bargmann transform

In this section we show the relation between the quaternionic Fock space
and the quaternionic true polyanalytic Fock space for very n > 0. In order
to prove this we show two preliminary results.

Lemma 5.3.1. Let k > 1. Then, for all ¢ € H we have
OF el — (_om)kgke2mld”, (5.7)
Proof. We prove the formula by induction. Let us start with £ = 1, we

observe that
D
_ 2 _
e 2m|q| 2mqq §

n=0

Now, we evaluate the slice derivative and get

TL

)
—Qm\"
88672ﬂ|q\2: Z ( ﬂ-) nqnflqn

n!
n=1

o0

27T)h+1 hoh
—§ —h Dg"q"t!
— (h+ 1)! (h+1)¢'q

—27
— —91 (Z <T)qhqh> q
h=0
—2rq|? 7

= —2me q.
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Let us assume that the formula holds for k. We have to prove that it holds
fork+1

a§+16—2w|q\2: 85(8fe_2”‘q‘2)
— (—2m)k g el
_ (_27_‘_)k+lqk+le—2ﬂ'\q|2'

]

Remark 5.3.2. We use similar arguments to justify that for any k£ > 1, we

have . , ,

0, e~ 2md” — (_ox)kgke=2mla”, (5.8)
Proposition 5.3.3. Let g be a slice regular function on H. We consider the
following function

n

ule) = So(=1F e o (0.

k=0
Then u is a slice polyanalytic function of order n + 1 on H.

Proof. By the generalized Leibniz formula (5.5) we have

)=V e oK o)

k

= 1 > k ool A
(—1)F WG%M > (m)(?;"e 2l (q)
m=0

ckg, (q), (5.9)
k=0
where ¢ i= (—1)*, /b and g, (g) = e27* S5 (F)gme-2rla g g).

By Lemma[5.3.1| we get

k
2 k —m _—2m|q|? -m
g, (q)= "> (m)(—?ﬂr)mq e 29 g (q)

(]

k

. 0
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where §,,(q) = (1) (=2m)" 95" g(q).

Since g is a slice regular function and the iteration of slice derivatives is
slice regular too, we get that /3,,, is slice regular. This implies by Proposition
that g, is aslice polyanalytic function of order & + 1. Finally by (5.9)
we get that u 1s a slice polyanalytic function of order n + 1. 0

For our future purpose we recall the so-called quaternionic Hermite
polynomials (for more details see [80,|132]).

HZ (q,q) == (—1)™Pe2liP g, "e =27l - p e N (5.10)

Remark 5.3.4. Using Remark it is possible to write the quaternionic
Hermite polynomials in another way:

HZ, (g, ) = (—1)™ el 02 (~2m)mqme2mhP)
= (_1)m+p627f\f1|2< 27T>map( m 727r|q|2)
= (@m)(—1pemlop(gre i),
Therefore
HZT (q,q) = (2m)™ (= 1P 9P (qme 2o, (5.11)

The following orthogonality relation holds for the quaternionic Hermite
polynomials (for the proof see the Appendix A (Thm. [I4.0.2))

S — ol mlpl (27 )PT™m
H2 (g, Q) H2S (g, @)e ™1 dA;(q) = %(%,m’ép,p"

(5.12)

Cy

In the next result we will show that two different quaternionic true poly-
analytic Fock spaces are orthogonal to each other.

Lemma 5.3.5. Ler f € FJ(H) and g € F(H) with j # m. Then we have
(f, 9)?;;216(151) =0.

Proof. By Definition[5.2.10|there exist two slice regular functions A and L
such that

1 2mlq|? 55 ( ,—2rlq|?

D" e L)),

and
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Thus, we can use the series expansion theorem for slice regular functions
to write
Zq oy and  L(q Zq Bps k>0, {Bp}p>0 C H.
Therefore, using the quaternionic Hermite polynomials and developing
a bit the calculations we easily get that
0 H27r
J' k
and
00 2m
>
(2m) mm‘ 27T B
Hence, using the orthogonality of the quaternionic Hermite polynomials
(5.12) combined with the condition j # m we obtain
— ool
) rgpsin = [ TDF@e > dAs(o
ce CJ
\/(27?) \/ 271 )mm)! Z 27T k+p
HQ’r (q. ) HE (g, g)e 21" d>u(¢1)> a
(CJ
[
Now, we are ready to prove the relation between the quaternionic poly-
analytic Fock space (see (5.6)) and the quaternionic true polyanalytic Fock
space (see Definition[5.2.10).
Theorem 5.3.6. The quaternionic polyanalytic Fock space ]-'glwe( ) is the
direct sum of true polyanalytic Fock spaces Fi.(H), j =0, ...,n, i.e.
Fito(H @ FH (5.13)
80
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Proof. We prove the equality by double inclusion. Let f € fg;je (H). Let
J € S. We choose I € S be such that [ | J. Since f, in particular, is slice
polyanalytic of order n+1 by the Splitting Lemma (see Lemmal5.2.3)) there
exist F, G : C; — C; polyanalytic functions of order n + 1 in the complex
polyanalytic Fock space Frtl (Cy) (see [4]), such that

f2(2) = F(z) + G(2)L.

By [21,/135]] we know that

n

Fri(C,y) = P FC).

J=0

Therefore there exist unique fy, px € Fin(C;) such that

By definition of the complex true polyanalytic Fock space we have that both
fr and py, satisfy the following integrability conditions

/ | fu(2)]Pe 2P N (2) < o0, (5.14)
Cy

e (2))2e 22 AN (2) < . (5.15)
Cy

Moreover, they can be written as

filz) = (=1D)F (27T)kk!62”|Z‘265(6_2”‘Z|2sk(z)), (5.16)
1 2 2
pr(2) = (=1)* (Qﬂ)kk!e%‘d aj(e*W' hi(2)), (5.17)
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where s;,, h; are entire functions. Thus, we have

n

F1()=(filz) +pr()])

k=0
_ 27r|z k —27|z|?

Z 27T OV € 9, < (sk(z) + hk<2)1)>
—Z @) O] (5.18)

By hypothesw we know that f is a slice polyanalytic function of order n+1.
Moreover, by Proposition[5.3.3] we know that the following function

n

u(q) = Z(_l)k me%dqha?(e—%rlng(q))

k=0
is slice polyanalytic of order n + 1. Since the functions f and u coincide on

the slice C, by the Identity Principle (see Proposition [5.2.6)) we have that
f(q) = u(q). Now, we call

1

27|q|? gk [ ,—27|q|? 0<k<n.
T ¥ (e 9(q)), <k<n

u(q) = (_1>k
In order to finish this first part we have to prove
[ lostoPe N ) < o
Cy

Since g;(2) = sk(z) + hi(2)I, by (5.16) and (5.17) we have

1
(2m)kE!

uer(z) = (=1 e 9k (e 5. (2))

1
(2m)kk!
= [fu(2) +pu(2)1.
Thus by (5.14)) and (5.13) we get

\Uk,J(Q)IQEQﬂqud)\J(Q) = |fk,J(Z>’2€72ﬂz|2d)\J(Z)
Cy

+(=1)* i N

Csy

+/ ’pk,J(z)Pe*%'ZIQd)\J(Z) < 00.
Cy
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Now, we move on the other inclusion. Let f € @?:0 ]-":]F(H) This means
that there exist unique functions fj € }";}(H), k =0, ...,n, such that

= fula). (5.19)
k=0

By definition of quaternionic true polyanalytic Fock space we have that

1
(2m)kE!

fila) = (=1)" 29k (e H(g))

where H is a slice regular function. Thus, by Proposition f is a slice
polyanalytic function of order n + 1. Finally, we have to prove that

/(c ’]0J<q)|26727r|q|2 d\s(q) < oo.

By equality (5.19) and the triangle inequality we have that

|f1(@)] < Z | fr,7(q)

Therefore,

| f1(q) <Z|ka ) <+ sl

Now we multiply by e~2714” and integrate.

chfJ<q>IQe‘2”q"" dAs(q) < (n+1) /@ Zlfw )|%e M ) (g)

J k=0

< (n+1) M; (@) Pe™> 1 dN s (q) + oo + [ fur(g) P4 dA s (q)

< Q.

The previous conclusion holds because f € }"%(H), for k = 0,...,n, by
hypothesis.
The sum in formula is a direct sum. Indeed, if we consider g €
Fi(H) N Fi(H), with ¢ # 7, by Lemmamwe get that

(9,9) Fubl = = 0.

Slice
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Since j':g;fcle is a quaternionic Hilbert space we get that g = 0. We have
proved that F&(H) N F.(H) = {0}. Finally, by Lemma we get that
the direct sum in formula (5.13]) is orthogonal. [

Remark 5.3.7. A similar result was proved in [24, Thm. 3.4] following a
different method.

Now, we give the definition of the true quaternionic polyanalytic Bargmann
transform for ¢ € L?(IR, H) (inspired from [84])

Bpla) = (1" G Z (") -2maper oo, 520

where Bp(q) is the quaternionic analogue of the Segal-Bargmann transform
(see (@.5) with v = 27). Using the Leibniz rule and Lemma [5.3.1] we get
the following definition.

Definition 5.3.8. The true quaternionic polyanalytic Bargmann transform
of order n + 1 of a function p € L?(R, H) is defined by the formula

B0(0) = (10" | Gy ™ T Be(@]. (5:21)

Remark 5.3.9. For n = 0 we obtain the quaternionic Segal-Bargmann
transform By (q) = Bp(q).

Theorem 5.3.10. The true quaternionic polyanalytic Bargmann transform
Bt [2(R,H) — F(H) is an isometric isomorphism.

Proof. Firstly, we remark that by Theorem[5.13]the norm of the true quater-
nionic polyanalytic Fock space F7:(H) is induced by the norm of the space

FL (H). Thus we get
1B (@l = 1B @)l 7 e,
Therefore, we have to prove that
1B ()l Z5t ) = el 2y (5.22)

Let ¢ € L*(IR, H). We expand it in the following way

= Z wl%ﬂ ($)Oék,
k=0
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where 27 () are the normalized weighted Hermite functions (see (3.1])
and {ay }reny C H. By Lemma we have

i 21/42k/2(27'[')k k
— 21@/2(2@1@/2\/@271/4
V2

(22
> ¢ . (5.23)
= VK
Now, we insert this in (5.21) and using (5.11)) we obtain

2 k/2 —
Bn+1 \/_Z e27r|q|2ag |:€—27r|q2( 7T) qk:| ap,

V!
(2 k/ 2 2
_ \/5 nn Z ﬂ- n 27r|q\ 871, [ —27|q| qk:| ap

7T

27r npl

_ n k_2m|q|? gn | ,—27|q|? Kk
=2 ﬂnnz\/_gﬁk/z( 1)"(2m)%e 0. [e q]ak

—\/_\/ nn,z\/—% (g Do

Therefore we get

n+1 _ 1 - 1 27 —
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Now, we evaluate the fg‘f;(]}ﬂ) norm of B" 1.

+1 2 - 1 B
| B" (g )||]__n+1 = W/CJ (g Wak]ikm(%@) .

0o 1 _ B ol
' (Z mHﬁn(q,Q)ak> e 21 d s (q)
|

ay, ( / H;?f;,(q, Q)HZ’JL(q, g)e 2l CD\J(Q)) ay.
Cy

Due to the orthogonality relation of the quaternionic Hermite polynomials

(5.12) we obtain
I8 s = e 2 e ], PR B 0.0

o= 2mlal? d/\J(q)ozk>

o0

_ k+n 2 2
= e Zk' phinl(2m) " 2o = Jo/”.
k=0
Thus we have
1B (@)1 ZI%IQ (5.25)
On the other hand
ol = | (Za—k : <x>) (szﬂ<x>ak) da
R\ k=0 k=0
=S oan ([T @)
k=0 R
=2 leul?
k=0
Therefore we get
ol 2y = D ol (5.26)
k=0
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Since (5.25)) and (5.26) are equal we obtain (5.22). Finally, we have to
prove that B"*! is surjective. This means that for a function h € F7(H)

we have to find a function ¢ € L*(R, H) such that

B (q) = h(q).

By the definition of the quaternionic true polyanalytic Fock space F7:(H)
(see Definition [5.2.10) we know that there exists a slice regular function H
such that

1

= el gnp—2nlal® iy
(277-)”77/' € 85 (6 (q))

h(q) = (—=1)"
From the Splitting Lemma (see Remark [5.2.4) for slice regular functions
we can write H on the slice C; as
Hi(z) =F(2) +G(2)i, z=uz+jyeCy,

where F'(z) and G(z) are holomorphic functions. Thus

O e e CR GO RNCOH)

= (=17 (27r§"n!627m|26’? (6_2W‘Z|2F(Z)>

1
(2r)mn!

P(z) +Q(2)1.
By hypothesis h € F7:(H), this implies that

+(=1)" 2=l op <6_2”‘2|2G(z)> I

|P(2)]2e" 2™ )\ (2) < oo,
Cs

and
1Q(2))2e~ 7 a)(2) < oo,

Moreover, since the functions F' and GG are holomorphic we obtain that
P(z) and Q)(z) belong to the space F7.(C;). Now, since the complex poly-
analytic Bargmann Bg“ is an isometric isomorphism from L*(R,C;) —
Fr(Cy) (see [2, Thm. 1]), and in particular is surjective, we can find
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two functions 1;(s) and 12(s), with s € R, which belong to the space
L*(R,C;) such that

Bei(z) = P(2),  Bpia(z) = Q(2).

Hence

hi(z)= P(z) + Q(2)] = By (2) + BEH e (2)I =
= BE(Wh1(s) + va(s)T) = BE 0 (2),

Finally, we get thesis by the classical Identity Principle, see Remark
[

Now, we give the proof of the following corollary for the sake of com-
pleteness.

Corollary 5.3.11. Let p, ¢ € L*(R,H). Then

<Bn+1(90)73n+1(¢)>fn(ﬂ (o, ¢>L2 R,H)-

Proof. It is known that any o, ¢ € L?*(R,H) can be expanded as

= Z Q/leﬂ ('r)alﬁ
k=0
Zw ) B,

where {ay bi>0, { Bk }x>0 C H. Since 177 (z) are normalized Hermite func-
tions we have

(0, D) 2@m) = Zﬁkak (5.27)

On the other hand, by (5.24) we have

B (o)) = V2 [ nn,Z ¢— o (e Do, 5.28)
B @)@ = V2| nn,Z f allin@Df- 629)
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Now, we put together (5.28)) and (5.29) and by the orthogonality relation of
the quaternionic Hermite polynomials (5.12)) we get

<Bn+1<¢),3"+1(¢)>f%(ﬂ) :/C Bn+1(¢)(q)B"H(@)(q)eﬂnlqh d)\J(q)

[e.9]

= 2 1 = T7o7 [ =\ 12T _
_n!(27r)" ’; k;!(gﬂ)kﬁk (/@, Hﬁ,n(an)Hk,n(q, q)

=>_ Been
k=0
Therefore -
(B (), B"™ () rpm) = D Brew. (5.30)
k=0
ince (5.27) and (5.30) are equal we obtain the thesis. ]

This notation will be very useful in the sequel. A function & = (¢, ..., pn)
is in the space L*(R, H"*1) if

H‘ﬁH%?(R,HnH) = Z H‘Pj”%%R,H) < 0. (5.31)
j=0

Moreover, it is also possible to consider an inner product for vector-valued
functions f = (fo, ..., fn) and § = (go, ---, gn) @S

n

—

(f, G) Lo (re o1y = Z<fj’ 95) L2(R2 1) (5.32)

J=0

See ( [1]]) for more details.
Now, we define the quaternionic full-polyanalytic Bargmann transform.

Definition 5.3.12. Let ¢ = (¢, ..., p,) be a vector-valued function in
L*(R,H"*1). The quaternionic full-polyanalytic Bargmann transform is
defined as

BE(g) = > B e;(q), (5.33)
7=0

where B7T1p;(q) is the true quaternionic polyanalytic Bargmann trans-
form, defined in (5.21).
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Remark 5.3.13. For n = 0 in (5.33) we obtain the quaternionic Segal-
Bargmann transform.

Theorem 5.3.14. The quaternionic full-polyanalytic Bargmann transform
B L2(R,H"™) — F&tl (H) is an isometric isomorphism.

Proof. Let @ = (o, ..., pn) be a function in L?(R, H"™!) such that each
component belongs to L?(IR, H). Then, we have

1BE@) 0, 6= | B(q)BF(q)e " d),(q) =
= Z/ Bit1(0;)(q) B™ (o) (@) 2™ dN s (q).
j,m=0"Cy

From Lemma everything is zero when j # m, so we focus only on
the case j = m. Then, by Theorem we obtain

||%85(Q)||§Eglfi;(H) = Z ||Bj+190j||3f;(H) = Z ||90j||%2(1R,H) = ||95||%2(R,Hn+1)-
§=0

J=0

Finally, the quaternionic full-polyanalytic Bargmann transform
B LR, H"") — Fall (H) is surjective because is the sum of true
quaternionic polyanalytic Bargmann transforms, which are surjective (see

Theorem[5.3.10). O

5.4 Reproducing kernel of the true polyanalytic Fock space

In this section we give an explicit expression of the reproducing kernel of
the quaternionic true polyanalytic Fock space. It is obtained by extending
suitably the kernel of the complex case, see [2]. In order to prove our result
we follow similar arguments of [46]. Before we need the following easy
result, see [6].

Lemma 54.1. If f € SP,(H) and g € SP,,(H), then we have
f * g € SPn+m_1(H).

In the following result we use this notation

() =gx*..xg.

k —times

90



“thesis” — 2022/12/4 — ](1:25 — page 91 — #109

5.4. Reproducing kernel of the true polyanalytic Fock space

Proposition 5.4.2. The reproducing kernel of the quaternionic true poly
Fock space F7(H) is given by

Koalaor) = 2e.(2mq7)x (Z(—m’f( ") - - mﬁ*) .

k=0
Proof. Let us start by proving that K, ,1(q,r) is a slice polyanalytic func-

tion of order n + 1 with respct to the variable q.
We set

()=S0, ") gyCentaa = ar = ar )

k=0
Now, we know that the function ¢ — 2e,(27qT) is slice regular on H
with respect to the variable q. Moreover, ¢,,,1(q, ) is a slice polyanalytic
function of order n + 1 on H with respect to ¢, by Remark (5.4.1)). Thus,
the function K, (g, ) is a slice polyanalytic function of order . + 1 on H
with respect to the variable g. Now, by Theorem forq = x + Iy we
can write

1-JI 14 JI
Kol ) = Pk @y + T e oy,

where K, Cs /1 1s the reproducing kernel of the complex true polyanalytic
Fock space. From this formula it is clear that K, 1(q,r) € F7(H). Now,
by applying another time Theorem we obtain

(FO), Kngalg, N goer @y = /CKnJrl(QaT)f(Q)d)‘J(Q)

Slice

(1-— JI
- / Kl (x+ylr) f(q)dAs(q) +
C;

+(1+—J] / Kyl (x —yl,r) f(q)d\s(q)
Cs

2
(1-JI) (1+J1)
2

= ———fla+1Iy+ fx = Iy)
= fl@).

This ends the proof. [

Remark 5.4.3. If n = 0 in Proposition we obtain (4.4) with v = 2.

Now, we are ready to show an estimate for the quaternionic-full polyan-
alytic Bargmann transform and the true quaternionic one.
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Proposition 5.4.4. Let ¢ = (¢, ..., pn) be a vector valued function in
L*(R,H""1). For every q € H and every g € L*(R, H"*1), we have

- Tlal211 =
BE@)| < V20 + D8 pagnn)

Proof. From [17, Prop 4.5] we know that for any f € F2L (H) and ¢ € H
we have

T 2
(@) < V20 + D | zron -

Now, we specify this inequality for the quaternionic full-polyanalytic
Bargmann transform by setting f(q) := BJ(¢) and get

— T 2 —|
B3()| < V2(n + 1)e™ 1B 71 -
Thus, by the isometry property proved in Theorem [5.3.14] we obtain

BE(@)| < V2 + D™ || ]| 2@ ).
O

Proposition 5.4.5. For every f € FJ:(H), we have the following estimate

1F(@)] < V2™ | f] 23

Proof. From the reproducing kernel property of the space F7:(H) and the
Cauchy-Schwartz inequality we have

(@) = [{f Knst) o | < W lmm | [ Knll 72
In particular, using Proposition [5.4.2] we have
||Kn+1||3r;(H) = Kn11(q,9) = 2¢?mal"
Thus, we have
| Kl | 7p) = V2e™°
Finally, we obtain

1£(a)] < V2™ ] )

Proposition 5.4.6. For every ¢ € H and p € L*(R, H), we have

B o()| < V2o p2 -

Proof. We follow a similar reasoning of Proposition [5.4.4] then we apply
Theorem 3.9. O

Remark 5.4.7. For n = 0 in Proposition [5.4.4] and Proposition we
get the same estimate of Proposition [4.2.3| with v = 2.
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5.5 Closed formula of the quaternionic polyanalytic Bargmann
transform

Inspired from Vasilevski paper [[134] we write the following closed integral
transform of the true polyanalytic Bargmann in the complex case, for ¢ €
L*(C)

B¥p(z) = 21 (25K (2m)F) 2 / e etV (Z L x) o(z)dw,
R

V2

where Hj, are the weighted Hermite polynomials defined as
2] m(4gy)iAm

Us d] —aT
Hyly) = (~1p e e —J'Z o

T

and [.] denotes the integer part. We want to prove the equality between
B¥*lp(2) and B¥*1p(z), which is defined by

Bp(e) = [ - Z() (~2m2)'05 (By) 2).

Thus, by definition of the Segal-Bargmann transform we have

k . A
m j) (—271'2)] af_-j <e_7r(z2+x2)+2ﬂ'\/§zz>
j _7TZ SC T 221

Then, in order to prove the equality between B! and B*! we need the
following result.

Mw

Bk+1 _

Proposition 5.5.1. Forany k > 0, z € Cand x € R, we have

(az — 271'2)’“ e_ﬂ(z2+:v2)+27r\/§zx _ ( 1) 2_7 (22 +$2)+27T\/§za:Hk (Z +z - x) |

V2

Proof. We prove the statement by induction. For £ = 0 we have H (zg > =

1, thus the result holds in this case. Let us assume that the equality is true
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for k. We will prove the result for £ + 1 thanks to the induction hypothesis
and Leibniz rule. Indeed, we have

(a 27rz)k+1677r(z +x2) 427/ 22

=(0, — 27z2)(0, — 27r3)k (e_”(22+$2)+2”‘/§”>

+z
= (9, — 277) | (—1)k2 ze T et anV R g (Z——xﬂ
0.~ 259) (-1 (2
+z
—(—1 kz—g [@ 6—77(22+:(:2)+27r\/§zx H (Z _x)
+e*ﬂ(z2+x2)+2ﬂ\/§zxasz (Z +z . $>
V2

—2nzHy, (Z L x) e’r(zerIQ)”“/im] :

V2

We write z = u+ iv and develop the computations using formula (14.5])
in Appendix B (with v = 27) to get

o (2 - ):g( REAPIN.
2 - Hk(\/_u—x)

z2+7Z
= N 2rkH, ( —x
V2

and

0, (efﬂ(22+x2)+27r\/§z:v> _ (—27TZ + 27\/§x)677r(z2+x2)+27r\/§zx.

Thus, if we set iy = SR x and by using formula (14.4)) in Appendix

V2
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B (with v = 27) we obtain
. —\k+1 _—m(22+22)+27V 2z
(0, —2mz)""e
= (—1)k2 3¢ Ha?)2mV2zn [(—27rz + 21v/22) Hy (y)
Yok Hy (y) — QWEHk(y)]
k
ok
— (_1)k+1722\/§eﬂ'(z2+x2)+27r\/§zx [QWﬁka(y> . 2\/§7rka,1(y)
_ (_1)k+12—%6—ﬂ(z2+x2)+2n\/§zx (4myHy(y) — AmkHy,_1(y))
= (—1)FHo e TR (),
Thus replacing y by Z\g — x we have the result for £ + 1. [
Due to Proposition[5.5.T we have that
B*o(2) = B o(2).
Lemma 5.5.2. The weighted Hermite polynomials H}, <ﬁ\/§ — x), with q €
H and x € R, are slice polyanalytic of order k + 1 on H.
Proof. We know that
[5] m g+q hozm
(10 e U ()
"\ V2 S ml(k — 2m)!
We note that H, (% — ac) 1s a slice function since it is the sum of slice
functions. To justify that it is slice polyanalytic of order k£ + 1, we proceed
by induction on k. In order, to get the thesis it is enough to prove that
y g ghtop
_ k—2m
— k
8Jk+1 47T<m—l’> =0, ogmg{—}.
V2 2
Let us begin the induction: the case k£ = 1 is trivial. Now, we assume that
the statement holds for &£ and we prove it for £ + 1. We have by inductive
hypothesis
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_ k+1—-2m — k+1—2m
k42 q+4q kAl q+7q
dy (471’ (——x =0; Ojl4n|———2x

= (k+1—2m)2v2r

— k1 +q h=2m
7 (1 ()

=0.

This means that when we apply 8_Jk+1 to Hy, <q—j§ — x) each member

of the sum is zero. Thus,

T, (% _ ) 0.

Let us recall B 1, expression in the quaternionic setting

BH1g(q) = 22 men)y [

e*ﬂ‘(q2+$2)+2ﬂ‘\/§quk (q + q . l’> gO(QJ)dQ?
R

V2

Since the function G(q) := e~ ™(¢*+#)+27V27 jg slice regular and Hy, (% - x)

is intrinsic and we proved that it is slice polyanalytic of order k£ + 1. Then,
by [17, Prop 3.3] we have that the function e~ ™(@+*)+27v2q (ﬂ\g — :1:)
is slice polyanalytic of order £ + 1. This means that Ek“go is slice polyan-
alytic of order k + 1. ]

Proposition 5.5.3. The two true quaternionic full-polyanalytic Bargmann
transforms B*T! and B**' are equal.

Proof. Since Bt p(z) = B¥1p(z) and B+, B¥1¢ are slice polyana-
lytic of order k + 1 by the Identity Principle for slice polyanalytic functions
we get that

B p(q) = B y(q).
0

Remark 5.5.4. The formula for E’““gp is a closed formula for the polyan-
alytic Bargmann transform. Moreover, for k = 0 it turns out that B¢
reduces to the quaternionic analogue of the Segal-Bargmann transform (see

(4.5) with v = 2m).
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5.6 Quaternion short-time Fourier transform with normalized
Hermite functions as windows

The short-time Fourier transform provides a simultaneous description of
the temporal and spectral behaviour of a signal, which varies over the time.
In order to find the frequency spectrum of a signal ¢ at a specific time z,
one can localize the signal ¢ to neighbourhood of = and after evaluates the
Fourier transform of the restriction. This procedure of localization is made
by choosing a cut-off function, called "window function".

The aim of this section is to introduce a quaternionic analogue of the short-
time Fourier transform in dimension one with normalized weighted Her-

mite functions as windows, ¥, (t) ﬂ, see (5.1). To develop this
)

- ||h%WﬁL2(RTH
concept we need the theory of slice polyanalytic functions, see Section 2.
We start by considering this formula [4, Prop.1]

. > ﬂzz
V¢n(,0(l'7W) — G_ﬂ—wan—i_lgO (%) o |2\ 7 (535)

where the variables (x,w) € R? have been converted into a complex vector
z =z + 1w, and G""1p(2) is the complex true polyanalytic version of the
Segal-Bargmann transform.

In this context it is possible to consider a quaternion short-time Fourier
transform of a vector-valued function ¢ = (¢, ..., ¢, ) With respect to J =
(¢o, .., ¥y). Also for this kind of signal it is possible to have a relation as
(5.35)). Let us consider the following formula [4, Formula 20]

: z |z
V-g(r,w)=e ™Gg|—=]e 2, 5.36
#w) 7 ( ﬁ) (5.36)

where G is the complex full-polyanalytic Segal-Bargmann transform. We
want to extend (5.33) and (5.36) to the quaternionic setting.

Definition 5.6.1. Let ¢ : R — H be a function in L?(R,H). We define
the 1D-true polyanalytic quaternion short time Fourier transform (true-poly

QSTFT) with respect to 1, (t) Rl g

- Hh%ﬂ HLQ (R,H)

Vi oz, w) = e 7™ B (p) (E) e T, (5.37)

where ¢ = x+.Jw and B"! is the true quaternionic polyanalytic Bargmann
transform, defined in (5.21).
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It is possible to define a vector-valued quaternionic short-time Fourier
transform.

Definition 5.6.2. Let ¢ = (o, ..., v, ) be a vector-valued function in L*(R, H™™1).
We define the 1D-polyanalytic quaternion short-time Fourier transform (full-
poly QSTFT) with respect to ¢ = (¢, ..., 1) as
- - o 4\ _lax
Vo 3z, w) = e ™8 — e 7, 5.38
590z, @ (%) (5.38)

where ¢ = x + Jw and *B is the quaternionic full-polyanalytic Bargmann
transform, defined in (5.33).

Remark 5.6.3. For n = 0 in (5.37) and (5.38)) we obtain the definition of
the 1D-quaternion short-time Fourier transform with respect to the Gaus-
sian window g(t) = 2!/~ see Definition Indeed, by (53.1) we
get

W et

2
— 1:21/46 7rt‘

T \1
(37)
Moreover, we have already observed that B¢ = B, which is the quater-
nionic analogue of the Bargmann transform. Therefore, with formulas
(5.37) and (5.38) we are working in a more general setting than Chapter
4.

It is possible to put in relation the true-poly QSTFT and the full-poly
one. Indeed, we have the following result.

Yo(t)

A |2y

Proposition 5.6.4. Let ¢ = (o, ..., pn) be a vector valued function in
L*(R,H"™). The sum of the true-poly QSTFTs with respect to 1; of ¢;,

with 0 < j <, is the full-poly QSTFT with respect to 1) of g, i.e.
Vid(r,w) =Y Vi pi(x,w). (5.39)
j=0
Proof. From (5.38)) and (5.33) turns out that

Vst = ) ()

n = 2
— ef.fwzw Bj+1 ) (i) ei\q\Qw
Z ¥j \/§

J=0

J=0

_lal%x
2
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Thus, by (5.37) we have

Vid(z,w) = Z Vi, p5(,w).
=0

5.6.1 Moyal formulas

Here, we show that a Moyal formula and an isometric relation hold both for
the true-poly QSTFT and the full-poly one.

Theorem 5.6.5. Let ¢, ¢ be functions in L*(R, H). Then we have

(Vi 0, Vs ®) 122y = 2(0, ) r2(r,1)- (5.40)
Proof. By Definition we have
Vo0, Vi) r2m2my = ] Vi, d(2, w)Vy, (7, w)drdw
R

q '\ _lad?r
— e—Jmzw Bn+l — e 2z -
- L (%)
—Jrzw pn+1 (j _la?n
e B (p) <—) e 7 drdw

12
e oy

Cj n+1 Cj —lq)?*m
= Bl (¢ <—)B iy (—> e 11 dadw
| ()i (5
We put p = \/% and by Corollary[5.3.11| we get

V0, Vo) r@em = 2/ B (6(p)) B™ (p(p)) e 2Pl dp
RQ
— 2<Bn—i-1907 Bn+1¢>]—"%(]}]l)
2(p, ) r2(r,1)-

Corollary 5.6.6. For any o € L*(R,H) we have
||an0||L2(R2,H) = \/§||0||L2(R,H)-
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Proof. It follows trivially by Theorem[5.6.5|by putting ¢ = ¢ := 0. O

We prove an isometry property for the full-poly QSTFT.

Theorem 5.6.7. Let § = (ipq, ..., p,) be a vector valued function in L*(R, H" 1),
then

IV 581|221y = V20| L2 ).
Proof. First of all we note that
||V¢795”%2(R2,H) = Z ||V¢j80j||%2(R2,H)a
=0
where V,, are the true-poly QSTFTs. Therefore by Corollary [5.6.6|we have

’|Vﬁj<ﬁ‘yi2(R2,H) = "V¢0900"%2(R2,H) +.F HanSpn“%Z(RZ,H)
= 2”%”%?(]&,]}11) +o Tt QHSOnH%Q(R,H)

= 22 ||90jH%2(R,H) = 2”5”%2(]1{,1141%1)-
§=0
0

Now, we prove a Moyal formula for the full-poly QSTFT. In order to do
this we need the following polarization identity (see [89, Formula 2.4]) for
u,v € H

1 1
(u,0) = 7 (e +vll* = flu— v||2)+1 Y (lur o) = Jur — o) .

T=1,3,k

Proposition 5.6.8. Let G = (ipq, ..., pn) and ¢ = (o, ..., &) be vector
valued functions in L*(R, H"™'). Then, we have

(VJQ;, V58 L2 ) = 2(¢, @) L2 mn+1).-

Proof. By the polarization identity with u := V ng; andv =V U;QE and the
linearity of the full-poly QSTFT, which comes from the linearity of the
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quaternionic full-polyanalytic Bargmann, we get
- ., 1 - N - .
(Vb VP = 7 (Ve + Vel — IVad - Vdl?) +

1 N S - -
+7 > (IVed- 7+ Va2 = IVgd - 7 = Vgl 7

T=ijk
1 - -

- (||v~<a>+ B = V(3 - PIF) +
+; 5 (Vi@ r 4 QI = Va3~ P 7

=13,k

Since the space LQ(R H™*1) is a right vector quaternionic space we have

that ¢ + @ and ¢7 + & stay in L2(R, H"™). Therefore by Theorem m
we have

. . 1 - -
(Vb Vi mm = 5 (I6+@12 16— a°) + (5.41)

1 g — - —
w5 > (I r+@P—1g-7-@))r

T=1,j.k

Using another time the polarization identity with u := qg and v := Jin

(5.41)) we obtain
Y Jég B2 r2my = 2(57 @) L2(R Hn+1)-

5.6.2 Reconstruction formula

It 1s possible to recover the value of the signal if we know its true-poly
QSTFT. In order to show a reconstruction formula we recall the following
formula for the true quaternionic polyanalytic Bargmann (see Section 5).
Let ¢ € L*(R, H), thus we have

(B"'9)(q) = Cn/

o m(g> +t2)+27rfth (q +4q t) (p(t)dt, (5.42)
R

V2
where ¢, := 21(2"n!(27)")"2 and H,, are the weighted Hermite polyno-

mials, see (5.34).

We have the following relation between the weighted Hermite functions
and the weighted Hermite polynomials

2

h2™(u) = H,(u)e™ ™" . (5.43)
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Before to prove the reconstruction formula we need the following auxiliary
result.
Lemma 5.6.9. Let ¢ be a function in L*(R,H) and 1, (t) = Wﬁ%ﬁ%
n HL=(R,H
Then we have
Vi p(z,w) = \/5/ e 2™ (x — t)p(t)dt. (5.44)
R
Proof. From (5.37) and (5.42)) we get
) (,0(13 w) — efJﬂ'zw (BnJrlgO) ( q ) 7“1‘22"
Yn \/§
—T ﬁ 2 X
= 22(27171'(271')”)%6]”1“/ e ( 7 >+2 "
R
q_ + L 2
NG NG _lal®m
H, | —F——1t t)dt e 2
( 7 ) p(t)
Now, since ¢ = = + Jw we get _
3 1 a2 win a2 w2n
Vi, o(r,w) = 21(2"n!(2m)") 2e ™ e T /™ We T e 2 e 2
677rt2+27rxt727ertHn (.’L‘ _ t) ()O(t)dt
R
- 2%(2”n!(27r)”)_% / eIt R 2mat=nat (0 ) o(t)dt
R
3 on ny—1 ||h72’b7r||L2(R:H) —2rJwt —m(x—t)?
=21(2"nl(2m)") i [ e e H,(x —t)p(t)dt.
1Rl L2y Jr
Hence by (5.43) we get
) h27r —t
Vi, p(z,w) = 25(2"nl(2m)")"2(2"(27)"nl2"2)2 / 6_2”‘]”#30(75)&
R 1737 | 22 ey
NG / eIty (o ) (1),
R
This concludes the proof. U
It is possible to have something similar also for the full-poly QSFT.
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Corollary 5.6.10. Let G = (o, ..., on) be a vector-valued function in
L*(R,H"*1). Then for ¢» = (3y, ..., V) we have

V@(z,w) = V2 /R e TN (o — t)p; (t)dt.
j=0

Proof. By Proposition[5.6.4] we know that

w) - Z V%Q%(I,&)).
=0

For each member of the sum we know that the equality (5.44) holds. So we

have .
Vaplow) = V2 [ Y (o — gyt
§=0

]

Now, we are ready to prove the reconstruction formula for the true-poly
QSTFT.

Theorem 5.6.11. Let ¢ € L*(R,H). Then for all y € R we have
1

o) =75 | & Wupl@, @)lin(e — y)dude. (5.45)
Proof. Let us set
1
o(y) = 7 L VWV, o(x, W) (¢ — y)drdw, Yy e R.

Let © € L*(R,H). By Fubini’s theorem, Lemma and the Moyal
formula (5.40) we get

(6,02 = / SWo(w)dy
= / O(y)e 2”"”[]/% (x, )]y (x — y)drdwdy
= 5 [ (V2 [ =6t ) viete. e

= / Vy, O(z, w)Vy, o, w)drdw
R?

%I

o |

= <an907 an@>L2 R2,H) = <S07 @>L2(R,H)-
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Therefore, since forall © € L*(R, H) we have (¢, ©) 2z m) = (¢, ©) r2(r 1)
we conclude that

1
V2w

o(y) = o(y) e?m Iy Vo, p(x,w)|thn(x — y)dodw.

O]

Remark 5.6.12. It is possible to have a kind of reconstruction formula
also for the full-poly QSTFT. Basically, we use the reconstruction formula
(5.43) for each component of the vector-valued function ¢ = (¢, ..., ©n).
Thus for 0 < 5 < n we have

1
01 = 75 | g lie —gdeds Vg € R

Remark 5.6.13. If n = 0 in (5.45]) we obtain the formula proved Theorem
4.5.8

Both the true-poly QTSFT and the full poly one admit a left-side inverse,
which is possible to compute.

Theorem 5.6.14. Let us consider the operator Ay, : L*(R* H) — L*(R, H)
defined for any A € L*(R? H) by

A (M) () = V2 [ YN (z, W), (x — y)dadw, Vy € R. (5.46)
R2

Then Ay, is the adjoint of Vy,,. Moreover, we have the following identity
Vi, Vy, = 21d. (5.47)

Proof. Firstly we show that A, is the adjoint operator of V;, . Let h €
L*(R, H). The application of Fubini’s theorem and formula (5.44)) lead to

(A (A), oy = / 7y A, (M) (y)dy
- V2 g ()™ YN (z, w), (x — y)dzdwdy
- [ ( [T y>h<y>dy) A, w)dad

= /V¢nh($,u})A<x,W)dl’dW:<A,V¢nh>L2(R27H).
R2
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Now, we prove (5.47)). It follows by formula (5.45))

Vi, Veo)ly) = V2 R262”J”y[ans0(w>w)]wn(x—y)d:vdw
= 2p(y).
0

Remark 5.6.15. The formula (5.40)) is the left-side inverse of the true-poly
QSTFT.

We can prove a similar result for the full-poly QSTFT.
Theorem 5.6.16. Let us consider A : L*(R?, H) — L*(R,H""!) defined
forany A € L*(R% H) by
A= (A, AN (5.48)

where ) = (o, ..., ) and 'AZTA are defined as follow

Z;A = V2 [ A (z, W) (z — y)dadw 0<j<n.
R2
Then A;“Z is full-poly adjoint operator of V ;. Moreover,

:;—]‘VJ - 2IdL2 (R,H”+1) . (549)

Proof. The construction of the vector (5.48) follows from the definition of
the full-poly adjoint operator and Theorem [5.6.14] Finally, (5.49) follows
from the fact that the full-poly QSTFT is an isometric operator, see Theo-
rem O

Remark 5.6.17. The vectorial operator proposed in formula (5.48)) can be
considered a left-side inverse of the full-poly QSTFT.

5.6.3 Reproducing kernel property

Now, we will write the reproducing kernel of the quaternionic Gabor space
associated to the true-poly QSTFT. We define this space as

ﬁn = {an(pv pE LZ(R,H)}.

We also consider a vector-valued version of the previous space which is
given by
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Gy = {V;3, § € LA(R,H")},
where & = (o, ..., ) and = (0, ey Un)-
Theorem 5.6.18. Let ¢ be in L*(R, H) and 1, (t) = —til— Jf
’ n ||h%7rHL2(]R2,H) '
Ky, (z,w; 2’| w') = / W=y, (1! — )y (@ — t)d.
R
Then, K, is the reproducing kernel of the space G, ie
an(p(l’/’ w,) = <an SO7 Kwn>L2(R27H)'
Proof. We use Lemma[5.6.9] the inversion formula (5.45]) and Fubini’s the-
orem to get
Vy, oz w') = \/5/ e~ o (1) (2 — t)dt
R
:/ eIty () —t) (/ eV, o(, w) b (T — t)dmdw) dt
R R2
:/ e~y (2 — )X, (1 — t)Vy, oz, w)dzdwdt o
R3
:/ (/ e 2T =gy (2! — )iy (2 — t)dt> Vi, oz, w)drdw
R2 \JR
:/ Ky, (z,w; 2", Vy, (2, w)drdw
R2
= (Vp, K¢n>L2(R2,H)-
O
A similar theorem holds for the full-poly QSTFT, that we can state as
follows.
Theorem 5.6.19. Let 3 = (g, ..., 0,) € L*(R,H"™). The following
functions
Kyl ) = Y [ 190 o — oy
=0 "R
are the reproducing kernel of the space GJ, ie:
VJQB(ZL"I, w’) = <V¢N95, K,J>L2(R27Hn+1).
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Proof. It follows from the previous theorem and the fact that we can write
the full-poly QSTFT as sums of true-poly QSTFTs (Proposition [5.6.4) and
the definition of inner product of the space L*(R? H"™!) (see (5.32)). In
particular, we have

VJQB(QE’, W' = Z Vy, (2, w')
=0

= Vi, Ky, )22 m

=0
= <V1L‘67 KJ>L2(R2’HTL+1) .
O

Remark 5.6.20. If n = 0 in Theorem and Theorem we re-
cover the same result of Theorem

5.6.4 Lieb’s uncertainty principle

In this section we want to extend to the quaternionic polyanalytic theory
the Lieb’s uncertainty principle. Let us recall that the uncertainty princi-
ples state that a signal cannot be simultaneously sharply located both in
time and frequency domains. This is emphasised by the following generic
principle [92]:

"A function cannot be concentrated on small sets in the time-frequency
plane, no matter which time-frequency representation is used."

Theorem 5.6.21. (Weak uncertainty principle) Let ¢ € L*(R,H) be an
unit vector, U an open set of R? and ¢ > 0 such that

/ Vy, (@, w)|Pdzdw > 1 — ¢, (5.50)
U

then |U| > 15=.
Proof. From the definition of true-poly QSTFT and Proposition [5.4.6] we

have
Bn+1 (i)
V2

lq|%~ g2
<V2e T @l peme 2

=2

Vg, w)| = e "™ e 2 (5.51)
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Thus by we get

| — < / Vol w) Pdadi < [V, ol2|U] < 21U,
U

Hence
1—¢

>
Uz —

A weak uncertainty principle holds also for the full-poly QSTFT.

Theorem 5.6.22. Let § = (ipy, ..., ©,,) be a vector valued function in L*(R, H" ™)
with ||| 2@m = 1, forall 1 < j < n, and Y = (v, ..., 1) be a vector-
valued window function. If U is an open set of R?> and € > 0 we suppose

/ V@2, w) Pdedw > 1 — ¢, (5.52)
U

Proof. By Proposition[5.6.4] we know that
Vdj@’ = Z qungj(:L‘, w).
=0

Thus by the estimate (5.51)) applied at each members of the sum turns out
that

’ngﬁ(x,w)‘ <> Vi ei(@,w)] < V2(n+1). (5.53)
j=0

Therefore by (5.52) and (5.53]) we obtain

l—e< /U V58, w)[*drdw < |V@)5]U] < 2|Ul(n + 1)*.

Then

1—¢
Ul > ——.
| |_2(n+1)2

]
In order to improve the estimates of the weak uncertainty principles we
need the following LP- estimate of the true-poly QSTFT and the full-poly

one. For the first one we omit the proof since it can be shown with exactly
the same computations of Theorem4.5.14]
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Proposition 5.6.23. Let o € L*(R,H) and p € |2, 00) then we have

p+1

2
[ staldude € =l (559

Proposition 5.6.24. Let ¢ = (o, ..., on) be a vector valued function in
L*(R,H" ). Forp € [2,00) we have

. 2vtl 1y
|1 wPdnds < e 0P Ay 559
Proof. From (5.39) we obtain
n p n
|Vl w)l” < (Z |ij‘:0j($»w)|> <+ 1P Y Ve pi(ew)P.
=0 =0

Now, we integrate and apply (5.54)) at each member of the sum and we get

[ Vet oo <04 1703 [ iiey(ow) s
R2 - R2
Jj=0

ortl 1 = p
< 5 (n+1)? Z H90j|’L2(R,H)
=0

IS}

op+1 2

(n+ 1) (Z \I%\Ii2(R,H)>
p g

p+1 .
= 7(” + 1) HSDHZQ(R,HWH—I)'

<

]

Next, we show that the inequalities (5.54) and (5.53) yield a sharper
estimate for Theorem and Theorem [5.6.22] respectively.

Theorem 5.6.25. Let us consider @ = (pq, ..., on) € L*(R,H"™), such
that ||| L2y = 1, forany 0 < j < n. Let U be an open set of R?, ¢ > 0
and

/ |V¢~g5(m,w)|2dmdw >1—c¢, (5.56)
U
then

2—3p
p—2

2p+1 “p—2 T
\U| > 5 (1—¢g)p2(n+1)vr2, for p>2.
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Proof. The estimate (5.55]) implies that

1—5§/ |V1/;g5($,w)|2dxdw:/ |V1;95(a:,w)|2XU(x,w)d:Bdw
U R?2

2

< ([ 1vsste o ) 01
R2

2

p+1\ p _ _

< (2 )p<"+1>3pp2|U|”f.
p

Therefore

2—3p

2p+1 “p—2 "
|U\Z< 5 ) (1—g)r2(n+1)r2, for p> 2.

]

Theorem 5.6.26. Let  be in L*(R, H). If we assume that U is an open set
of R%, ¢ > 0 and || || 12(rm) = 1 such that

[ Wt wards > 1 -
U
Then, we have
op+1 52 )
Ul > <_) (1—e)r2,  for p>2.
p

Proof. It follows by using similar techniques of Theorem[5.6.25] O

Remark 5.6.27. If n = 0 in Theorem and Theorem these
results coincide with Theorem £.3.13]

110



“thesis” — 2022/12/4 — 1‘1:25 — page 111 — #129

CHAPTER

On the Clifford short-time Fourier transform
and its properties

6.1 Motivation

In this chapter we investigate how the short-time Fourier transform can be
extended in a Clifford algebra setting. It is crucial to use a suitable gen-
eralization of the Fourier transform in the Clifford algebra setting. H.De
Bie explains in [62]] that nowadays the emphasis of the research on hyper-
complex integral transform lies on three different methods: the eigenfunc-
tion approach, the generalized roots of —1 approach and the spin group
approach.

In the first one the Clifford-Fourier transform is defined as the following
integral transform

Fif(y) = (2n)~3 Ki(z,y)f(z)dz, (6.1)
]Rn
where the kernel K. (z,y) is given by an explicit expression. For this kind
of Clifford-Fourier transform many generalizations were found, see [[29,61,
63-635]] and some important properties such as the uncertainty principle and
Riemann-Lebesgue lemma were proved [81,82].
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In the second approach the definition of Fourier transform is given in the
following way.

Definition 6.1.1. Denote by Z,, the set {i € R,|i* = —1} of geometric
square roots of minus one. Let Fy := {iy,...,3,}, Fo = {i441,....7,} be
two ordered finite sets of such square roots, iy, € Z,, forall k = 1,...,n.
The geometric Fourier transform Fp, g, of a function f : R — R,, takes
the form

Fem(Pw) = (2% [ (H ) f@) ( 11 ) dr.

k=1 k=p+1
Finally, in the third approach the Fourier transform is defined as follows

~

f(@) = | ox,y)f(z,y)o(—x,—y) dxdy,

R2

where ¢ is a group of morphism.
The aim of this chapter is to generalize the short-time Fourier transform
on the Clifford algebra setting using the first approach.

Now, we recall briefly some notions that we will use in this chapter. The —
product of two 1-vectors x = > 7 xje; and y = > 7 y;e; splits into a
scalar part and a 2-vector part

with
u 1
(@,y) = ajy; = —5(zy +yz),
j=1

and .
TANY = Z ejer(Tiyr — TrY;) = §(£Q —yz).
i<k
For any z,y € R,,, we have |zy| < 2"|z||y| and |z + y| < |z] + [y].
In the sequel, we consider functions defined on R" and taking values in
the real Clifford algebra R,,. Such functions can be expressed as

fl@) = eafa(),

where e4 = ¢;,€,...¢;,, 1 <41 < iy < ... <ip <nand f, are real valued
functions. We define the modulus | f| of any function f which takes values
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1= D 1l (6.2)
A

Now, we indicate the Dirac operator in R™ as

=1

We denote by P the space of polynomials taking values in R,,, i.e
P =Rz, ...z, @ R,.

in R,, as

The set of homogeneous polynomials of degree k is then denoted by P,
while the space M, := kerd, N P;, is called the space of spherical mono-
genics of degree k.

We denote by LP(R") ® R,, as the module of all Clifford-valued func-
tions f : R” — R,, with finite norm

ufup:{<fm\f<x>|pdx) . 1spees

ess sup,epn | f(2)], p= 00,

B =

where dx = dx;...dx, represents the usual Lebesgue measure in R”. We
consider the following inner product for two functions f, g : R* — R,

(f,9) = s f(x)g(x) de.

Let us denote the Schwartz space as S(R™). In the rest of the chapter
we will consider functions in this space which are radial, so real valued
functions, or which takes value in the Clifford algebra R,,. In this last case
we denote the Schwartz space as S(R") ® R,,. For this kind of space it is
possible to introduce a basis {1, ;;} (see [128]), which is defined by

n _ x2

Uojiale) = LT ()M e 6.3)
ok 7@

oprana(e) = L} (2P)zMle (6.4)

where j, k € N, {M,gl) € My : 1 =1,...,dimMy} is a basis for My, and
L7 are the Laguerre polynomials.
In the sequel we define the commutator of the Clifford operators A, B

in the following way
[A, B = AB — BA. (6.5)
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6.2 Clifford-Fourier transform

In this section, we recall the definition and some properties of the Clifford-
Fourier transform introduced by H.De Bie and Y.Xu in [66].

Definition 6.2.1 (Clifford-Fourier Transform). On the Schwartz class of
functions S(R") ® R,,, we define the Clifford-Fourier transform as

Fef(y):==2m) 72 [ Ki(z,y)f(z)da, (6.6)

Rn
and their inverses as
FE@) = @n)7F [ Kele,y)f(2) dr,
Rn
where | |
Ki(x,y):= eFisTye—izy)
and N | |
Ki<flj, y) = @izirgel@,y),

. Oyy—ydy n o__ :
[y =255 4 5 = =y ejer(w;0y, — 240y, ) is the Gamma operator.

In the paper [66] the authors write an explicit formula of the kernel by
using the Gegenbauer polynomials C(w) and the Bessel functions J,(t):

K_(z,y) = Ax+ Bx+ (2 A y)Ch, (6.7)
with

NE

Ay=2"TA+ 1)) @+ (=15 (2| |ly)) 7 raa(zl [y Cr (& m)),

il
o

By =—27"T(A) Y (k+N) (" = (=1)")(lally) a2l ly DR (€. 1)),

Cn = =202 T Y@+ (=) (1l ly) ™ Tl ly DO (€ ).

where £ = %,n: ‘—iland/\: B2
It is important to observe that the kernel is not symmetric, in the sense
that K (z,y) # K_(y,x). Hence, we adopt the convention that we always
integrate over the first variable in the kernels. Throughout the paper, we
s

only focus on the kernel i = e2ve=2¥ from the following proposi-
tion (see [66, Prop. 3.4]) it is possible to recover K (z,7) = e "2Tve~Hzy),
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Remark 6.2.2. The main difference between this Fourier transform and
the ones considered in [|30,/96,97] is that the kernel of the Clifford-Fourier
transform is developed by considering that it is the eigenvalue of a basis of
the Clifford-space L*(R") ® R,,. On the other hand, the approach consid-
ered by Hitzer and collaborators consists of replacing the classic complex
imaginary unit ¢ with generalized roots of —1.

Proposition 6.2.3. For z,y € R",
K+<I,y) = (K_(.Z', _y)>c7

f/—(\;(l', y) = (K:t(x7 y))ca

where ¢ stands for the complex conjugate.

It is important to remark that in the case d is even Ay, B), C are real
valued so the complex conjugate in K (x,y) can be omitted.

From the explicit expression of the kernel it is possible to derive some
easy properties [66, Prop. 5.1].

Proposition 6.2.4. Let n = 2. Then the kernel of Clifford-Fourier trans-
form satisfies
K_(2,2)K_(y.2) = K_(z +y, 2).

If the dimension d is even and n > 2 then
K_(z,2)K_(y,2) # K_(z +y, 2).

If we consider the Clifford conjugate and even dimension (see [109,
Prop. 3.5]) we have

K (y,x) = K_(z,y). (6.8)
Furthermore, the following trivial formula holds

K (—z,y) = K_(z,—vy). (6.9)

Moreover, in [66]] for even dimensions the kernel is rewritten as a finite
sum of Bessel functions (see [66, Thm. 4.3])

N

K-(a.y) = (=1 ()

where s = (z,y) and t = [z A y| =, /|z|*|y|*> — s? and
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e L TA+T) -

]
s 5]l mj(nfmfl)p(t),

|24
Al(s, 1) = Z

1 f—
=0

1 T(A+1) -
* - A—21
BA(s,t) = — E S Qz_umﬁ”*?l*”ﬂ(t)’

w1 T(A+1) -

* _ A I S A
Ci(s,t) = S o T — 21+ 1)J(2/\—2l+1)/2<t)

with Jo(t) = t*J, ().

The above formula helps H.De Bie and Y.Xu to prove a very important
estimate of the kernel, [[66, Thm. 5.3].

Lemma 6.2.5. Let n be even. For x,y € R", one has
(K (2,)] < e(1+|z)* (L + [y)™ (6.10)

Some problems for the Clifford-Fourier transform arise when we con-
sider odd dimensions. Indeed in this case it is not known if it is possible to
write K_(z,y) as sums of Bessel functions. Moreover, it seems not possi-
ble to obtain an upper bound of the kernel as in (6.10)). So in the rest of the
chapter we focus only on the even dimensions more than two.

Let us define the following space of functions

BEY) = { e DRl = [ 0+ wldy < o0

(6.11)
Due to the boundedness of the kernel we have the following important the-
orem (see [66, Thm 6.1]).

Theorem 6.2.6. Let d be an even integer. The Clifford-Fourier transform is
well defined on B(R") ® R,,. In particular, for f € B(R") @ R,,, F+f isa
continuous function.

Now, we list some important properties of the Clifford-Fourier trans-
form.

Proposition 6.2.7. [|109, Prop. 3.6][Plancherel theorem] If f,g € S(R")®
R,, then

fWey)dy= | F-(f)(@)F-(g)(z)d. (6.12)

Rn Rn
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Proposition 6.2.8. [109, Prop. 3.7][Parseval’s identity] If f € S(R") ®
R,,, then

[fll2 = [F=(ll2- (6.13)

Theorem 6.2.9. [66, Thm. 6.6] For the basis {{; .} of S(R") ® R,, (see
(6.3) and (6.4))), one has

Fe(oing) = (=17 (F1) Yo,
Fi(Wojare0) = " (=17 (F1) " g0 e
When we restrict to the basis {1; .} we have
FilFL =1d. (6.14)
Moreover, when n is even, (6.14)) holds for all f € S(R") ® R,,.

Now we prove a property, which was proved in a more general setting
in [65, Thm. 6.3].

Theorem 6.2.10. When n is even for the basis {1; .} of S(R") ® R,,, one
has

Fi (Fe(Wjrt)) = Yjna- (6.15)
Moreover, the formula (6.13) holds for all f € S(R") @ R,,. —

Proof. We distinguish two cases depending on j.
If 7 is even we apply two times Theorem[6.2.9]and we get

Fi (Fe(irn) = (1) (=17 F DM FD Yoy = bajns
If j is odd, as before, we apply two times Theorem and we obtain
Fo (Fe(ypn) = (=17 (F)M 1 (=0 F D gy
= (i)™ V24100 = (—1)"Y2j5100 = Yoji1p0-

This proves formula (6.15).

Finally, since F4 is continuous on S(R™) ® R,, [66, Thm. 6.3] and
{®j .k} is a dense subset of S(R") ®R,, we obtain that for all f € S(R")®
R,

Fe (Fe(f) (@) = f(2). (6.16)
]

Remark 6.2.11. Due to the density of S(R") ® R, in L?*(R") ® R,, the
Plancherel’s theorem, Parseval’s identity, and the equations (6.14)) and (6.16)
can be extended to functions in L*(R") ® R,,.
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6.3 Generalized translation and modulation operators

In this section we introduce the generalized translation and the generalized
modulation, which are fundamental tools for developing a time-frequency
analysis in a Clifford algebra setting. The generalized translation was in-
troduced for the first time in the paper [66], where the authors "fixed" the
well-known property of the translation of the classical Fourier transform
and derived the following definition.

Definition 6.3.1. Let f € S(R") ® R,,. For y € R" the generalized trans-
lation operator f +— 7, f is defined by

For,f(z) = K_(y,2)F_ f(x), x € R"

By the inversion formula of F_, the translation can be expressed as an
integral operator

rf(@) = (2m)78 / (K_(€.2))°K_(y, €) F_(€) d.

n

Since we are working with even dimensions K _ (&, z) is a real-valued func-
tion so we can omit the complex conjugate

T, f(x)=(2m)72 | K_(&x)K_(y,&)F_f(£)dE. (6.17)

Rn

We note that the generalized translation has the following properties, see
[66, Prop. 7.2].

Proposition 6.3.2. [fn = 2 for all functions [ € S(R") ® R,, one has
Ty f(z) = flz —y).

If the dimension n is even and n > 2 then in general
Ty f(z) # flz —y).

However, 7, coincides with the classical translation operator if f is a
radial function [66, Thm. 7.3].

Proposition 6.3.3. Let f € S(R") be a radial function on R", f(z) =
fo(lz]), with fo : Ry — R, then 7, f (x) = f(x — y).

Using the generalized translation, it is possible to define a convolution
operation for functions with values in Clifford algebra.
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Definition 6.3.4. For f,g € S(R") ® R,,, the generalized convolution is
defined by

UWmQX@F:@WYS/)@f@M@ﬁw, R

We remark that if f and g take value in the Clifford algebra, then f *¢
g 1s not commutative in general. Moreover, in the case when one of the
two functions is radial we have the following well-known property of the
Fourier transform [66, Thm. 8.2].

Theorem 6.3.5. If g € S(R") @ R,,, and f € S(R") is a radial function,
then f x¢; g satisfies

F_(f*c19)(x) = F_f(x)F_g(x).

In particular, since f is a scalar function we have the commutativity of the
convolution, i.e.

[reig=gx*a f.

Now we have all the tools to build the generalized modulation. Let f
be in S(R") ® R,, and like the generalized translation we fix the following
property:

Fo (M, f)(&) =7 F-(F)E),  &yeRy, (6.18)

where M, is the generalized modulation operator. By Definition we
have

Fo (M, f)(€) = F2H (K- (y, o) F- (F-(f)) ()) (6).

Now we apply F_ and use Theorem [6.2.10} so we are able to give the
following definition.

Definition 6.3.6. Let f € S(R") ® R,,. For y € R" the generalized modu-
lation is defined by

M,f(x) = K_(y.2)f(z), x€R"

Remark 6.3.7. As in the classical Fourier analysis we can relate the Clifford-
Fourier transform of the translation with the modulation of the Clifford-
Fourier transform:

Fo(rf (@) = K_(y.0)F-f(2) = My(F_f(z)).  (6.19)

Remark 6.3.8. In the theory that we are going to develop for even dimen-
sions n > 2 there is not a commutative relationship between the modu-
lation operator and the translation operator, as it happens in the classical
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case. Indeed, let f € S(R™) be a radial function, by Definition and
Proposition [6.3.3] we get
Mty f(z) = K_(w,z)f(z —y), w,y<cR" (6.20)

Now, if we exchange the roles between the translation and modulation op-

erators by formulas and we have
nMof(@) = (2m)7% | K (&2)K (y,)F (Muf)(&) dg

R”
= @m7F | K EoK-OnF- (), wyeR"
Therefore
7Moo f(w) = (2m) 7% . K (&§2)K_(y, ) F-(f)(§)dE. (6:21)

Since (6.20) and (6.21)) are very different we do not have any commutative
relations between the generalised translation and modulation operators.

Remark 6.3.9. One my wonder if for dimension d = 2 there exists a com-
mutative formula between the generalized translation and modulation op-
erator. One can verify by Proposition that for f € S(R") ® R,

MwTyf($) = K_(UJ, SB)f(:B - y)a

Tywa(x) = K_(w,x - y)f(l' - y)
Now, due to Proposition and the fact that K _ is not symmetric we
deduce that it is not possible to make this computation K_(w,z — y) =
K_(w,z)K_(w, —y). Thus, we conclude that never exists a commutative
formula between the generalized translation and modulation operator.

We end this section proving some easy but important formulas of time-
frequency analysis.

Lemma 6.3.10. If f € S(R") ® R, and y,w € R"™ then
F_(ryM,f)(x) = My, F_f(x), x € R", (6.22)
F_(Mymy f)(x) = 7o My F_ f(x) r e R". (6.23)
Proof. Formula follows by applying (6.19) and (6.18))
F_(ryMof)(x) = MyF_ (Mo f)(x) = Myr F_ f ().
Formula (6.23)) follows by applying (6.18) and (6.19)
Fo (Mo, f) (@) = 7 F (1, f)(x) = T, My F_(f) ().
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6.4 The Clifford short-time Fourier transform

In this section we generalize the short-time Fourier transform, using the
Clifford-Fourier transform. As signal we consider a function f Clifford-
valued and firstly we assume the same hypothesis also for the window func-
tion g.

Definition 6.4.1. Let f, g € S(R") ® R,,. The Clifford short-time Fourier
transform of a function f with respect to g is defined as

Vof(z,w) = F_ (1.9 - f)(w), for z,w € R". (6.24)

We want to manipulate formula (6.24) in order to write it as an integral.
From the definition of the Clifford-Fourier transform (6.6)) and the formula
of the generalized translation operator (6.17) we get

ng(wi) = f—(Tng)(w)

_n

= @m7F | K (t@)ngf (b di
= 07 K (L) K (€ OK- (2, F-(9)(€)F (1) de de
= @07 [ KGR (K (n K ()

g(z) f(t) dz d¢ dt.

Since it is difficult to work with this amount of non commuting kernels
we choose to work with a radial window function. So if ¢ € S(R") is a
radial function by definition of the Clifford-Fourier transform and Proposi-

tion[6.3.3] we get
Vof(w,w) = (2m)7% [ K_(tw)mag(t)f(t) dt

]Rn
= @n)F | K (twglt—a)f(t)dt.
R?’L
Thus we have the following definition.
Definition 6.4.2. Let f € S(R") ® R,, and g € S(R") be a radial function.

The Clifford short-time Fourier transform of a function with respect to g is
defined, for x,w € R", as

Vof (@,w) = F(mg- f)(w) (6.25)
= (2n)72 K_(t,w)g(t —z)f(t)dt.

R"
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In the sequel we will use this integral formula for proving all the prop-
erties of the Clifford short-time Fourier transform.

Now we are going to show that the Clifford short-time Fourier transform
as the Clifford-Fourier transform is well-defined on B(R") ® R,,. First of
all we recall the following notion

B = { e LR Ifli= [ 0+ Wy <o

where \ = % and d is even more that two. Now, we introduce the follow-
ing spaces of real valued functions for 1 < p < oo

BYRY) = {f e &) fleri= ([ A+ Py < oo} ,

Wa(R") = {f e D®): Wlhi= ([ 0+ WP dy) < oo} .

Remark 6.4.3. If p = 1 all the spaces introduced coincide.
For the spaces B?(R") and W,,,(R") we have the following inclusion.

Lemma 6.4.4. Let n be even more than two. For p > 1 we have
Wy (R™) € BP(R").

Proof. It is enough to prove that ||.||g» < ||.|[w,,. Firstly we observe that
since A = %22 > 1 and p > 1 we have

L+ lyh* < (1 + 1y

Then
L+ DI < @+ [y 1)

Therefore, by the monotonicity of the integral we have

[ asuMrwrar< [ @+

Thus
[ fllBe < (1 fllw,s-
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Remark 6.4.5. From the properties of the LP-spaces we do not have any
relations of inclusion between the spaces B(R"™) and B?(R"). For the same
reason there is not any inclusion between B(R") and W\ (R").

Now we prove two inequalities which will be fundamental for defining
the domain of the Clifford short-time Fourier transform.

Lemma 6.4.6. Let d be even more than two. If f € L*(R") ® R,, and
g € Wax(R") is a radial function, then f - g € B(R™) ® R,. In particular
we have,

1f - glls < cllgllwa, [l fll2, (6.26)

where c is a positive constant.

Proof. From the Holder inequality we get

I£-ale < e [ (W 0low)] dy
= o[ @+l oWl dy

< o [arPuwra) ([ o)

= cllgllwa [ F1l2-
]

Proposition 6.4.7. Let d be even more than two. If f € B*(R") ® R,, and
g € B*(R"™) is a radial function, then f - g € B(R™) ® R,,. In particular,
we have

1S~ glls < cllfllsllgll 52, (6.27)

where c is a positive constant.

Proof. From the Holder inequality we obtain

I£-alls < e [ 0+ D low dy
= o [ DRI+ ) o)l dy

< ¢ (/n(l n ‘g|))‘|f(y)]2dy)é (/Rn(l + !g\)ﬂg(y)\%@ 2

= I fllsllgll 52

=
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Now we show that the space W,,,(R™) is invariant under translation of
radial functions.

Lemma 6.4.8. Let d be even more than two and p > 1. If g is a radial
function in W,\(R"™) then 1,9 € W, \(R"), i.e

Iegllw,, < A+ 1z gllw,,, = €R™ (6.28)
Proof. Since g is a radial function by Proposition [6.3.3] we have

Hnm%,:A<LHmMmmmmﬁ:/<rﬂmmmu—@vw

n

Now, we put ¢ — & = z and by the triangle inequality we obtain

sl = [ @+ lz+2)PgtaP d
< [ @lel+ g d:
R
< [ @+l el s

= (e [ o) d:

= (L+[z)"lglfy,,
So we gain the thesis. [

Remark 6.4.9. Using the same techniques and the hypothesis of Lemma
6.4.8| it is possible to prove that also the space BP(R™) is invariant under
translation. Indeed

2 n
Im2glle < (1 + [z 7 llgllsr, =€ R™ (6.29)
Now, we have all the tools for proving that V, f € B(R") ® R,,.

Theorem 6.4.10. Letn > 2 and even. If f € B*(R")®R,, and g € B*(R")
is a radial function, then the Clifford short-time Fourier transform is well
defined.

Proof. 1If we prove that 7,.g - f € B(R") ® R,,, then by Theorem and
Definition we have the thesis.

So, we focus on proving that 7,.g - f € B(R") ® R,,. By inequalities
and (6.29) we have

A
1729 - fllB < cllmagllpell 52 < (1 +|z])> gl 2]l fll 52 < o0,

where c is a positive constant. [
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It is possible to prove the well-posedness of the Clfford short-time Fourier
transform choosing different spaces for the signal f and the window func-
tion g.

Theorem 6.4.11. Let n > 2 and even. If f € L*(R") @ R, and g €
Wox(R™) is a radial function, then the Clifford short-time Fourier transform
is well defined.

Proof. As before it is an application of Theorem So we focus on

proving that 7,.¢ - f € B(R") ® R,,. By inequalities and (6.28) we
have

1729 - flls < cllmagliwa 1112 < e(1+ [z gllwa 1 £l < oo,
where c is positive constant. ]

In the rest of the chapter we consider (except some cases) the signal
[ € L*(R") ® R,, and the window function g € W5 (R") a radial function.

6.5 Elementary properties of the Clifford short-time Fourier
transform

In this section we prove some basic properties of the Clifford short-time
Fourier transform.

Proposition 6.5.1. Let n > 2 and even. If f € L*(R") @ R, and g €
Wox(R™) is a radial function then

1 (Right linearity) If \, u € R,, and h € L*(R") ® R,, then
Vo(fA+ hp)](w, 2) = Vo(f)(@, w)A + Vy(h)(z, w)p.
2 (Parity)
ng(x,w) = ng(—fE,W).

Proof. The first one follows from the Definition [6.4.2] The second one
follows from the hypothesis of radiality of g. U

In the next proposition we list some equivalent forms of the Clifford
short-time Fourier transform.

Proposition 6.5.2. Let n > 2 and even. We suppose that g € W\ (R") is a
radial function and f € L*(R") @ R,,. Then
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1.
V,f(r,w) = (27)"2 s M, 7.g(t)f(t)dt, (6.30)
2.
Vi) = en)t [ DALTFIOEHO A 63D
3.
ng(x,w) = fo(g)f—(fxw’x) (6.32)
~en) [ T M) dr
4.
Vof(@,w) = F_(F_(f) mF-(9) (z) (6.33)
~en) [ T M) dr
where |. .| is the commutator defined in (6.5)).

Proof. 1. To prove the equality (6.30) we use Definition the rela-
tion (6.8) and the radiality of the function g

Vof(zw) = (2m)7% | K_(t,w)rg(t)f(t) dt

= (2m)72 . K_(w,t)7,g(t) f(t)dt
= (2m)°% 5 M, 7,g(t) f(t) dt.

2. We prove (6.31) using (6.30), Plancherel’s theorem (see Proposition
6.2.7) and the formula (6.23))

Ve = @n [ TEOLm WF- (7)) dy

0|3

~ o0t [ TGO dy
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3. To show (6.32) we observe that since g is a radial function also its
Clifford-Fourier transform is radial. Thus by relation (6.8]) we have

Vi @F-(Nwx) = 2r)72 | K_(t,5)m,F_g(t)F_f(t)dt

Rn

|3

= @n)F | K (o, OmF_g)F_f(t)dt

Rn

M, F_g(t)F_f(t)dt.

R

0|3

= (2m)”

Finally, using Plancherel’s theorem, Theorem [6.2.10] and the relation

(6.23) we obtain

Ve oF-(f)w,z) = @) [ F_ (M,7.F_gt)f(t)dt

R7 —

/ T.M,g(t) f(t) dt. (6.34)

B

= (2n)”

Since the generalized translation and generalized modulation does not
commute (see Remark we cannot exchange the rules of 7, and
M,,. To change the order we use the commutator defined in (6.3)), so
we can relate this formula with the Clifford short-time Fourier trans-
form of f with respect to g by using (6.30)):

VrwF-(Nwa) = @nt [ FIL@0d+

+(2m)72 [ Myrg(t)f(t)dt

Rn

= ot [ T LSO de+ VS o).
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4. Finally, formula (6.33) follows from the relations (6.8]) and (6.30]

n

FAF) - mF(9) (x) = @2m)72 [ K (y,2)F(f)(y)

RTL

9)(y) dy

E
m\ﬁ /-\

K_(z,y)7.F-(9)(y)

:Vfgf<>

Using formula (6.32)) we obtain the thesis.
0

Remark 6.5.3. The formulas proved in Proposition are similar to the
classical case ( see [92, Lemma 3.1.1]). The main difference is the presence
of the following integral

| Esmse e

This is due to the lack of commutativity.

Remark 6.5.4. Another difference with respect to the classical case is that
it is not possible to write the Clifford short-Fourier transform as a convolu-
tion of the Clifford-Fourier transfrom of the signal and the Clifford-Fourier
transform of the window function. For example it is not possible to prove a
formula like this

Vol (2,w) = (Mo F_(9) ¥a1 F-(f))(w)-
Indeed, by the definition of convolution (see Definition [6.3.4)) we have

OLF@ va o)) = 2n) ¢ [ S @@ Dy

Now, it is not possible to compute 7, M, F_(g) using the classic formula of
the translation because M, F_(g) is no longer radial and so it is not possible
to derive a relation with the Clifford short-time Fourier transform.

Now we study the continuity of the Clifford short-time Fourier trans-
form.
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Theorem 6.5.5. Let n > 2 and even. If g € Wo(R™) is a radial function
and f € L*(R") ® R,, then the Clifford short-time Fourier transform is a
continuous operator on L*(R") @ R,,.

Proof. We remark that g € W5, (R") C L*(R"), hence by the formula
(6.30) it is enough to prove the continuity of the operators 7, and M,,. The
continuity of the translation operator follows from the following fact

lim 7.9 — g||2 = 0.

On the other side the continuity of the modulation operator follows from
the formula (6.18)) and the Parseval’s identity (see Proposition [6.2.8)

lim | M,g — gll2 = lim |7F-(g9) — F-(9)ll2 = 0.
OJ

Before to state the next result, we have to introduce some notations. We
call f ® g the tensor product between f and ¢ and it acts in the following

way
(f @g)(x,t) = f(z)g(t).
Let 7 be the asymmetric coordinate transform of a function f on R*"

Tf(x,t)= f(t,t —x). (6.35)

Definition 6.5.6 (Partial Clifford-Fourier transform). Let f € S(R*")®R,,.
We define the partial Clifford-Fourier transform in the following way

Fo fz,w) = (2m)"2 | K_(t,w)f(z,t)dt. (6.36)

Rn

Remark 6.5.7. The partial Clifford-Fourier transform is the Cliffrod Fourier
transform defined in (6.6)) with respect to the second variable, hence the
variable x is considered as a parameter.

Remark 6.5.8. All the properties which hold for the Clifford-Fourier trans-
form as the Plancherel’s theorem and the Parseval’s identity hold also for
the partial Clifford-Fourier transform.

Now, we show another way to write the Clifford short-time Fourier
transform using the tensor product and the partial Clifford-Fourier trans-
form, as in the classical case [92].

Lemma 6.5.9. If g € W\ (R"™) is a radial function and f € L*(R") @ R,
then

Vol (2,w) = Fo- (T(f @ g)(,w)) -
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Proof. From the definition of the partial Clifford-Fourier transform and the
definition of 7 (see formula ([6.35])) we obtain

Fo- (T(f@g)(x,w)) = e K—(t7w)T(f®g) (Zb,t) dt

= [ K_(t,w)T (f(x)g(t)) dt

R

= K_(t,w)f(t)g(t —z)dt.

Rn
Now, using the fact that the window function g is real-valued, thus can
commute, and Definition [6.4.2] we get

For (T(f @ g)(x,w)) = - K_(t,w)f(t)g(t — )

— [ E_(tw)glt— ) f(t)dt

Rn

= V,f(z,w).
OJ

Now, we prove a sort of "covariance" property. The main difference —
from the classical case (see [92, Lemma 3.1.3]) is that we do not have an
equality, this is due to the lack of commutativity.

Lemma 6.5.10. Let n > 2 and even. We suppose that g € Wy (R") is a
radial function and | € L*(R™) ® R, thus for x, u,w,n € R™ we have

WVof (x—pw=n)] < e(L+|wh)*(@+]n) L+ 2D+ D[ Fl209llway
where c is a positive constant.
Proof. Firstly we use Lemmal6.2.5]
Vof(x—pw—mn)| < ¢ |K_(t,w=n)llf(t)g(t —z+ p)|di
Rn

< o[ WP - ) Al - o+ gl dt

< et DM [ @ Ol - o+l

where c is a positive constant. Now, by Holder inequality we get

Vatto-po-nl < D A ([ 0 2ot - o+ P )

n
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Putting t — x + 1 = 2 in the integral above we obtain

Vof (@ —pw—m| <e(L+|wh)*(@+ )£

(/n(l +lz+z - p)?g(2) dz)

< (14w L+ 7D f]l2

' </Rn(1 + |z] + Jz| + |g|)”|g(z)|2dz)§

<c(L+|wh)* @+ D@+ D@+ (D1 £12

([ax rzn”rg(z)\zczzf

=c(1+ |wh* (L + ) (@ + 2D+ (2D L f 12l gllway -
O

6.6 Modulation and translation of the signal and of the win-
dow function

In this section we discuss what happens if we modulate and translate the
signal and the window function, respectively. Surprisingly, there are some
differences with respect to the classical Fourier analysis: the estimates de-
pends on the Clifford-Fourier transform of f and the convolution between
a function and g.

Proposition 6.6.1. Let n > 2 and even. If f € S(R") ® R,, and g is a
radial function in S(R™), then for 0,n, u, r,w € R"™ we have

VariMaf @) < L+ L)+ AL+ 180 (L4 1) gl (2)
[ P E sl

where . is a fixed variable and c is a positive constant.

Proof. By Definition we get

n

VrogTuMy f (2, w)| < C/ [ (t,w)l|mog(t — )| |7, M, f(E)] dt. (6.37)

Since by hypothesis the function ¢ is radial to compute the translation of
the function ¢g(t — x) we can use the ordinary formula of the translation (see

131



“thesis” — 2022/12/4 — 1‘1:25 — page 132 — #150

Chapter 6. On the Clifford short-time Fourier transform and its properties

Proposition [6.3.3)), thus
Tog(t —x) = g(t —x —0). (6.38)

On the other hand, in order to compute 7, M, f (t), since we are not trans-
lating a radial function, we have to use the formula (6.17) and the relation

©.18)

.M, f(t) = (2m)”

vl

K_ (&, 8) K (p, ) F—(My f)(£) d€

R

K (&) K (1, )7y (F-f)(€) dE.

R

e,

= (2m)”

Therefore

d
2

TulMy f(t) = (2m)” . K_ (&) K_(p, )y (F-f)(€) d§. (6.39)

Putting (6.38)) and (6.39) in (6.37)) we obtain

VMo fa ) < e [ K- twllott — 2 = OIK- (€ DK (1.

R2n

| F S (E)] dE dt.

Using the upper bound of the kernel & _ (see Lemmal6.2.5) we get

VamMyf @) < el + D1+ ) [ (1 P+ )Pt = o = 6)
70 F 1 (€)| dé at.

Now, weputz =t — 6

Varmdof )] < e+ P [+ 8020+ )P lo(e - 2)
| Ff(§)|dEd=
< e+ el D+ 1007 [ (Pt -]
(L4 |€))* - f (€)] d dz.
Now, since g is radial we have the following equality

9(z —z) =g(x — 2) = 7.9(7). (6.40)
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6.6. Modulation and translation of the signal and of the window function
By Fubini’ theorem and the definition of convolution we get
VeggTuMyf (w,w)] < e(1+ [w) (@ + ) (1 +18)* ((1+[2)* * |g]) ()
[ P E sl de
]
We observed that in Clifford-Fourier analysis there is not a commutative
relations between the modulation and the translation operator (see Remark
[6.3.8). This is confirmed by the following estimate where we exchange the
order of the modulation and translation in the signal.
Proposition 6.6.2. Let n > 2 and even. If f € S(R") ® R, and g is a
radial function in S(R™), then for 0,1, u, z,w € R™ we have
Vrag My f(2,0)] < e(L+ w) (@ + )M+ ) (@ + )™
(1+ |.|)3A*|g|)(ﬂf)/R(1 + D)
where . is a fixed variable and c is a positive constant.
Proof. By Definition [0.4.2) and the radiality of g we get o
Vrgg My f (2, w0)| < ¢ |K_(t, w)|[g(t — 2 —0)|[ My, f(t)| dt. (6.41)
Rn
To translate the function f we need the formula (because f is not
radial), thus
MnT,uf(t) = K_ (717 t)TMf(t)
= K_(nt) | K_(&)K_ (1, §F-f(§)dS. (6.42)
R
Putting (6.42)) in (6.41]) we obtain
Vsl < e [ JK- @l -2 = OIK-(m.0)
K (& ONK- (w, O F- f(E)] ddt.
Now by the upper bound of the kernel (see Lemma[6.2.5) we get
Veog My f (@, 0)] < e(L+ [w)MA+ )AL+ ) /RQ (1+ )™ (1 +[gh*
Jg(t —x = O)||F_f(&)] dédt.
133



“thesis” — 2022/12/4 — 1‘1:25 — page 134 — #152

Chapter 6. On the Clifford short-time Fourier transform and its properties

Putting 2 = ¢ — 0, using the equality (6.40) and the Fubini’s theorem we
obtain

Vg Myr f(z.w)] < L+ ) (L + ) (@ + ] / (1+ |2+ 6)»

2n

(L4 1ED*Mg(z — )| | F- f(§)| déd=
= (14w T+ )L+ ()1 + |g))*

(
(@D bo) () [+ )P IF-A©) e
0

Remark 6.6.3. One can wonder if it is possible to have an estimate for
’VMqTQgMnTMf(QI,W)‘, Q797777,u7x7w € Rn (643)

Basically with respect to Proposition we make the modulation of the
window function. However, it is not possible to have an estimate for (6.43).
From Definition we have

Vityrog My f (2, 0)] < ¢ : [ K (t, )| Momog(0)|| My, f (1) dE.

(6.44)
It is not possible to use the ordinary formula of translation for computing
7. M,Tpg, because we are not translating a radial function. Thus by formula

and the property (6.23) we obtain

IS

T.M,mog(t) = (2m) 2 K_(z,t)K_(x,2) F_(M,m99)(2) dz

R

= (2m)" 2 K_(z,t)K_(x, 2)1,MsF_(9)(2) dz.

Rn

IS

Therefore

d
2

T MyTog(t) = (2m)~ K_(z,t)K_(x, 2)1,MyF_(g)(2) dz. (6.45)

Rn

Putting (6.42)) and (6.43) in (6.44) we get

VitrMife.)l < e [ K- (@)K OIIK- ()1 (,1)

K (& O (1, §)[|7g Mo F—(g) (2)[ | F- £ (§)] dzd&dt.
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Using the upper bound of the kernel (see Lemma (6.2.5)) and the Fubini’s
theorem we obtain

VatgrogMymuf (,0)] < e(1 4 |wh* (1 + |z (1 + ) (1 + ) -

Jasa [ @+l manF o)) d:
[ P E e

Since A = <2 and n > 2 is even we have that the integral [, (1 + [¢])** dt
is not convergent. Therefore it is not possible to have an estimate for

|VMnggM7]TMf(I7 w)|
A similar reasoning proves that we cannot obtain estimates also for
’VTqugMnTuf(xa w)l, |V79ngTuMnf(x7 w)l, |VMqTegTuMnf($a w).

Remark 6.6.4. It is not possible to repeat the same estimates of Proposition
and Proposition using as a window function the modulation of
g. Below, we perform the computation to show where the problem arises.
Let, u,n, z,w € R”, we want to make an estimate of |V, o7, M, f(x,w)|.
From the Definition [6.4.2] we have

‘VMegTuMnf(wi)’ <c e |K7(t>W)HT:UMGQ(t)HTuMnf(t)‘ dt. (6.46)

Since Mjyg is no longer radial we have to use the formula for com-
puting the translation. Thus by formula (6.18) we get

[S]ISW

T.Mpg(t) = (2m) K_(z,t)K_(x,2)F_(Mpg)(z) dz

]Rn

K _(z,t)K_(x,2)19F_(g)(2) dz.

R"

(V]IS0

— (2m)°

Therefore

[SI[o8

T.Mpg(t) = (2m)~ K_(z,t)K_(x,z)1aF—(g9)(2) d=. (6.47)

Rn

Putting and (6.39)) in (6.46) and using the upper bound of the kernel
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we obtain

iy )] < e [ IR EIE- Dl @)l (0)(:)]
VK (& DI (1, €) 5 (7)(©)] d=de
(1 el P+ U+ [ 1)

IA

/n(l + 2P e F-(g9)(2)|dz /n(l + |§|)2>\
|70 F- (f)(E)]dE.

As in the previous remark the integral [, (1 + [t[)**dt does not converge,
so it not possible to have an estimate. The same considerations hold also
for |V, g My, f (2, w)|.

6.7 Further properties of the Clifford short-time Fourier trans-
form

There are some properties for the Clifford short-time Fourier transform
which hold also for the complex case and quaternionic case (see [111]]).

Theorem 6.7.1 (Orthogonality relation). Let n > 2 and even. Let g1, go €
S(R™) be radial functions and f1, fo € L*(R") ® R,,. Then we have

[ ViVt dode =t ) ( [ ootz d:)
. (6.48)

Proof. From Definition[6.4.2]and the Plancherel’s theorem (see Proposition

we have

/R2" Vglfl((E,W)VngQ(ZL‘,CU) dwdr = ]:—(Tacgl : fl)(w)f—(Tng ' f2)<w)

R2n

dw dx
_ / Gl RO )0 drde.

Now, since ¢g; and ¢, are real valued functions we can omit the conjugate.
Moreover, the window functions g1, go can commute. Thus

/ Vo [1(2,w0)Vy, fo(z,w) dw dx = Ji(t) fo(t) g1 (t—2)go(t—2) di d.
R2n

R2n
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T
6.7. Further properties of the Clifford short-time Fourier transform
By hypothesis we can use Fubini’s theorem for changing the order of inte-
gration
[ VG oVpew dode = [ T
2n Rn
(/ g1(t —z)g2(t — 2) dx) dt.
Finally, by a change of variable we get
[ vehovatsdots = [ Foan ([ a@eed)
R2n Rn n
= (f1, f2) (/ 91(2)g2(2) dZ) .
N
Remark 6.7.2. We can prove the above theorem also using Lemma [6.5.9]
and this proof may be of interest in some other contexts. Supposing the
same hypothesis of Theorem by Plancherel’s theorem and the fact o
that g; and g, are real valued, then we have
[ Vahwamnhtewdods = [ F TR E0)ww)
R27 R2n
Fo-T(f2 ® g2) (7, w) dw d
= T(fr®g)(z,t)
R2n
T(f2® g2)(x, 1) dt de
= Filt) fo(£)gr(t — 2)ga(t — ) dt da.
R2n
Using the same arguments of Theorem we obtain the equality (6.48).
Corollary 6.7.3. Let n > 2 and even. If g € S(R") is a radial function
and f € L*(R") ® R,, then
Mol =171 [ o)as
Proof. If we put fi = fy := f and g; = g := ¢ in the equality (6.48)) we
obtain the thesis. ]
137
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Theorem 6.7.4 (Reconstruction formula). Let us assume that f € L*(R")®
R, , g € S(R") is a radial function and [y, g*(z)dz # 0. Then for all
f € L*(R") ® R, we have
1
fly) = M, 7.9(y)V,y f(z,w) dw dz.
fR" RQn
Proof. Let us assume
~ 1
fly) = +—5—+ M99V, f(z,w) dw dz.
Jen 9*(2) d !

z R2n

Let h € L*(R") ® R,,.. By the equality (6.30), the orthogonality relation
(see Theorem|[6.7.1]) and Fubini’s theorem we obtain

i = [ Fomr= o ([ i)

h(y)dy
= fRn / M,1.9(y)Vy f (2, w)h(y) dw dz dy

1
T e gi(2)dz /R Vo (2, 0) Myreg(y) h(y) dy dw da _
o

- m RW< Mo Moo9(y) h(y )dy> dw da

1 -
= W/R? Vo f (2, w)Vyh(z,w) dw dx
Rr "

= PO 1 (. h)/ngQ(z)dZ=<f,h>-

We proved that for all h € L*(R") @ R,
(f. 1) = {f ).
This implies f(y) = f(y). O

The inversion formula gives us the possibility to write the Clifford short-
time Fourier transform using the reproducing kernel associated to the Clif-
ford Gabor space, introduced in [4]], defined by

gﬂ%n = {ng> IS Lz(Rn) ® Rn}a

where ¢ is a radial window function.
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Theorem 6.7.5 (Reproducing kernel). Letn > 2 and even. If f € L*(R")®
R,, and g is a radial function in S(R™), we have that

1
(2m)% Jgn 6%(2) dz Jre

is the reproducing kernel of the space QH%R, i.e

K_(t,")g(t—2"VK_(t,w)g(t — ) dt

Ky(w, z;0', 2") =

ng(x/7 w/) = K9<wv Z; w/a x/)ng(as, w) dw dz.

R2n

Proof. By the reconstruction formula (see Theorem [6.7.4), Fubini’s theo-
rem and since ¢ is a real valued function we have

Vef(@'w') = (2m)7% [ K_(t,w)g(t — ') f(t) dt

R

= O [ K- )

( M, 9(t)Vy f (2, w) dw d:v) dt
R2n

= @0 [ Kt

M, 9(t)V,y f (2, w)dwdxdt

— (@n)% RBdK_(t,w’)g(t—x'>W

g(t — )V, f(r,w) dt dw dz

1
= K_(t,w)g(t — 2’ ) K_(w,t)g(t — z)dt
/ ( Kl =) o Ko=) )

K_(w,t)

Vo f(z,w)dwdx

= Ky(w, z;0', ")V, f (2, w) dw dz.
R2n

]

For this reproducing kernel it is possible to have the following bound.

Corollary 6.7.6. Letn > 2 and even. Let us assume that f € L*(R")®R,,
and g € S(R™) is a radial function, then we have that

Ky (w, 250, 2')| < C(L+ w1+ )X+ |z)* (1 + [2)*,

where C'is a constant.
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Proof. By the relation (6.8)) and the fact that g is a real valued function we
have that
1
K, (w, ;0 2') = / K _(t,w")K_(w,t)g(t—2")g(t—x) dt.
! (27)2 Jan 6%(2) dz Jrr
Using the upper bound of the kernel /_ (see Lemmal6.2.5) we get
c
Ky(w, 230, 27)] < [ K (t, ) K- (w,t)]]g(t — )]
’ (27)% | fipn 92(2) d2| Jrr
lg(t — )| dt
% A /1A
7 (14w (1 + )
(27)>2 UR" g%(2) dz|
[ Plgte - gt - o)
where c is a positive constant. If we putt = z + x + =’ we get
c
Ky (w, z;0',2")] < 2 (14 Jwh (1 + )
(2m)z |fRn g%(2) dz|
Ul Jal )Pz + gz + o) s -
R’I‘L
¢ A 1A 22
. (14 [wh) (@ + )1+ [z])
(27m)2 |fRn g%(2) dz|
(1 + [2f])* / (1+12D*g(z + 2)llg(= + 2')| dz.
R
We denote as C' := CfR”(H'gb?Ig(zﬂ)”g(zﬂl)‘ % Thus we get
(2m)2 ‘fR" 92(2) dz|
Ky (w, 730", ") < C(1+ w1+ DML+ |z)* (1 + |2])*
O
6.8 Lieb’s Uncertainty principle
In this section we want to extend the Lieb’s Uncertainty Principle [|110] in
the Clifford algebra setting. Firstly let us recall that in general the uncer-
tainty principles state that a function and its Fourier transform cannot be
simultaneously sharply localized.
Before to prove a weak uncertainty principle for the Clifford short-time
Fourier transform we go through the following important estimate.
140
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Proposition 6.8.1. Let n > 2 and even. If g is a radial function in W, (R"),
with p > 1, then

IMoeglly < e(1+ [w) (A + [z)*lgllw,
where c is a positive constant.

Proof. Since g is a radial function by Proposition [6.3.3] we get

| MTa9|? =/ |K_(w,t)g(t — z)|P dt.
Rn

Now, if we put s = ¢ — x by the upper bound of Lemma|[6.2.5| we obtain

IMoTaglly < e | [K-(w,s+2)[lg(s)] ds
R

[ e s 2l lg()P ds

IN

IN

(14 ) P(1+ [2)™ / (1+ [ ]g(s)P ds

n

= 1+ w)?(1+ [z])*g|

p
WpA'

]

Remark 6.8.2. This result it is very different from the classical result of
the Fourier analysis, in which we have || M, 7. f|l, = || f||,-

Proposition 6.8.3 (Weak uncertainty principle). Let n > 2 and even. Sup-
pose that || f|l2 = ||gllw,, = 1, with g a radial function. Let U C R*" be an
open set and € > 0 such that

//(1+ )2+ ) P, )P drdo > 1 —e. (649
U

Then |U| > (1 — €)%, where c is positive constant different from zero.

Proof. Formula (6.30), Holder inequality and Proposition [6.8.1]imply that

Vof (2, w)] = /Rn | Moreg(OILf )] dt < | MuTagll2]lf]l2
< (U4 |zDM 1+ lwh Mg lwanllFllz = e(1 + 2D (1 + lwl)™
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Therefore, using this calculus we get
1-e < [ [Qale) P ) P Wsw) dede
U

< o f [ P ) P el de do
U
= Ul
hence |U| > (1 —¢)?. O

Remark 6.8.4. The Lieb’s uncertainty principle in this context is quite dif-
ferent from the classical one, since we have the presence of polynomials in
(6.49), but these are crucial for the convergence of the integrals.

Remark 6.8.5. In order to improve the above proposition, in the classi-
cal Fourier analysis, Lieb [110] estimated the LP- norm of the short-time
Fourier transform using the Hausdorff- Young’s inequality. However, as re-
marked in [109], it is not possible to extend this inequality in the Clifford
algebra setting since we cannot use the Riesz interpolation theorem.
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Part lI: Functional calculi based on the
S-spectrum and the Fueter-Sce theorem

In this second part of the dissertation we present new functional calculi
based on the S-spectrum. For our construction it is essential the Fueter-Sce
theorem.

In chapter 7, we give an overview of the proof of the Fueter-Sce theo-
rem done by M. Sce in a very general and pioneering way. Then we re-
call from [54] that even the Fueter-Sce map can be considered as an inte-
gral transform, that maps slice hyperholomorphic functions into monogenic
functions. This result is achieved by applying the Fueter-Sce map, namely
a suitable integer power of the Laplace operator in n + 1 variables, to the
slice hyperholomorphic Cauchy kernel.

In Chapter 8 we compute the Fourier transform of the slice Cauchy ker-
nel. This is the correct tool to compute the Fueter-Sce-Qian map applied
to the slice hyperholomorphic Cauchy kernel. The Fueter-Sce-Qian map
is the fractional version of the Laplace operator, therefore we have to deal
with Fourier multipliers.

Based on the integral representation of the Fueter-Sce theorem, in Chap-
ter 9 we provide a new functional calculus: the F'-functional calculus. This
a monogenic functional calculus in the same spirit of Mclntosh and col-
laborators but it is based on the commutative version of the S-spectrum.
Therefore the F'-functional calculus can be considered as a bridge between
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the spectral theory on the S-spectrum and the monogenic spectral theory.

In Chapter 10 and Chapter 11 we provide the definitions and the main prop-
erties of the harmonic and polyanalytic functional calculi based on the S-
spectrum. These are based on integral representations of axially harmonic
and polyanalytic functions.
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CHAPTER

Fueter-Sce theorem

7.1 Motivation

Holomorphic functions of one complex variable f : @ C C — C can
be extended to quaternionic-valued functions or, more in general, to Clif-
ford algebra-valued functions using the Fueter-Sce-Qian extension theo-
rem. This theorem is due to R.Fueter [85] for the quaternionic setting, it
was generalized by M.Sce [126], to Clifford algebra R,, for n odd while
the case of even dimension was proved by T.Qian in [122] (see also the
recent monograph [[125]). The method of T.Qian requires the use of the
Fourier transform in the space of distributions and is deeply different from
the method of R. Fueter and M. Sce.

This extension theorem is also called the Fueter-Sce-Qian construction
and gives two different notions of hyperholomorphic functions. Consider
functions defined on an open set U in the quaternions H or in R"** for Clif-
ford algebra-valued functions, then the Fueter-Sce-Qian extension consists
of two steps.

Step (A) extends holomorphic functions to the class of slice hyperholo-
morphic functions. These functions are also called slice monogenic for
Clifford algebra-valued functions and slice regular in the quaternionic case.
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See Chapter 3.

Step (B) extends slice hyperholomorphic functions to monogenic func-
tions or Fueter regular functions in the case of the quaternions. The theory
of monogenic functions is widely studied and the literature is rich, see e.g.
the books [|28155/67.,94] and references therein.

Both the classes of hyperholomorphic functions have a Cauchy formula
that can be used to define functions of quaternionic operators or of n-tuples
of operators.

The Cauchy formula of slice hyperholomorphic functions generates the
S-functional calculus for quaternionic linear operators or for n-tuples of
not necessarily commuting operators. This calculus is based on the notion
of S-spectrum, see Chapter 3.

Step (A) has generated the following research directions: the founda-
tion of the quaternionic spectral theory on the S-spectrum, see the books
[44)45]] and, for paravector operators, [S9]; quaternionic evolution oper-
ators; Phillips functional calculus; H*-functional calculus, see [44]; the
characteristic operator functions and applications to linear system theory
[14]; quaternionic perturbation theory and invariant subspaces [33]]; Schur
analysis in this setting [13]]. For some new classes of fractional diffusion
problems based on fractional powers of quaternionic linear operators, see
the book [44]] and the more recent contributions [[39,/40,48].

Step (B) generates the monogenic functional calculus based on the mono-
genic spectrum. Some of the research directions in this area are: monogenic
spectral theory and applications [99]; singular integrals and Fourier trans-
form, see the recent book [[125]].

The first mathematicians who understood the importance of hypercom-
plex analysis to define functions of noncommuting operators on Banach
spaces have been A. Mclntosh and his collaborators. Using the theory
of monogenic functions they developed the monogenic functional calculus
and several of its applications, see [99,/ 101, 108,|112].

In this chapter we give a detailed proof of the Fueter-Sce theorem in a
very general setting, see [57]]. Moreover, we show that it is possible to write
the Fueter-Sce mapping theorem in integral form. To prove this we follow
the arguments of [54]].

7.2 Futer-Sce theorem in quadratic algebras

In this section we recall the proof of the Fueter-Sce theorem, see [57./126].
The proof was made in a very general setting. We consider modules with
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units which are quadratic. This means that each element of the quadratic
modules satisfies a quadratic equation with respect to the multiplicative
structure induced in the module by their tensor algebra. This quadratic
modules generalizes the quaternionic and Clifford algebras.

Let M be a module on a field F with characteristic not equal 2 and let
1 =19,11,...,1, be a basis. After identifying the unit of F' with the unit of
M, we can write the elements in M in the form

T =x0+ X1l + -+ Tply = To + X (x; € F).

Let T be the tensor algebra over M and let us assume that for the ele-
ments z in T one has

n

x? = q(x) = Z ajKT;T, (7.1)

Jk=1

where ¢(x) denotes a quadratic form on F}; it follows that 22 (which belongs
to T) is in M.
We observe that M is closed with respect to the operation that to the pair

xy + yx

X,y associates . This gives a Jordan algebra M.

Definition 7.2.1 (Quadratic module). If we consider the module M in T
equipped with the multiplicative structure of M™, we will say that M is a
quadratic module and we denote it by M,.

Remark 7.2.2. By reducing ¢(x) to a canonical form, it is possible to note
that M* is a Jordan algebra, central, simple, of degree 2, then M, can be
embedded only in algebras A such that A" contains such a Jordan algebra.
Among these algebras we find those obtainable with the Cayley-Dickson
process; these algebras are themselves quadratic modules.

Remark 7.2.3. If, in addition, A D M, is associative, it contains the al-
gebra quotient of T and of the ideal generated by (7.1)); thus the smallest
associative algebra containing a quadratic module is a Clifford algebra.

Now, we give the definition of conjugate element of x € M,,.

Definition 7.2.4. We call conjugate of an element z = z( + x in M, the
element T = ry — X.

It is immediate that
T+ T =2z =t(x) (trace of x)
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r7 = x5 — q(x) = n(x) (norm of x)
are in F' and that the elements x in M, satisfy the equation in F
2 — t(x)z +n(x) = 0. (7.2)
Now, we define the inverse element in M,,.

Definition 7.2.5. If z is an element in M, with nonzero norm, then the
inverse element of x is defined by

T o= @

Remark 7.2.6. It is obvious that the element in (7.3)) is a solution to the
equation x - y = 1 in the variable y.

(7.3)

Now, we set

and so
n(z) = zg — ey’

where y, € € F or to one of its extensions F°.
In the sequel, we shall consider M, on F° and we will focus on the case

y # 0.

Definition 7.2.7. We say that a function w(z) in M, is biholomorphic if
1
'U](.T) = U’('r07 y) + ;U(on y)X (74)

where u(xo, y) and v(xg, y) are functions of z, and y, satisfying

ou _8'0 8u_ ov

- = — = 7.5
Oxy Oy Ay c 0z (7)
Remark 7.2.8. The derivations have the usual formal properties.

Remark 7.2.9. If we consider ¢ = —1 in Definition we get the Defi-
nition of a slice hyperholomorhic function, see Definition [3.1.3]

The biholomorphic functions enjoy the following fundamental property.

Theorem 7.2.10. The powers of a biholomorphic function are still biholo-
morphic functions.
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Proof. Let us consider w a biholomorphic function of the form (7.4)). Then
by the binomial theorem we have

m 1 " — (m mek Lk k
w :<u+—vx> :Z(k>u ﬁvx.

Y

k=0
Splitting the sum and considering that x?* = (g(x))" = e*y**, we have
mo_ zm: m\ mop ok
w™ = )
k=0
S () e 3 () :
m—2k_ 1 2k_2k m—2k—1 21 2k+1
= (7 —7 VX + ( )u — 7V X
2% 2kt
prt 2k Y prd 2k +1 Y
[m/2] m 1 [m/2] m 1
_ m—2k_* 2k _k, 2k m—2k—1 %+1_k, 2k
2 (o) s 1 () s
[m/2] m 1 [m/2] m
_ k m—2k, 2k 1 k m—2k—1, 2k+1
kzzo(e) (Qk)u v —l—y kzzo(s) <2k+1)u v X

where [m /2] is the integer part of m/2. We get the thesis since = and z~*

are biholomorphic functions. [
We denote by O the operator

A
Yo, "0x,

We set the quadratic form inverse of ¢(x) as

n
¢ (x) = Z QT T

jk=1
This is helpful to give the definition of the following operator

0w

w=—5 —
Ok

¢ (0w, (7.6)

Remark 7.2.11. The operator defined in in the Clifford algebras set-
ting is the Laplace operator.
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Lemma 7.2.12. Let s € N. Then we set
Ous_1 1 Ovs_1 1 s 0 vs_
Uy 1= oL =T Bl Sl (7
9y y Ay y vy 9y y
1
Ws = Ug + —VsX.
Y
We assume that the function wy is holomorphic. Then the functions us, v
satisfy the relations
Ous,  Ov, Vg Ou vy
= 2 -, - . 7.8
Oxrog Oy e Yy dy 883:0 (7.8)
Proof. We show the result by induction on s. For s = 0, formula (7.8)
reduces to (7.5]), which holds because wy is biholomorphic by hypothesis.
So let us suppose that (7.8)) hold for s — 1; then _
Ou 1 0%u,_ 10 [Jvs_ s
u 1 ulz__{v 1+2(S_1)v 1}
O y Oxgdy  ydy | Oy y
1 a I Vs—1 Vs—1
—— |yvs + +2(s—1 }
yoy | (5= 1) y
1 (9 I Vs—1
—— |yvs + (25 — 1 }
yoy | ( ) y
1 (7 i Us—1:| 2s a Vs—1
[ yvs J— —_—
y oy y y oy y
1 a 1 a Us—l US
- -2 9g-%
y oy yoy y y
10 Vs Vs
——YUs — — + 25—
y oy y
a vs Us /US
U+ — — — + 25—
dy y oy
0 Vg
—v, + 25—
dy y
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This prove the first equality of (7.7).
ous 0 (1 8u3_1> . 0 (1 81)5_1>
oy oy \y Oy dy \y Oxg
. 1 Ovs_q . 10 0
= —— —— —Vs_
y? dxg  yOdydzy
0 1 8’0571 Vs—1
= £ —_ N
dxo \y 0Oy y?
Ov,
= € .
8.130
[
1 : : : : :
Theorem 7.2.13. If wg = ug + —voX is a biholomorphic function and n is
Y
odd, then:
O®=1/2y5 = 0. (7.9)
Before to show the previous theorem we need some preliminary results.
Proof. We use the same notations of Lemmal(/.2.12| By applying the equa-
tions in ((7.7)). We get
0% 0 [ Ovy Vs
= — 25— 7.10
O 8x0<8y+ Sy) 710
_ dom , 0 (v
Oy Oxg 0xg \ vy
10%u, 2s0usl 10(yus 2
_ 1w 2s0u, 1 10(yus) | 25
g Oy? e dyy € Oy 3
1 auerl
= —|Usp1t+y + 28Usqq
€ dy
1 aus+1
= = (25 + D, .
- |:( S+ )U+1+y 8y 1
Similarly we have
0v, 0 ([ v, 1 0 (Ous 1 0 [0Ovg s
- LA I () Iy L N IR CAT)
Oxg  Oxg \ Oz g 0xg \ Jy g0y \ Oy Y
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Hence (7.11) and (7.11]) imply
Pws  Pus,  10%,
= - e
oxd oxd  y 0xd
1 [ Ougqr 1 1 0 [0v, Vs
== 25+ 1 +—— + 25—
5 _y 9y + (2s )us+1_ ys@y(@y sy)x
1 [ 6U5+1 ] 1 0 1
== 25 + 1)u, — Z yvgr + ~(25 + 1),
ot o | 4L i+ 2254 Do x
1 [ 8'U/S+1 ] 1 8U5+1 1
== |yt 4 (25 + D, — v, — (25 + 1)v,
= Y3y + (25 + )u+1_+y€[v+1+y Dy y2(3~|— Jus+
25+ 1) Qv
+ - @7
y Oy
1 [ Oug ] 1 O,
=- Y =4 (25 + Dugyr | + — [vsp1 + y—H +v541(25 +1)| x
e |7 Oy 1 ye dy
L[ Ougsr | 1 | Ovep
= 2y L 26 4 1), - 25 + 2)v,
5_y Dy + (25 + )u+1_+y6{y oy + (25 +2)vep1 | x
L[ Oug 1, 1 [0vs1 Us 41
=—|ly—— + (25 + Dug1| + - + (2s+2 _
- Y5y (2s )u+1_ g{ay (2s )y X
Therefore
Pw, 1| Ougy 1 [Ovgyy Vgs1
—_— = - 2 1Dug - 2 2
Ox? syay + 25+ >u+1]+5{8y +(2s+2) *
Since y* = 1¢(x) we get
a , 10
dq” eﬁqq'
This implies
O _ 1
dq  2ye
Hence, we have
Oou, Ous0y dqg  Odug, 1 0Og 1 dq
x; Oy 0qOxr; Oy 2ey0x; 2¢ Ox;
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and

O (L) (DN (DY, L o

Oy oy oq 1 dv, Oy Oq
= 0y 9q0x; "y Oy dqoz;

1 1 0q 1 1 dvs 0q 1 .
P a2y ay B

1 dq . 1 Ov, Oq _ 1 .
= — Vg — — g4l
2ey3 " O, 2ey? Oy Oz, y

1 F Ovs 1 } dq
2ey |y Oy 9?2
1 dq 1

= — Vg1 =—— — Vgl 7.13
2€yv +1c9xjx+ yv i ( )

X + — U,

1
—X + —V4t;
0z y

Therefore we have

ow, 1 Jq 1 dq 1 .
— U U X 4 4. 7.14
Oz, 2: " Haxj * ngv i 8xjx * yv £ (7.14)

From (7.12)) and the definition of v (see (7.7))) we have

0 (L, 00\ L (dua)you 1, 0
Oz, \2e "o, 2e \ Oz ) 0z, ' 2 M 0,0
1 dq Oq
= 4_52%“0_9%8_%- + 2_€us+12ajk
1 Ousyq Oq 0Oq N 1
JUsi1a
T 42y Oy Oxp O sHTIk
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Now, from (7.13]) we have

0 1 dq 19 [vsa) Oq 1 vey 0%
Oxy, <2syvs+18xjx) 2¢Oy, ( Yy ) 8xjx+ 2¢ y Ox40z, X+

1 veiq 8q 0x
2y c%zj oy,
1 10vs; 1 dq 8q
= - — —5Us+1 | 73— X+
4e2y \y Oy y? Oxy, 8%
1 et 1 vep1 Oq
— 205X + — —1
2y i 2¢ y Oz, F
1 Ovsyq Oq 0Oq 1 dq Oq
= X — Vgi1 e
4e?y? Oy Oxy, Ox; 4e2y3 Ozy, Ox;
1 vy 1 ve41 Oq .
+ oS Rapx = S
y T2y ox "
Therefore from (7.13)) we get
0 [ . 1 . 8q2,
oz \y ) 7 2ey S 0w,
Hence, we have
Pw, 1 Ougq dg Oq N 1u . 1 dq Oq
O0x,0x;  dey Oy Oy, oz; SHITIR T 23 SHaxk Ox;
1 Ovsy dq Oq Vo1 10q. 10q
4e2y?2 Qy Oxy, 8xjx+ gy X 281’3-%—{_ 2 0uy
Since
— dg(z) =4 -
Z O‘J’“axk oz, q(z) £y Z Ak = M,
J:k=1 jk=1
and
Z Oéjk—lk Z Oéjk = 2X
7,k=1
we get
n
82 s ]. a S a S S S S
3 gt = = | Ty g+ - P Py g 9Ty
0 Ox0x e | Oy Jy Y Y Yy
1 aus avg US
= - Lyt g + x4 (n4 1) x|
el Oy dy y
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Therefore we have
- 82’(1]5 1 8us avs Vs
Z&jk—:— Ly gy + x4 (n 4 1) x|
et Oxdx; e | Oy dy Y
Finally, by taking into account ({7.6]),we obtain
elws; = —(n — 28 — 1wgyq. (7.15)
Thus, if n is odd, for s = (n — 1)/2 one has
elw(p—1y/2 = 0,
namely (7.9). O
Definition 7.2.14. A function w with values the quadratic module M, is
called JB-monogenic (Jordan B-monogenic) if, for a symmetric matrix B
with entries b;; and with determinant different from zero (| B| # 0) one has
ow 1 < b ow . Vi ow 0
— - — k| = +ig=—| =0.
Oxy  2¢ I Ox; g kaxj
7,k=1
Theorem 7.2.15. Let us suppose that wy is biholomorphic. Then we set
1 < dq -
Si=— bix =1
2¢e Z ]k8$j Zk
7,k=1
If
x=2S5.
in M, the (n — 1)/2 power of O of all biholomorphic functions is JB-
monogenic.
Proof. Firstly, we show the following identity.
1 1
We can get with some manipulations:
1 1
@[X(X -9+ (x—=9)x| = 8—3/2[2342 — xS — Sx|
Lox? = L isx 4 x9]
= —2x"— —[Sx+x
ey? ey?
2 1
= €—y2€y — g—yz[SX -+ XS]
1
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Now from the relations we have

Ow, _ Ou N lﬁvsx (7.17)

0z dxrg 1y 0z
ov, Vg 1 Ous,
+ 2 + — X

S_
dy y  ye Oy

By (7.17) we get
Ow; 1 q 1 dq 1

oz, %Usﬂa—xj + @”Sﬂa_xj

Hence we have

- Ow, Ow, R 1 dq
ijk|: Zk“‘Zka ':|:%<ij]¢ [2_5u5+1%+

J

)

dq 1 dq
Us+1—X + Uslg ik + bjrik Us+1 Oy + @%H %X
j j

n 1
2ey

I
—i—;vszj :

Moreover, by recalling the definition of S we have

1 - 8(] . 1us+1 - 8(] .
452 Z b]kus+1 4&?2 Z bjkuerla_ijk =z 9 Z bjkus+1a_lek
7,k=1 7,k=1 7,k=1
1
= “ugnS, (7.18)
and
1 < Vg1 Oq 1 < Vsp1 0q
4_522 j a—%XZk+42Z jkUk o,
],kzl ‘],k:
1 Ver1 Jq . 1 Uey1 — 0
122y D big ST e Z ik g X
7,k= 7,k=1
1 1
b Dtlyg = Ustlgy (7.19)
2e vy 2y
Since v, = ;%;j — Lo, we get
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1 veiq 1 v 1 Ov, 1 1 Ov,
— S+ — Sx = S — —vxS S
2¢ y * +25 Y * 2ey? 8yx 2€y3vx +26y2 dy x
1
—@USSX (720)
1 Ov v 1
= (xS + Sx) — = S+ S
2ey® Oy (65 +5%) = y {%y?(x i Xﬂ

From the polar form of a quadratic form we get

1 vy u . . .
28 <Z b]k ZJZk + Z b; k_Zng> = 2_85 <Z bjkljlk + Z bjklklj>

J,k=1 7,k=1 k=1 k=1
1 v, u
= = > bikan (7.21)
Y =
By putting together (7.17), (7.18), (7.19), (7.21)) and (7.21)) we get
1 ov 1
0= ~u, - S > 11— S+S
Zu h(x—8)+ Y [ 252y2(x + x)} +
Vg 1
—|——{23+ 22(XS+SX}———Zkaa]k
y 2%y Py
1 vy
= —u, - S ———(x%S+ S
St (x = 8+ G2 1= xS+ 5+
2 951 - 14— (xS + Sx) Uslib
— |2s — X x)| — —— Qi
y ¢ 2y2 y e e Jk%ik
‘77 =
Moreover, we know that
1 1 Ov, 1
Wep1 = Usy1 T ~Vsp1X = Ugp) + — =X — —UX.
y dy y
Finally, by (7.16) we obtain
0 1 1 1 Ov,

= 2—€us+1(X - S)+ 2—€Us+1(x - 5) +

+— 2s+1—
Y

1 s 1
= 2_6[ws+1(x - S) + (X - S)U)s+1] + %(28 + 1) — U—g Z bjkajk
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and this is satisfied if s =

x = S. (7.22)
O

If in Definition [7.2.14{ we consider that M,, or B, is a scalar and w
is such that the jacobian matrix Ow/0x is symmetric, then we have the
following.

Definition 7.2.16. A function w is said B-monogenic on the left if it satisfies
the following equation

ow 1 & C Ow

In a similar way one defines functions B-monogenic on the right.

Remark 7.2.17. With computations similar to the one done in Theorem

7.2.15|one can see that if (7.22)) holds, the (n — 1) /2 power of [J of biholo-
morphic functions is B-monogenic on the left and on the right.

Remark 7.2.18. If M, is alternative, multiplying on the left (7.23) by D,
the conjugate operator of Dp, one finds that
0?2 1

DpDpw = | = — —g(§ =0 7.24
BL/pw L()x% 89( )] w ) ( )
where g(x) is the quadratic form associated with the matrix BAB?. Thus if
B satisfies the relation

BAB! = 247", (7.25)

then (7.24)) coincides with and we can say that: B-monogenic func-
tions are solutions of the equation [w = 0.

7.2.1 Comments

The Fueter mapping theorem was proved by R.Fueter in the Mid Thirties,
see [85] and it can be considered a special case of the previous construc-
tion, in which F = R and M = H. Basically, it provides a way to generate
Fueter regular functions starting from holomorphic functions of one com-
plex variable. The Fueter’s theorem can be stated as follows
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Theorem 7.2.19 (Fueter mapping theorem). Let fo(z) = a(u,v)+1i8(u,v)
be a holomorphic function defined in a domain (open and connected) D in
the upper-half complex plane and let

Qp={q=q+q| (@lq) € D}
be the open set induced by D in H. Then the operator T defined by

F() = T (fo) = olgo, lq]) + %5(%7 q))

maps the set of holomorphic functions in the set of intrinsic slice hyper-
holomorphic functions. Moreover, the function

F(@) = Trs (a<qo, )+ Lol Ig\)) ,

where Ty = A and A is the Laplacian in four real variables q,, { =
0,1,2,3, is in the kernel of the Fueter operator i.e.

szO on Qp.

Another special case, of the construction presented in the previous sec-
tion, is to take F = R and M = R"*!, identified with the set of paravectors.
In this case by applying AT (A is the Laplace operator in n + 1 variables)
to a function induced on the set of paravectors by a holomorphic function,
one obtains a monogenic function with values in the real Clifford algebra
R,, over an odd number n of imaginary units. Now, we state a version of
the Fueter-Sce theorem that is commonly known in the recent literature.

Theorem 7.2.20 (Fueter-Sce mapping theorem). Let n > 3 be an odd num-
ber. Let f(z) = a(u,v) + i(u,v) be a holomoprhic function defined in a
domain (open and connected) D in the upper-half complex plane and let

QD = {ZE =Tyt | (I07 |£|) € D}a
be the open set induced by D in R"*'. The operator Trg, defined by

X

Trs1(f) = alzo, |z]) + @5(9«“& |z[) (7.20)

maps the holomorphic function f(z) in the set of intrinsic slice hyperholo-
morphic function. Then the function

E

Fe) = Trsa (ateulel) + 5o, L2

s
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where Trgoy := A" is in the kernel of the Dirac operator, i.e.,
Df(x) =0, on Qp.

We observe that in the previous theorem the operator Trs; maps holo-
morphic functions into the set of intrinsic slice hyperholomorphic func-
tions, denoted by N (€2p). Similarly, when we apply the operator Trg; to
the set of intrinsic slice hyperholomorphic functions, we obtain a subclass
of the monogenic functions that is called axially monogenic functions.

Definition 7.2.21 (Axially monogenic function). Let D C C. Let {2 be
an axially symmetric open set in R"*! and let 7 = zg+2 = 20 +wr € Qp
with r = |z| and w := % A function f : Qp — R, is an axially

monogenic function if it is monogenic, i.e, D f = 0, and it has the form
f(zo + ) = Ao, |z|) + wB(w0, |z]), (7.27)

where the functions A and B satisfy the even-odd conditions, see (3.2). We
denote this set of functions as AM (€2p).

We can visualize the Fueter-Sce construction by the following diagram

O(D) 545 N(Qp) —E52% AM(Qp), (7.28)
where O(D) is the set of holomorphic function.

Remark 7.2.22. We observe that the map 7rg; can naturally be defined
on R-valued functions of one real variable. This is due to the equivalence
between the space of intrinsic holomorphic functions in C, and the space
A(R) of R-valued real-analytic functions on R that can be holomorphically
extended to the entire complex plane C. In this way, we obtain a map
Trs1 : A(R)®R,, — SH(R™"!) which factorizes the Fueter-Sce extension
as follows

AR) ® R, Irst, SH(R"Y)

lTFS2

AM (Rn+1)

Sce’s results are broader than Theorem from two different points
of view:

* the algebra in which the results are proved
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* the type of functions obtained.

The quadratic module M, can be embedded in algebras of specific form,
like for example in the Cayley-Dickson algebras, in particular the octonions
and case of associative algebras and in all Clifford algebras.

By Theorem [7.2.15| we know that if we consider a function fy(z) =
fo(u +iv) = a(u,v) 4 if(u, v) holomorphic, then

AT f(z) = A"F (u(fvoa jz]) + ;ﬁ”(m |£|))

is a JB-monogenic function, i.e.,

o LS [ 0],

org 2¢ = Oz, x;
where the matrix B = [bj;] is symmetric and nondegenerate.
The case in which monogenic functions are obtained occurs when B =
I, with I being the identity matrix, and M, is the set of paravectors in
a Clifford algebra. Operators of Cauchy-Fueter type in which there are
coefficients bjj, such that the matrix B = [bj;] is orthogonal have been
considered in [127]].

About 40 years after the results of Sce, T. Qian in [[122] showed that the
Futer-Sce theorem holds in the case of a Clifford algebra over an even num-
ber n of imaginary units. He showed that also in this case, Sce’s construc-
tion gives a monogenic function. He makes use of the Fourier multiplier

(—A) T =F @2 F (7.29)

in order to give meaning to the fractional powers of the Laplacian corre-
sponding to the cases where n is even. Here I and F'~! are the Fourier and
inverse Fourier transform in R™ !,

Qian’s extension makes use of the following more constructive approach.
Consider a meromorphic intrinsic function f(z) on C, together with its Lau-
rent expansion around z = (

f(z) = Z a2
jez

It is clearly seen that all the coefficients a; in the above expansion must
be real numbers and therefore, they play no role when applying the slice
extension map 7rg;. Thus, to determine the action of the Fueter-Sce-Qian
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mapping 7, = sgn(—xo)”*lAnT_l, with n being even, on the slice exten-
sion f(xo+z) := Trs1[f](z) of f, it is enough to consider only the actions
7. [77], 7 € Z.

A direct computation of these actions, using the Fourier multiplier defi-
nition (7.29), is possible for all dimensions n € N only when we consider
negative powers of z, i.e. 2~ with £ € N. Observe that 2* (¢ € N) is not in
the Schwartz class of rapidly decreasing functions and therefore, A" [xg]
is not well-defined as a function if n is even. However, it is possible to de-
fine suitable actions of the Fueter-Sce-Qian mapping on positive powers of
the paravector x by means of the Kelvin inversion

I[f](z) = le%f (‘x%) : (7.30)

which maps monogenic functions into monogenic functions.

In general, the following relations have been established for the action
of the Fueter-Sce-Qian mapping on integer powers of x for all dimensions
neN,

Sgn(—mo)”_lA"Tf1 (2], (<0,
o [2] =40, 0</l<n—2, (7.31)

n—1

1 [AT [$*””*2H , n—1</.

In [122], it was shown that (/.31) indeed provides a suitable extension of

. . . . n—1 . . . .
the pointwise differential operator A"z [:cé] when 7 is odd since, in this
case, both approaches coincide.

Remark 7.2.23. It is worth noticing that the above definition of the Fueter-
Sce-Qian mapping is slightly different form the customary definition used
in the literature, see e.g. [103,|122]. Our modification consists in the in-
troduction of the (almost constant) factor sgn(—mz,)" ! after the action
A" (4] when ¢ < 0. As we will show in the following section, this
small difference allows for a better description of 7, in terms of the GCK
operator. Observe also that this change still preserves the property that 7,
extends the pointwise differential operator A"z from n odd to n € N.

Indeed, it is obvious that sgn(—zo)" ! = 1 if n is odd.

More explicit expressions for the actions (7.3T)) will be provided in sec-
tion 7.4, see also [[78,/103,(122].

Nowadays there are several generalizations of the Futer-Sce-Qian map-
ping theorem, see [49,119H121,129]] and the survey [124]. Moreover,
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in [123]] T. Qian proved that the Fueter-Sce’s theorem is useful to show
boundedness of singular integrals.

7.3 Fueter-Sce-Qian theorem and generalized CK-extension

The aim of this section is to bring together two essential results in Clif-
ford analysis: the Fueter-Sce-Qian theorem and the generalized Cauchy-
Kovalevskaya extension [67,(75,95] (CK-extension for short). There is a
vast literature on both results, which essentially provide two different ways
of transforming analytic functions of one (real or complex) variable into
monogenic functions

In general, every monogenic function defined at R™ is determined by its
restriction to the hyperplane xy = 0. On the other hand, any real-analytic
function f(z) defined in a region of R™, has a unique monogenic extension
f (a:o, z) called Cauchy-Kovalevskaya extension (CK-extension). However,
it is possible to deal with restrictions to submanifolds not only of codimen-
sion one but of arbitrary codimension. This kind of expansion is called
generalized CK-extension (GCK-extension). It was obtained in [[67] for
monogenic functions, defined in Q@ C R™"P, by considering their restric-
tions to R”. The set 2 is a SO(n)-invariant (n + p)-dimensional neighbour-
hood of €; := N RP. By this a Taylor series for monogenic functions
f(z,y) is obtained, where y € RP” is considered as a parameter. Thus, we
get a power series in the variable z € R™. The following is a particular case
of such a result for codimension p = 1, see [67]].

Theorem 7.3.1 (Generalized CK-extension). Let fo(x¢) be a Clifford-valued
analytic function in a real domain €)1 C R. Then there exists a unique se-
quence { f;(xo)} of analytic functions such that the series

f(zo, z ijf; Zo)

converges in an axially symmetric slice (n + 1)-diemensional neighbour-
hood Q2 C R"™ of Q0 and its sum is monogenic. Moreover,

o) = T (5) (20) " [ g

a:&to

5 (\fc!@xo)] fo(xo), (7.32)

where J, is the Bessel function of the first kind of order v.

163



“thesis” — 2022/12/4 — 1‘1:25 — page 164 — #182

Chapter 7. Fueter-Sce theorem

Formula is known as the generalized CK-extension of [y, and it
is denoted it by GCK| fy|(xo, z). This extension operator defines an isomo-
prhism between right modules:

GCK : A(Q)) @ R, — AM(Q),

whose inverse is given by the restriction operator to the real line, i.e.
GCK{ fo] (w0, 0) = fo(zo).

The actions of the Fueter-Sce-Qian, the GCK and the slice monogenic
extension maps can be summarized in the following diagram:

A @R, st SH(Q)
B l (7.33)

AQ) @R, —2E 5 AM(Q)

Obviously, the map GCK does not coincide with 7,, 0 T'rg; since GCK is an
isomorphism between right modules while 7,, o T'rg1 is not. Nevertheless,
the above diagram can be completed (and made commutative) by adding
the missing left vertical arrow. We address this problem in the following
section.

7.3.1 The odd dimensional case

In this case, the action of the pointwise differential operator A"z on slice
monogenic functions has been explicitly computed, see e.g. [118, Lem.3.2]
and [93, Thm. 11.33]. This result will be extremely useful when deriving
the connection between the Fueter-Sce-Qian’s theorem and the generalized
CK-extension.

Lemma 7.3.2 ([93,118]). If n € N is odd, then the action of the pointwise
differential operator A"T on a slice hyperholomorphic function

f(IO +£) = Oé(:L‘[),T) +g/6($0,7"),

is given by
AT [f(zo + z)] = Alzo, ) + w B(zo, 1),
with n—1
A(rg,7) = (n — D! (%@) N [a](z0,7), (7.34)
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and

n—1

B(zg,7) = (n — 1)!l (&1) N 18] (o, 7). (7.35)

r

We can now formulate the main result of this section.

Theorem 7.3.3. Let f(u + iv) = a(u,v) + if(u,v) be an intrinsic holo-
morphic function defined on an intrinsic complex domain 25 C C. Then
forn odd and r = |z|we have

(%@)ﬂ;kﬂ@mO)

n—1 (T — 3! 1
= (1) (g OCK [ ).

AT [f(mo+z)] = (n—1)! GCK

Setting v, = (—1)%% and 1 = Q9 N R, we obtain the following

commutative diagram.

AQ) 9 R, s SM(Q)

wmaz;o-ll lTFSQ (7.36) -

A @R, —5K 5 AM(Q)

Proof. The fact that f is an holomorphic intrinsic function means that a.(u, v)
is an even analytic function in v while 3(u,v) is an odd analytic function
in v. Thus, after setting © = z( and v = r, we easily see that the functions

A(zg,r) = (n— 1!l (lc‘)r) E [a)(zo, ),

r

and

n—1

Blwo,r) = (n — 1)1 (aﬁ) 7 18)(wo,r).

r

also are even and odd analytic functions in the variable r, respectively. Us-
ing Lemma(7.3.2] we identify these functions as the components of the axial
monogenic function that results from the action of the Fueter-Sce-Qian map
on f,i.e.

AT flao +2) = Alwo,r) +wB(xo, 7).
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By virtue of the generalized CK-extension Theorem|7.3.1] the above axially
monogenic function is completely determined by its restriction to the real
line

n—

21 f(xl) + z)‘zzo.

Since B(xg, ) is odd in the variable r, we easily obtain that

A

A" f(zo + 2) Oznqwmy:m—1w(1@)2[@@mm.

= r

(la) N [aJ(xo,m] .

Since the function f is an intrinsic holomorphic function we have

Therefore,

A"F f(zo+z) = (n — 1)l GCK

(o) = 3 T el w0, 0),

which for any ¢ € N yields

1 Za To,T) = N _ j(2j)(2j_2)"'(2j_2£+2)TZJ*%.
(7o) el = (-1 2

0% [0](20,0)

s . ] ! L
— Z(_l)j+€2€ : (.] +£) 'T2]a§g+2€[a](x0,0)-

o g1 (25 +20)

Taking » = 0, we obtain

1 ’ -1 ¢ 2/ -1 ¢ 20
(30:) lol(an,0) = 5 P4lelo0.0) = Gy P20

which proves the desired result when substituting ¢ = ”T_l 0
7.3.2 The even case
We now extend Theorem to any dimension n € N regardless of the

parity of n. To that end, we make use of the more constructive approach
developed by Qian and his collaborators, see e.g. [[103,/122]].
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As we discussed prevously, this approach focusses on the basic actions
7,, [27] defined in for all 7 € Z. These actions on integer powers of
the paravector x have been explicitly computed for all dimensions n € N
and all powers j € Z, in terms of the so-called monogenic monomials, see
e.g. [[78,/103./122].

Definition 7.3.4 (Monogenic monomials). Let n,k € N, we define the
monogenic monomials P~ and P*~Y respectively by

(—]_)kilO'n_i_l)\n

PR =
(k—1)!

o5, PED = PR,

n4l
Here )\, = 27! (F ("T“))2 Ont1 = % is the surface area of the
unit sphere S"~! in R"™!, E(z) is the so-called Cauchy kernel, i.e. the
fundamental solution of D = 9,,, + 0, given by

1 T
Ont1 |I|n+1’

while [ is the Kelvin inversion defined in (7.30)), i.e.

1)) = o B(x) f (W) |

Using the Fourier multiplier definition of the fractional Laplacian (/.29),
it has been shown that (see for example [[78},103,/122])
n—1 _ _ n—1 _ _
(=A) 7 [a = F[2a] - )" FI) )] (2) = PCP(2)
Combining this identity with the definition of 7,,, given in (7.31]) one easily
obtains the following result.

Theorem 7.3.5 ([103,/122]). Let n € N, ¢ € Z. The actions of the Fueter-
Sce-Qian mapping 7,[x"| defined in are given by the expressions

E(x) =

sgn(—20)" " PO(), £ <0,
Tlz’] = (=1)2" {0, 0<l{<n-2
plr=m) (), n—1<¢.

From the above theorem, it is clear that our goal now reduces to find how
the monogenic monomials can be expressed in terms of the generalized CK-
extension map. To that end, we first note that the Cauchy kernel F(z) is an
axial monogenic function on R™"*1 \ {0} since

E(xg,z) = xo($(2)+7‘2)_n7+1—gr(x§+r2)_n7+l, with r=|z| and w=
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It is thus clear that the monomials with negative indices P~%), k € N, are
also axial monogenic. The axial monogenicity of the rest of the monomials
P®), with k € N, can be shown as a consequence of the following result.

Lemma 7.3.6. The following statements hold:
i) The Kelvin inversion I preserves axial monogenicity.

it) Given a domain )y C Rand fy € A(Ch) ® R, we have
I o GCK[fo] = sgn(zo)" ™ GCK [z5" fo(zy )] -

Proof. In [67, Chpt. 11], it was proved that the Kelvin inversion / preserves
monogenicity. Thus, to prove ), it suffices to show that I preserves the
axial form ([7.27).

We first observe that |z +z|” = (22 +|z|?)? (y € R) is a scalar function of
xo and |z|. Thus for any axial monogenic function f(z, z) = A(xo, |2z|) +
z B(x, |z|) we have that

1f](x0, ) ;{A( 7o E )

N |zg + x|+ |20 + 22 |xo + 2

Zz B( Zo @’ )] o
|20 + 2|2 20 + 2?7 |20 + )2

= Al(ZEo, |£|) +£Bl(x07 ’£|)7

for a suitable pair of functions A; and B;. The second statement ii) easily
follows from the properties of the generalized CK-extension (see Theorem

7.3.1). Indeed,

To— T Zo z
I'o GCK[fol (w0, 2) = 17—y GCKI o) (m 2P +g|2) |

Hence, the restriction of this axial monogenic function to the real line is
given by

0 GCK{fo](z0,0) = s GCKI] (1, 0)

= sgn(zo)" g " folwg ),
which proves the result. 0

We can now write the monogenic monomials P*) as generalized CK-
extensions of suitable initial analytic functions of one real variable.
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Proposition 7.3.7. For all n, k € N we have that

PR = é"ﬁ”l; (]; — 1))" sgn (o)t GCK[zy " "], (7.37)
ple-1) _ (2 “‘J(’; - 1);‘ GCK[247], (7.38)
Or equivalently,
PR — (nA_”l)! sgn(—z0)" " GCK 0 92 [25"], (7.39)
pt-1) — (nA_ o GCK o 97 M ap ™). (7.40)
Proof. From P(=F) = % O%-1[E] we obtain
P = G o [ ]
_ —f,j)_k_fﬁ" (o)™ 05 5"
_ (2 E”S (’; __21>) sgn(ao)™ L zy kL

On the other hand, substituting the indentity z;*"+! = (—=1)»~1_& 8” g

in the above equality yields

(k+n 2

B An n—1 gn—1f, —
Pl k)|£zo = =1 sgn(—xo) 18900 Hag k).

Using the fact that axially monogenic functions are completely determined
by their restrictions to the real line, we obtain from the two last equalities

that (7.37) and (7.39)) hold.

For P*~1 with k € N we have, by virtue of Lemma|7.3.6/and (7.37), that

p=1) — [[p(—k)]

~ Aaln+k-=2)! k-1
= D 1y oK)

‘]
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Substituting the identity 5! = (n(_]i;i);)! 971 zg %] in the above equality
we obtain,
A
k=1) _ n n—11,.n+k—2
P( )—WGCKOaxO [SL’O+ ],
which completes the proof. [

We can now extend the above relation between the Fueter-Sce-Qian map
and the generalized CK-extension when acting on the basic monomials z¥,
k € Z, to general analytic functions by considering their Laurent expan-
sions.

Theorem 7.3.8. Let )y C C be an intrinsic complex domain and let f :
Qs — C be a holomorphic intrinsic function. Then for all dimensions
m € N we have

_ 2
T [f (20 + 2)] = _1F(”;i) GCK 0 0" [f(x0)]. (7.41)

1—n _
Setting vy, = %F (”T“)2 and )y = Q5 N R, we obtain the follow-

ing extension of the commutative diagram to all dimensions n € N

A(Q) @R, TESL 5 SM(Q)

n—1
'Y’nazo J/ J/T”

A() @R, —FE 5 AM(Q)

1—n _
Remark 7.3.9. The previously defined constant 7,, = %F (=) ?

is an extension to all dimensions n € N of the constant ,, = (—1) N %

introduced in Theorem [7.34] for odd values of n. Indeed, if n is odd, then

() [ () (-

and (—1) 2" = (—1)”771 since the power 25 is integer. The combination
of these two facts easily yields

(=)= 27! 41\ w1 (n — DI
T — ()2 fornodd.
(n—1) 2 U= g frne
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Proof. We can assume without loosing generality that f is holomorphic
around the origin. If that is not the case, we can always obtain such a
function by applying a translation argument. Let us consider the Laurent
expansion of f at z = 0, i.e.

f(z) = Zaj 2. a; €R.
JEL
The action of the Fueter mapping on this function is thus given by
Tnf :L‘O‘{’a7 Zaj Tn s a; € R.
JEL

We recall that the action of 7,, does not affect the convergence of the above
series, see [103]. Hence, combining Theorem and Proposition [7.3.7]
we obtain

Tof(xo+2) = Za,k T (2] + Zak T [z
= Za g sgn(—xo)"" L p=h)

1-n _
5 2 ay P(k-i-l n)
k=n—1
9] )

= (-1) =z Za_k sgn(—zo)" 1 PP 4 (—l)an Z pin_ PP

k=1 k=0
= Za ; GCKoa" U]
Z Alon1 —> GCK o 871 1[ n+k— 1]
C (LM GeK oo 3 0"
= (=1 n—1)! © Uz, Za—k ) +Zak+n 1 T
k=1 k=

h )\ (o) (e}
= (—1)*12 m GCKo 0~ ! [E a_y xg" + E ay x’é]
k=1 k=0

= GCK o 92, [f(xo)],
which completes the proof. [
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7.4 Fueter-Sce theorem in integral form

In this section we recall how to show a version of the Fueter-Sce mapping
theorem in integral form, see [41,|54]. This theorem will be fundamental
in the sequel. Precisely given a holomorphic function f we will see how
to generate a monogenic function f by an integral transform whose kernel
has an interesting form.

We begin by computing the powers of the Laplacian applied to the slice
Cauchy kernels. A key point is to use the second form of the slice Cauchy
kernels, see Definition[3.1.16] Even if the first form of the slice Cauchy ker-
nels is more suitable for several applications, for example, for the definition
of the functional calculus, the explicit computations of The Laplacian ap-
plied to the first form of the slice Cauchy kernels does not yield a simple
closed formula.

Theorem 7.4.1. Let z, s € R be such that x ¢ [s] and let

be the Laplace operator in the variables .

* If we consider the left slice monogenic Cauchy kernel S;l(s, x) writ-
ten in form 11, i.e,

S (s, x) = (s — 7)(s* — 2705 + |2[*) 7.
Then for h > 1 we have

A"S7Y(s,x) = c(h)(s — 2)(s” — 2wo(w)s + |2[)~"TV. (7.42)

* Ifwe consider the right slice monogenic Cauchy kernel Sgl (s, ) writ-
ten in form 11, i.e,

Spl(s,x) = (s* — 2xos + |z]*) (s — 7).
Then for h > 1 we have

A"SE (s, x) = c(h)(s® — 2z0s + |z[?) "D (s — 7). (7.43)

where c(h) == (—1)" T}, 20 [Th_,(n — 20 +1).
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Proof. We shall only consider the left slice monogenic case. The other one
follows by similar computations. We prove the result by induction on h.
We start with the case h = 1. We have
0
a—Sgl(s,x) = —(5—7)(—25+2x0) (s> —2z05+|2|*) = (s*—2m05+||*) 1,
Lo
and
? o4 2 2\ -2 -
@SL (s,z) = 2(=2s42x9)(s* —2x0+ |2]°)* —2(s — T) -
0
(5% — 205 + |2)?) % 4+ 2(s — T)(—25 + 210)?
(8% = 2x08 + |2|*) 7.
Furthermore, for 1 < ¢ < n we have
0
ax‘Sgl(s, 7) = e;(s* — 2mos + |z)?) T — 2(s — T)z(s* — 2mos + |2]?) 72
82
@SL_I(& r) = —4wie;(s® —2x0s + |2*) % —2(s — T) -
(8% = 2xos + |2)?) 72 + 8(s — T)27 (s* — 2wps + |z|*) . _
Therefore, we have
ASTH(s, ) = 2(=2s+ 2x0)(s* — 20 + |2]*) % + 2(5 — T)(—25 + 210)*
(8* = 2mos + |z]?) 7 — 42@-6@(52 — 28 + |z]?) 7
i=1
+8) " af(s — z)(s* — 2mos + |2[)F = 2(n + 1)(s — 7) -
i=1
(82 = 2xo + |2[*) 2
= —4 (s — o+ Z eixi> (s* = 2wos + |z|*) 2+ 2(s — 7) -
i=1
[(—25 + 220)* + Z 43:22] (5% — 2xos + |2]?)?
i=1
—2(n 4+ 1)(s — 7)(s* — 2x05 + |2[*) 2
= —4(s—7)(s* = 2mos + |z|*) 2+ 8(s — 7) -
(8% = 2mos + |2)*) 2 = 2(n + 1)(s — 7)(s* — 2x05 + |2]?) 2
= —2(n—1)(s —7)(s* — 2x05 + |2|*) 2.
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This proves formula for h = 1.

Now we assume that formula holds for & € N and let us show that
it holds for A + 1. In order to avoid the constants during the computations
we consider the function

Gh(s,x) = (s — ) (s* — 2zos + ||?)~ "D, (7.44)
By similar computations done before we have

82
@Gh(sﬁ) = 2(h+1)(—25 + 220)(s* — 2zos + |2[)) "+ (h+ 1)(h +2) -
0
(5 — 7)(—25 + 210)%(s? — 2wos + |2[) "3 —2(h + 1) -

(s — Z)(s* — 2wos + |z|*) "2,

and

2
%Gh(s, ) = —4(h+ Dexi(s* — 2xos + |2|*) "2 4+ 4(h + 1)(h +2) -
22(s — Z)(s* — 225 + |z|*) " —2(h + 1) (s — 7) -

(s = 2x0s + |2*) "2,
we obtain
AGy(s,7) = —2(h +1)(n — 2h — 1)(s — 7)(s* — 2wps + |z|*) "2
Finally by taking into account the constants we get

AMLIST (s, x) = (—1)" ! H(z@ H(n—%—i—l)(s—:ﬁ)(52—2x08+]$|2)*h’2.

(=1 (=1

This ends the proof. [

Now, we study the properties of regularity of the function A"S; (s, x)
in both variables.

Proposition 7.4.2. Let x, s € R"™ be such that v ¢ [s]. The function
AhSEI(s, x) is right slice hyperholomorphic in the variables s for all h >

0. The function AhS];l(s, x) is left slice hyperholomorphic in the variable
sforall h > 0.

Proof. By Remark [3.1.13] we can prove the slice hyperholomorphicity by
using Definition (3.1.12 We observe that for h = 0 it follows by Lemma
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3.1.17, When h > 1and s = u + Jv, J € S"! and by using the function
introduced in (7.44) we have

0
9u Guu+ Juv,z) = (u? —v* 4+ 2Juv — 2wou — 2x0JV + |x|2)*(h+1)
U

—(h+ D (u+ Jv —2)(u® — v* + 2Juv — 2x0u
—2z0Jv + |23) "D (2u 4 20 — 2x0)

and

0
a—Gh(u + JU, :Ij‘) — J(UQ _ 1)2 2T — onu o 2£E0JU + |x’2)—(h+1)
v

—(h+ 1) (u+ Jv — 7)(u? — v + 2Juv — 2z0u
—2z0Jv + |z2) "D (=20 4 2Ju — 220.]).

Therefore, this implies that

9, 9,
%Gh(u + Ju,x) + %Gh(u + Ju,x)J = 0.

By similar computations it is possible to show that A" S5 (s, z) is left slice
hyperholomorphic in the variable s. ]

Remark 7.4.3. The function A" S (s, ) is not slice hyperholomorphic in
the variable . Indeed for every 2 > 1 we have

%Gh(& u+ Jv) + J%Gh(s, u+ Ju) = 2h(s® — 2us + u® + )",

We cannot get zero for any values of h > 1.

For h = ”T_l the function A"S; (s, z) is monogenic in the variable x as
proved in the following result.

Proposition 7.4.4. Let n be an odd number and x, s € R™! be such that
x & [s]. The function A%Sgl(s, x) is a left monogenic in the variables x.
The function A%Sél(s, x) is a right monogenic in the variable x.

Proof. 1t is enough to show that the function G n-1 (s,x) is monogenic in
the variable z.

9 - B
B Gt (s,0) = —(s" = 2z0s + w2~ 42 <n 5 T 1) :

(s — )(s% — 2xos + |:13|2)_n771_2(3 — ),
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and for 1 < i < n we have
a n—1 - 1
axiGanl(s,a:) = ei(s* = 2mos + |z*)" T -2 (n 5 + 1) :
zi(s — 2)(s® — 2mwos + |x[?) T 2
Hence, we get
a + Zn:e-i Groa(s,z) = —(n+1)(s* — 2xgs + |x|2)_nT_l_1
Oy “= Tox; ) T 0
n—1 a2 —n=l_o,
+2 5 +1)(s—7)(s*—2xgs+ |z|*)” = “(s—m)
- n — 1 n—1
-9 1 i€ - 2 ) 2\—"5=—-2
;( 5 —l—)xe(s z)(s TS + |z|*)” 2
2 =l g n—1 -
=—(n+1)(s" — 2xos + |2]*)” 2 +2<T—|—1)(s—x)s
2 2\—n=1l 9 n—1 N2 -1zl 9
(8% =2xos+|z|)" 7 T =2 +1)2(s—2)(s* —2xes + |z|*)” 2
= —(n+1)(s* = 2xps + [2>) "2 14 (n+ 1)(s* — &5 — w5 + |2]?) -
(s* — 205 + mz)—%l—z
= —(n41)(s® = 2mps + |22) T L+ (n+ 1)(s® — 2wos + |2|2) T !
= 0.
O
We observe that
h h
c(h) = (-D)"T[@O [](n - 20+ 1) = (—1)"4"[n1]>.
=1 =1
Definition 7.4.5 (F,-kernels). Let n be an odd number. Let z, s € R"+!,
We define, for s ¢ [z] the F)* kernel as
FE(s,2) = yu(s — f)QC,s(x)_nTH, (7.45)
and F kernel as
F(s,0) = 1uQes()™"F (s — 2), (7.46)
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where ]
= ()7 2 (G (0~ D) (7.47)

Later we will make use of the following formulas. For s ¢ [z], the
F,-kernels satisfy the following equations

n—1

F,f(s,x)s — xF,f(s, T) = 7, Qcs °

(x) (7.48)
and -
sFR(s,2) — FR(s,2)1 = 7,Qcs > (). (7.49)
Theorem 7.4.6 (Fueter-Sce mapping theorem in integral form). Let n be
an odd number. Let U C R"*! be a slice Cauchy domain, let J € S and set
dsy = ds(—=J).
o If f is a (left) slice hyperholomorphic function on a set W, such that
U C W, then the left monogenic function f(x) = A" f(x) admits
the integral representation

fwzi/ Fl(s, 2)ds, f(s). (7.50)
27 Jawnc,)

o If f is a right slice hyperholomorphic functzon on a set W such that
U C W, then the right monogenic function f () = AT f (x) admits
the integral representation

fo) = 5

f(s)ds;FE(s,z). (7.51)
21 Jawnc,)

The integrals depend neither on U and nor on the imaginary unit J € S.
Proof. By Theorem [3.1.18and Theorem [7.4.1| we get

v

fla) = A" f(2)

1 n—1
= — A"z S N (s.w)ds f(s)
21 Jawne,)
1
= o Fyi (s, x)ds; f(s).
21 Jownc,)
By Proposition it follows that f () is a monogenic function. O

The main advantage to have a Fueter-Sce theorem as an integral trans-
form is that there is no need to compute the powers of the Laplacian ap-
plied to a slice hyperholomorphic function to obtain a monogenic function.
Moreover, we will see in Chapter 9 that the integral version of the Fueter-
Sce theorem is crucial to define a new monogenic functional calculus.
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CHAPTER

The Poisson kernel and the Fourier
transform of the slice monogenic Cauchy
kernels

8.1 Motivation

In the previous chapter we have obtained a very simple expression by ap-
plying the operator A"z (for n odd), in the variable in z, to the function
S; (s, z), written in the second form. The expression is given by

AT 57V (s, %) = Yul(s — 7)(s> — 2Re(x)s + |z|2) "2 . (8.1)
In this section we show that formula holds also when we consider that

n is even. However, in this case A"z is not a differential operator but it
is a fractional operator and we have to deal with the Fourier multipliers.
Basically in this chapter we study the following problems.

Problem 8.1.1. (A) Determine the type of hyperholomorphicity of the map
(s,2) — (s — Z)(s* — 2Re(x)s + |z[>) 7",
for h € R, with respect to s and x for s ¢ [z].
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(B) Compute explicitly the Fourier transform of the slice monogenic
Cauchy kernels, written in the second form, and of the F, -kernels as func-
tions of the Poisson kernel.

(C) Show that the relation A"z S (s, 2) = Yu(s — 7)(s* — 2Re(x)s +
\xP)’nTH is true for all dimensions n replacing suitably the constants ~,,.

8.2 Monogenicity of the Futer-Sce kernel in even dimension

We start by recalling that given a paravector y = u+ J,v € R"™\ (=00, 0],
for a € R, we can define the fractional powers as

y* = elogy ea(ln|y|+Jarg(y))’ (8.2)

where arg(y) = arccos |Z—‘ The definition is analogue for the quaternions
and the fractional powers so defined are slice monogenic functions, see
[44].

In the following result we give an answer to the first point of Problem

B.ILIl

Theorem 8.2.1. Let )\ be a real number and x,s € R"" be such that
x & [s]. Let us define:

kp(s,x) := (s — )(s* — 2xs + |2[*) ™, A €ER,

and
kr(s,x) = (s* — 2xos + |2[*) (s — 7), A €R,

for
s% — 2xgs + |z])* € R"\ (—o0,0].

Then, the function kr,(s, x) is left monogenic function in the variable x and
kr(s,x) right monogenic in the variable x if and only if X = "5,

Proof. We give the details for (s, x), similarly we proceed for kg(s, x).
For simplicity, in the proof, we write k(s, z) for k (s, x). We have to com-
pute (Ox, + 9,)k(s, ), where 0, = D7, €;0,,. First, we put s = u + Jv,
thus

s* — 2wgs + |z|* = (u® — v* — 2xou + |2|?) + J(2uv — 220V).
Using the formula of fractional powers, in (8.2)), we get
k(s,z) = (s — &)™), (8.3)
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8.2. Monogenicity of the Futer-Sce kernel in even dimension
where

A 2 2 22 2
a(u,v) = 3 In[(u” — v° = 2xou + |2]°)* + (2uv — 2200)*] +
2_ 2 _9 2
—\J arccos i Tou + |2 .
V(W2 — 02 = 2zgu + [2]2)? + (2uv — 2z0v)?
Let us denote
u? —v? — 2xou + |x|?
Blu,v) := i :
V(u? —v? = 2zgu + [2]2)? + (2uv — 2z0v)?
So we have
k(S, l') — (8 . i,)(?f% 1n[(u2711272:1:0u+|x\2)2+(2uv72x0v)2]7)\Jarccosﬁ(u,v)'
To compute 0,k (s, x) we calculate the derivative of 5(u,v) with respect
to xg
B(u,v)  (—2u+ 2x)(2uv — 2x0v)* + (u® — v* — 2xou + |2[*) (2uv — 220V)20
Org [(u? — 0% = 2z0u + |2|2)? + (2uv — 2xv)?]3/? '
Thus o
darccos f(u,v) 0o B, v)
8560 - ﬁ2 (u7 U)
0 (m2u+ 230) (2uv — 2200) + (U — v® — 2wgu + |z]?)2v
B (u2 — v2 — 2z0u + |2]2)2 + (2uv — 2x0v)?
So we have
Ok(s,x) afun) (u+ Jv — )2\ [(u? — v? — 2zqu + |2]?)(u — 20 + JV)
— 7 = —e ’
0z (u? —v? = 2zou + |2|?)? + (2uv — 2x0v)?
B J(2uv — 2zov)(Jv 4+ u — x0)]] pe(u) 8.4)
(u? — 02 = 2zpu + |x]?)? + (2uv — 2z9v)?
Now, we compute the derivative of k(s, z) with respect to z;, 1 < j < n.
As before we start from the derivative of 5(u, v)
op(u,v) 22 (2uv — 2zv)?
Or;  [(u2 —v? = 2z0u + |7[2)2 + (2uv — 21v)2)3/2
Thus
darccos B(u,v) 22, (2uv — 2x¢v)
oz; o (u? = v = 2xou + |7]2)? + (2uv — 2x0v)?
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Therefore
Ok(s,x) a(uw) (u+ Jv—1T)2\
= eje™"Y — :
ox; J (u? — v2 — 2z0u + |2]2)2 + (2uv — 270v)?

[(u® —v* = 22gu + |2|*) — J(2uv — 2z0v)] 2,27

Now, we are ready to compute 0,k(s, x)

" Ok(s,x
ock(s.r) = 3o, MY
J

j=1
(u+ Jv—17)2\
(u? —v? = 2zou + |2]?)? + (2uv — 2x9v)?

[(u? = v® = 2zgu + |2]*) — J(2uwv — 2z9v)] - (Z ejxj> e2(wv)
j=1

a(u,w)

= —ne

This implies that

(u+Jv—T)2\
(u? —v% = 2zpu + |z|2)? + (2uv — 2z0v)
[(u® — v* = 2zgu + |2|*)=J (2uv — 220)] 2.

Hence form (8.4)) and (8.3)) we get

(acco + a@)k(s, .’E) = —(n + 1)ea(u,v) +

Opk(s, x) = —ne®v) — 5+ (8.5)

2AM(u+ Jv —Z)(u + Jv — x)
(u? —v? = 2zgu + |2]?)? + (2uv — 2z9v)?
[(u? — v* — 2z0u + |2[*)J (2uv — 2z00)]
(u? — v% — 2zqu + |2|?)% 4+ (2uv — 2x¢V)?

a(u,v)

Now, we observe that
(u+Jv—2)(u+ Jv—1x) = (u* —v* = 2uzy + |2?) + J(2uv — 2700).
Setting
Y(u,v) := (u* — v* — 2uxg + |z|?) + J(2uv — 2200)
we therefore obtain
(u, v) W a(u,v)
Alw ol ]
= [~(n+1)+2)\ e

Doy + Op)k(s,2) = |—(n+1)+227

so we finally get
(O + Oz)k(s,2) =0
if and only if A = 2+, O
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8.3 The Fourier transform of the slice monogenic Cauchy ker-
nels

The main result of this section is the explicit computation of the Fourier
transform of the slice monogenic Cauchy kernels S; (s, z) and Sg' (s, z)
with respect to = when s is a real number. Then by extension we get the
Fourier transform when s is a paravector. Firstly, let us introduce the def-
inition of Fourier transform that we will use. This solves the first of the
second point of Problem 8.1.1

Definition 8.3.1. Let f € S(R™*!). The Fourier transform of the function
fis
(&) = Flf(2))(€) = (z)e " de,

Rn+ 1
where

(2,8) =) x5
j=0

Definition 8.3.2. We define the inverse Fourier transform of the function f
in the following way

FAO)) = —

(27T)n+1 Rn+1

F(€)e™9dg.

In this paper we will use the following important result
Theorem 8.3.3 (Plancherel’s Theorem). If f,g € S(R"™) then
- 1 .
f@sls = o [ FNOFGONE 30
Rn+1

Rn+1 (27T)n+1

Remark 8.3.4. Using the Plancherel’s theorem it is possible to obtain

| @G = e [ @ 67

In the sequel we will need this result.

Theorem 8.3.5. [91| Sect. B.5] Let f(|z|) be a radial function in S(R™)
with n > 2. Then the Fourier transform of f is also radial and has the form

Feh = @0~ [ Jaallghr ey ar,

0

where r = |z| and Jn—2 are the Bessel functions.
2
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Remark 8.3.6. (See [117]) The formula in Theorem is also valid for
all functions

f € LYR™) N L*(R").
Now, we start our computations.

Theorem 8.3.7. Let us assume sy € R and x € R""L. If we consider the
slice monogenic Cauchy kernels S; ' (so, ) and Sz*(so, ¥) written in form
1l (see Definition[3.1.16)) then their Fourier transforms with respect to x are
equal and given by

_ _ § i
F SLl S, =F SRl S0, ° Y P —— ’LSO&O’ 0 0
5505, 00 = PIS 0. E) = vy G+E#

. n+l n+1
Cp:=12"t 2 T .
2
Moreover, if s = so + s € R™ is a paravector the term e~*°% extends to

the intrinsic entire slice monogenic function e~**¢ and we have the Fourier
transforms of the Cauchy kernels:

_ § i
F|S ! y " S R ———— zsfo’ 0 8.8
S0, MO = en 1 € fo+E# (8:8)

and

_ —18 5
F[S5 (s,)](€) = cp e W, §o+E#0. (8.9)
0 >
The extension F[S; ' (s, -)](€) is right slice monogenic in s, while F[Sy' (s, )] (€)
is right slice monogenic in s.

Proof. In the following proof we always work with s = s; € R since we
have

SZI(S,ZL“) = (s— aﬁ)(s2 — 2708 + |x|2)_1
= (s> = 2xos + [2)*) (s — 7) = S (s, 7).

The extension from s = s to s = sy + s is immediate. So in our computa-
tions, we set

S—xg+2x

SN s,x) =5, (s,2) = Sg'(s,7) = (s — 20)? + 2>’

s € R.

184



“thesis” — 2022/12/4 — 1‘1:25 — page 185 — #203

8.3. The Fourier transform of the slice monogenic Cauchy kernels

We put z = 7 + 2 and we recall the identification of the paravectors with
(zg, ..., z,). Since the function S~!(s,x) is not in L'(R"™!) we have to
perform the computations in the distributional sense. Firstly, we consider
the following function

S — X
(s = x0)? + [z*

fz(xo) =

Let ¢ € S(R™*!). Then we have

fg(:[U)F(QD) (m)dx = fz(xO)FO (anoz) (mo)dxﬂdz

Rn+1 Rn+1

- / § /R (Fofz) (€0)(Fuipe) (§0)déodz,

where dx = dx;...dx,, Fy is the Fourier transform with respect to the vari-
able x( and F,, is the Fourier transform with respect to the other variables.
Now, we compute Fy f,.(&). First of all we make the following change of
variables s + y = x, thus by basic properties of the Fourier transform we
have

Fofs(6) = —Fyly(y” + |z’ ) Jem i

1(&
-
d&o || + 32

T d -
_ —|zl|éol —is&p
= — e e

|| (d&) )

= ZWSO —lz||éol g =750 (8.10)
ol

Since ¢, (xo) = ¢(x) and by Fubini’s theorem we have

Rn+l

FeF@@de = [ [ PuFas) opideds

B /Rnﬂ Fu (Fofs) (S0)p(€)dE.

We finish this first part by computing F,, (Fof;) (). By Theorem [8.3.5]
with r = |x| we have

F, (Fofl) (50) ( ) ]5‘_; |§j _1850/0‘ JnT—Q(‘§|T)T%€_T‘€O|dT-
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Now, we make another change of variables ¢ = |{|r.
_ tl&ol
P (Fofy) 60) = e mimie e [T wte Ea
ol
From [90] formula 6.623(2)] we know that
o 2a(20)'T (v + 3
/ e T, (bt)dt = a(@h)'T (v + ), v>-1, a>0, b>0.
0 V(a2 + b?)u+2
In our case a := ||£EO\‘ v:= 5 —1,b:= 1. Since n > 2 all conditions on the
parameters are satisfied. Thus, we have
/[: 5 TL —1i8 g 5
Fu(Fofy) (6) = 321 g veogllyr o TUE)_
° Nz (é—f + 1)
iznﬂ.’%‘l&]’ﬂ—n—l —is§0‘£|n+1r (nTJrl)
- n+1
(& + 1€%) 2
B 2% —F (n+1)£ e—zsgo
@+ —
Hence
flan) @@ =, [ S0, @11
Rt (6 +1€)F
where ¢, 1= i2"7 "5 [ (1) . Now, we compute the Fourier transform of
hy(xg) == = = ie-x-ux(xg)
= (5 —20)% + |z|? o= ST
where we have set
1
Uy (xg) 1= .
,( 0) (s _ :100)2 i ’@2
Let p € S(R™*1)
[ maeoF@@de = [ 3 ejayua(en)Fo () @) daod
Rn+1 Rn+1 j:1
= [ [ enFutu) @) Fp@deads.
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Now, we compute Fy(u;)(&) using the following change of variable s +
Y=o

1

Fo(ug) () = F, (y2+—|£|2

) (50)6_i550 = ﬁe_kﬁnftﬂe—is{o'
x

By Fubini’s theorem and the fact that . (x¢) = ¢(x) we have

| el B = [ [ 37 b Folw) (G)oideden
R+ RJR T
From the following basic property of the Fourier transform

Flaf(2))(€) = zd%w(x))(@, 1,6 €R

we get

[ helao PG =i [ [ 5762 (Fufun) ()@

We complete the proof of this theorem by computing F,, (Fo(u,)) (). By
Theorem 8.3.3] with r = |z|, we get

Fu (Fo(u)) (&) = (20) e g7 [ (ot lar

Now we put ¢ = r[{]|

Fr(Fo(uz))(é0) = %(2@3“@—“50@1—” /OO Jaca ()51 dt.
0

From [90, formula 6.623 (1)] we know that

20)'T (v + & 1
(20T (v 2>1, v>—= a>0 b>0.
J7(a? 4 b2) T2 2
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Thus by putting b :=1,v:=2 —land a: — L%l we obtain

Fo (Fo(us) (&) = %@@%le—isfe

) ( e )

I
= onlptserishop (n— 1) ( ! n_1> .
2 )@+ e

We compute the derivative
0 1 (%5) (€@ + )2
| = = 8.12
3 ((gg+|§y2)”51> (&6 + g (&1
C 26 () .
(& + 1)

_ Now, by using the following property of the Gamma function I'(x + 1) =
xI'(x), for x > 0, we obtain

" e (55 1 (550 250 e
'_Fn F T = ntl :
; €; aé—] ( O(Uf)) (fO) (5(2) i ’é‘Q)T
— 271 LHF( il )5 zs{o.
(& +1g)+
Hence we get
- ¢ o
h dr = — = e 0y (¢)d
IR e
(8.13)
where ¢, := i2"7"5 T (”T“) Finally from (8.11)) and (8.13]) we get
|5 cof@@ = [ e
- [ PGl
é —zs{ T2
= Cp TR Yp(§)dS.
.. @renr
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This proves (8.8)) and (8.9)), respectively.

We are now in the position to observe that the term e % for s = s
extends to the entire intrinsic slice monogenic function e~ “(*0+2)%_ So the
function _

§ e ts0o

S0 Cp——————77
2

(&6 + 1€1%)
has the right slice monogenic extension in s € R"*?
_ 3 _-
FISE (s )l(€) = en 2y €
’ (& +1eP)

while the right slice monogenic extension in s € R"*! is

N S
(& + 1)

and this conclude the proof. [

F[Sk'(s,)](€) = ca e

8.4 The Fourier transform of the F,-kernels

Thanks to Theorem [8.2.1] the F},-kernels are meaningful also with n odd
where we interpret the fractional powers of paravectors are slice monogenic
functions.

As we have shown when n be an odd number and z, s € R, for
s ¢ [x], the relations

n+1
)

AnT_ngl(s,:r) = V(5 — ) (s* — 2Re(z)s + |z]*)” 2

and
_n+41

A%Sgl(s,x) = V(5> — 2Re(x)s + |z|*) "2 (s — ),

where 7, are given by (7.47). We now let n be any natural number and when
n is even we interpret the terms (s2 — 2Re(z)s + |#[2)~"2" as fractional
power for x, s € R"™!, We recall, for s ¢ [z], the definition of the left
FE-kernel as

FE(s,2) := (s — T)(s* — 2105 + \x!z)’nTH,
and the right F'%-kernel as
FR(s,2) = 7u(s* — 220)s + [2[2) 7% (s — @),
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where 7, are given by (7.47)), are now interpreted in terms of the Euler’s

Gamma function
2
e (23]

We will compute the Fourier transforms of FZ(s, z) and F£(s, x) with re-
spect to x. This solves the second part of the second point of Problem|[8.1.1]

Remark 8.4.1. Observe that when s = sy € R, for s ¢ [z], then we have

FnL(SO’ ) = Yu(s0 — T)(s5 — 27050 + |1"2)7RT+1
_n+

1
= (85 — 2w050 + |2[*) 7% (s — T)

= FE(SO, iU)
So for simplicity in the following when s = s, € R we use the notation
Fo(so, ) = FX (s, 1) = FE(s¢, 7).

Theorem 8.4.2. Let us assume x € R*"! and s a real number. The Fourier
transform of F,,(s, x) with respect to x is

2R _ 5 —1s&0
Fn(87€)_kn€g+|§|26 )

n— n 1
b = i(—1)"T 2" T (" i ) |

Moreover, if s = sy + s € R™ is a paravector the term e~**°% extends to
the intrinsic entire slice monogenic function e~**¢ and we have the Fourier
transforms of the kernels FL and FI:

where

L . _ 5 —is&o
FIFE(sM(E) = b g 00 S0+ €#0

and _
&
&+ €17

The extension F[F (s, )] (&) is right slice monogenic in s, while F|[F(s, )] (€)
is right slice monogenic in s.

F[E (s, )](€) = ky e &+ EF#0.
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Proof. We observe that the Fourier transform of the kernel F, (s, -) is mean-
ingful and from similar computations at the beginning of Theorem 8.3.7|we
obtain

s = %S/e_mogo(%)g@_nzz/ (82 = 2wos + 22 + 12~ "T
R 0

JnT—2<|§|T)T%deIO
—n / xoe_mogﬂ(zﬁ)g|§|_"52/ (s* — 2mos + af + 7‘2)_”7“ .
R 0
JnT—2(|§|T)r%drd:c0
+w’iej/ e*’“@‘oi ((277)%\@*%2.
j=1 YR 9¢; -
/ (s = 2mgs + a2 + 1)~ "% J,q,;Q(\Qr)f,»Sdrdxo)
0

= 0 (Fua(s,6) + Faa(5.) + Fus(s.9))
Now, we focus on the first two members

Fo(5,6) + Fua(s:€)
- s/eiwoﬁo(zw)ﬁygT/m(s2—2xos+x3+r2>T.
Jnji(|§|r)rgdrdxo O
= [ e /w(52_2x05+x3+r2)’?.
JI§22(|§|T)rgdrdx0 O

- /R(s—x[))emﬂﬁo/ [(s — z0)? + 72"
0

r)rs drdzg.

— (27)%

Juz2 (€

CALENPEN

Firstly, we solve the integral in the variable r. From [90, formula 6.565 (3)]
we know that for b > 0, v > —1 we have

= vl/, .2 2\ —v—3 _ byﬁ
/0 T (9(: +a ) 2Jl,(bx)dx = 2V+1|a‘e|albf‘ (V+ %) (8.14)
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In our case b := |{

,V:g—landa:s—xo.Then

— —— (2m)z272/m|g| e g2 ! e (8 — 1)
Fri(s,€) + Foals, &) = S S /eméo_
136 el ) r () O s
¢ lells—aol g0
n+1

T / g—inofo (8 = 20) igllo—zol g,
R

r RTH> |5 — 0|
Now, we put s + y = x¢. Thus we have
n+1
- - T2 . . Yoo
le(s,f) + Fn’g(s,f) = — — e is&o / e zyﬁo_e \§||y\dy'
(") R |y

From [116| formula 3.2 pag 11] we know that

00 —azx 1 2 2
/ Cos(asu)e dx = —M.
0 x 2

Thus by the Euler’s formula we get

F(’%'el&m) (&) = 2 /Ooocos(ygo)iemydy

= —log(& + I€]*)-

Using basic properties of the Fourier transform we obtain

/e—iyﬁoﬁe—lﬁlydy _ F<£e—£llyl) (50)
R |y |yl

d 1
_ . = Il
- Zd§OF<|yle 7 )(50)
d
_ _id_fo (log(&5 +1£%))
2
&+

Therefore
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—

Now we compute F}, 5(s, ).

e n - 8 n+1
Fatond) = i g (677 e [l - aop

To- 2(|§\ )ridrdz)

As before we compute the integral in the variable r using (8.14) with b :=
€], v =% —1and a = s — x¢. Thus we have

— 27‘(’ 22 2 n_ —i-TOO _
Frals.) = %Zega5 (g [ emers -l
J

~lell=aol g

. ontl
2
—izo& —1_—|¢||s—
= + E €j 3 (/ iwodo| g — g ~telElls xo'dxg).

We put s + y = xp.

n

— T = e~ 1580 0 i 1 -
Frsl5,) =~y 2 o, ( / voly| e 5"ydy).

Jj=1

From (8.15) we know that

/e_iy&lyl_l@"”'dy = —log(& + €.
R

Therefore
Fo3(5,€) e f:e O (los(ig? + €2))
n,3(S, = =7 ey
L(t) oG >

2" e~ sk i ¢
prm— —_— e. .
D(%) (& +1EP) =

. ntl
2im 2 iséo
= — §e .

P ("5) (&3 + 1€

Finally, multiplying by ~, := (—1)"z 2"~ ()] ? we have

n+1

— (—1)" 7 2
’YnFn,?)(S;g) = _2( ) 5(% + ‘5’2
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Chapter 8. The Poisson kernel and the Fourier transform of the slice
monogenic Cauchy kernels

Putting together (8.15)) and (8.16) we get

- _ é —1s€o
Fn(s7£)_kn£2+‘§’26 I

where k, := i(—1)"2 2"7"2 T (%:L). Finally, the slice monogenic exten-

sions are obtained reasoning as in the case of the Cauchy kernel. [

8.5 Therelation of the kernels S—' and F,, via the Fourier trans-
form

In this section we show the last point of Problem [8.1.1] Before to prove
a fundamental result we recall that when 7 is even the operator A" s
defined by the Fourier multipliers

A f(2) = F[G1E)" F(F(@)()] (@), (8.17)

where F and =, are respectively, the Fourier and the inverse Fourier trans-
formations, given, respectively in Definition |8.3.1{and Definition (8.3.2

Theorem 8.5.1. For x € R™"*! and s € R we have that
Aanlel(s, z) = Yn(s — 7) (8% — 2205 + |:1:‘]2)’nTH (8.18)

Proof. If n is odd, this can be proved through pointwise differential com-
putation, see Theorem While for the case n even the result will be
showed for any ¢ € S(R™"'). Firstly we prove the equality for s € R.
The formula and Theorem [8.3.3] imply that we can pass the factional
Laplacian to the test function, so we have

AT 7 (s, 2)p(x)dr = | S7T(s,w) A () da.

Rn+1 Rn+1

Using another time Theorem we get

ol o-1 — _ 1 1y ‘
/Rn+1A S7T(s,z)p(x)dr = 2y /Rn+1F(S (s,.)) ()

F (A 0() ()de.
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T
8.5. The relation of the kernels S—! and F,, via the Fourier transform
From Theorem [8.3.7]and Theorem we obtain
/ A%S_l(s, z)p(z)dx
Rn+1
1 ni_ . m 1 Cemisto
— —Hi(—l)TlQ”W%lF (n—i— ) / é’e—nﬂ_
(2m)" 2 ) e (G +1E7)7F
[€[" o (€)dE
I n1 o nti (n+1 / femisb0
= (-T2 T =" _5(6)d
e Y (2) L. &g
1 —_~
R F,(s,8)p(&)dE.
el ROSEGE:
Finally by applying another time the Theorem [8.3.3] we get
A%S’l(s, x)p(x)dr = / F.(s,x)p(z)dx.
Rn+1 Rn+1
O
Corollary 8.5.2. The relation (818)) extends to s € R"*1, considering the o
left and the right slice monogenic extensions.
Proof. The extension of the equation (8.18) to s € R"™! follows from
the Identity principle, because the function e~**% is trivially intrinsic slice
monogenic. 0
195



“thesis” — 2022/12/4 — 1‘1:25 — page 196 — #214



“thesis” — 2022/12/4 — 1‘1:25 — page 197 — #215

CHAPTER

The F-functional calculus for bounded
operators

9.1 Motivation

The Fueter-Sce mapping theorem in integral form, introduced in Theo-
rem[7.4.6] provides an integral transform that turns slice hyperholomorphic
functions into monogenic ones. If we formally replace the variable z of
this integral transform by an operator 7', we get a functional calculus for
monogenic functions based on the theory of slice hyperholomorphic func-
tions: the F'-functional calculus. This functional calculus is defined on the
S-spectrum and generates a monogenic functional calculus in the spirit of
Mclntosh and collaborators, see [99,/101,(108,[112]]. We can summarize
the construction that leads to the ['-functional calculus by the following
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diagram

SH(U) AM(U)

l

Slice Cauchy Formula 1752, Fueter — Sce theorem in integral form

l l

S—Functional calculus F — functional calculus ©.1)

Remark 9.1.1. Observe that in the above diagram the arrow from the space
of axially monogenic function AM(U) is missing because the F'-functional
calculus is deduced from the slice hyperholomorphic Cauchy formula.

9.2 The F-resolvent operators and the F-functional calculus

In this subsection we will show that the action of the Fueter-Sce map to the
paravector monomial 2" leads to the Clifford-Appell polynomials, given by
[31,32]. The family of { P }ren of Clifford-Appell polynomials is defined

as
k

Py(x) =Y TEn)a" "z,  xeR™, 9.2)
s=0
where T%(n) is defined as
k ntl n—1
Tsk(n) — ( ) ( 2 )k—s( 2 )S’ n Z 1’ (9.3)
s (n)
where (.) stands for the Pochhammer symbol defined by (a)s = % or

(a)s =ala+1)(a+2)...(a+s—1),fors >0and (a)g =1fors =0.1It
is proved in [32] that

k
> THn)=1. (9.4)
s=0

The polynomials P}’ (x) satisfy the Appell property

1—
EDP]?(I'Q +x)=kP | (z+ 2), 9.5)

where D = 0, — Y., €¢0x,. Moreover the Clifford-Appell polynomials
are monogenic i.e.
DP}(xz) = 0.
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9.2. The F-resolvent operators and the F-functional calculus

Since the Clifford-Appell polynomials are axially monogenic, see [32]], and
by the fact that

it is clear that
Pl (z) = GOK|[xf]. (9.6)

Combining this result with Theorem we obtain the following result.

Theorem 9.2.1. Letn > 1 be a fixed odd number and k > 0. Then, for any
x = x9 + x € R"! it holds that

n—1 (n+k_1)

AT (g1 = ’anpg( x), 9.7)

where 7y, are defined in ([1.47)).

Proof. By the identity 07 [z~ %] = H=pk and the fact that Py ()

is the generalized CK-extension of the monomial =% we get

Plz) = GOK[zf]
k!
— K n—1r1,.n—1+k
—(n+k_1)cc o O a1

Finally, using Theorem we obtain

n—1 (n+k_1)

AT @) = R )

O

Remark 9.2.2. The above result extends to arbitrary dimension those ob-
tained for the quaternionic setting in [/7]. Indeed, if we consider n = 3 in

we get

A<xk+2) —_ 2<k]:_ 2) PS( )

= 2k +2)(k + )P (a),

which is exactly the identity obtained in [77, Rem. 3.9].
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Chapter 9. The F-functional calculus for bounded operators
Corollary 9.2.3. Let x € R"™ and n > 3 be a fixed odd number. Then
CMWMPZH%(@ if m>n-—1,
A%(xm): Vn if m=n-—1,
L0 if m<n-—1
where 7y, are defined in ([/.47).
Proof. For the case m > n — 1, it is enough to set m := n + k — 1 in
formula (9.7).
For the second case we substitute m = n — 1 in the first case and we obtain
n— n— n— - ]_ n — ]_ n — 3
AT (Y = 4% (=) (2 ! L= .
(") (=1) 5 5 5 g
Finally, the case m < n — 1 is trivial because the number of derivatives to
perform is more than the degree of the monomial. [
We can now give the following o
Definition 9.2.4 (F-kernel series). Let s,z € R"*!. We define the left
F-kernel series as .
Z AnTiliL'msilim,
m=n—1
and the right /'-kernel series as
+oo
Z sTITmATT M,
m=n—1
Proposition 9.2.5. For s,z € R"" with |z| < |s|, the F-kernel series
converge.
Proof. By Corollary[9.2.3|for m > n — 1 and by formula (9.2)) we get
n—1 m'
A7 2" =y, P" 9.8
m' m+1-—n
< n . Tm+1—n m+l—n
< Y
200
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s
9.2. The F-resolvent operators and the F-functional calculus
From formula 0.4l we know that
m+1-n
> Tpttn) =1
=0
This implies that
f ’A”* 1 | |7 f m! |z +1| | 1
it pmg—lom S n |m—n g|=1—m.
=~ (n—1)! = (m—n-+1)!
The last series converge, by the ratio test since |z| < |s|. Indeed
1)! _ 1)! m—n+2|.|—2—m 1
m—+oo (m —n + 2)! m! |x|m—ntl]g|-1-m m—+o0 (M —n + 2)
= |zl|s| ' < 1.
The convergence of the right F-kernel series can be proved with similar
computations. 0
Lemma 9.2.6. Let v, s € R"™\. For |z| < |s|, we have _
+o0o .
Fr(s,z) = Z A"z g™
m=0
and
+oo .
Ff(s,x) = Z sTIMATE g™,
m=0
Proof. We rewrite the left Cauchy kernel using the Taylor expansion
+oo
S (s, x) = Z s
m=0
and by applying the Fueter-Sce map we get
-1 = -1
Fl(s,x) = A"z S;'(s,2) = Z (A 2 a:m> st m
m=0
where we can exchange the sum and the Laplacian by Proposition[9.2.5]
A similar reasoning holds for the right /'-kernel series. [
201
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Proposition 9.2.7. Let z, s € R""'. Then, for |x| < |s|, we have

_ntl

+oo
Z A"z gmgTiom = Yn(s — Z)(8% — 2x05 + |2|*) " 2, 9.9)

m=n—1

and

+o00
Z sTIMATT g = V(8% = 2208 + |2|?)

m=n—1

Proof. By Proposition[9.2.5]and Theorem [0.2] we have that

_ntl
2

(s—z).  (9.10)

+00 “+o0o
Z AT gmsTlom — AT Z gMsTiTm (9.11)
m=n—1 m=0
— A"ElSL_l(s, T) = Yp(s — 7) (5% — 2205 + |3:]2)_"31,
and similarly we can prove (9.10). [

In order to state the following results we need to introduce the following

notation
(n+1

K . 2 )m+1—n—€ (nT—1>e
dlmon) == T

Definition 9.2.8 (Series expansions of the F-kernels). Let z, s € R"*!. For
|z| < |s|, we have

(9.12)

+o0o0 m—n+1

FE(s,z) = Z Z Ko(m,n) o™=t gt g=t=m,

m=n—1 {=0

and
+o0 m—n+1

FR(s x) = Z Z Ky(m,n)s™t=m gmti=n=t gt

m=n—1 (=0

where K,(m,n) is defined in (9.12).

Now, we define the ['-kernel operators by formally replacing the vari-
able x with the operator 7" with commuting components.

Definition 9.2.9 (F-kernel operators). Let s € R"™L. For | T| < |s|, we
define the left /'-kernel operators as

+oo m—n+1

) Kmon) T T s

m=n—1 ¥¢=0
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and and the right F'-kernel operators as

+oco m—n+l1

Z Z Kg(m, n)s—l—m Tm+1—n—€ TZ

m=n—1 (=0
where K,(m,n) is as in (9.12).

Theorem 9.2.10. Let n be a fixed odd number. Then for s € R""! and
T < |s|, we have

+oo0 m—n+l
S DD Kalmn) T T ST = (T-T) (8P T—(T4+T)s+TT) %,

m=n—1 (=0

and

+o0o m—n+1
ST N Kimn)s T T T = (8P T—(TT)s+TT) ™% (sZ-T),
{=0

m=n—1
where Ky(m,n) is defined in and the constants vy, are defined as in
Z.47.
Proof. It follows by the previous results by replacing x by the paravector
operator 7. [

Remark 9.2.11. In the second form of the slice Cauchy kernels is involved
the term |x|?> = xZ = Tz. For this identity it is necessary that the compo-
nents of x commute. This has implications when we formally replace the
paravector = with the operator 7. These are the reasons why we require
that in the F'-functional calculus the components of 7" have to commute.

Definition 9.2.12 (F-resolvent operators). Let 7' € BC(X). For s €
ps(T), we define the left F'-resolvent operator as

FE.T) = (6T =TT = (T +T)s +TT) %,

and the right F'-resolvent operator as

n+1

FR(s,T) = (8T — (T +T)s+TT) "5 (sT —T).
By Proposition|/.4.2| we get the following result.
Lemma 9.2.13. Let T' € BC(V,,) we have

o The left F-resolvent operator is a B(V,,)-valued right slice hyperholo-
morphic of the variable s on pg(T).
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e The right F-resolvent operator is a B(V,,)-valued left slice hyperholo-
morphic of the variable s on pg(T).

Now, we have all the tools to give the definition for the F'-functional
calculus.

Definition 9.2.14 (The F'-functional calculus for bounded operators). Let
n be an odd number, let 7' € BC(V,,), assume that the operators 1y, { =
1,..,n have real spectrum and set ds; = ds/J. For any function f €
SRL(os(T)), we define

y 1

f(T) = — FE(s,T)dsy f(s). (9.13)

21 Jawnc,)

For any f € SRgr(0s(T)), we define
F(T) = i/ f(s)ds; FE(s,T), (9.14)

21 Jawne,)

where J € S"! and U is a slice Cauchy domain U.

Theorem 9.2.15. The F'-functional calculus is well defined, that is, the
integrals in (9.13) and (9.14) depend neither on the imaginary unit J €
S"~1 nor on the slice Cauchy domain U.

Proof. We will show only the case f = A"2 f, with f € SH(o5(T)).
The other case follows by similar computations.

The independence from the set U follows by the Cauchy integral the-
orem (see Theorem [3.1.19) and from the facts that the function f is left
slice hyperholomorphic and FZ(s,T) is right slice hyperholomorphic in
the variable s.

To show the independence from the imaginary unit, we consider two
imaginary units J, I € S*! with J # I and two bounded slice Caichy
domains U, U, with o5(U) C U,, U, C U, and U, C dom(f). Then every
s € (U N Cy) belongs to the unbounded slice Cauchy domain R™*! \ U,
Since lim, ., F¥(s,p) = 0, by the slice hyperholomorphic Cauchy kernel
we have

Fi(s,T) = o FE(s, T)dpr Sz (0, )
2T Jo((nr1\0,)nCy)

1
= — F;(S,T)dplsl_,l(sap)a
2m d(UpNCr)
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where the last identity holds because d((R"*!\ U,) NC;) = —9(U, N Cy)
and S;'(p,s) = —S; (s, p). Thus
v 1

(1) = FX(s,T)ds;f(s)
21 Jow,ne,) "

1 1
= — —/ EX(s,T)dp;S; ' (s,p) | ds;f(s).
21 Jowsne,y) \ 27 a(UpNCy)

Since the integrand is continuous and the path of integration is bounded,
we can exchange the order of integration by Fubini’s theorem. Thus we get

o 1 1
f(ry = — F,’L:p,T <—/ S_ls,pdsfs)
0 = o [ EED (5 [ s s
1
= o Fy(p, T)dprf(p)-
T JausnCy)

Now, we define the kernel of the Fueter-Sce map as
ker(A"2') := {f € SHL(Q), AT f(z) = o} :

where the set € is an axially symmetric slice domain in R"*!. A similar
definition for right slice hyperholomorphic functions is possible.

Lemma 9.2.16. Let n be a fixed odd number. Let ) be an axially symmetric
slice domain on R"*. Then, a slice hyperholomorphic function f belongs
to ker(A%) if and only if f it is a polynomial R,,-valued of degree n — 2

in the variable z.
n—2

fla)=> abay, VzeQ. (9.15)

k=0

Proof. Let us assume that the function f is left slice hyperholomorphic. By
Theorem we have that A"z" f = 0if and only if

GOK[f" V()] = 0.

This holds if and only if
f(n_l) (ZE()) =0.

Finally, since f is defined in a piecewise connected open set R, it can be
uniquely extended to a holomorphic function to a connected set in R2. Thus
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f is a polynomial of degree at most n — 2, i.e.

n—2

k
= E 2 ag,  {owto<k<n—2 C Ry,
P

]

Theorem 9.2.17. Let U be an arbitrary bounded connected slice Cauchy
domain. Let us suppose that f, g € SHp(U) and f = ATLTAf = A%g =
gwith f # g. Then f(T) = g(T).

Proof. The function f — g is left slice hyperholomorphic and belongs to the
kernel of the Fueter-Sce map. Thus by Lemma[9.2.16| we have

[\

fls) =g(s) =) s"an,  ar€R,
0

3

=
Il

From the definition of the F'-functional calculus we have that

AT -91) = — Fl (s, T)ds;(£(s) - g(s))

21 Jawne,)
= Z/ (5,T)ds s"ay,
B(Br Q(CJ

we change the domain of integration to the ball B,.(0) with ||7'|| < r by the
Cauchy’s integral theorem and the slice hyperholomorphicity of FX(s, T)
in s. By Theorem [9.2.10] and by the Cauchy’s integral theorem we get

+o0o m—n+1

n—2

o 1

AT)— (1) = 2—})/ S Z Ko(m, )T =47
T Jo(B,
k=0

(O)N(CJ m=n—1 __

dstk’I’mak

n—2 400 m—n+l

= ZZ ZsznTm-&-lnéTé

kOmnl:

/ sFIM s s
a(Br(0)NC,)

= 0.
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9.2. The F-resolvent operators and the F-functional calculus

Now we want to show Theorem for the case in which the set U
is disconnected. In order to show this result we need the following result,
which is based on the monogenic functional calculus of McIntosh and col-
laborators, see [[99,/101}/108,/112].

Lemma 9.2.18. Let T' € BC(V,,). Suppose that G contains just some points
of the S-spectrum of T and assume that the closed smooth curve O(GNC)
belongs to the F-resolvent set of T, for every I € S"~'. Then

/ s™ds;F (s, T) = 0,
A(GNCy)

/ FnL(p’ T)dprp™ = 0,
O(GNCy)
forallm <n — 2.

Proof. Since AT g = 0, if m < n — 2, we have that

/ s™ds;FR(s,2) =0,
O(GNCy)

/ FnL(p> x)dprp™ = 0,
O(GNCy)

for m < n—2 and for all x such that = ¢ [s] if s € I(GNC,) (respectively,
for all z such that = ¢ [p] if p € (G N C;)). We recall that FX(p, x) is left
monogenic in x for every p, such that x ¢ [p]. Therefore we can use the
definition of the monogenic functional calculus

Fy(p,T) = ., Guo(TI0(w) Ey (p, w)dp(w),

where the open set 2 contains the monogenic spectrum of 7', G, (7") is the
monogenic resolvent operator, n(w) is the unit normal vector to 02 and
dp(w) is the surface element. From the Fubini’s theorem it follows that

/ Fp, T)dpsp" = / (Go(T)n(w) FE (p, w)du(w)) p"dpy
a(GNC) a(Gncy) Jon

= G.(T)n(w) (/ Fé:(s,x)p”dpj) dp(w)
o9 a(GNC )
=0,
which concludes the proof. [
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Theorem 9.2.19. Let U be an arbitrary bounded slice Cauchy domain. Let
T = Tiey + They + Tses Let us suppose that f, g € SH(U) and [ =
A%f = A%g = gwith f # g. Then f(T) = g(T).

Proof. 1f the set U is connected the result follows by Theorem 9.2.17} If U
is not connected we can write

n—2 n

F(s) =g(s) =D > xv.(s)s*au,

k=0 r=1

where U,, r = 1,...,n are the connected components of U and xy, is the
characteristic function of U,.. Hence we have

n—2 n
Y 1
O —am =33 / FL(s. T)ds,s" o
2m k=0 r=1 7Y OUNCy)

By Lemma we obtain that
F(T) = §(T) = 0.
[

Remark 9.2.20. In the above proof we cannot perform computations as in
Theorem 9.2.17|because the set R"! \ U, contains part of the S-spectrum
of T"and thus F7}'(s,T") is not slice hyperholomorphic in that set.

Now, we show some algebraic properties of the F'-functional calculus.

Proposition 9.2.21. Let n be a fixed odd number. Let T € BC*'(V},) be
such that T = Z?Zl T;e;, and assume that the operators T;, 1 < 1 < n
have real spectrum.

«If f=A"7 fand = A" gwith f, g € SH(0s(T)) and a € R,,
then
(fa+g)(T) = f(T)a+ g(T).

s Iff = A" fand § = AT g with f, g € SHp(os(T)) and a € R,,
then
(af +9)(T) = f(T)a+ g(T).

Proof. It follows by the linearity of the integrals in Definition O

Proposition 9.2.22. Let n be a fixed odd number. Let T € BC*'(V},) be
such that T = Z?Zl T;e;, and assume that the operators T;, 1 < 1 < n
have real spectrum.
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1) Let f = A"z f with f € SHy(0s(T)) and assume thatf(x) =
ZZO xtap with a; € R,,, where the series converges on a ball B.(0)
with og(T) C B,(0). Then

A1) = ( _Z Kr(m,n)(—l)’”) 3 T,

where K,.(m,n) is defined in (9.12).

2) Let f = A" f with f € SHg(os(T)) and assume that f(z) =
Yo xta; with a, € R,,, where the series converges on a ball B,(0)
with os(T) C B,(0). Then

F(T) = ( _Z Kr(m,n)(—l)’”) > a Tt

f=n—1

Proof. We will show only the first point because the second point can be
proved by similar arguments. We consider an imaginary unit J € S*~! and
aradius 0 < R < r such that 0g(T") C Bg(0). Since the expansion in
series of f converges uniformly on 9(Bg(0) N C;) we have

y 1 >
f(ry = — FE(s,T)ds; Y s‘ay
27 JoBro)nc,) ;
1

= — FE(s,T)ds s ay.
21 Ja(ro)nc,)

By Theorem[9.2.10|and from the fact that 7 = 0 we have

m—n+1 +oo
FL(s,T) = ( > Kr(m,n)(—l)r) o rmitrgtm,
/=0 m=n—1
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Therefore we get
m—n+1 o)
) (St g, (
fay = (i IS S e
dsstay
m—n-+1 r 00 00
= ( £=0 Kr(m’ TL)(—]_) ) Z Z Tm—l—l—n/ S—l—m
27 £=0 m=n—1 9(Br(0)NCy)
ds;stay
m—n+1
:<2Kmn )ZTZJrln
{=n—1
]
To state the next result we need the following notations
B 400 m—n+l
ME(T.T) = ) Z Ko(m,n) T =t 7t
m=n—1 T
and
B +o00 m—n+1
MET,T) = ) Z Ko(m,n)Tm+n=t Tt
m=n—1
where K,;(m,n) is defined in (9.12).
Theorem 9.2.23. Let n be a fixed odd number. Let T € BC*'(V,,) and k >
n—1. Let U C R"™ be a bounded slice Cauchy domain with o5(T) C U.
For every imaginary unit J € S"™!, we have
1
ME(T,T) = / FE(s,T)ds;s", (9.16)
27 Jowne,)
and
1
MIT,T) = / s*ds;FR(s,T). (9.17)
2 aUNCy,)
Proof. We will prove only formula (9.16), since the equality can be
proved with similar arguments. By Theorem [9.2.10] and by the Cauchy
210
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integral theorem we get
1

21 Jawnc,)
+o0 m—n+1

X _
_ 1 7 Klm,n) T T s
21 Jowney) WSy o

+o00 m—n+l B 1
= Z Z Ko(m, n) T T (_/ S—l—m+deJ)
27 Jo(B, (0)nC,)

m=n—1 (=0

= ME(T, T).

FE(s,T)ds;s™

9.3 The F-resolvent equation for » = 5and for n = 7

The F'-resolvent equation has further differences with respect to the com-
plex resolvent equation and with respect to the S-resolvent equation. This
is a consequence of the fact that the F'-functional calculus is based on an
integral transform and not on a Cauchy formula.
The F'-resolvent equation for n = 3 is known since some years and it -
coincides with the quaternionic F'-resolvent equation. Precisely it is (see

[41])

Ff{(.7)S7 (0.T) + 55" (5. T)F (p.T)

- (SER.T) P Tp — sFf (s TTF (p.T) ~ (s, TYTEL (. T)p

+F (s, T)T?Fy (p, T)) = [(F5'(s,T) = F' (0, T)) p = 5 (F'(s,T) = Fy (p, T))] -
(p* — 250 + [s[*) 7.

for T' € BC(V3) and for any p, s € pg(T), with s ¢ [p]. The equation is
written just in terms of S-resolvent operators and of F'-resolvent operators.
The case of general n (odd number) is not so simple, and its existence has
been an open problem for some years.

In order to explain how to obtain it in the general case we treat separately
the cases n = 5 and n = 7. In the case n = 5 it is clear that the equation can
be written in a quite reasonable way in terms of the F'-resolvent operators.
But starting from n = 7 this choice cannot be made anymore because it
leads to an equation that is ways too complicated. This is the reason for
which we cannot replace the pseudo S-resolvent operators. In the sequel
will be fundamental the following result.
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Theorem 9.3.1 (The left and right F-resolvent equations). Let n be an
odd number and let T € B*'(V,,). Let s € ps(T). Then the F-resolvent
operators satisfy the equations

Fl(s,T)s — TFE(s,T) = 7, Qcs(T) "7 (9.18)

and

n—1

sFR(s,T) — FE(s,T)T = 7, Qcs(T) =, (9.19)
where the constants -y, are given by ([7.47).

Proof. We prove the relation (9.18)), since (9.19) follows by similar argu-
ments. Thus we have

n+1

FE(s,T)s = v, (sT —T)sQes > (T),

and -
TFy(s,T) = y(Ts = TT)Qes” (T).
By making the difference, we obtain

Fi(s,T)s — TFX(5,T) = (s’ — s(T+T) + TT)Qus? ()

n—1

- IYch,s( ) Tz,

9.3.1 The F'-resolvent equation for n = 5

In this case we show the F'- resolvent equation establishes a link between
the difference F(s,T) — FL(p,T), the slice Cauchy kernel and suitable
bounded operators.

To prove the ' resolvent equation we need the following technical result
involving the pseudo S-resolvent operators.

Lemma 9.3.2 (The F'- resolvent equation for n = 5, with the pseudo
S-resolvent operators). Let T € BC»' (V). Then for p,s € ps(T) the
following equation holds
F3i(s,T)S;' (p, T) + Sz (s, T)Fy (p, T)
+75Q..(T)Sx' (s, T)Sg ( T)Q.,(T)
+75(Qe2 (T) Qo (T) + Q7T Qo (T)]

(9.20)

= {[F5'(s,T) = F'(p, T)]p S[F5 (s, T) = Fy'(p, )]} (0 — 2s0p + |s]*) ™

where 75 is given by ([7.47) for n = 5.
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Proof. Let us start by left multiplying the S-resolvent equation (3.9) by
v5Q,2(T) so that we get

F5'(s,T)S," = {lFE(s, T) = %:Q.(T)S, (i, T)lp—
S[Fy'(s, ) %QCS(T)S;l(p, )}
(p* = 2500+ [5[) 7" 9:21)

Now, we multiply the S-resolvent equation on the right by 75 Q;g(T ) and
we obtain

S (s, TVFE(p, T) = {[18z" (5. T)Q.2(T) — F¥(p, T)lp
—5[555 (s, T) Qo 2(T) — F(p, T)] }
(p® — 2s0p + |s]) . (9.22)

We multiply the S-resolvent equation on the left by Q;sl (T") and on the
right by Q_(T'), we get

Q.. (TS (5. T)S. (0, T) Qe (T) = {[Qc s (T) S5 (5, T) Q. (T)
—Q..(1)S, (p. T) Q. (T)lp — 5[Qc . (T) SR (s, T)QE,;(T) (9.23) -
—Q..(1)S, (p. 1), (T)]} (p* — 250 + [s])~

Now, we sum (9.21)), (0.22) and (9.23) multiplied by 75 to get
Ffi(s,T)S; (0, T) + Sg' (s, T)F (p. T) +
¥5Qes (T)Sg' (5. T)S, (5, 1) Qe (T) = {[F(s, T) — Fy(p, T)lp
—5[F54(s, T) = Ff (p, T)]} (0* — 2s0p + [s*) ™" + {[1:5%" (5, T) Qe (T)
—5Q:(1)S, (0, 1) Qe (T) = 1 H(T) S, (0. T) + 952 (1) Sk (5, T) Qe (T)]p
—5[155R (5, ) Qep(T) = 1590 (1) S, (p. T) Qe (T) — Q. (1) S, (p. T)
+75.Q0: (T) SR (5, T) Qe (T)]} (9° — 2s0p + ) 7"

Finally, we verify that

{1555 (5, T7)Qep (1) = 15Q¢ (1) S, (, 1) Qe p (T) = 152, 4(T) S, (p. T)
+95Q..(T) S (S,T)Qc_;( )] — 8[1557" (5, T) Q5 (T)

—5Q0. (1), (. T) Qe (T) — 1Q.2(T) S (p, T)

+9Q0.(T) SR (5, T7)Qep (T} -+ (p* — 250p + [s]*) ™
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= QA1) Qe (T) + Q.HT) Q. (T)).

Now observe that by the definitions of the S-resolvent operators we have

5 (Sp' (5. T)Qep(T) — Qo (T)S; H (p, T) Qe (T) — Q. A(T) S, (0, T)
+Q..(T)Sg' (s, T) Q. ())—75 (Qua(T)(sZ = T)Q5(T)
—Q..(T)(pT — T)QZE(T) s (T)(WI -T)Q, (T)+
+Q;§(T)(SI T) _,i(T)) 752 Zi(T)(S—p)QZj(T)

and this implies that

{1685 (5, T) Q. (T) = 15Q.5(T)S; (0, T) Qo — 1R 5(T)S, (p, T)
+75902(1)S1 (0, T) + 79,5 (T) SR (5, T) Q. (T)]p

—5[7555 (5, T) Q. 2(T) — 75 Q.4 (T)S. ' (p, T) Q. (T)

+75Q.(T)S7" (5, T) Qe (T)]} (P — 2s0p + [s[*) ™

=% {[Q0s(T)(s = p) Qe n(T) + Q.2(T) (s — p) Qe (T)Ip

=3[90 (T)(s = p) Qe (T) + Q2(T) (s — p) Qe (T} (0° — 250p + |5]*) ™"
=% {[Qes (1) (sp = p*) Qi (T) + Q. 2(T) (sp — p*) Q. (T)]

—[Q.5(T)(5s — 5p) Q. H(T) + Q. 2(T) (55 — 5p) Q. (T)]} (P — 250p + |s*)
= 5[Q.2(T)(sp — p* — 55+ 5p) Q. (T) + ch( )
(sp — p* — 55+ 5p) Q. (T)](p* — 2s0p + |s[*) "

= —[Q.H(T)(p* — 2s0p + |s1*) Q. (T) + Q. (T) -
(7 — 250 + |5P) QA(D)(p* - 2s0p + [s]?) !

= —75[Q.3(T) Q. (T) + Q. (T)Q2(T)].

]

Using the above preliminary lemma and the relations between the pseudo
S-resolvent operators and the F'-resolvent operators, we obtain for n = 5
the F'-resolvent equation. This equation has strong similarities with the
case n = 3.

Theorem 9.3.3 (The F- resolvent equation for n = 5). Let T € BC*'(Vk).
Then, for p,s € ps(T), the following equation holds

Fi(s, T)Sp (0, T) + Sz (s, T)Fy' (0, T) + 75 (8 F5' (s, T) Fy' (p, T)p?
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—35*F%(s, T)TFY (p, T)p — 3sF3' (s, T)TFy (p, T)p
+3sF (s, T\T*FF(p, T)p — 2sF (s, T)|T|*TFE(p, T)
+2sF (s, T)|T1*Fy (p, T)p — 2F5 (s, T)| TP T F5: (p, T)p +
SEf (s, YT FE(p, T)p — sFL (s, )| T"TF¥(p, T)
—F'(s, T)|TI*TF; (p, T)p + F5i(s, T)|T|"Fy (p, T)
+sF (s, T)F (p, T)p* — F(s, T)TF (p, T)p’
+2F (s, T)T*F (p, T)p* — F(s, T)T*F} (p, T)p
F2F5(s, T)T?|T|*Fy (p, T) + s* (s, T) Fy (p, T)p
—s*F5'(s, T)TFy (p, T) + 25*Fy' (s, T)T*Fy'(p, T) — sF3'(s, T)T° Fy (p, T))
= {[F*(s,T) = F (p, D)lp — 5[F5¥(s, T) = F5'(p, T)] } (0 — 2s0p + |s*) Y,
where we have set for the sake of simplicity
T =
Proof. Firstly we remark that
15 Q0s (T)SE (5, T)Sp (9, T) Q,(T)
=59 (T)(sT — T)(pI — T) Q5 (T)
:%chm (spz—sT Tp+T") Q:A(T)
T)Q,(T)p — sQA(T)TQH(T) — QA (T)T Q. (T)p
2

:/75[ c,s P

+QHTT'QA(T)].

Putting this in (9.20) we deduce that

Ff(s,T)S; (0, T) + Sg* (s, T)FE (p, T) + 5 [sQ.2(T) Q. 2(T)p+
—sQ.2(T)TQ,X(T) — Q. X(T)TQ,2(T)p+ Q. X(T)T" Q;X(T)
+95[Q.2(T) QT + Q. HT)QLA(T)] = {[FF(s,T) — FE(p, T)]p
—S[st%(s, T) - F5L(p, T)]} (p* — 2s0p + |s|*) !

Now, we use the right and left F'-resolvent equation for n = 5 (see Theorem

9.3.1) namely
Fy(p, T)p — TFy (p, T) = %9, (T), 9.24)
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and
sEf'(s,T) — Fi¥(s, T)T = Q. 2(T). (9.25)
We go through the computations terms by terms
sQua(TTQ(T) = 752 (sF'(s, T) = F5'(s, T)T) T
(F(p,T)p — TF (p,T))
= 75 (SF(s, T)TFL (p, T)p
—s? By (s, T)| T Fy (p, T) — sFy' (s, T)| T Fy (p, T)p
+sF (s, T)|TI*TFy (p,T)) (9.26)
QUDTQ (T)p = 7572 (sF'(s, T)TF (p, T)p* (9.27)
—sFy (s, T)|TPFy (p, T)p — F3'(s, T)|T|*Fy (p, T)p?
+F (s, T)|TPTFS (p, T)p) ,
QAMTQ ) (T)p = 572 (sFi¥(s, T)TFy (p, T)p” (9.28)
—sFf (s, )| TPFL (p, T)p — F&(s,T)| TP Ff (p, T)p?
+F (s, T)|[T]PTFS (p, T)p) ,
_ 2 ~N— — 2
QAT QAT) = 5% (sFi (s, T Ff(p. Thp
—sFJ' (s, T)|TI’TFY (p,T) — Fy'(s, T)|TI*TFy (p, T)p
+F (s, T)|T|"Fy (p, T)) - (9.29)
Moreover by (9.24) and (9.23) we have
Q.,(T) = Q. 2(1)Q.(T) (9.30)
= % (F(p,T)p—TF(p.T)) (p* — (T +T)p+ |T|)
= 7 (F¥(p,T)p* = 2TF (p, T)p* = TFy (p,T)p* + T*F¥(p, T)p
+2]TPF (p, T)p — T|TPFL (p, T))
Qes(T)™ = Qes(T)Qcs(T) (9.31)
216
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= % (P =s(T+T)+|T]?) (sFi (s, T) — Fi'(s, T)T)
= 7 ' (SPF (s, T) — 28*Ff'(s, T)T — s°FJ*(s,T)T
+sFY (s, T)T? + 2sF34(s, T)|T|> — F (s, T)T|T|?) .

This implies that

(1) = 7572 (sF(s,T) — Ff'(s, T)T) (FF(p (9.32)
—2TF) (p,T)p* — TF (p, T)p”
+T2FS (p, T)p + 2|TPFy (p, T)p — T|TFy (. T))

= 752 (sFS (s, T)FE(p, T)p* — 2sF(s, T)TFY (p, T)p*
—sF) (s, T)TFy (p, T)p* + sF3'(s, T)T*Fy (p, T)p+
251y (s, T)|TPF¥ (p, T)p — sF (s, T)T|T|*Fy (p, T)
—F (s, T)TF (p, T)p* + 2F{(s, T)T*Fy (p, T)p”
+F (s, T)|T|PFy (p, T)p* — Fi'(s, )T Fy (p, T)p
—2F (s, T)|T’TFy (p, T)p + Fi'(s, T)T*|TPF (p, T)) .

2(T) = 2 (PFi¥(s,T) — 28" FJ(s,T)T (9.33)
—s*Ff (s, )T + F(s, T)T? + 2sFL (s, T)|T|?
—F(s,T)T|T)*) (F(p, T)p — TF¥ (p,T))

= 75_2 (83F5R(37 T)FsL(p> T)p - QSQFEF(& T)TFBL(pa T)p
—s*FR (s, T\TFE(p, T)p + sFE (s, T)T*FX(p, T)p
+2sF) (s, T)|T)*Fy (p, T)p — F&'(s, T)T|T*Fy (p, T)p
—s*FR(s, T\TFE(p, T) + 2s* FL (s, T)T?FX (p, T)
+82F (s, T)|T1PFE(p, T) — sFE (s, T)T? FX (p, T)
—2sF) (s, T)|T)*TFY (p,T) + Ff (s, T)T*|T|*F¥ (p, T)) -

The statement is obtained by taking the sum of (9.26), (9.27), (9.28)), (]9_27)'[)
©.30), (0:32), ©33).

9.3.2 The F'-resolvent equation for n = 7

As it is clearly visible from the case n = 5, that there are intrinsic compli-
cations in the structure of the F'-resolvent equation. The case n = 7 shows
that it is not possible to have a reasonable closed form for the F'-resolvent
equation just in terms of the S-resolvent operators and of the F'-resolvent
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operators. Instead, the use of the pseudo S-resolvent operators allows a
reasonable structure of the resolvent equation. The point of the matter is
that in this case it is not possible to obtain a F'-resolvent equation as a re-
lation between F:2(s, T)FE(p,T), and Ffi(s,T) — FL(p, T). However, it
is possible to prove a form of the F'- resolvent equation which will be fun-
damental in the section on the Riesz projects. As before, we begin with a
technical result.

Lemma 9.3.4 (The F- resolvent equation for n = 7 with the pseudo S-resolvent
operators). Let T € BC"' (V7). Then for p,s € ps(T) the following equa-
tion holds

Ffi(s,T)S. (p,T) + Sz' (s, T)FF(p, T) (9.34)
+97[Qo (1) SE (5, T) S (p, T) Q2 (T) + Q. 2(T) SR (5, T)S . (p, T) Qe p (T)
+Q.4 (1) (T) Q. X(T)Q.,(T) + Q. 2(T)Q, 5 (T)]

= {[F7(s,T) = Fr(p. 1) p = 5 [F7(s,T) — F (0. T)] } (p* — 2500 + |s|*) ™!

Proof. First of all, we left multiply the S-resolvent equation (3.9) by 7 Q;g (T),
so that we get

Fi(s,T)Sp (0, T) = {[F(s,T) =1 Q (TS (0, T)lp —
—3[F(s,T) = Q2 2(D)S; (p. T)]} -
(P = 2s0p + |s*) 7. (9.35)
Now, we right multiply the S-resolvent equation (3.9) by 17 Q. (T

S (s, TVF(p,T) = {[wSg' (s, T)Q(T) — FF(p,T)lp
—5[7Sz' (s, T) Q. o(T) — FF (p, T)]}
(p* = 2s0p + |s|*) . (9.36)

Then we multiply the S-resolvent equation on the left by Q_;(7') and on
the right by Q,2(T)
Q;;(T)S (s T)S '(p, T)Q.2(T) (9.37)
={lQ T)Qep(T) = Qo(T)S; (p. T) Qe (T)lp
§[Q‘I(T)S (S T)Q (1) = Q.o (T)S. (., T) Q. (T)]}
(p* = 2sop + [s[*) 7
We now multiply the S-resolvent equation on the left by Q;g(T) and on
the right by Q;;(T)
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chms (s T)S Hp, T)Q.,(T) (9.38)
={[Q 7 (s,T)Q, () Q;"(T) <, ) ()]p

—s[Q;S(T)S <s7T)Qc,p< ) — Q.:(T)Sy )}

(p* = 2s0p + |s|*) 7. (9.39)

We sum (9.33)), (9.36) and (9.37), (9.38) multiplied by 77, and we obtain
Ff (s, T)Sp (0, T) + Sg' (s, T)F7 (0, T) + 17 Qe (T)Sg (5, T) S (0, T) Qe (1)

+77Q.2(T)Sg" (5, T)S. (0, T) Q. (T) = {[Ffi(s, T) — F¥(p,T)
+79785 (8, T) Qg (T) — 1 Qo2 (T) S, (0, T) + 77 Q05 (T) S5 (5, T) Qo 2(T)
79+ (TS, ( P, T)Q T +77Q.2(T) Sz (s, T) Q. (T

179 T)S, (., T)Q.,(T)] p — 5 [Ff(s,T) — Ff (p, T)

+7785" (5, T) Q. o (T) — 77ch( )SL (. T) + 77 Q.1 (T) S5 (s, T) Q. 2(T)
—17Q..(T)S}, (7T) 2UT) 4+ 779 2(T) S5 (5, T) Q. (T)

171902 (T)S. (p, T) Qo (T)] (P — 250p + |5|*) ™

By the definition of S- resolvent operators we have

R (5,7)Qp(T) — Q. UT)S (p, T) + Qea(T) Sz (5, T) Q5 (T)
—Qci(T)SLl( T)Qep(T) + Qe i(1)S5 (5, T)Qc, (1) — QA1) S, (p. T) Qe (T)
= Qo (T)(ST = T)Q)(T) — QIT)(PT — T)Q,,(T) + Q. AT)(sI — T)Q.;(T)

|
l@
87
® N
—
’ﬂ
—
/—\\_/

) )
—Q0.(D)(PT = T)Qp(T) + Q. AT)(sZ — T)Q,,(T) pI—T)QZﬁ(T)

= Q0 (T)sQ (1) — QI(T)pQ,(T) + Q. 2(T)s Qe p(T) — O (T)pQcy(T) +

Q. (T)sQ0,(T) — Q22(T)pQ.,(T)

= Qo (T)(s =) Qe p(T) + QT (s — p) Qe (T) + Qo 2(T)(s — p) Qe (1)
Hence

F7(s,T)S; (0. T) + Sz (s, T)Ff (p. T) + 17 Q0o (T) Sz (s, TS, (0, T) Qe (T)

+77Q;s(T) (s, ) H(p, T)Qc,(T) = {[Ff(s,T) = F (p.T)] p

=5 [Ff(s,T) = Ff (p.T)] } (»° —280p+IS\Q)”+%{[Q;§(T)(s—p)Q;§’(T)

+Q;§’(T)(S —p)Qe,p(T) + Q22(T)(s — p) ey (T)] p
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—5[Q (1) (s —p)Qu(T) + QAT (s — p) Qup(T) + Q. 2(T) (s — p) Q. 2(T)] } -
(p* — 2s0p + |s) "

Finally we have to verify that

17 {[Qes (1)(s = P)Qeyp(T) + Q5(T)(s = p) Qe (T)
+ch( )(5 = p)Qey (1] p = 5 [Qus(T)(s = p) Qe (T)
+Q2(T)(s — )Qcp(T) + Q. A(T)(s —p)Qep (T} (P — 2s0p + Is|*)

= —1[Qe. (1) Qu(T) + Q3(T) Q. (T) + Q. 2(T) Qe (T)].

This follows from

V7 {19 (T)(s = p) Qe p(T) + Q2 (T)(s — p) Qe p(T) + Q2(T) (s — p) Qe p(T)] p
—5 Q. (T)(s p)chZ(T) Q. 2T (s —p)Qup(T) + Q2(T)(s — p)Qu2(T)] } -
(p* — 2sp + |s*) "

=97 [Qes(T)(sp — p*) Qe p(T) + Q. 2(T) (sp — p*) Qe (T)
+Q.2(T)(sp — p*) Qe p(T) — Qo4 (T)(5s — 5p) Q. y(T)

— Q. N(T)(5s — 5p) Q. (T) — Q. 2(T)(5s — 5p) Q. 2(T)] (p* — 2s0p + |s|*) "
=97 [Qus(T)(sp — p* — 55+ 5p) Qo (T) + Q. 2(T)(sp — p* — 55 + 5p) Q. ,(T)
+Q. AT (sp — p* — 55 + 5p) Qo 2(T)] (p* — 2s0p + [s]*) ™"

= —7[Qus (1) Qo (T) + Q3TN Q. (T) + QAT) Q. (T)].

c,p
0

The results of the previous lemma allows us to obtain the so-called
pseudo F'-resolvent equation for n = 7.

Theorem 9.3.5 (The pseudo F'-resolvent equation for n = 7). Let T' €
BC*Y (V). Then for p,s € ps(T) the following equation holds
FR(S TS (. T) + Sg' (s, T)F¥(p, T) (9.40)
77 [Qus (T)SR (s, )y (p, T)p* — Q.5 (T) SR (s, T)TEy (p, T)p
— Q. (1)S (s, T)TF7 (p, T)p + Qo5 (T) Sy (5. T)|T1*F7 (p, T)
+5*F (s, T)S; (p, T) Qe (T) — sF7 (s, T)T S (p, T) Qe (T)
—sFf (s, T)TS; (0. T) Qe (T) + Ff'(s, T)|T1*Sp (0, T) Qo (T)
+Q. (D) Ff (p, T)p — Qi (T)TFf (p,T)
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+sF7 (s, T) Qg (T) — Ffi(s, T)T Qe (T)] + 47 *[* B (s, T) Fy (p, T)p’
—s"F7 (s, T)TFf (p, T)p* — s*F'(s, T)TFy (p, T)p’

+8>Ff (s, TYT*Fy (p, T)p* + s Ff' (s, T) Ff (p, T)p[|T|* = p(T +T)]
—sFf (s, T)TFy (p, T)IT]® — p(T +T)] — s F*(s, T)TFy (p, T)p -
IT]? = p(T+ 1))+ s* (s, T)T*Fy (p, T)|T]* = p(T + 1)

+ [|IT]? = s(T+T)] s (s, T)FF (p, T)p* — [|T|* — s(T +T)] sF¥(s,T)T -
Fr(p, T)p* = [|IT]? = s(T + 1)) Ffi(s, T)TF; (p, T)p* + [|TP — s(T +T)] -
Ffi(s, T)T?Ff (p, T)p* + [|T? = s(T + T)] (sF{'(s, T)F{ (p, T)p
—sF (s, T)TFy (p, T) — F'(s, T)TFy (p. T)p + Fy'(s, T)T*Fy (p, T)) -
(IT)> = p(T +T)]

={[F7(s,T) = Ff (0. 1) p = 5 [F7(s,T) — B (p. T)] } (0 — 2500 + |s[*) ™!

Proof. We use the F'-resolvent equations (9.18) and (9.19) withn =7

Fr(p,T)p = TF (p, T) = 17Q.(T), (9.41)

sEf (s, T) — Ff'(s, T)T = v Q.2(T). (9.42)

Now we substitute (9.41)) and (9.42) in the equation of Lemma [9.3.4]
We go term by term

Qes(T) 'S5 (s, T)S; M (p, T) Q. 2(T) (9.43)
= Q. (1)Sy' (s, T)(PT — T) Q. (T)

= Q.,(T)Sy ( ) ( )p— ch( )Sz' (5, T)TQ,(T)

=7 { Qs T) [Ff(p,T)p — TF} (p,T)] p

—Q.:(T)Sy ( ) [ " (p, )p TF!(p,T)|}
=77 [Qoa(T)SE (s, TV Ff (p, T)p* — Q.1 (T)Sy' (s, T)TF¥(p, T)p
—Q (T)Sg! (s, )T F} (p. T)p+ Q. (T)Sg' (s, T)|T|*Ff (p. T)] ,

cdT)Sg' (s, T)S; (p, T) Q. (T) (9.44)
—ch( (sT—T)S;'(p.T)Q,2(T)
=59, 2(T)S; (0, T)Q.2(T) — Q. T)TS, (p, T) Q. A(T)
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=7 {s [sFf(s T) FE(s,T) } Yp, T)Q2(T)

— [sFR(s,T) — FF(s, T)T| TS; " Zﬁ(T)}

=" [82F7R(S7T) Y, T)Q, ()—8F7 (s, T)TS; (p, T) Qe p(T)
—sFl(s, T)TS; (p, T)Q;X(T )+ FR(s, TS (5, TYQZ(T)]

P
-1 -3 _ -1 1 L
Qc,s (T) Qc,p (T) =7 (Qc s (T) F7 (p7 T)p Q c,s (T)TF7 (p7 T)) (945)

Q. UT)Q ) (T) = 7' (sFF (s, T)Qep(T)— FF(s,T)TQ.p(T)) (9.46)

Now, since

QAT)QUT) = ~72 [sFf (s, T)F¥(p,T)p — sFf (s, T)TF¥(p,T)
—Ff(s, T)TFF(p, T)p + FF (s, T)T*FF (p, T)]
we get

QAT QHT) = Qe o(T)Q T Qe (T) Qe p(T) (9.47)
= (" =s(T+T)+|T))Q. (T ) ( )(p* = p(T +T)+|TJ?)
=5°Q. (1) Q. (T)p° +SQCS S(T) (IT)? = p(T+T))
+ (T =s(T+T)) Q.3(T)Q +(IT? = s(T+ 1))
Q. (T)Q(T) (IT? — p(T + T))
=7, 2 {SF (s, T)F} (p, T)p® — s’ Ff¥(s, T)TF} (p, T)p?
—s*FF (s, T)TFF(p, T)p* + s Ff (s, T)T* Ff (p, T)p?
+5° Ffi(s, T)FY (p, T)p[|T|> = p(T + T)] — s’ (s, T)T F (p, T)
I T)? = p(T +T)] = s*Ff(s, T)TFy (p, T)p[|T|* = p(T + T)]
+5° (s, T)T*FF (p, T)|T|* = p(T' + T)] + [|T)* = s(T +T)]
sEf (s, T)FF(p, T)p* — [|T” — s(T +T)] sFi(s, T)TFf (p,T)p*
—[IT)? = s(T +T)] Ff(s, )TFF(p, T)p* [|T)? — s(T +T)] .
+E (s, T)T*Ff (p, T)p* + [|T]* = s(T +T)] (sF¥(s, T)F¥ (p, T)p
—sFf (s, T)TF7(p,T) = F{'(s, )T F (p, T)p + Ff'(s, T)T*F7 (p,T)) -
J(IT)P = p(T+T)]}.

Taking the sum of (9.43)), (9.44), (9.43), (9.46) and (9.47) we get the

statement. O]
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9.4 The Riesz projectors for the F-functional calculus
forn=>5

In this section we study the Riesz projectors for the F-functional calculus
for n = 5. This case is contained in the general result, see next section,
but the explicit computation that can be done in this particular case shows
the path for the general case and why we have introduced the pseudo F'-
resolvent equation.

We recall two preliminary lemmas that will be useful in the sequel and
in the next section.

Lemma 94.1. Let B € B(V,,). Let G be a bounded slice Cauchy domain
and let f be an intrinsic slice hyperholomorphic function whose domain
contains G. Then for p € G, and for any J € S"~! we have

1 _
o f(s)dss(5B = Bp)(p" — 2sop + [s*) " = Bf (p).
T Jaancy)

In this section we give an answer to [41, Rem. 5.5]. Indeed, we prove
that due to the equations proved in the previous section we can generate the
Riesz projectors for the F'-functional calculus. We begin by recalling the
definition of projectors.

Definition 9.4.2. Let V,, be a Banach module and let P : V,, — V|, be a
linear operator. If P? = P we say that P is a projector.

Theorem 9.4.3. Let T ¢ BC*'(V;) be such that T = Z?:l e/Ty. Let
0s(T) = 051(T) Uosa(T) with

dist (05,1(T), 052(T)) > 0

and with
o(T;) CR foralll =1,...,5.

Let Gy, G be two admissible sets for T' such that 05,(T) C Gy and G, C
Gy and such that dist (G, 052(T)) > 0. Then the operator

. 1 1
P = —/ FE(p, T)dpp* = —/ stds; Ff (s, T)
15(27) Jonnc,) ¥5(27) Jo(canc,) i

is a projector.

Proof. If we multiply the F'- resolvent equation in Theorem by s? on
the left and p? on the right we get
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s (s, T)S, (p, T)p® + s*Sz' (s, T)FY (p, T)p*
+y5 ! (s"F (s, TV FY (p, T)p* — 35 F'(s, T)TFY (p, T)p’
—3s*Ff (s, T)TFX (p, T)p* + 35 Ff¥(s, T)T*F (p, T)p®
—25*Ff (s, T)|TI*TFy (p, T)p* + 25° Ff¥ (s, T)|T " F (p, T)p?
—25*F5'(s, T)|T|*TFy (p, T)p* + s*F3'(s, T)T* Fy (p, T)p’
+ +s Fi' (s, T)|T"TFY (p, T)p* + s°Fi'(s, T)|T*TFy (p, T)p’
+82FE (s, T)|T|*FE(p, T)p* + s> Fi (s, T)FE(p, T)p®
—*Ff (s, T)TFf (p, T)p® + 25° Ff (s, T)T* F (p, T)p*
SR TR T 4 292 FE s TYT P T
+5° iU (s, T)F (p, T)p® — s Ff¥(s, T)TF (p, T)p?
+25' Ff (s, )T FY (p, T)p* — $*F (s, T)T*FL (p, T)p?)
= S {[F(s,T) = F(p, T)lp. — 5[F3(s,T) — Fi (p, )]} -
(p* — 2s0p + |s]*)'p?
Now, we multiply the equation by ds; on the left, integrate it over 9(Gs N
C,) with respect to ds; and then we multiply it by dp; on the right and —
integrate over 0(G1 N C) with respect to dp;, we obtain
/ s, P (s 1) [ ST (v, T)dpsp® + s S (5.T) [ FE(p, T)dpp?
8(GaNCy) a(G1NCy) 8(GanCy) a(G1NCy)
3! ( Ji stds 1, T) FE 0. T)dpsp* ~3 | stds (s, T)T FE(p, T)p?
9(G2nCy) a(G1NCy) 9(G2nCy) 9(G2NCJ)
3 s R s rL 4 33 s R s 2 rL 3
3/a<sz<cJ> Al T)T/a(cmcz)F“’ (b Tdpsp +3/@(G2mc,) dos (s )T /a<GmCJ>F° b T
~2 [ s*ds s P (s, T)|T|2T F 0. T)dps? +2 | s s TP | FE(p, T)dpsp®
8(GaNCy) a(G1NCy) 9(G2NCy) 8(G1NCy)
2/ s2dsy Ffi (s, T)|T|*T Fsl“(p,T)dpJp3+/ s3dsJF5R(s,T)T2/ FE(p, T)dp p®
a(G2NCy) a(G1NCy) a(G2NCy) a(G1NCy)
+/ s3ds  Ff (s, T)|T|*T FE(p, T)dp p* +/ SQdSJF5R(s,T)|T\2T/ FE(p, T)dp yp®
9(G2nCy) 8(G1nCy) 8(G2nCy) a(G1nCy)
+f sds s, T | F (0. T)dpsr® + [ s*dsy (s, T) FE(p, T)dpp®
8(G2nCy) 8(G1nCy) 8(G2nCy) a(G1nCy)
/ 2dSJF5 (s, T)T FsL(p7T)dpJp5 + 2/ 52d51F5R(s,T)T2/ F5L(p7 T)dpJp4
9(G2NnCy) 8(G1NCy) 8(G2nCy) 9(G1NCy)
/ s2ds FE(s T)T3/ FE(p, T)dpp® +2/ stSJF5R(s,T)T2\T|2/ FE(p, T)dp ;p*
8(G2NCy) a(G1NCy) a(G2NCy) a(G1NCy)
+/ s5ds Ff(s,T) FE(p, T)dpp® 7/ s5dsJF§(s,T)T/ FE(p, T)dp yp?
8(G2nCy) 8(G1nCy) 8(G2nCy) a(G1nCy)
+2 /a(szCJ) 84dSJF5R(S,T)T2 /a(Glch)F5L(p7T)dp‘]p2 - /{)(G2m¢:J) sgds‘]F5R(s7T)T3 /a(Glm(cJ) F5L(p,T)dpJp2>
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-/ as, [ @ {[FR .7~ FE . D)l — SR (5, T) — FE . T)]} (07 — 2500 + 7)™~ dp ™
9(GaNCy) 9(G1NCy)

From Lemma |9.2.18| the expression simplifies to

1 1 1 1
v5(2m)% — (—/ stds, P} s,T>—(—/ FE(p, T)dp p4)
s(2) Y5 \27 Jayne, 155 1) 5 \2m Jane, #.T)ps
— [ s R {IEMT) - B Dl - sIFT) — BT}
A(G2nCy) o0(G1NCy)

(p* = 2s0p + |s|*) "'p*dp,.
By definition of projectors we have

(2m)? 5 _ 2 R _ L
= ds, s {[F5'(s,T) — Fy'(p, T)lp

75 a(Gzﬁ(CJ) 8(G10(CJ)

—3[F4(s,T) = Fy (p, T)]} (p* — 2s0p + [s[*)~'p%dp.s.

Now, we work on the integral on the right hand side. As Gy C Gy, for any
s € 9(G5 N C,) the functions

p = p(p® — 2s0p + [s[*) 7,
p = (p* = 2s0p +|s*)'p?
are slice hyperholomorphic on G;. By Lemma|3.1.19| we have

/ p(5? = 2s0p+ |52) " dpp? = 0,
A(G1NCy)

/ (p* — 2s0p + |s[*)"'p*dps = 0.
B(Glﬂ(CJ)

This implies that
/ dSJ/ stff‘%(s,T)p(p2 — 250p + |s|2)_1dpJp2 =0
0(G2nCy) 0(G1NCy)
and
/ dSJ/ s25F R (s, T)(p* — 2s0p + |s[*) tdpyp? = 0,
8(G2NCy) 8(G1nCyy)

from which we deduce

(27)2 52 2 — L L
— P = s°dsy [5F5 (p,T) — F5(p, T)p
Vs d(G2NCy) 8(G1NCy)

(p* — 2s0p + |s|*) 'dpsp®.
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From Lemma with B =: F¥(p,T) and f(s) := s* we get

3 1 §
pP? = / FE(p, T)dpp* = P.
2m)s Jone,)

]

The above computations can be generalized to study the general case
where, however, we have to consider separately the case in which the Sce
exponent is even or odd.

9.5 The F-resolvent equation for » odd

Following the strategy used in the cases n = 5,7 we can now write the F'-
resolvent equations in the general case, involving the pseudo S-resolvent
operators when it is not necessary (or possible) to replace the F'-resolvent
operators. Using the pseudo S-resolvent operators there are interesting
symmetries that allows to use the F'-resolvent equation for further appli-
cations, among which to compute the Riesz projectors. We start by stating
a technical result which generalizes Lemma[9.3.2]and Lemma[0.3.4]

Lemma 9.5.1 (The general structure of the ['-resolvent equation with the —
pseudo S-resolvent operators). Let n > 3 be an odd number, and let h =

2=L be the Sce exponent. Let us consider T € BCY(V,,). Then for p,s €

ps(T') the following equation holds

FR(s T)S*l( T)+ Sg' (s, T)EX(p,T) (9.48)
Z Q h+z+1 (S T) ( Qc; 1 _,_Z Q h+z (T)
= {[Ff $,T)— Fr(p,T)|p—5[Fis,T) - Ff(p,T)}} (p* — 2s0p + ||~

Proof. We left multiply the S-resolvent equation (3.9) by ~, Q. (T

El(s,T)S (p,T) = {[E(s,T) =7 Q.0(T)S, (p, T)p (9.49)
—5[F(s,T) — Q. (T)S; ' (p, T)] } -
-(p2 — 250p + |S|2)_1

and we right multiply it by ~, Q;jj(T), so we get

S (s, TVFr(p,T) = {[wSz' (s, T)Q(T) - Fr(p,T)lp (9.50)
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(9.51)
—5[1 Sy (5. T) Qe (T) — Fy (p, T)]} -
(p® = 2s0p + |s*)
We now multiply S-resolvent equation on the left and on the right by
Q_M1H(T) and Q_7~'(T), respectively. Then, we sum on the index 0 <
t < h — 2 and we obtain
h—2
> QTSR (s, T)S,  (p, T) Qi (T) = (9.52)
1=0
-2
{ D QTSR (5. T) Qe (D) = QTS (0, 1) Qe (D) | p
=0
h—2
—3 Z Q h+1+z (8, T) Q;;_I(T) . Q;;H_I_H(T)Sgl(p, T) Q;;_I(T> }
(r* — 280p+ [s1)~
Now we sum (9.49), (9.50) and (9.52) multiplied by ,,, and we get
F (s, T)SE (0, T) + Sg' (s, TV E (p,T) (9.53)
h—2
=+ Q;?”“(T)S (5,7)8. ' (p, T) Qe (1)
=0
h—2
+9 S5 (5, T)Qep (T) = Fr(p,T) + 7 Y Qo™ (1) SR (5, T) QM (T)
i=0
—Q. TS (P T)Q., (T)] p
=5 [F(5,T) = Qe (T)S; (0, T) + 7Sg ' (5, T) Qe (T) — Fyy(p, T)
h—2
7 )t TSR (5, TV QTN (T)
=0
— QT (D) ST (0. T) Qe ()]} (07 — 2s0p + |s*) 7
Putting in order the terms in the right hand side of the previous equation
we get
227
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FR(S T)S—l( T)+ Sx'(s, T)EX(p, T) (9.54)
+%ZQ TS (5, T) ST (0, T) QoM (T)
= {[Ff 5, T) = Fy(p,T)] p—5[F (s, T) = Ex(p, T)] } (p* — 2s0p + |s]*)
+Yn { Sit(s, T)Q (1) — Q. ¢(T)S; (p, T) + hi QTSR (5, T)-
Q. NT) - Q;ﬁ’““( ) Hp, T)Q:, (D) p—ZZEO[S%s,T)QC,S(T)
QIS )+ 3 Q) S s T QD)
QD) T)QL (Y] 0 — 2sap + o)
Now, using the definition of left and right S-resolvent operators we get
S*1<s 1)Q.,(T) — Q. 2(T)S; ' (p.T) (9.55)—
+ Z Q. IHH(T) S (5, T) Q™ (T) Z QI (TS (p, T) QM (T)
= ch( V(T —=T)Q.(T) — Q. X(T)(pT — X T)Q.,(T)

+Z Q h-i—z SI T Q i— 1 Z Q h+1+z pI _ T) Q;;_z(T)

+ Z QT (sT - T) QT — Qa(T)(pT —T) Q;;L(T)

—zg—hﬂﬂ (4T~ T) Qi 7*(T)
= ch( )(s = p)Qey (T) + Qi (T)(s —p)QZ,;(T)
+ Z Q h-i—z SI T Q i— 1 Z Q h+1+z pI _ T) Q;;_z(T)

- Q;;<T><s—p>Q;;< )+ Q. MT ><s—p>Q;;<T>
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h—2

+ i QC—;LH( )(sT —T) Q‘Z YT — Z Q;?—&-z’(T) (I —T) Q;;_I(T)
= QZi( )(s = p)Q:(T) + QT (s — p) Q. 1(T)

. Z QM) (s = p) Qe (T)

= Z QT (s — p) Qi (T).

Then we compute

o { [5—1(3 T)Q M (T) — Q- NT)S ' (p, T)

+ Z Q h+1+z (S T) Q;;ﬁl(T) . Q;g+1+i(T)Sgl(p’ T) Q;Zz‘;l(T> D
—5 [Sgl(s,T) Q.MNT) - Q. ) + Z QTSR (s, T)-

Q. NT) — Q. (TS (p, T QN (T >]}<p — 2sop + [s])"

=D QD)) = 3p) Qe (D) | (07 — 2sop + |s[*)7

h—1
= Tn [ZQZ,?“(T)(SP p* =18 +5p) Qe (1) | (0 — 2s0p + [s]*)

= = Y QuLT(T)Quy (T)(0* = 250p + |s]*) (0 — 2500 + |s]*) !
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h—1 '
== Y QIT)Q,H(T).
i=0
Hence
T { [S (5, 1) Qe (T) — Q. (T)S, (0, T) (9.56)
4 Z Q h-‘rl—i—z (S T) Q—z I(T)
—Q‘h““(T)S '(p, T) Q;;‘1<T)] p—5[Sz' (s, T)Q(T)
~Q./(T) ) + Z QI (D) SR (s, T) Q51 (T)
—Q_H”Z(T)S (p, T) Qc,; HD)]} (0° = 2s0p + [s*)
__’VHZQ h+z Qc;) 1( )
Finally, by substituting (9.56)) in (9.54) we get (9.48). O
Remark 9.5.2. Equation (9.48)) generalizes (9.20) and (9.34)). Indeed if we
put n = 5, then h = 2 and we get
FR(S TS (0, T) + Sp' (s, T)FE(p, T) +
Vs Z Q. (T 1)S. (0. T )+ Z Q. (T)Q, (1)
= {[F5R (s.T7) = Fy'(p. T)] p = 5 [F5(s.T) — F5L(p, T)}} (p* — 2s0p + [s[*) "
By developing the computations we obtain
Fi'(s,T)S; (p.T) + Sg' (s, T)Fy (p, T)
+95 [Qes (T)Sg (5. 1) S (0. T) Qe (T) + Qi (T) Qe p(T) + Qe s (1) Qe (T)]
= {[E(s,T) = F5 (0, T)lp = 8[F5'(s,T) — Fy'(p, T)]} (9 — 2s0p + |s*)
which is exactly (9.20).
Now if we put n = 7 in (9.48), then h = 3 and we obtain
F'(s, T)S; (p.T) + S (s, T)F7 (p, T)
1 2
7 [ QoI (TSR (s, 1) (. 1) Qo (1) + ) Q.M (T) Q. H(T)
i=0 i=0
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={[F'(s.T) = Ff(p. 1) p = 5 [Ff(s,T) = Ff (0, T)] } (0 — 200 + |s[*) ™
By developing the computations we get

Fi(s,T)Sp (0. T) + Sz (s, T)Fy (p, T)

+77[Q (1) SR (s, T)Sp (0, T) Qo (T) + Qs (T) SR (s, T) S (0, T) Q. (T)

+Q. (T Q,(T) + QAT Qo (T) + Qi (T) Q) (T)]

={[F(s.,T) = Fr(p.T)] p = 5 [F'(s,T) = Fy (0, )] } (0° — 250p + [s|*)

which is exactly (9.34).

Remark 9.5.3. The proof of the previous lemma shows that the structure
of the resolvent equations of the hyperholomorphic functional calculi is
crucial. In fact the term

{[Fs,T) = Fr(p, 1) p— 5 [F[(s,T) — FX(p,T)] } (p*—2s0p+|s[*) !

involves the difference of the F'-resolvent operators entangled with the
Cauchy kernel of slice hyperholomorphic functions. This term is equal
to a function involving the products of the F'-resolvent operators and of the
S-resolvent operators that appear in the term

F(s,T)Sp (p,T) + Sg' (s, T)Fy (p, T)

and of a more complicated part that involves the S-resolvent operators and
the pseudo S-resolvent operators, namely

h—2

Yo | D QTN T) SR (s, TS, (p. T) Qo (T) +ZQCQH Q. N(T)

=0
In order to find a pseudo F'-resolvent equation we divide into two cases

-1
according to the parity of the Sce exponent i = nT To state the follow-

ing result we introduce this notations

Ao(s,p,T) : = —s"F (s, T)TFx (p, T)p" " — " Fi (s, T)TF\ (p, T)p"

_|_
®
T
-z
w
=
[+
/N
=
Zel

) (I — 2Top)* F (p, T)p" 2"

2 [t
—s"F(s,T) ( 2 )(|T|2—2Top)’“TFf(p7T>ph”’“
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2. [h=1
— "N, T) Y ( z )T(T|2—2Top>ka(p,T>p“k

Z [h-1
+ " T ER (s, T) ( z )T(T|2—2Tgp)kTF,f(p,T)ph_1_2k,

|
-
>

|
-

5 h—1 2 [(h-1
Bo(s,p,T) : = < : >s“kF5<s7T><|T2—2Tos>’“ ( ; )<|T| — 2Top) Fy (p, T)p" "
k=1 k=1
h—1 h—1
2 [h-1 2 [ h-1
- ( z )s“‘“Ff(s,T)(lTl22Tos)k ( ; )(Tl = 2Top)*TF, (p, T)p" "
k=1 k=1
h—1 h—1
2 h—1 2 h—1
- ( z >s““Ff<s7T> (IT[* — 2Tps)* ( 2 ><T| — 2Top) F (p, T)p"
k=1 k=1
h—1 h—1
2 h—1 2 h—1
+ ( z )sh‘%‘lFf( T)T(T|* - 2Tps)" ( H )(TF2Top)’“TFf(p,T)ph‘1‘2‘“ :
k=1 k=1
and —
h=1
Co(s.p, T) : = b TR TP - 2T0s)" | F (0, TP

s"TITR RN (s, T)T(|T - 2Tos)* | Fr (p, T)p"

_ 2<H>Sh2kF5(s,T>(|T2zTos)’“T Ey(p, T)p" ™"

h—1
2 1

+ Z( : )ShI%F,f(s,T)TuTF2Tos)’“T Fy(p, Typ" "
k=1

9.5.1 The general structure of the pseudo F'-resolvent equation for /
odd

The main result of this subsection is the following theorem.

Theorem 9.5.4 (The general structure of the pseudo F'-resolvent equation
for h odd number). Let n > 3 be an odd number as well as h. Let T €
BC%*(V,,). Then for p, s € ps(T) the following equation holds
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9.5. The F-resolvent equation for n odd
FR(s,T)S; (p,T) + Sp'(s, T)FL(p, T) (9.57)
h—2
T SZQCQ—H c; _SZQ h—H TQ - 2( )
h—2
_ZQ;?+Z( )TQ’LQ p+ZQ h+z TQ22( )
i=0
h—1 }
+ o) (ML)
i=0,i£151
9, [ $"FE (s, T)EE(p, T)p" + Ao(s,p, T) + Bo(s,p. T) + Co(s,p,T)]
= {[FX(s,T) = Fr (0. 1) p =5 [F(s,T) = Fyr (0, T)] } (0 = 2s0p + [s]*) 7,
where the three terms Ao(s,p,T), Bo(s,p,T) and Cy(s,p,T) are defined
above.
Proof. We start by rewriting formula (9.48) as
Fi(s, T)Sfl( T)+ Sg' (s, T)Fy (p,T)
h+z+1 i—1 *% *%
Z o R (8T8 (. T)Quy (T + Q™ (T)Qep” (T)
+ Z Q h+z (T)
i=0,i#£ 5= h—
={ [Ff(s, T)—Fr(p,T)]p—3 [Ff(s,T) — EL(p,T)]} (0 — 2s0p + [s*) !
Bt
Now, we focus on the term Q. s> (T’ )QC » ( ) and with some manip-
ulations we obtain
—htl —htl —htl h—1 _1-h
Qc,32 (T) Qc,p2 (T) - Qc,s 2 (T) QC,SS_T(T) Qc,s2 (T) :
_1-h _ho1 _ht1
Qep® (T)Qep® (T)Qep” (T)
_1-h _1-h
= Q. N(T)Qes? (T)Qep” (T)Q,(T).
By the binomial formula we get
233
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Qus® (T)Qup? (T ) = Q:(T)s 2T 95Ty + TT) "7
(p°T — 20Ty + TT) "= Q. M(T)

h—1

= /b1
— QC_Q(T) Z ( li: )sh_l_%(|T|2 — 2Tys)k

h-1
(7 ) -2z ) ozt

(1T = 2Top)*p" 2% + p"~ | Q.M(T)

)
= Q. M(T) ( h=1 4 Z ( )sh—l—2’f(|T|2 — 2Tps)"
)

h—1

> /b1
= QMO 40 [ X (7 ) (P - 2t

k=1

h—1

~ (S 2 k
sy ot [ () - o)

k=1

h—1

Q..
ITI2 2Top)Fph—t—2*
k=1
Q..

sy Q) |30 )T - 2me)t | @bt

k=1
Now, we use the left and right F'-resolvent equations, (see Theorem [9.3.1])
Fy(p,T)p—TFy(p,T) =1 Q. 1 (T)

and
sFR(s,T) — Ff(s,T)T = %Q;Q(T).

We go through the computations term by term
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ST Qe (T 9.58)
=9 ["F (s, T)Fy (p, T)p" — " F (s, T)TFy (p, T)p" ™
—s" LB (s, )T Fy (p, T)p" 4 8"V (s, T)T?F (p, T)p" '] .

Then we consider

h—1

S9N (

k=1

1

||
>

-1

) (TP - 2Top)F QM (T2

vl

h—

[

T /he1
= %" |S"EsT) ) ( H )(lTI2 — 2Typ)* FY (p, T)p" "
k=1

h—1

—1
—s"Fi(s,T) )(|T|2 — 2Top) T Fy (p, T)p" 1"

gt
[V
A
N
>
|

>

-1

v ‘

h=1
h 1FR S ( ]i ) ‘T‘2—2Tp) FL(p,T)pthk o

D‘??‘

M\ Il
=

;_n

T)

h1

+s" TR (s, T) Y ( ; ) (IT]? — 2Top)*TEL (p, T)p" '~
=1

Then we compute the term

(; <é>8h12kQ“Q(T)(|T|2 B QTos)k) (; ( H )(IT2 - 2Top)ch,Z(T)ph12k)

I
2
3
[V
L e |

>
vl

el
Il
-

h
2

s"TERER (s, TY(|T? — 2T0s) ) ( ( ) (|T* = 2Top)*TFE (p, T)p"~~ zk)
k=1

=S \T|2 — 2Top) " Fx (p, T)ph_%)

>
|
-

>
vl |
-

|
I
iNgl
VRS VRS VRS
>
ww‘\
-

e
Il
-

s \T|2 — 2Top)*TF (p, T)p“%)] :
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We have also
h—1
~ (5 2k o 2 k —h h—1
(7 ) - 2me)t | @by
k=1
h—1
2 /h-l
=2 < ]i >3h2ka(3, T)(|T|? — 2Tys)* | EX(p, T)p"
k=1
h—1
2 /bl
— ( /3; )sh%Ff(s,T)ﬂT\z —2T0s)*T | FE(p, T)p"*
k=1
h—1
2 /bl
(S (7 ) (e - 2t | £ T
k=1
+ (?) PIRER(s, TYT(|T? — 2T08)*T | F(p, T)p" ™!
k=1
Finally by using the definition of left and right S-resolvent operators we get
h—2
Y QuHT)SE (5. TS (0, T) Qe (1)
=0
h—2
=D Q)T —T)(wI - T)Q., (1)
=0
h—2 h—2
=5y QUM()Q, ATy —sy Qi (I)TQ, (T)
1=0 =0
h—
=D QT (T p+ZQ"‘“ )T Qi 4(T),
1=0
and this concludes the proof. 0
9.5.2 The general structure of the pseudo F'-resolvent equation for /
even number
In this last subsection we consider the case in which h = (n — 1)/2 is an
even number. To state the following result we need these notations
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Ai(s,p,T) : = =s"F (s, T)TFy (p, T)p" " = "' (s, T)TFyy (p, T)p"
+ 8" TE (5, T)T?F (p, T)p" ™!
and
52
P h—2
Bi(s,p,T): = s"F(s,T) Y ( ; >(|T| — 2Top)" Fy (p, T)p" "
k=1
h=2
h R . h72 L h—1—2k
—s"F(s,T) Y (IT1* = 2Top) T Fy (p, T)p
k=1
h=2
7 (h=2
—s" TR (s, T) ( z >T(T|2—2T0p)kp,f(p,:r)p“’“
k=1
h—2
7 (h=2
+ 5" TR (s, T) Y ( ; >T(T|2—2Top)kTFnL(p,T)ph1%
k=1
and
22 52
h=2 h=2
Ci(s,p,T) := ( ; )sh‘“Ff(s,T)(lTF—2Tos)k ( H )(T|2—2Top)’“F$(p,T)ph‘2’“
k=1 k=1
% h=2 h—2k R 2 k % h=2 2 k L h—1—2k
- v |5 T E (s T)(TI” ~ 2Tos) > o JUTE = 2Top) " TE, (p, T)p"
k=1 k=1
h—2 h—1
2 [ h-2 2 [h=2
- ( H >sh‘2’f‘1Ff(s TT(T| - 2Tps)" ( : >(|T2—2Top)’“Ff<p,T)ph‘2’“
k=1 k=1
r2 =)
> = h—2k—1 R - ho2 2 k L h—1—-2k
+ L Fy(s, T)T(|T|* — 2Tos)" o JUTF = 2Top) " TEY (p, T)p
k=1 k=1
h=2
> [h=2
+ ( Z )sh_%Ff(s,T)(TIQ—?TOS)k Fy (p,T)p"
k=1
h=2
2 [h=2
- ( ; )Sh%Ff(S,T)(TIQ—QToS)kT Fy(p,T)p" "
k=1
h=2
> (h=2
- ( Z >sh_1_2ka(87T)T(IT|2—2T08)k Fy (p,T)p"
k=1
h=2
2 [h=2
+ ( ; >sh12’“F5(8,T)T(|T|2—2Tos)’“T Fi(p, T)p" ™"
k=1
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Theorem 9.5.5 (The general structure of the pseudo F'-resolvent equation
for h even number). Let n > 3 be an odd number and h be even. Let
T € BC™ (V,)). Then for p, s € ps(T) the following equation holds

Ei(s,T)S; (. T) + S (5, 1) Fy (p, T) (9.59)

_ht2 . _h2 _h+2 ht2
i [sen P @m0 - 0 (0T (1
__ h+42 }L+2
+Qes (DT Qup® (T) + Z QT Q. (T)
h—2 h—2
ts Y QMMM —s Y QUIT(ITQ, AT
i=0,i£152 i=0,i£152
Z Q—h—H TQZQ p+ Z Qh-H TQZ2( )
i= Oz;ﬁh 2 = Oz;éh 2

+77;1 |:Al<87p7 T) + Bl<87p7 T) + Cl(sap7 T) + ShFr]L%(& T)F7f<p7 T)ph]

= {[Fr}f(S’T) - Frf(p7T)i| b= S [Ff(S,T) - Frf<p7T>i| } <p2 - 280p + ’8’2)717 o
where the three terms Ai(s,p,T), Bi(s,p,T) and C,(s,p,T) are defined
above.
Proof. Let us begin by writing formula (9.48) as

ER(s,T)S; (p,T) + Si' (s, T)EX(p, T)

_h
9 | Qed (T)SH (s, T)S (p, T) Qe (T) + Z QTSR (5, T)-
i= Oz;éh
St (p,T) ) + Z Q. IT(T)Q., (T)
= {[Fn <S7T) - F,f(]%Tﬂ p— 5 |:Fn (87T) - Frf(va)}} (p2 - 280p+ |8’2)_1
_h
Now, we focus on the Q.2 (T)S5" (s, T)S; " (p, )Qcp (T"). By definition
of left and right S-resolvent operators we get
_h
Q.2 (T)S5 (5. T)S; (p. T) Qo (T)
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= Q.. (T)(sT —TYpI —T)Qep? (T)

_ht2 _ht2 _h+2 __ _h+2 _h+2 _  _ht2
= 50t (T)Qey® (T)p— $Qun® (T)TQip? (T) — Qun® (TVTQey® (T)p
+0..7 (T'T’Q.,* (T).

ht2
We continue the calculations only on the term sQ. 2 (T )Qcp ( )p-

By the binomial formula we get

$Qun? (T)Qup? (T (T = QN (T)('T = 26Ty + TT)'

(0T — 2Ty + TT) "= Q. (T)p
h—2
=sQ,MT) 22: %) s"T22R(|T)? — 2Tys)*
c,s k
k=0
R
> ( ; >(|T|2 — 2Top)*p" > | Q. M(T)p
k=0
h—2
2 /h=2
—sQ i) |2 3 (7)o T - e
k=1
|
> ( ; >(|T|2 — 2Top)*p" 2 4 "2 | Q0 (T)p
k=1
h—2
/2
— QDL 40 [ Y ()T - 2y
k=1
|
Q)+ Q) (30 (7 )T - 2ty
k=1
e
> (7 ) - 2wt | ot
k=1
h—2
2. /2
+OHm) [ X (7)o - 2 | @i
k=1

Now, we use the left and right F'-resolvent equations in Theorem [9.3.1
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and we go through the computations term by term

SO MT)Q (T =, 2 [s"F R (s, T)FE (p, T)p"
—s"FR(s, T)TFE(p, T)p" ™" — s" ' FER(s, )T FX (p, T)p"
+s" T ER (s, T)T*EE (p, T)p" ],

and

g
) (307 )T - eyt

5 b2
=77 |s"F (s, T) Z( ; >(|T|2 — 2Tyop)" F (p, T)p" 2
k=1

>
v |

S"TERRR s, T (|T ) —2Tos)k) (2 <h 2>(|T| — 2Top)* T FE (p, T)phl%)

R
) ( < : )(IT — 2Top)* F, (p7T)p”‘_2'“)
s“k1Ff(s,T)T(T|2—2Tos)k) ( <h,§2>(|T — 2Top) TFL(p,T)p“Q’“)],

240

>
Il
—

>
|
N

=
v |
M)

|
Eod
[0+
/N /N /N
&>
o
[ \v)

>
Il
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and the other term
h=2

2 h—2
2 <?>8“2’“QQ§L(T)(|TI2 —2Tps)" | Qup (D"

i
I

>

h—2
2

h=2
Z) LR (s, TY(T = 2Tos)" | FE(p, T

\
no
1
T
—

>
|
N

7 /b2

_ ( z > h— 2kFR (s, T (‘T‘Q_QTOS)’“T FL(p,T)phil
k=1
h—2
T /b2

B Z( /2€ ) h—1— ZkFR s T) (’T|2—2Tos)k FnL(p,T)ph
k=1
h—2
= /2

I ( ]i >Sh12kFT?(8,T)T(’T‘2 — 2T08)kT Fr,f(pa T)phfl
k=1

Finally by using the definition of left and right S-resolvent operators we
obtain

h—2
Do QDS (s, TS (0. T) Qe (T)
i=0,i£152
h—2 B A
= Y. QIIDGI =TI -T)Q (1)
i=0 i;éﬁ
Z Q h—H QZ—;Q p—s Z Q h—H TQ—z 2( )
1= Oz;éh 2 1= Oz;éh 2
h—2 h—2 ,
- > oM MTO AT+ Y. QI (IT QAT
i=0,i# 052 i=0,i£ 52
and this concludes the proof. [

9.5.3 Comments

The general structure of the F'-resolvent equation involving the pseudo S-
resolvent operators is obtained in Lemma for n > 3, n odd, and Sce
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exponent h = "T_l the equation is
F (s, T)Szl( . T) +Sg' (5, T)Fy (p. T) (9.60)
chi‘*’“ 7 (s, T)S. (0, T) Q0 +ZQ SO, H(T)

={ [Fﬁ? 5, T) = i (p, T)] p—s [F5<s,T> - Fi(p, T)] } (v = 2500+ |s/*) !

+n

for paravector operators 7' € BC(V},) and for p, s € ps(T).

This general structure is useful to study the Riesz projectors of the F'-
functional calculus (see next section). This equation has two different ex-
pressions according to the fact that the Sce exponent i := (n — 1)/2 is
an even or odd number. Precisely, for 4 odd is obtained in Theorem [9.5.4]
while the case in which h is even is obtained in Theorem [9.3.3]

Let us summarize, for the F'-resolvent equation, the major similarities
and the main differences with respect to S-resolvent equation and the re-
solvent equation (see (3.9)) of the Riesz-Dunford functional calculus (see

3.

(I-Fa) There are two different F-resolvent operators - (s, T') and F(p, T
which are right slice hyperholomorphic in s and left slice hyperholo-
morphic in p, respectively.

(I-Fb) There are additional terms containing:

(i) the operator F''(s, T)BFX (s, T) which, for any bounded opera-
tor B, preserves the right slice hyperholomorphicity in s and the
left slice hyperholomorphicity in p .

(i1) the commutative version of the S-resolvent operators which ap-
pears in the terms:

FR(s,T)S; (p,T) and Sp'(s,T)FE(p,T).
(iii) the commutative pseudo S-resolvent operators Q. (7') and Q. ,(T').

(II-F) The difference F,}'(s,T) — F,l'(s, T') is entangled with of the Cauchy
kernel of slice hyperholomorphlc functions, in the same way as the
S-resolvent equation, i.e.,

(5,0) = [[F (5,T) = F' (s, T)lp = 8[Fy (s, T) — Fy (s, D] (p° — 2s0p + |s[*)

and it preserves the slice hyperholomorphicity on the right in s and
on the left in p.
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n odd

(ITI-F) The term
[[Ff(& T) — F (s, T)lp — 5[y (s, T) — F (s, T)] | (p° — 2s0p + |s[*) !

equals not only terms that involve suitable product of the F'-resolvent
operators, but also the terms described in the above items (i), (ii) and

(iii).
Remark 9.5.6. Similarly to the case of the S-resolvent equation, the prod-
ucts of the form

FX(s, T)BF(s,T),

where B is a linear operator, cannot be used in the F'-resolvent equation
because they destroy slice hyperholomorphicity.

9.6 The Riesz Projectors for the I-functional calculus: the
general case of » odd

In the monogenic functional calculus developed by Mclntosh and collabo-
rators, [99,101,{108,/112], the resolvent equation is missing. They are able
to study the Riesz projectors by using another functional calculus: the Weyl
calculus, see [100]. For the F'-functional calculus, which is a monogenic
functional calculus, the interesting symmetries that appear in the equations
of Theorem [9.5.4]and Theorem [9.5.5] allow to study the Riesz projectors.

Theorem 9.6.1. Let n > 3 be an odd number and let T = Z?Zl e/, €
BC™ (V). Let o5(T) = 05.1(T) U aga(T) with

dist (051(T),052(T)) > 0,

and
o(Ty) CR foralll =1,...,n.

Let Gy, G5 be two admissible sets for T' such that os,(T) C Gy and G, C
Gy and such that dist (G, 052(T)) > 0. Then the operator

- 1
ro= / Fy(p, T)dpsp"™" (9.61)
o(G1NCy)

Yn(27)
1

n—1 R
= s" sy F(s, T).
771(271-) /é)(Ggﬂ(CJ)

is a projector.
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Proof. We divide the proof in two cases, according to the parity of h = "2,

2
CASE I: The Sce exponent £ is odd.
We start by multiplying the equation of Theorem by s" on the left
and p” on the right, and since Ty, = 0 we get

Sth(saT)S‘l( ,D)p" + " St (s, T)FE(p, T)p" (9.62)
h—2

h+1ZQ h+z (T)pthl _'_8h+1ZQ thz TQ i— 2( >ph

+ShZQ h—H TQ i— 2 h+1+ShZQ h—i—z TQQ i— 2( )ph+

h—1
s > QM MQENT) |+, [SMEN (s, T)EL (p, T)p™
i=0,i£0>1
+5" Ao (s, p, T)p" + s"Bo(s, p, T)p" + s"Co(s, p, T)ph]
=s"{[F(s,T) = By (. 1) p = 5 [F(s,T) = Fy(p,T)] } -
(p* = 2s0p + [s|*)"'p". _
Now, we multiply equation (9.62]) by ds; on the left, integrate it over 9(G2N

C,) with respect to ds; and then we multiply it by dp; on the right and
integrate over 0(G1 N C) with respect to dp;. We obtain

/ s'ds; FR(s,T) / S (p, T)dpp" (9.63)
a(Gzﬂ(CJ) 6(G1ﬂ(c‘])

+/ ShdSJSRl(S,T>/ FE(p, T)dpp"
d(G2NCy) a(G1NCy)

h—2

/ SN QT ds,y / Q. A(T)dpp"*
8(G2nC.)

i=0 9(G1NCy)

+n

+/ h+1 Z Q—h-‘rz dSJT/ Q;;—Z(T)dpjph
0(G2NCy) 0(G1NCy)

h—2

+ / s
8(G20CJ) Z

1=0

v 03 QU (T ds T2 [t
9(G2nCy) 0(G1NCy)

=0

QM(T)ds, T / Q-2 (T)dp ™
8(Gm(CJ)
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n odd
h—1
+/ sh Z QQT’(T)dsJ/ Q. (T)dpsp"
2(GanCy) T 8(G1NCy)
) 2
et [ st [
0(G2nCy) A(G1NCy)

+ / / s"ds; Ao(s,p, T)dpsp" + s"ds 1By (s, p, T)dpp"
Ga2nCy 8(G10(CJ

+5"ds;Co(s,p, T)dpp"]
= / dSJ/ sS"{[FXs,T) — Fr(p,T)| p—5 [Fi(s,T) — Fr(p,T)] }
A(G2nCy) o(G1NCy)

(p* — 2s0p + |s[) " dpp".

Recalling the definition of A, By, Cy and the fact that T, = 0 we have

/ / s dsJ.Ao(s,p, T)dpJp +s dSJBO(S D, T)dpJph —|—shdsJC0(s,p, T)dpJph
8(GanCy) Joa(GinCy)

- _/ s FE(s,T) dsJT/ T)dpsp™™ " —
8(GaNCy) a( GmCJ)
/ s ER (s, T) dsJT/ T)dpp™"
8(G2NCy) 9(G1 ch)
+/ s tds Fyl(s, T)T? Fy (p, T)dpp™"
8(G2NCy) 9(G1NCy)

[

h—

MM

s*Mds FR (s, T) > \T|21C Fy (p, T)dpsp™" "
a(Glch)

+
S

d(G2NnCy)

7 ﬁ‘
|
S

Mw\

s*Mds FR (s, T) (

=1
h—1

>T|2kT D(G . )FnL(p,T)p%*lfzk
1NCy

\

d(G2nCy)

R‘

\

= _
2h 1dSJFR S T Z 2 T‘Tle F,f (p7 T)dpjp2h72k
a(G2NCy) 1 k a(clncJ)
5t
+ s ER (s, T)ds T\T|2’“T FE(p, T)dpsp*" %"
a(czncJ) el a(GmCJ)
h—1 h—1
2 h—1 2 h—1
2 / 82h_2deJF§(5,T)|T‘2k 2 |T|2k F»,f(p, T)dpJth—Qk
k=1 k 9(Ga2NCy) 1 k a(G1NCy)
h—1 h—1
2 h—1 2 h-1
2 / s* 2 ds B (s, T)| T < 2 >IT|kT Fy (p, T)dpp™ ' 72"
=1 k 3(G2NCy) 1 k a(G1NCy)
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h—1 h—1
2. [h1 2 [h=t
_ z / s s (s, T)TITI | [ D ; >T|2k/ EX(p, T)dp,p*" %"
1 8(G2NCy) 1 a(G1NCy)
A hot
2 h—1 2 h—1
+ z / 82h72k71d8JF5(57T)T|T|2k < :: >T|2kT/ Ff(p,T)dpJp2h7172k
=1 a(G2NCy) =1 a(G1NCy)
h=1
= - L 2h
+ 2 / 2 ds  ER (s, T)| T / EX(p, T)dpsp
k=1 k 9(G2nCy) 8(G1NCy)

h—1
2
k

h—1
P )/ sk qs, B (s, T)|T|** T / EE(p, T)dpsp™"
k 8(G2NCy) 9(G1NCy)

/ 212k s ER (s, )T | T)*F / EX(p, T)dpsp™"
9(G2nCy) 9(G1NCy)

b
Il
-

=z [h-1
+ 2 / 12k s s BB (s, TYT? | T)** / FE(p, T)dpsp™ .
k 8(GaNCy) a(G1NCy)

Now, since h < 2h — 1 by Lemma|9.2.18| we get

/ s'ds; FR(s, T) / S (p, T)dpp"
B(GQOCJ) 6(G1Q(CJ)

:/ shdsJSRl(s,T)/ FnL(p,T)dpJph
0(G2nCy) 9(G1NCy)
=0.

Moreover, since 2h — 2k < 2h — 1 and 2h — 1 — 2k < 2h — 1 we obtain

/ / s"dsyAo(s,p, T)dpp" + s"ds;Bo(s, p, T)dpp"
A(G2nCy) JO(G1NCy)
+5hdsJC0(5,p, T)dpJph = 0.

Now, we focus on the term

h—2
/ 8h+1 Z Q;gH(T)dsJ/ Q;;_2(T)dpjph+1.
B(GQﬂCJ) i=0 B(Glﬂ(CJ)

First of all we split the sum in two parts and write
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n odd

h—2 | 252]

> QT = Y QMO Z Q. M(T) Q7 (T),

=0 =0 = Lh 2J+1
where |.] is the floor of a number. In the first sum the powers of Q_}(T')
are more than the powers of Q;; (T"), and conversely in the second sum.

Since Tjy = 0, by the binomial formula we get

h—2 h2
2J 2Ji

Z Q h+z Qc; 2( _ Z Z( ) 2k’T‘2(i7k)Q;;;2<T)_‘_

i=0 k=0
" (-2
+ Z Q h+z( ) Z ( N )p2k|T|2(h—2—z—k) Q;Z})Z(T)
i= Lh 2J+1 k=0
Consider the first sum. By the F'- resolvent equation, see (9.19) we get

B

>3 (1) tmir e

1=0 k=0

ZZ() (s, T) = F2(s, T)T) [T D Q. (T).

=0 k=0

Hence we have to compute the following integrals

1 i / h+2+2k R 2(i—k)
" SR R (s, T)| T / Q- X(T)dpp*
; Z (k) A(G2nCy) A(G1NCy) v

122 .

-1 ¢ / h+1+2k R 2(i—k)

. S R DTTPCY [ o T
Z Z(k) B(GanC.y) aGincy)

i=0 k=0
Now, since h is odd then we can write h = 2N + 1, with N € N. This
implies that

h—2
ht2+2k < 20+2+42N+1<2[~|+2+2N +1
—2(N=1)42+2N+1=4N+1=2h—1.
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Similarly we get
h+1+4+2k<2h—1.
Therefore by Lemma [9.2.18 we get
122] ;
-1 h+2+2k R —i—2 ht1
Y ( ) / S ds;F(s,T) / Q. (T)dpsp"™ =0
; kzzo k) Joanc.) oGinCy)
b2)
—1 v h+142k R —i—2 ht1
o ( > / s ds;F, (S,T)/ Q., (T)dpsp"™ =0.
izo: ; k 9(G2nCy) d(G1NCy) b
Now, we focus on the second sum. By the F'- resolvent equation, see
(9.18), we get
h—2 Wiy o
Z Q;;erz(T) ( N ) ’T|2(h72717k) Q;LL(T)p%
i=[ 252 |41 k=0
h—2 h—2—i W9 T
S ISR D DN (i [ LA
i=[ 252 ]+1 k=0
~TEp,T)) p™.
Hence we have to compute the following integrals
he2 2ich o ’ .
WYY < h ) / 1 ds Q7 (T)| T P21
izl_%J‘Fl k=0 6(G2ﬁ(CJ)
[ et
9(G1NCy)
2 b2y o
7;1 ( ) / Sh+1dSJQ;g+i(T)‘le(h_2_i_k)T
/ Ff(p, T)dpjph+2k+1.
8(G1 ﬂ(CJ)
248
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Since h = 2N + 1, with N € N we get
2k+24+h < 2(h—2—0)+24+h=2h—4—-2i+24+h+2+2N+1
h—2
§4N+2—4—2(LTJ+1> =4N +1=2h—1,

and similarly
2k+1+h <2h—1,

together with Lemma[9.2.18 we get

h—2 h—2—1 h 2 i
-1 — 4= h+1 —h+i 2(h—2—i—k)
Tn / S dSJch (T)|T| /
> > (" ) ,

9(G1NC
i=[152) 41 k=0 (Gt

Ff( )dp ph+2k+2 =0
h—2 h—2—1

— —2—1 —h4i —9—i—
o S (M [ emasearpeor
o &(G2nC )

h 2J+1 k= 0 8(G1ﬁ(C])
Fn (p7 T)dpjph+2k+1 — 0

Similar arguments applied to the other members of (9.63) lead to

'y;l/ thdsJFf(s,T)/ FE(p, T)dp ;p*
0(G2nCy) 0(G1NCy)

— / dsJ/ s"{[EMs,T) — EF(p, 1)) p— 5 [Ff(s,T) — Fr(p,T)] }
A(G2NCy) A(G1NCy)
(p* — 2s0p + \3\2)’1dpJph.
Since h = 251, by formula (9.61) we get

(27)2 52 h R L
—1 P - dSJ S {[Fn (S7T)_Fn (va)]p
In (G2NCy) a(G1NCy)

—5[FMs,T) = FE(p, 1))} (0° = 2s0p + |s|*) " 'p"dp,.

Now, we work on the integral on the right hand side. As G; C G5, for any
s € 0(Go N C) the functions

p = p(p® — 2s0p + |s|*) " 'p"
p (p* — 2s0p + |s[)) p"
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are slice hyperholomorphic on G;. By Lemma 3.1.19| we have

/ p(p* — 2s0p + |s*) " tdpp" = 0,
0(G1NCy)

/ (p* — 2s0p + |s[*)'p"dp; = 0.
8 GlﬂCJ

This implies that
/ ds g s"F (s, T)p(p® — 2sop + |s|*)~'dpp" = 0
GQQ(CJ a(GlﬂCJ
and
/ dsJ/ s"sFR (s, T)(p* — 2sp + |s|*) " dpsp” = 0.
9(G2NCy) a(G1nCy)

Then we have

2m)? . _ _
( _3 P :/ ShdSJ/ [SEL(p, T)—Ff (p, T)pl(p*—2s0p+|s|*) " dp.sp”.
Tn A(GanCy) a(G1NCy)

From Lemma with B =: FL(p, T) and f(s) := s" we get
. 1 .
PP=_— / El(p,T)dp,p™ = P.

(27)Yn Joainey)

CASE II: The Sce exponent / is even.
We multiply the equation of Theorem by s" left and p” on the right,
and since 7, = 0 we get

S TS 0 T+ 5" Sy (o, TV T (9.64)
o [T ()T Q0™ (T + 8" Q0™ (T)T Qe (T

_ 42
+sh Q0. (T)T2Qe (T)p +shZQ ST QL (D"
h—2 h—2
_|_Sh+1 Z Q;?—H(T) Q;;—2(T)ph+l + Sh—i—l Z Q;?+Z(T)TQ;;_2(T)ph
i=0,i£152 i=0,i£152
Z Q h-‘rz ( h+1—|—8 Z Q h—l—z TQQ i— 2( >ph
1= Ozyéh i= O'L;éh
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+ 7;1 [ShA1(87p7 T)ph + ShBl(sapa T)ph + Shcl(87p7 T)ph + SQhFE(Sv T)Frf(pv T)th}
=" {[F 1) = Fro D] p =5 [FT) = Fr (0 1))} (0 = 2500+ |s) 7"
Now, we multiply by ds; on the left, integrate it over 9(G2 N C ;) with

respect to ds; and then we multiply it by dp; on the right and integrate over
0(G1 N Cy) with respect to dp;, and we obtain

J

s"FE(s,T)ds; / S (p, T)dpp" (9.65)
d(G1NCy)

)

2NCy)

_|_
S

shds;S51(s, T) / FY(p, T+
B(Gm(CJ)

hal _h+2 _h+2 h
|:/ S + dSJQc,s 2 (T)T/ Qc,p2 (T)dpJp
0(G2nCy)

0(G1NCy)

(GQH(CJ)

+
B

+

+
@\ m\

(V)

Q.

V)

<

L

“off

=

S

, _ht2 —ht2 h+1
S dS(]QQS 2 (T)T/ Qc,p2 (T)dpJp *
8(G10(CJ)

h B —hd2 h
, / Qc,p ? (T)dpJp
(GQH(CJ) 8(G10CJ)

h—1
i S [ o
) i=0 O(Gl ﬂC;)

(GQHCJ)

+
S~

(GQH(CJ

+
S~

(GQQ(CJ)

h—2
Sh+1dSJ Z Q;?-H(T) / Q;;_z(T)dpJth
0(G2nCy)

i=0,i£152

h—2
Sh—l—l Z Q;?—H (T)T / Q;;_Q(T)dpJph

+
S~

(G2nCy) i=0,i =2 0(G1NCy)
h—2
+ / stdsy; Y QIH(T) / Q. A(T)dpyp"H
8(G2ﬁ(CJ) =0 17&@ B(Glﬂ(CJ)
g
h—2
+/ stdsy Z Q;g“(T)Tz/ Q;;‘Q(T)dpjph
8(G2ﬂ(CJ) i=0 Z;ﬁﬁ 8(G1Q(CJ)
73

+ 7, { / / s"ds Ay (s,p, T)dpp" + s"ds ;B (s, p, T)dp,p"
d(G2nCy) JA(G1NCy)

+/ szhdSJFf(s,T)/ FnL(p, T)dpJpzh}
8(G2mCJ) 6(G1QCJ)
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+ s"ds;Ci(s,p, T)dpp" = / dsJ/ s"{[Ff(s,T) — Fr(p,T)] p
d(G2nCy) A(G1NCy)

—5 [F3(s,T) = Fy(p,T)] } (0 = 2s0p + [s[*) ' dpsp”.
From the definition of A, By, C; and recalling that T, = 0 we have

/ / s"ds; Av(s,p, T)dp.p" + s"ds B (s,p, T)dpsp" + s"ds,C1(s, p, T)dp.p"
a(G2nCy) Ja(ainc)

= —/ s ER(s,T) dsJT/ (p, T)dpsp™" ™"
8(G2NCy) 9(G1 WCJ>
/ SPUER (s, T) dsJT/ (p, T)dpsp*"
d(GaNCy) 9(G1nCy)
+/ 2 s FR (s, T TQ/ (p, T)dpsp*"~!
8(G2nCy) 9(G1 ﬁCJ)

>
N

_|_

MN\

/ s*Mds FE(s,T)
9(G2NCy)
—/ s*ds FE(s,T)
a(GaNCy) =1
h—
2 h—2
_/ s 1ds;FE(s,T) Z ( ch )T|T|2k/ FE(p,T)dp,p*" 2"
8(G2nCy) 9(G1NCy)

T [h—2
2 T2|T‘2k/ F ( T)dp p2h7172k
k d(G1NCy)

)ITI% ( Fy (p, T)dpsp™" 2"
G1nCy)

T
|
[V

Mw\

bl

T\TI% Fy(p, T)p*" 7%
8(G1 NnCy)
2

2

+ / $PVER (s, T)ds
8(GaNC,y Pt

>

h—2 —2

+2(

Ey(p, T)dpsp™"

9(G2nCy) B(GlﬂCJ)

>
1
i

>
|
M)
>

9 |
N

ol
M
hh [
ol
0
/N ~/
=[]

|

Ak T EL(p,T)dpsp™" '
a(Gch>

llek/ Er(p, T)dpsp™" "
8(G1nC,)

h—2
5 |T|2k:T/ Ff(p’ T)dpjp2h7172k
k 8(G1NCy)

/ 2 s ER (s, )T
/ 22k s FE (s, T)|T)**

ol
I 2
/\ ~/
?va
v \_/
|
(]
K“

d(G2NCy)

£
Il
—

|
N

)

x>
Il
i

>
|
N

/ 2h 2k— lds FR(S T)T‘T|2k
9(G2nCy)

h=2
2
k
> / 22l ds s ER (s, T)T|T)*F
8(G2NCy)

+ / 2 s ER (s, )T / EX(p, T)dpsp™
k=1 9(G2nCy) 8(G1NCy)
h=2
2

I (F) [ erasEie | [ R
k=1 0(G2nCy) a(G1NCy)
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h—2

h—2
2

-1 / s ds By (s, T)T| TP / Fy (p, T)dpp™"
k=1 k 9(G2nCy) 8(G1NCy)

h—2
2 h—2

+1D 2 / 2k gs  ER (s, TYT? | T1*F / FE(p, T)dpsp*".
=\ k) Jaanc) a(G1nCy)

Now we observe that since h < 2h — 1 by Lemma|9.2.18| we have

/ s'ds; FR (s, T) / S (p, T)dpp"
9(G2NCy) o0(G1NCy)

:/ shdsJSgl(s,T)/ FnL(p,T)dpJph
A(G2nCy) 0(G1NCy)
=0.

Moreover, since 2h — 2k < 2h — 1 and 2h — 1 — 2k < 2h — 1 we get
/ / s"ds Ai(s,p, T)dpp" + s"ds ;81 (s, p, T)dp,p"
8(G2I’7CJ) G1NCy

+s"ds ;Cy (s, p, T)dpp" = 0.

Now, we focus on computing the integral

Gt btz —b42 h
/ dS Qc s ( )T/ Qc,p : (T)dpJp .
0(G2nCy) 0(G1NCy)

By the binomial formula and recalling that 7, = 0 we get

Qiﬁ>:Q£ﬁwg$ﬁﬂ@ﬁ%m:W+wm¥gﬂﬂ

—Z( e o

By the F'-resolvent, see (9.18)), we deduce that

h+1 L L h
s ds Q2 (T)T Q.3 (T)dpyp (9.66)
8(G2m(CJ)

G(Glﬂ(CJ)

h—2
(—2

h—2

h—2
DO [ R T
A(G1NCy)

>
v |
M)

h+2
= / s"ds; Q.2 (T)T
8(G2ﬂ(CJ)

ht2
_ / s, 0ut (T)T
0(G2nCy)

?TA

)lT’2<h22_k)/ QQP(T)dpJpWH-h
a(GinCy)

T
|
L ]

>
.
o
R
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h—2

nio 2, /h=2 _
_ / s"ds Q.2 (T)T2Z< ; >\T\2(h22_’“) / FE(p, T)dpyp*th.
8(G2NCy) 9(G1NCy)

k=0

We observe that

h+l+4+2k<h+1+h—2=2h—1,

similarly we have h+ 2k < 2h —1, so formula together with Lemma
9.2.18|imply that

_h+2 _ h+2 h
/ 8h+1dsj chs 2 (T)T/ Qc,p ? (T)dpJp = O'
8(GQQCJ) 8(G10(CJ)

Using similar arguments, we obtain

_h42 _h+2 hl
/ s"ds;Qes® (T)T / Qcp? (T)dpsp"*t =0
0(G2nCy) A(G1NCy)

o bf2 2 s h
/ ds,; Qma® (T)T / Qe * (T)dpyp" = 0.
B(GQQ(CJ) Q(Glﬂ(CJ)

By similar computations made when A is odd we get

[ s ZQ ) [ o e =0,
d(G2nCy) 0(G1NCy)

[ s, T gor @ [ e =0,
8(GQQCJ) 8(G20CJ)

i=0, ?éh
/ LY gr / Q: 1 (T)dpsp" = 0,
8(GQHCJ) i=0, 75 h_2 8(G1H(CJ)

/ hdSJ Z Q—h-i—z / Q;;_g(T)dpJphﬂ =0,
8(G20(CJ) i=0, ;éh 2 8(G10(CJ)

Lroe, o Z o [ agmant =0,
9(G2nCy) i=0, # o(G1NCy)

By formula (9.61) we get
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(27)% 5, h R L
— P = dsy s"{[FF(s,T) = Fr(p,T)|p
In 9(G2NCy) a(G1NCy)

=5 [F(s,T) = Fy(p, T)] } (0" — 2s0p + |s]*) " 'p"dpyy.
Finally, by following exactly the same steps done when / is odd we get

P=P.
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CHAPTER 1 0

Axially harmonic functions and the
harmonic functional calculus on the
S-spectrum

10.1 The fine structure of hyperholomorphic spectral theory

The main purpose of this chapter is to show that by using the Fueter map-
ping theorem and the spectral theory on the S-spectrum we can define a
functional calculus for harmonic functions in four variables. This new cal-
culus can be seen as the harmonic version of the Riesz-Dunford functional
calculus.

In this chapter we further refine the diagram (9.1)), observing that, in the
case of the quaternions, the map T’z5 can be factorized as Tpo = A = DD,
so there is an intermediate step between slice hyperholomorphic functions
and Fueter regular functions, and the intermediate class of functions that
appears is the one of axially harmonic functions AH (§2p), see Definition

[10.2.2] Thus the diagram can be written as:
OD) Ty SHQD) — 2% AH(Qp) —2s AM(Qp).

It is important to define precisely what we mean by intermediate functional
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Chapter 10. Axially harmonic functions and the harmonic functional
calculus on the S-spectrum

calculus between the S-functional calculus and the F'-functional calculus,
both from the points of view of the function theory and of the operator the-
ory. The notions of fine structures of the spectral theory on the S-spectrum
arise naturally from the Fueter extension theorem.

Definition 10.1.1 (Fine structure of the spectral theory on the S-spectrum).
We will call fine structure of the spectral theory on the S-spectrum the
set of functions spaces and the associated functional calculi induced by a
factorization of the operator T, in the Fueter extension theorem.

Remark 10.1.2. In the Clifford algebra setting the map 7Tr, becomes the

n—1
Fueter-Sce operator given by Tpgo = A%, and its splitting is more in-
volved. We are investigating it in general, when n is odd, and in the case
n = 5 we have a complete description of all the possible fine structures, see
Chapter 12.

~ The fine structure of the quaternionic spectral theory on the S-spectrum
is illustrated in the following diagram

SH(2p) AH(Qp) AM(Qp)

|

Slice Cauchy Formula -2, AH in integral form —2 ., Fueter theorem in integral form

! ! l

S — Functional calculus Harmonic functional calculus F' — functional calculus

where the description of the central part of the diagram, i.e., the fine struc-
ture, is the main topic of this paper.

Remark 10.1.3. As for the space of axially monogenic functions, the arrow
from the space of axially harmonic functions is missing. In fact, like the F'-
functional calculus, also the harmonic functional calculus is deduced from
the slice hyperholomorphic Cauchy formula.

To sum up, the main problems addressed in this chapter are:

Problem 10.1.4. In the Fueter extension theorem consider the factorization

SHU) —25 X(Qp) —25 AM(Qp),

and give an integral representation of the functions in the space X ({1p) :=
D(SH(S2p)) and, using this integral transform, define its functional calcu-
lus.
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Problem 10.1.5. Determine a product rule formula for the F'- functional
calculus.

As we will see in the sequel, the above problems are related. In fact, the
product rule of the F'-functional calculus is based on the functional calculus

in Problem [10.1.41

10.2 Axially harmonic functions

In this chapter we solve the first part of Problem[I0.1.4] We begin by rewrit-
ing the Fueter mapping theorem (see Theorem in a more refined
way, considering the factorization of the Laplace operator A in terms of the
Fueter operator D and its conjugate D.

Theorem 10.2.1 (Fueter mapping theorem (refined)). Let fo(2) = a(u,v)+
i8(u,v) be a holomorphic function defined in a domain (open and con-
nected) D in the upper-half complex plane and let

Qp ={q=a+ql(ql4) € D} (10.1)
be the open set induced by D in H. The operator [’ defined by

ﬂ@zﬂﬂﬁ%zd%@b+%ﬂm@b

maps the set of holomorphic functions in the set of intrinsic slice hyper-
holomorphic functions. Then the function

= q
) =T (alanlah + 5.
where T}y := D is the Fueter operator, is in the kernel of the Laplace

operator, i.e.,

Af =0 on QD-
Moreover, 5 B
f(q) = T},’Q.fa

where Ty, = D and D = 0, — Z?:1 €;0y,, is the kernel of the Fueter
operator, i.e.,

Df:() on (p.

In Theorem [10.2.1| we have applied to the slice hyperholomorphic func-
tion f firstly the Fueter operator and then the operator D, while in Theorem
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/.2.19|we apply directly the Laplacian. Therefore, there is a class of func-
tions that lies between the class of slice hyperholomorphic functions and
the class of axially monogenic functions: it is the so-called class of axially
harmonic functions that we introduce below.

Definition 10.2.2 (Axially harmonic function). Let U C H be an axially
symmetric open set not intersecting the real line, and let

U={(u,v) e RxR" |u+SveU}.
Let f : U — H be a function, of class C3, of the form
f(q) = a(u,v) + JB(u,v), q=u+Jv, JES,

where a and (3 are H-valued functions. More in general, let f as above and
let U C H be an axially symmetric open set and let

U={(u,v) €R*|u+SveU},
and assume that
a(u,v) = a(u, —v), pu,v) =—PF(u,—v) forall (u,v) €Y. (10.2)

Let us set )
f(q) :=Df(q), for q € U.

If
Af(q) =0, for e U

we say that f is axially harmonic on U.

The axially monogenic functions satisfy a system of differential equa-
tions called Vekua system, see [60]. In the case of axially harmonic func-
tions, the functions A(qo, ) and B(qo, ) satisfy a second order system of
differential equations.

Theorem 10.2.3. Let U be an axially symmetric open set in H, not inter-
secting the real line, and let f(q) = A(qo,r) + wB(qo,7) be an axially
harmonic function on U, v > 0 and w € S. Then the functions A(qo, r) and
B(qo, ) satisfy the following system

2
8§0A(q0, r) 4+ 02A(qo, 1) + =0, A(qo,7) =0

”
210, B(qo,7) — 2B(q0,7)
2

8§0B(qo, 7’) + (953(%,7’) + = 0.

r
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Proof. An axially harmonic function is written as
fN(Q):A(QOar)—'—gB(qu% QZQO+TC_U€U
and it is in the kernel of the operator A = DD. We denote the Fueter
operator as D = J,,+0, and D = 0,,—0,, where 0, = e10,, +€20,, +€30,,.
We know that (see [118])) - -
2
ag(A(qm T) +&B(QO7 ’T‘)) = QarA<q0a T) - 87~B(QO> T) - ;B(Q(J, T)' (103)
This implies that
5f(q) = (aqo - ag)(A(qm T) + QB(q()v T))
2
= (0qOA(qO,7") + 0,B(qo,7) + ;B(qo, r)) + w (04 B(qo,7) — 0-A(qo, 7)) -
By setting
2
Al(qo, ) := 04y Alqo, ) + 0r-B(qo, ) + ;B(qo,r)
and B
B/(q07 T) = aqoB(Q()v T) - 8TA(QO7 T)7
we get
Df(q07 T) = A/(Q(]? T') + ('LJB/(Q(]v 7“).
Now, by applying another time formula (10.3) we obtain
— 2
ang(Q) = Q@«A/(CIO,T) - arB/(Qm r) — ;B/(Qm r).
Therefore we have
Af(q) = DDf(q)
= (g + ag)Df(q(h r)
2
= (A7) = 0. ) = 28 (00) ) 2 0 B0 ) + 0. )
Since the function f is axially harmonic we have A f(q) = 0, thus we get
aqu,(qu) _8TB/(q07T> - %B/(Q(%T) =0 (10 4)
0o B'(qo,7) + 0, A’ (qo,7) = 0. .
261
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Now, we write the system (10.4) in terms of A and B by substituting A’
and B’

/ 2 2
oA’ (q0s7) — 0rB'(qo, 1) — ;B/(qo,r) = 8§0A(qg,7“) + 04,0, B(qo,7) + ;&K]B(qo,r)
2
_aTaQDB(qov T) + aEA(QO, 7“) - ;aqoB(Q(]? T)
2
+;8TA(C10, T) (10.5)

2
= GSOA(qO,r) + 02 A(qo, ) + ;arA<QO7 r).

01103/((.107 7’) =+ arA/(qm T) = 0303((]07 T) - aqoarA(qm 7“) + araqu<q07 T)

2 2
+02B(qo,7) + ;&B(qo, r) — ﬁB(qO, T) (10.6)
2r0,.B(qo, ) — 2B(qo, T
= agoB(q(bT)_'_aEB(quT)_‘_ ( s ,:2 ( s )
By putting (10.5]) and in we get the statement. O

Remark 10.2.4. If we suppose that a function f is harmonic over the ball _
B,.(p) of radius r and center p, and continuous in the closure of the ball we

can write ) | |2 )
r—1q—p Y
fq) = —/ dy,
D="GB.0 Jon,o Ty~ T

where |0B,(p)| is the measure of the sphere and dy is the surface element.

10.3 Integral representation of axially harmonic functions

In this section we show how to write an axially harmonic function in in-
tegral form. The main advantage of this approach is that it is enough to
compute an integral of slice hyperholomorphic functions in order to get an
axially harmonic function. The crucial point to get the integral representa-
tion is to apply the Fueter operator D to the slice hyperholomorphic Cauchy
kernels written in second form, see Definition

Theorem 10.3.1. Let s, g € H be such that q ¢ [s] then
DS (5,q) = —2Qcs(a)™"

and
S;cl(& Q)D = _2Qc,s(q)_1'
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Proof. We prove only the first equality since the second one follows with
similar computations. First we apply J,, and 9,, for i = 1, 2, 3 to the left
slice hyperholomorphic Cauchy kernel

Si'(s,q) = (5 — 1) Qes(g) "
Thus, we have

aqosgl(sa Q) = _QC,S(Q)il - (S - q) QC,S<q)72(_25 + 2(]0)
- _QC,S<q)71 - 2QO(S - q) QC,S(Q)72 + 2(5 - G) QC,S(Q>725

B 1
== _QC,S(Q) ! + %FL(S>(]) - iFL(S>q)S'

Then for: =1, 2, 3 we get

057" (5,0) = €Qes(q) ! — 2i(s — 7) Qes(q) 2

_ 1
= 6ch,s(q) ! + §tiL<S> Q)

Thus, by Theorem [9.3.1| with n = 3, we obtain

3
DS; (5:4) = 04 Sp ' (5,0) + Y €04, S (5,9)

i=1

1. G 1 4
- _QC,S<Q) ! +5OFL(Saq) - §FL(57Q)3_3QC,8(Q) ! +§FL(S7q)

— _4QC’s(q)_1 — % (FL<S, q)S - qFL(Sa Q))
= _2QC,S(Q)71'
]

Remark 10.3.2. Although the slice hyperholomorphic Cauchy kernel writ-
ten in form I is more suitable in various cases, like for the definition of
S-functional calculus, it does not allow easy computations of DS} (s, q).

We observe that when we apply the Laplace operator to a monomial
q" we get a polynomial in terms of ¢ and ¢, see [85, page 316 formula
(12)], [77, Thm. 3.2]. The same feature happens when the Fueter operator
is applied to the monomial ¢, see [23, Lemma 1].

Lemma 10.3.3. For alln > 1 we have
Dg* = ¢"D = —2 an—qu—l‘
k=1

263



“thesis” — 2022/12/4 — 1‘1:25 — page 264 — #282 GF

Chapter 10. Axially harmonic functions and the harmonic functional
calculus on the S-spectrum

Remark 10.3.4. Since

n n

Z i Z ¢ g

k=1 k=1
we deduce that Dqg" is real.

Definition 10.3.5. Let s, ¢ € H, we define the commutative ()-series as

+oco m +oco m

—9 Z Z qm—kak’—ls—l—m and —9 Z Z S—l—mqm—qu—l’

m=1 k=1 m=1 k=1

Remark 10.3.6. The two series in Definition coincide, where they

converge, since Y - ¢" Fg" ! is real.

converges.

Proof. To prove the convergence, it is sufficient to prove the convergence
of the modulus of the series, i.e., we consider

+oo
> 2mlgm s
m=1

The last series converges by the ratio test. Indeed, since

1 m —2—m 1
g DIy m L e
m—o0 m|q|m—1’8|—1—m m—oo M

Lemma 10.3.8. For q, , we have

+ +oo m

m
Fgh—1g—1— 1- L
Qe DIV D DD DR

k=1 m=1 k=1

g

3
1§

Proof. We prove the first equality since the second one can be proved in a
similar way. By Theorem [3.1.14] we can expand the left Cauchy kernel as
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By Theorem [10.3.1| and Proposition [10.3.7] which allows to exchange the
series with the Fueter operator, we have

—2Qc,s(q)_1 = DSL_l(s’q) — Z (Dg™) g—1-m

m=0

We get the statement by applying Lemma([10.3.3] O

Remark 10.3.9. Using the well-known equality
(@" =b") = (a—b)> a"Fph!
k=1

for a = g and b = ¢, and by Lemma|10.3.3| we have

{—annl if Im(q) =0,
Dq" =
—(¢)~"(¢" =7") ifIm(q) # 0.

With this result, we can prove Theorem|10.3.1|by using the series expansion
of the kernel in the following way: if |¢| < |s| and ¢ # 0 then

DS;'(s,q) =) (Dg™) s

=—(g)" (Z ¢ — qus—l—m>
= —(@)7" (5. (s,0) — 57(5,9))
= —(9)7'(2¢Qcs(0) )

= _2Qc,s<q)717
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if |g| < |s| and ¢ = 0, we have
oo
Q.s()DSL (s,9) = (5° — 2q5 + ¢°) (‘2 > mqm151m>
m=1
— —2 Z mqm—lsl—m —1— 4 Z mqms_m _ 2 Z mqm—i-ls—m—l
m=1 m=1 1

= -2 i q'sT" +2 i mq"s" — 2 i mq"s ™
m=0 m=1 m=2

Now, we study the regularity of the function DS; (s, q) in both vari-
ables.

Proposition 10.3.10. Let s, ¢ € H be such that q ¢ [s|. The function
DS;l(s, q) is an intrinsic slice hyperholomorphic function in s.

Proof. This follows by Theorem [10.3.1] and the shape of the commutative
pseudo Cauchy kernel. [

Remark 10.3.11. The function D(S;'(s,q)) is not left slice hyperholo-
morphic in the variable ¢. Indeed, let ¢ = u + Jv for an arbitrary J € S
then Q. (¢)~* = (s* — 2us + u* + v?)~! and we have the following two
relations

%Qc,s(u + Ju) = (=25 +2u) Q. s (u + Jv)

and 5
%Qc,s(u + JU)_I = _QUQC,S(U + J’U)_z,

which yield
2—i—J2 Qes(u+ Jv) ™ = — (=25 +2u + 2J0) Qs (u + Jv) 2
ou ov @8 B “8

1
= 2(8 - Q>Qc,s(u + ‘]U)_2 = —§FL(575)~

The function DS; *(s, ¢) turns out to be harmonic in ¢, as proved in the
following result.
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Proposition 10.3.12. Let s, g € H be such that q ¢ [s|. Then the function
DS; (s, q) is harmonic in the real components of q.
Proof. Since the left slice hyperholomorphic Cauchy kernel is a C'**° func-
tion for any ¢ ¢ [s], we can apply to it a differential operator of any order.
The result follows by the facts that the Laplacian is a real operator, thus it
commutes with D, and by Proposition with n = 3. Indeed
ADS; (s,q) = DAS;'(s,q) = DFi(s,q) = 0.
[
Finally as a consequence of the definition of the F'-kernel we have this
result.
Lemma 10.3.13. Let s, g € H be such that q ¢ [s|, then
DQSL_I(S7 Q) = FL(Sa q_)
Proof. By Theorem[10.3.1| we have
D*S; ' (s,q) = —2DQ.(a) " (10.7)
Firstly, we apply the derivatives with respect to ¢y and ¢;, with ¢ = 1,2, 3 -
to the commutative pseudo Cauchy kernel
0 _ _
5o Qes() ™ = =2(=5 + q0)(s* — 2q0s + |a])
do
and for: = 1, 2, 3 we get
a -1 2 2\—2
a—Qc,s(Q) = —2¢;(s” — 2q0s + [q]")
4;
Thus we obtain
Do) = 0. +Ze e
C,S aqo C, 8 (2 C, S
= —2(=s+qo +g)(s — 2qos + |q|*)
= 2(s —q)(s* — 205 + |¢|*)
Therefore by we get
D?S; M (s.q) = —4(s — @)(s” — 2q0s + |q|*) 7 = F1.(s,9).
[
267
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Remark 10.3.14. By Proposition it is clear that the function F (s, q)
is axially anti-monogenic. This observation together with Lemma[6.35]im-
plies the construction of the following diagram

Tr1

O(D) =% SH(Qp) —2 AH(Qp) —=s AM(Qp), (10.8)

where Qp is defined as in (I0.1)) and AM (€2p) is the set of axially anti-
monogenic functions. In order to avoid this set of functions in the construc-
tions like the one in we impose that the composition of the operators
appearing in must be the Fueter map (in the case of this chapter A).
This is very important when we increase the dimension of the algebra, see
Chapter 12.

We observe that if we set ¢ = u 4+ Jv and we apply the 2-dimensional

Laplacian
— 0 0 0 0

to the commutative pseudo Cauchy kernel we get its square.
Lemma 10.3.15. Let s, ¢ = u + Jv € H be such that q ¢ [s], then
AsQ.s(q) " = 4Qc4(q)
Proof. We set ¢ = u+ Jv, I € S. By Remark [I0.3.T1| we know that
07Q.s(u+ Ju) Tt =2(s —u— JU)QQS((])_Q.

Now, we have

%8JQC7S(u+JU)_1 =20, (u+Jv) 2 —4(s—u—Jv) Qe s (ut+Jv) *(—25+2u),

and

%8JQC’S(U+JU)_1 =219, (u+Jv) ?=8(s—u—Jv) Qs (ut+Jv) >v.

By definition of the 2-dimensional Laplacian and since the variable s com-
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mute with Q. ;(u + Jv), we get

2yQ.i()" = G%—J%J&me+le

= —A(s —u— Jv)Qes(u+ Jv) "} (—2s + 2u)
+8J(s —u — Jv) Qe s(u+ Jv) Pv — 4Q, s(u + Jv) 2

= 8(s—u—Jv)(s—u)Qes(u+ Jv)™?
+8J(s —u — J)vQ, o(u+ Jv)* —4Q. (u + Jv) 2

= 8(s — su—us+u* — Jsv + Juv + Jsv — Juv + v*) Q. s (u + Jv) >
—4Q, (u+ Jv)?

= 8Q. (u+ Jv)Qs(u+ Jv) ™ —4Q, (u+ Jv)~?

= 8Q. (u+ Jv) 2 —4Q. (u+ Jv)* =4Q, (u+ Jv) 2

]

We conclude this section with an integral representation of axially har-
monic functions that will allow us to define the harmonic functional calcu-
lus based on the S-spectrum.

Theorem 10.3.16 (Integral representation of axially harmonic functions).
Let W C H be an open set. Let U be a slice Cauchy domain such that
U C W. Then for J € S and ds; = ds(—J) we have:

1) If f € SHL(W), then the function f(q) = Df(q) is harmonic and it
admits the following integral representation

. 1
flq) = ——/ Q.s(q) 'ds;f(s), qeU. (10.9)
o(UNCy)

™

2) If f € SHr(W), then the function f(q) = f(q)D is harmonic and it

admits the following integral representation

. 1
flq) = ——/ f(8)ds;Qes(q)™", q€U. (10.10)
a(UNCy)

™

The integrals depend neither on U nor on the imaginary unit J € S.

Proof. We prove only the first statement because the other proof is sim-
ilar. We can write the function f by using the Cauchy formula for slice
hyperholomorphic functions, see Theorem [3.1.18] Now, by applying the
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left Fueter operator to f(q) and by Theorem|(10.3.1| we get

fl) = Pi@ =g [ DS a)dss ()
1 -1
= _; \/a(Um(CJ) QC,S(Q) dSJf(S)'

Since f(q¢) = Df(¢) and by Proposition|10.3.12] it is immediately verified
that f(g) is a harmonic function. The independence of integral in (10.9)
from the set U and the imaginary unit J € S follows by the Cauchy formula.

O

In this section we have described the central part of the following dia-
gram

OD) Ly SH(Qp) —2 AH(Qp) —2s AM(Qp). (10.11)

Remark 10.3.17. In the quaternionic setting it is possible to obtain another
digram besides in (T0.11T). This comes from the factorization A = DD and
is called second fine structure in the quaternionic setting, see Definition
The set of functions that lies between the set of slice hyperholo-
morphic functions and the set of axially monogenic functions is the set of
axially polyanalytic functions of order 2, for more details see Chapter 11 .

10.4 The harmonic functional calculus on he S spectrum

In this section we introduce the harmonic functional calculus on the S-
spectrum, which is based on the integral representation of axially harmonic
functions. Recall that X denotes a two-sided quaternionic Banach space.

We give meaning to the substitution of the variable ¢ with the operator
T in the power series introduced in Definition [10.3.5

Definition 10.4.1. Let T = T, + Y7, e;T; € BC(X), s € H, we formally
define the commutative pseudo S-resolvent series as

-2 i i TP g lem and — 9 i Em: g immpm—k R
m=1 k=1 m=1 k=1

Remark 10.4.2. The two series in Definition [10.4.1| coincide, where they
converge.
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Proposition 10.4.3. Let T =Ty + >0 e;T; € BC(X), s € Hand |T| <
|s|, the series in the Definition |10.4.1|converges. Moreover, we have

i i Tm—k:Tk_ls—l—m —

m=1 k=1 m=1 k=1

oo m

s 1—me—k:Tk_1 — Qqs(T)_l-
(10.12)

Proof. For the convergence of the series it is sufficient to prove the conver-
gence of the series of the operator norm:

> m|ITm s (10.13)
m=1
Since
1 T m —2—m 1
T D1 X 5 e Y U e P TRE
m—oo m|[T||mHs[~t=m  moeo m

by the ratio test the series (I0.13) is convergent. To prove the equality

(10.12), we show that
Qc,s(T) (Z ZkaTk_151m> _ < ZkaTk—181m> Qc,s(T)
k=

m=1 k=1 m=1 1

= 1. (10.14)

The first equality in (10.14) is a consequence of the following facts: for

any positive integer m the operator y ., T=*T""" does not contain any
imaginary units, so it is real and then it commutes with any power of s. Sec-
ondly, the components of 7" are commuting among them and the operator
Q. .(T), see formula (3.14), can be written as: s2Z — 25T + >0 T7.
Now we prove the second equality in (10.14). First we observe that

(i ikaTk_181m> Q073<T) = ( - ikaTk—181m> .

m=1 k=1 m=1 k=1
(s =s(T+T)+1TT)
_ Tm—ka L i—m Z Z Tm+l—ka_1 -m _ Z ZTm—kaS—m
m=1 k=1 m=1 k=1 m=1 k=1
co m .
3 S e
m=1 k=1
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Making the change of index m’ = 1 + m in the second and fourth series,
we have

m=1 k=1
o m oo m'—1 o m
_ Z ZTm_ka Li-m Z Z Tm’—ka Loa—m! Z ZTm—kaS—m
m=1 k=1 m'=2 k=1 m=1 k=1
'
- i S gt
m/=2 k=1
S oo m'—1
A IV i A N W A M
m=2 k=1 m'=2 k=1
/_
_ Ts—l o f: zm: Tm—kaS—m + f: mz:l Tm’—kaS—m
m=2 k=1 m'=2 k=1

Simplifying the opposite terms in the first and second series and in the third
and fourth series, we finally get

(i zm: Tm_kals_l_m> Q.s(T) = T+ i T gtem f: T glm
_ I m=2 m=2
O

Lemma 10.4.4. Let T' € BC(X). The commutative pseudo S-resolvent
operator Q. o(T) ™t is a B(X)-valued right and left slice hyperholomorphic
function of the variable s in ps(T).

Proof. It follows by Proposition[10.3.10] O

Remark 10.4.5. We point out an important difference between the commu-
tative and the noncommutative pseudo S-resolvent operator. For T" € B(X)
with noncommuting components the operator Q. ;(7") is not well defined
because TT # TT. But in the case T' € BC(X) then it turns out to be well
defined and the inverse is B(X)-valued slice hyperholomorphic function
for s € ps(T).

The noncommutative pseudo S-resolvent operator Q, (7)™ turns out to
be well defined for operators 7' € B(X) with noncommuting components,
but it is not a B(X)-valued slice hyperholomorphic function.
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Remark 10.4.6. The functional calculus based on axially harmonic func-
tions in integral form will be called harmonic functional calculus (on the
S-spectrum) or, since it is based on the commutative pseudo S-resolvent
operator Q. (7)™, Q-functional calculus.

Definition 10.4.7 (Harmonic functional calculus on the S-spectrum). Let
T € BC(X) and set ds; = ds(—J) for J € S. For every function f = Df
with f € SH(os(T)), we set

f(T) = —l/ Q.+(T) dsyf(s), (10.15)
aUNCy)

T
where U is an arbitrary bounded slice Cauchy domain with o5(7") C U and
U C dom(f)and J € Sis an arbitrary imaginary unit.

For every function f = fD with f € SHg(os(T)), we set

f(T) = —l/ f(8)ds;Qes(T)7 !, (10.16)
a(UNCy)

™

where U and J are as above.

We note the the presence of —% in front of (10.13) and (10.16)) is justified
by Theorem [10.3.16

Theorem 10.4.8. The harmonic functional calculus on the S-spectrum is
well-defined, i.e., the integrals in (10.15)) and (10.16)) depend neither on the
imaginary unit J € S nor on the slice Cauchy domain U.

Proof. Here we show only the case f = Df with f € SH(cs(T)), since
the other one follows by analogous arguments.

Since Q. (7)™ is a right slice hyperholomorphic function in s and f is
left slice hyperholomorphic, the independence from the set U follows by
the Cauchy integral formula, see Theorem [3.1.18]and Theorem [3.1.19
Now, we want to show the independence from the imaginary unit. Let us
consider two imaginary units J, I € S with J # [ and two bounded slice
Cauchy domains U,, U, with o,(T) C U,, U, C U, and U, C dom(f).
Then every s € O(U;NC ) belongs to the unbounded slice Cauchy domain
H \ U,. Recall that Q.. ,(T")~* is right slice hyperholomorphic on pg(7T'),
also at infinity, since lim,_, o Qc4(T)~" = 0. Thus the Cauchy formula
implies

1
Qc,S(T)71 = o Qc,q(T)ildQIS;%l(an)
T Ja(m\U,)NCy)

1
= o Qeq(T) YdgrS; (s,q).  (10.17)
2m a(U,NCy)
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The last equality is due to the fact that 0 (H \ U,) N C;) = —0(U, N Cy)
and Sy'(q,s) = —S; (s, q). Combining (T0.13)) and (T0.17) we get

i) = —1/° Q..(T) ds,; f(s)
a(UsNC.y)

™

1 1
- —_/ _/ Qey(T)darS, (s,q) | ds f(s).
T JoWwsnCy) 2 o(UqNCy)

Due to Fubini’s theorem we can exchange the order of integration and by
the Cauchy formula we obtain

- 1 _ 1 _
f(T) = __/ ch(T) 1d(]1 <_/ SLl(S7q)dSJf<8))
T Jaw,ncy) 21 Jow,nc,)
1 _
= o[ ) Mdufa)
T Jow,nCr)
This proves the statement. 0

Problem 10.4.9. Let () be a slice Cauchy domain. It might happen that
frg € SHL(U) (resp. f,g € SHr(U)) and Df = Dg (resp. fD = gD).
Is it possible to show that for any T' € BC(X), with o5(T) C U, we have

f(T) = g(T)?

We start to address this problem by observing that D(f — g) = 0 (resp.
(f — g)D = 0). Therefore it is necessary to study the sets

(kerD)SHL(U) = {f € SHL(U) : D(f) = 0}

and
(kerD)SHR(U) = {f € SHR(U) : (f)D = 0}

Theorem 10.4.10. Let U be a connected slice Cauchy domain of H, then

(ker D)sy, vy = {f€SHLWU): f=a forsomea c H}
= {feSHR(U): f=a forsomeo cH} = (ker D)sy,w)-

Proof. We prove the result in the case f € SH(U) since the case f €
SHg(U) follows with similar arguments. We proceed by double inclusion.
The fact that

(ker D)SHL(U) 2 {f € SHL(U) :f=a forsomea € H}
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is obvious. The other inclusion can be proved observing that if f € (ker D)sy, (1),

after a change of variable if needed, there exists > 0 such that the function
f can be expanded in a convergent series at the origin

flg) = Z ¢*ay,  for {ay}ren, C H and for any ¢ € B,(0)
k=0

where B,.(0) is the ball centered at 0 and of radius 7. By Lemma|10.3.3] we
have

0=Df(q) =Y D(¢"ax=-2> > "¢ ', Vg€ B(0).

) )
k=1 k=1 s=1

If we restrict the previous series in a neighbourhood €2 of 0 of the real line
we get

qugiloék? VQO € Q.

and this implies that
o = O, Vk > 17

which yields f(q) = ap in §2 and since U is connected f(q) = o for any
qeU. ]

We solve the problem (10.4.9)in the case U connected.

Proposition 10.4.11. Let T € BC(X) and let U be a connected slice
Cauchy domain with os(T) C U. If f,g € SHL(U) (resp. f,g9 €
SHr(U)) satisfy the property Df = Dg (resp. fD = gD) then f(T) =
g(T).

Proof. We prove the theorem in the case f,g € SH(U) since the case
frg € SHR(U) follows by similar arguments. By definition of the har-
monic functional calculus on the S-spectrum, see Definition [10.4.7] we
have

fT) - gy = -+ / e QealT (9 1)

™

Since Q. +(T")~*! is slice hyperholomorphic in the variable s by Theorem
3.1.18] we can change the domain of integration to B,.(0) N C; for some
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r > 0 with ||T'|| < r. Moreover, by hypothesis we have that f(s) — g(s) €
(ker D) sy, (1), thus by Theorem|10.4.10j and Proposition|10.4.3| we get

f(T) - () = -+ / ey QeI (5) = (5

™

/ QC7S(T>_1dSJOé
A(B,(0)NC)

i ikaTkl / s mds a0 = 0.

m=1 k=1 9(Br(0)NCy)

]

In order to solve Problem [10.4.9} in the case U not connected, we need
the following lemma, which is based on the monogenic functional calculus
developed by Mclntosh and collaborators, see [99,101,/108,|112].

Lemma 10.4.12. Let T € BC(X) be such that T' = Ty + Tie1 + They, and
assume that the operators Ty, { = 1,2,3, have real spectrum. Let G be
a bounded slice Cauchy domain such that (0G) N os(T) = (. For every
J € S we have

/ Q.s(T) tds; = 0. (10.18)
a(GNCy)
Proof. Since A(1) = 0 and A(q) = 0, by Theorem we also have
/ Fr(s,q)ds; = A(1) =0, (10.19)
O(GNCy)
and
/ Fr(s,q)dsys = Aq) =0, (10.20)
a(GNC,)

for all ¢ ¢ OG and J € S. By the monogenic functional calculus [99,(101]
we have

Fr(s,T) = / G(w, T)DwFy(s,w),
B19)
where Dw is a suitable differential form, the open set ) contains the left
spectrum of 7" and G(w, T') is the Fueter resolvent operator. By Theorem
we can write
1
Q..(T) ' = —Z(FL(S, T)s — TF(s,T)),
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thus we have

1
/ Qes(T) 'dsy = ——/ Fi(s,T)s — TFy(s,T)ds,
B(GWCJ) 4 d(GNCy)

=—= (/ / T)DwFyp(s,w)sdsy
aGnc,) Jon
—T/ / T)DwFy (s, w)dsJ>
a(GnC,) Jon
1
=—= (/ G(w, T)Dw (/ FL(S,w)dsJS)
4\ Joo a(GNC.y)
—T/ G(w,T)Dw (/ FL(s,w)dsJ))
i) a(GNCy)

=0,

where the second equality is a consequence of the Fubini’s Theorem and
the last equality is a consequence of formulas (10.19) and (10.20)). [l

Remark 10.4.13. To define a monogenic functional McIntosh and collab-
orators, see [99,/101}/108,112], had as hypothesis that the component 7{, of
the operator 7' = Ty + Tieq + Thes + T3es is zero. However, it is possible
to set zero a different component of the operator 7'.

Finally in the following result we give an answer to Problem[10.4.9]

Proposition 10.4.14. Let T' € BC(X) be such that T = Ty + Tiey + Theo,
and assume that the operators Ty, { = 1,2,3, have real spectrum. Let
U be a slice Cauchy domain with o5(T) C U. If f,g € SHp(U) (resp.
fr9 € SHg(U)) satisfy the property Df = Dg (resp fD = gD) then
J(T) = g(T).

Proof. 1t U is connected we can use Proposition [10.4.11} If U is not con-

nected then U = U}, U; where the U, are the connected components of U.
Hence, we have f(s) — g(s) = Y-, xv,(s)a; and we can write

f(T Z /Um(c ch dSJal-

The last summation is zero by Lemma|10.4.12 [l

We conclude this section with some algebraic properties of the harmonic
functional calculus.

277



“thesis” — 2022/12/4 — 1‘1:25 — page 278 — #296

Chapter 10. Axially harmonic functions and the harmonic functional
calculus on the S-spectrum

Proposition 10.4.15. Let T' € BC(X) be such that T = Ty + Tie; + Thes,
and assume that the operators Ty, { = 1, 2, 3, have real spectrum.

« If f =Df and § = Dg with f,g € SH(0s(T)) and a € H, then
(fa+g)(T) = f(T)a+g(T).

e Iff = fDand §= gD with f,g € SHr(cs(T)) and a € H, then
(af +9)(T) = af(T) + §(T).

Proof. The obove identities follow immediately from the linearity of the

integrals in (10.15)), resp. (10.16). O

Proposition 10.4.16. Let T' € BC(X) be such that T = Ty + Tiey + Thes,
and assume that the operators Ty, { = 1, 2, 3, have real spectrum.

« If f = Df with f € SH(0s(T)) and assume that f(q) = Yo 0™,
with a,, € H, where this series converges on a ball B,.(0) withos(T) C
B,(0). Then

f(T) = -2 i i T+ .

m=1 k=1

« If f = fDwith f € SHp(os(T)) and assume that f(q) = > o Gmg™"
with a,, € H, where this series converges on a ball B,.(0) with os(T') C
B,(0). Then

F(T) =2 i i a4 T T

m=1 k=1

Proof. We prove the first assertion since the second one can be proven sim-
ilarly. We choose an imaginary unit J € S and a radius 0 < R < 7 such
that 0g(T") C Bg(0). Then the series expansion of f converges uniformly
on J(Bgr(0) N C;), and so

- 1 e
f(T) = ——/ Q.(T) dsy sla
T Ja(Br(0)NCy) ;

oo

1

= __Z/ QQS(T)_ldstlal.
T =0 JoBr(0)NC,)
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By replacing Q. «(T")~" with its series expansion, see Proposition [10.4.3]
we further obtain

oo m [e.9]

f(T) = _%/a Z ZTm_kafls_l_m dsy Z sa

(BrR(O)NCJ) 1p=1 k=1 1=0

The last equality is due to the fact that | (BR(O)NCy) s~ M ds; st is equal to
2w if | = m, and O otherwise. O

Now, we prove other important properties of the harmonic functional
calculus.

Theorem 10.4.17. Let T' € BC(X). Let m € Ny, and let U C H be a
bounded slice Cauchy domain with o5(T') C U. For every J € S we have

1
Hy(T) = — / Q. o(T) Lds 5™, (10.21)
27 Jownc,)

where

H,(T) =Y T"*T".
k=0

Proof. We start by considering U to be the ball B,.(0) with | T|| < . We
know that

+oo n

QC,S(T)_l _ Z Z Tn—kT’ffls—l—n

n=1 k=1

for every s € 0B,(0). By Proposition [10.4.3| we know that the series con-
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verges on 0B,.(0). Thus we have

1 1 X T
— Q.o(T) tdsys" ™ = — T kT / s "M ds
21 JaB.(0)nc,) 27 ;; 8(B,(0)NC.)

m—+1

_pesk—1
Tm+1 kT

o
ey

kT

Il Il
=1M:

(1)

0 ifn##m-+1
/ 8_n+md8J — . 7&
(B, (0)NC ) 2r ifn=m+1.

This proves the result for the case U = B,.(0). Now we get the result for
an arbitrary bounded Cauchy domain U that contains og(7"). Then there
exists a radius r such that U C B,.(0). The operator Q. ,(T')~! is right slice
hyperholomorphic and the monomial s™*! is left slice hyperholomorphic
on the bounded slice Cauchy domain B,.(0) \ U. By the Cauchy’s integral
formula we get

since

1

21 Ja.(0)nc,)
1

21 Josr 0 vine,)

Qc,s (T)—ldSJSm+1 Qc,s (T)—ldSJSm+1

21 Jawnc,)

Qc,s (T)ildSJSerl =0.

Finally we have

1

27 Jawnc,)

1
QC,S(T)_ldSJSm—H - QQS(T)_ldSJSWH—l

27 (B, (0)NC )
= Hm(T),

and this concludes the proof. 0

Remark 10.4.18. Unlike what happens in the S-functional calculus (see
(45, Thm. 3.2.2]) we do not have a left slice hyperholomorphic polynomial
on the left hand side of equality (T10.21)), but we have harmonic polynomials.
Another difference with respect to [45, Thm. 3.2.2] is that in Theorem
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10.4.1°7/|we do not have a difference between right and left part, because by
Proposition [10.4.3]

For the intrinsic functions we have the following result.

Lemma 10.4.19. Let T € BC(X). If f € N(05(T)) and U is a bounded
slice Cauchy domain such that os(T) C U and U C dom( f), then we have

fry=-2 / Q. o(T) s, f(s) = - / F(s)dsy Qua(T) .
a(UNCy) a(UNCy)

™ ™

Proof. Tt follows by the definitions of intrinsic functions, of the ()-functional
calculus and Runge’s theorem. 0

10.5 The resolvent equation for the harmonic functional cal-
culus

In this section we prove various resolvent equations for the pseudo .S-
resolvent operator Q.. ((7')~*. The first version of this equation is written
in terms of Q. ,(7)~! and of the S-resolvent operators.

Theorem 10.5.1 (The ()-resolvent equation with S-resolvent operators).
Let T € BC(X). Then, for p, s € ps(T) with s & [p|, the following
equalities hold

Qs (1)1 Qep(T) ™" = {[Qes(T) 'S (0, T) = Sg' (5, T)Qep(T) '] p
-5 [Qc,S<T)_ISL_1(p7 T) - S}EI(SaT)Qc,p(T)_l]} ’
(P — 2s0p + [[*) 7, (10.22)

and

Qus(T)7'Qep(T) ™! = (p* — 2500 + [s|*) ™' {5 [Qe,s (1) 'S (0. T)
_ngl(S?T)QC,P(T)il] - [QC,S(T)ilsljl(pv T)
—Sz (s, T)Qep(T) '] 1} - (10.23)

Proof. By the definition of left S-resolvent operator we have
Qup(T)'p=TQ.,(T) " + S; (p. T). (10.24)
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By iterating (10.24) we get

Qes(T) 1 Qep(T)H(p” — 250p + |5]°) =

= QQS(T)_l[QC,p(T)_lp]p —250Qcs (T)_lgcm(T)_lp
+1817Qes (T) 71 Qe (T)

= Qus(T) ' TQep(T) ™ + S, (0. T)]p — 250Qe,s(T) ™
[TQep(T) ™ + 5. (p, T)]
+[8[7Qes (T) 71 Qe (T)

= Qe o(T) 'T[Qep(T)'p] + Qoo (T) 1S, (p, T)p
—250Qes(T) [T Qep(T) ™ + S (0, T)] + 15> Qes(T) ™ Qep(T)

= Qes(T) T[T Qep(T) ™ + 5. (0, T)] + Qes(T) S (p, T)p
—250Qes(T) T Qep(T) ™ + S; (0, T)] + 1512 Qes(T) ™1 Qe p(T) 1

Now, by the definition of the right S-resolvent operator we have

Q.o(T) T = 5Q.(T)™" — Sz (s,T). (10.25)

This equality implies

Qes(T) 1 Qep(T)H(p* — 250p + |5])

= [Qes(T) ' TITQep(T) ™" + [Qes(T) TS, (0, T) + Qoo (T) 'S (p, T)p
—250[Qe,s(T) ' T Qep(T) " = 250Qes(T) 'S (0, T) + |8 Qoo (T) ™' Qe (T) ™!

= [8Qes(T) ™ = Sz' (8, T Qep(T) ™' + [sQes(T) ™ = Sz (s, TS (0, T)
+Qc,S(T)_lS£1<pv T)p - 230[5Qc,S(T)_1 - Sﬁl(s, T)]Qc,p(T)_l
—250Qes(T) 'S (0, T) + |5 Qe s (T) 1 Qe p(T) !

= 5[Qes(T) ' T1Qep(T) ™ = S (5, T)T Qep(T) ™" + 5Qes(T) 'S (0, T)
—SE (s, T)SL (D, T) 4 Qes(T) 1S (p, T)p — 2505 Qoo (T) ™ Qe (T)
+25055' (5, T)Qep(T) ™" = 250 Qe o(T) ST (0, T) + 151* Qs (T) ™' Qe (T) ™

= 5[sQeo(T) " = S (5, 1) Qep(T) ™" = Sg' (5, )T Qep(T) ™!
+5Qcs(T) 1S (p, T) = S (5, T)SL (0, T) + Qoo (T) 7S (0, T)p
—2508Q.s(T) 1 Qup(T) ™ + 25055 (5, T) Qe (T)

—250Qes(T) 'S (0, T) + |8° Qoo (T) 71 Qe p(T) .

Now, since s? — 2545 + |s]? = 0 we get

Qs (T) Qe p(T)(p* — 250p + |5]%)
= (5" = 2505 4 |5]*) Qoo (1) ' Qep(T) " — 8S5" (5, 1) Qe (T) !
=S (8, )T Qe p(T) " + 5Qcs(T) 'S (p, T) — Si'(s,T)S; ' (0, T)
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+Qeo(T) 'S, (p, Tp + 2805 (8, 1) Qep(T) ™ = 250Qes(T) 'S, (p, T)
= =555 (s, T)Qcp( )= SR'(s, T)TQcp( )7 5Q.(T)71S (]%T)
—Sk'(,T)S. (p, T) + Qc,s( )L (P T)p + 2505 (s T)Qcp( )~
_QSOQC,S(T)_lsL_l(p7 T)
= =555 (5. 1) Qep(T) " + 5Qes(T) S, (p. T) = Sp' (5, T[T Qep(T)
+57 1 (0, 1) + Qes(T) 718, (0, T)p + 25055 (5, T) Qep(T) ™
_250Q078(T)_1521( p.T).
Finally, by using another time formula (10.24)) and the fact that 25 — s = §
we obtain
Qs (T) ™' Qep(T) ™ (p* — 250p + |5])
= —s55'(s, T)Qcp(T) +5Qes(1) 1S, (0, T) = Sk (5,7) Qep(T) " 'p
+Qcs(T ) ( T)p + 2505y (s, T) Qc,p(T>_l - QSOQQS(T)_lSL_l(p» T)
= [Q(T)™ Ll( JT) = Sz (5,T)Qep(T) ] p
—5[Qes(T) 'S, T) — S (5, T7) Qe p(T) ] .
It is possible to obtain formula (10.23) with similar computations. 0
Remark 10.5.2. We can rewrite the equations obtained in Theorem [10.5.1 o
by using the left or right slice hyperholomorphic products, see Definition
3.1.6 in the variables s, p € ps(T') with s & [p],
Qes(T) ' Qep(M) ™ = [Qes( M) 'S (0, T) = S (5, T) Qep(T) ]
*5,0(p — 5)(p* — 2s0p + [s[*) 7',
or
Qc,s(T)_IQc,p(T)_l = (p- 5)(172 — 2s0p + |5|2)_II *p,R
[Qes(T) S, (0. T) = Sg' (5, 1) Qep(T) '] -
Theorem 10.5.3 (Left and right generalized ()-resolvent equations). Let
T € BC(X) with s € ps(T) and set
m—1
ME (5, T) = T'S;Y(s, T)s™ 1
=0
and
m—1 )
ME(s,T) = "S5 (s, T)T .
1=0
283
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Then form > 1 and s € ps(T), the following equations hold
Quo(T) '™ =T Q. o(T) ™t = ME(s,T) (10.26)

and

SmQQS(T)il - QC,S(T)ile - Mﬁ(S, T)

Proof. We prove the result by induction on m. We will prove only (10.26)
since the other equality is proven with similar techniques. The case m =1
is trivial because

Mi(s,t) =S (s,t) = Q.1 (T)s —TQ_XT).

We assume that the equation holds for m — 1 and we will prove it for m.
By inductive hypothesis, we have

T"Quo(T) " =TT ' Quo(T) ™ = T(Qus(T) '™ — ME_(5,T))
=TQ. (T)"'s™ ' —TMEL_(s, 7).

Since
m—2 —
TME (5,T) =S T8 (s, T)s™ "2 Z gie1
i=0 P
and B
TQC’S(T)_l - Qc"S(T)_lS - S[_/l(sa t)>
we have
m—1 )
TmQQS(T)—l — QQS(T)—lSm _ S;l(S,T)Sm_l _ j_ﬂZS—l(S’ T)Sm_z_l
i=1
- ch ZT S S T m—i—1

Q) = ML)
O

Now, our goal is to obtain a resolvent equation for the ()-functional
calculus in which a term of the following form

[QC,S(T)il - Qc,p(T)il] *s,left 551(57 Q>

is transformed into the product of Q.. ((7") ! and Q.. ,(T')~" and other terms
involving the S-resolvent operators. Moreover, we want to maintain the
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slice hyperholomorphicity.
In order to achieve this aim we need to recall a suitable modification of the
classic S-resolvent equation, see [6, Thm. 6.7].

Theorem 10.5.4. Let T € BC(X) and B € B(X) such that it commutes
with T, then we have

Si'(s,T)BS; (p,T) = [(Si'(s,T)B—BS;'(p,T))p+ (10.27)
=5 (Sg' (s, T)B = BS, ' (p,7))]Q:.(n) ",
where Q(p) := p? — 2sop + |s|*
Remark 10.5.5. If we consider B = Z in (10.27)) we get (3.9).

Now, we have all the tools to obtain a new resolvent equation for the
@-functional calculus.

Theorem 10.5.6. Let T € BC(X). For s, p € ps(T) with s & [p| we have
the following equation

Qes(T) 1S (0, T) + S5 (8, T) Qe (T) ™" = 2Qc 5 (T) ' TQ,p(T) ! =
= [(Qes(T) ™" = Qep(T) p = 5(Qe,s(T) ™! = Qe (T) )]
Q,(p)~", (10.28)

where T = Tie; + Tohey + Ties.

Proof. We will show this result in seven steps.

Step I. We consider B = T in and we multiply it on the right

by 4Q,.,(T)", then we get

—Sg' (s, T)TFy(p,T) = [(485' (s, T)TQep(T)™ + TFL(p, T))p  (10.29)
—5 (485 (5, T)TQepp(T) ™" + TFi(p, T))] Qu(p) "

Step II. We consider B = Z in (10.27]) and we multiply it on the right by
—4Q,,(T)"'p, then we obtain

Sil(s, TV (s, T)p = [(—485 (5, T)Qup(T) p— Fu(p. T)p)p  (1030)
—5 (—455' (5, T)Qep(T)'p — Fi(p, T)p)] Qs(p) .

Step III. We substitute B = 7' in (10.27) and we multiply it on the left by
49, (T)™", then we get

—Fr(s,1)TS;"(s,T) = [(—=Fgr(s,T)T —4Q.(T)"'TS; (p,T))p (10.31)
—5 (=Fgr(s,T)T — 4Q.(T)"'TS; (p,T))]Qs(p) "
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Step IV. We substitute B = Z in (10.27)) and we multiply it on the left by

—45Q.+(T)~!, then we obtain

sFRr(s,T)S; (s, T) = [(sFr(s,T)+4sQ.(T) 'S (».T))p (10.32)
=5 (sFr(s,T) +45Qcs(T) 'S (0. 1))1Qs(p) .

Step V. We make the sum of formulas (10.29), (10.30), (10.31)), (10.32)) and
by Theorem [9.3.1] we get

—4S71 (5, T)Qep(T) ™ —4Q, (T)'S; 1 (s, T) (10.33)
= [(4Qep(1) ™" = 4Q. (1)) p = 5 (4Qcp(T) ™! = 4Q.o(T) 7)1 Qs(p) ™
+4[(S7 (5, )T Qep(T) ™ = S5 (5, T)Qep(T)'p — Qe T) TS (0, T
+5Qe(T) 1S (0, T)) p = 5 (Sg' (5, T)TQepp(T) ™ = Sp' (5, T) Qe (T) ™'p
~ Qs (T)7' TS (p, T) + 5Qes(T) 7' S7 (0. T))] Qs(p) ™.

Step VI. We show that

[(Sg (s, T)TQep(T) ™" — Qus(T)'TS, (p,T)) p+  (10.34)
=5 (S5 (5, ) TQep(T) ™" = Qe o(T) ' TS (p, T))] Qulp) ™! —
= Q. (1) TQu(T) ™
We focus on proving formula (10.34). First of all, we observe that by
the definition of the S-resolvent operators we have
S (5, T)T Qep(T) ™ = Qus(T) TS (p, T)
= Q. o(T) ' (ST —T)TQep(T) ™' = Qus(T) 'T(PT — T) Q. p(T) "
- QC,S(T)_ISTQC,p(T)_l - QC,S(T)_ITPQC,Z)(T)_I'
Thus we get

[(S7! (8, )T Qep(T) ™ — Qus(T) ' TS (p. 7)) p

—5 (SR (s, T)TQep(T) ™" = Qe (T) ' TS (0, T))] Qs(p)~"
= (Qes(T)'sTPQep(T) ™" — Qeo(T) TP Qe (T) '+

— Qe o(T) HsIPTQep(T) ™ + Qeo(T) 18T pQep(T) ) Qs(p) ™!
= (Qes(T) (s +8)TPQep(T) ' — Qus(T) ' Tp* Qe (T) "
Q. (T) YsPPTQup(T) ™) Qu(p)~!
= — 0. (1) 'TQu(p) Qe (T) 1 Qu(p) !
= —0Q..(T)'TQ,,(T)™".
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Step VII. By similar computations we have the following equality

[(5Qes(T) 'S (0. T) — S5 (s, T)Qep(T) ') p+ (10.35)
—5(5Qes(T) 'S (0, T) — S5 (5, T)Qep(T)"'p)] Qs(p)~!
= Qe(T) 1T Qe (T) 7.

Step VIIIL. We put together (10.34) and (10.33) to obtain

[(Se' (8, T)TQep(T) ™ = S (5, T)Qep(T) ™' — Qeo(T) ™' TS (p. T) (10.36)
+5Qeo(T) 'S (0, 1)) p— 5 (S' (5, 1) T Qep(T) ™ = S5'(5, 1) Qep(T) 'p
— Qo (T) TS (0, T) + 5Qua(T) 'S (p. T)) ] Qulp) ™"

= —Qu(T) ' TQep(T) ™ + Qo a(T)T Qe (T) ™

=-20Q.,(T7)7'TQ.,(T)".

Finally by putting formula (10.36) in (10.33)) we get

Sz (5,T)Qep(T) ™ + Qe (T) 'S (0, T) =
[(Qc,s(T)_l - Qc,p(T)_l) P — s (QC,S(T)_l - Qc,p(T)_l)]Qs<p)_l
+2QC,S<T)_1IQC,])(T>_1'

This proves the statement. ]

By using formula (I0.28)), it is possible to obtain an interesting and nice
formula for the product rule of the ()-functional calculus.

Theorem 10.5.7. Let T € BC(X). We assume that f € N(os(T)) and
g € SH(os(T)) then we have

D(fg)(T) = f(T)(Dg)(T) + (Df)(T)g(T) + (DS )NT)L(Dg)(T).

If g € SHR(0s(T)) then we have

D(gf)(T) = f(T)(Pg)(T) + (DF)(T)g(T) + (Df )(T)I(Dg)(g())-”)

Proof. Let GG; and G5 be two bounded slice Cauchy domains as in the proof
of Theorem Let us consider p € d(G1NC,) and s € 9(G1NC). By
the definitions of the S-functional calculus and the ()-functional calculus
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we get

F(T)(Dg)(T) + (DF)(T)g(T) + (DF)(T)T(Dg)(T)
- S; (s, T)ds 1 f(s) / Q. (T) dpg(p)

212 Jocanc) 8(G1NC,)

Q.. (T)ds; f(s) / S (p, T)dpg(p)

0(G1NCy)

1

212 Joaanc,)

4+ Q.(T) 'ds, f(s)T / Qep(T) " dp.g(p)-

7T2
8(G20(CJ) 8(G10(CJ)

By the fact that the function f is intrinsic and by Theorem [10.5.6| we get

f(T T)() (PHT)L(Py)(T)

_ / / (5)ds 5[~ S5 (5, T) Qup(T) " —
GzﬂCJ GlﬂCJ
_ch +2ch( ) IIQQP(T)_l]dpJg(p)

_ / Gm / L JEQulT) ™ = Q1)

—s(ch — Q. ) D1Qs(p) " tdpsg(p)

1 _ _
=73 f(s)ds, / Qes(T) 'pQs(p)'dpsg(p)
™ Ja(GanCy) A(G1NCy)
1 _ _
t53 f(s)dsy / Q.o(T) ' pQs(p)tdpsg(p)
w2 9(G2nCy) a(G1nCy)
1
tom

1
o [ Hedss [ 50u,(1)Que) gl
™ Ja(GanCy) A(G1NCy)

£(s)ds, / 50 (T) ™ Qu(p) " dp,9(p)
(GQH(CJ) 8(G1ﬂ(CJ)

Since the maps p — pQ,(p)~" and p — Q,(p) are intrinsic slice hyper-
holomorphic on (G, by the Cauchy integral formula we get that the first
and the third integrals in the above formula are zero. By Lemma [9.5] and
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the definition of ()-functional calculus we get

f(T)(Dg)(T) + (Df)(T)g(T) + (Df)I(T)L(Dg)(T) =
1
= s)dsy §QCPT’1—QCJ,T71
2 Lo SO / e, 390 (1))
Q.(p)dps g(p)
— / 0..o(T) dps f(p)9(p)
T Jo(GinCy)

_ 1 ~1
- /d e, QD) s T9)0)

= D(fg)(T).
Formula (10.37) follows by similar computations. [

10.6 The Riesz projectors for harmonic functional calculus

We now take advantage of the ()-resolvent equation in Theorem to
study the Riesz projectors for the harmonic functional calculus.

Theorem 10.6.1 (The Riesz projectors). Let T' = Ty + Tieq + Thes and
assume that the operators T), | = 0, 1, 2, have real spectrum. Let o5(T) =
o1 U oy with diSt(O'l, 02) > 0.

Let G, G5 C H be two bounded slice Cauchy domains such that o, C
G1, G1 C Gy and dist(Gy, 02) > 0. Then the operator

- 1 1
P(T) = - / $dsyQun(T) ! = = Q. (T) dpyp
2 (G2nCy) 2m A(G1NCy)
is a projection, i.e., ~ ~
P?=P.
Moreover, the operator P commutes with T, i.e. we have
TP = PT. (10.38)

Proof. From the definition of right S-resolvent operator we have
Sp'(5,T) = 5Qeo(T) ™" = Qe(T) 7T (10.39)
By inserting formula (10.39)) in the equation (10.28)) and by multiplying on
the right by p we get
Q.s(T) 'S (p, T)p + SQC S(T)” Qcp( )7'p = Qes(T)'TQ.p(T) 'p
—2Q.(T )*ITQcp( ) p =12, ( ) — Qep(T))p
—5(Qes(T) ™! = Qe p(T) 1] Qs(p) ™ (10.40)
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Now, we multiply formula (10.40) by ds; and we integrate it on 9(G>NC )
with respect to ds; and if we multiply on the right by dp; and we integrate
on (G N Cy) with respect to dp;. Therefore, we get

/ dsyQe,s(T) ™" / St p, T)dpsp + / sdsyQe,s(T) " -
9(G2nCy) 0(G1NCy) 0(G2nCy)

/ Qc,p(T)_ldpJp - 2/ dSJQc,5<T)_IZ/ Qc,p(T)_ldpJp =
A(G1NCy) d(G2NCy)

O(G1NCy)

/ s, / (Qua(T) ™ — Qup(T)™M)p — §(Qu(T) ™ — Qup(T) )] -
8(G2NCy) 8(G1NCy)

Qs(p) dpp.

By Lemma[10.3.12] we obtain

(2n)?P? = /a o /a e, @) = Q) -
5(Qes(T) ™" = Qe (T) M) Qs(p)'dpp-

Now, since the functions p — Q.(p)~! and p — Q,(p)~! are slice hyper-
holomorphic and do not have singularities inside 9(G; N C) by the Cauchy
theorem we get

/ pQ,(p) " dpp* = / O.(p)dpsp=0.  (1041)
8(G10(C,])

8(G1 ﬂ(c,])

Therefore, we have

N 1
7= W /8(0 ncC )/8(G nC )dSJ[EQc,p<T)1_Qc,p(T)lp] QS(p)ildpJp-

By exchanging the role of the integrals and Lemmawith B:=Q,.,(T)!

we get
- 1 -
pP?=_— Q.,(T) 'dpyp = P.
21 Jaaine,)

Now, we prove (10.38). By the following formula

TQQP(T)_l = QC,P(T)_lp - Szl(pa T)?
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we get
N 1 _
TP = —— TQc,p<T)71dpJp
21 Jaciney)
1 _ _
= 5 (Qp(T)™'p— Sp'(p, T))dp.p
T Jo(GinCy)
1 1
= —— Q.(T) tdp;p* + — S (p, T)dpyp.
21 Jocaneyy ’ 21 Jonncy)

Thus we obtain
1

1 _
S Q.p(T) 'dpsp” + — St (p, T)dpp.
21 Jaainey)

o Jagancy) (10.42)

TP =

On the other side, since

QQP(T)_lT = QQP(T)_lp - Sﬁl(l% T)7

we get
3 1 _
PT = —— pdpyQep(T)™'T
27 Jacine,)
1 _ 1 _
= —— Q.p(T) Ydpsp® + — pdp; Sz (p, T).
21 Jaciney) 21 Jaainey)

From the fact that pxq, (p) is intrinsic slice hyperholomorphic in G, it
follows by [45, Thm. 3.2.11] that

~ 1 1
PT = —— Qep(T) 'dpsp® + 5~ St (p, T)pdp,.
21 Jaciney) 21 Jacine,)
(10.43)
Since (10.42)) and (10.43)) are equal we get the statement. [

Remark 10.6.2. The ()-resolvent equation stated in Theorem pre-
serves the slice hyperholomorphicity, however it is not useful to prove The-

orem[10.6.1]

Remark 10.6.3. Theorem|10.6.1|can be proved using directly the /'-functional
Calculus. Indeed, in the same hypothesis of the theorem, it is proved in [45,
Thm. 7.4.2] that
pf:pl and TplzplT
for
. 1

P = —— Fi(p, T)dpp*.
87 Jo(cinc,)
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Now, using Theorem and [45, Lemma 7.4.1], we have

- 1
P=— Qc,p(T>_1 dpJp
27 JaGincy)
1
— Fi(p, T)p = TFL(p,T) dpsp
87 Jaieinc,)
| §
- Fy(p,T)dp,p* = P.
87 JaGincy)

10.7 The product rule for the F-functional calculus

By means of the harmonic functional calculus we can show a product rule
for the F'-functional calculus.

Theorem 10.7.1. Ler T € BC(X) and assume f € N(os(T)) and g €
SH(0s(T)) then we have

A(fg)(T) = Af(T)g(T) + f(T)Ag(T) — Df(T)Dg(T).  (10.44)

Proof. Let GG; and G5 be two bounded slice Cauchy domains such that

contain 0g(T) and G; C Gs, with Gy C dom(f) N dom(g). We choose

p € 0(G1NCy)and s € (GoNC,). Forevery J € S, from the definitions —
of F'-functional calculus, S-functional calculus and @)- functional calculus,

we get

Af(T)g(T) + f(T)Ag(T) = DF(T)Dy(T) =
1 -1
N (2m)? A(szcJ)f@)dstR(S’T)/ S (e T)dpsg(p)

9(G1NCy)

1 _
boma [ f6sST) [ v
(2m) 8(G2NC ) 9(G1NCy)

1 /8(G2HCJ) Qc,s(T)_ldSJf(S)/ qu(T)_ldpJg(p).

(m)? 8(G1nC.)
Since the function f is intrinsic by Lemma|10.4.19|we have

Af(T)g(T) + f(T)Ag(T) = Df(T)Dy(T) =

1
o [ FEMs D) [ S 0 D))
(2m) 8(G2NC ) 9(G1NCy)

1
+ 2/ f(S)dSJS}El(S,T)/ Fr(p, T)dpsg(p)
(2m)2 Jacanc,) A(G1NC)

_L /8((;20@']) f(s)dSJQc,s(T>1/ Qc,p(T)ildpJg(p).

(71-)2 8(G1HCJ)
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Hence, we have
Af(T)g(T) + f(T)Ag(T) — Df(T)Dg(T)
1
S / / F(s)dsy [Fr(s, T)S7 (p. T)+
(2m)2 Jocanc,) Jociney)
+S (8, T)VFL(p, T) — 4Qcs(T) ' Qe (T) '] dpsg(p).-
By the following equation (see [45, Lemma 7.3.2])

Fr(s,T)S; (0, T) + Sz' (s, T)FL(p,T) — 4Qcs(T) ' Qe p(T) ™"
= [(Fr(s,T) = F(p, T))p — 5(Fg(s,T) — Fr(p,T))]Qs(p) ",

where Q,(p) = p* — 2s0p + ]3\2, we obtain
Af(T ) + f(T)Ag(T) = Df(T)Dy(T)

/ / ) [(Fals,T) = Fy(p.T)) p
27T 8(GanCy) J8(G1NCy)

—5(Fr(s,T) = Fr(p, T))] Qs(p)"'dpsg(p).

By the linearity of the integrals follows that
Af(T)g(T) + f(T)Ag(T) = Df(T)Dy(T) =
e [ SOy [ Fals TIpQ.) sy
(27) A(G2nCy) d(G1NCy)

d Fu(p, T)pQa(p)~'d

B e T g, PP IR s
d 3 -14

(2n)? /a(GmJ)f (s)ds, /a e SFr(s, T)Qs(p) "dpsg(p)

+ 2/ f(S)dSJ/ SEL(p,T)Qs(p) ' dpsg(p).
(27)? Jacancy) 8(G11C.)

Since the functions p — pQ,(p)~', p — Q,(p)~" are intrinsic slice hyper-
holomorphic on GG, by the Cauchy integral formula, see Theorem [3.1.19
we have

1
—— d Fr(s, T)pQ.(p)~d 0,
(27T)2 /8(6'20@]) f(S) > /8(6'10((:]) R(S )p (p) pjg(p)

1
L / F(s)ds, / $Fa(s, T)Qu(p) " dpyg(p) = 0.
(27)% Jaaancy) A(G1NC.)
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Thus, we get

Af(T)g(T) + f(T)Ag(T) = Df(T)Dy(T) =
1 -1
(27T) /8(GQQ(CJ) f(S)dSJ /8(G1Q(CJ) FL (p’ T)st (p) dpJg(p)
1 - ~1
e /8 e,y B /a ey, B TIQ) " dpag p)

L S 1
B W /B(Gzﬁ(CJ) f(S)dSJ /3(G1QCJ) [SFL(p’ T) - FL(p’ T)p] Qs(p) dpJg(p)

By applying Lemma with B := F(p,T) and by the definition of the
F'-functional calculus we obtain

[\

Af(T)g(T) + f(T)Ag(T) = Df(T)Dy(T)

1
- Fr(p, T)dps f(p)g(p)
21 Jaciney)
1
27T 8(01 ﬂ(CJ)

= A(fg)(T).

Fr(p, T)dps(fg)(p)

]

Corollary 10.7.2. Let T € BC(X) and assume g € N (os(T)) and | €
SHr(os(T)) then we have

A(fg)(T) = Af(T)g(T) + f(T)Ag(T) = DF(T)Dy(T).  (10.45)
Remark 10.7.3. The product fg in Theorem|10.7.1|and Corollary|10.7.2]is
respectively slice hyperholomorphic left or right slice hyperholomorphic.

Remark 10.7.4. The classical formula

A(fg) = A(f) g+ f-Alg) +2(Vf,Vg), (10.46)
is true for any C? quaternionic valued functions and it inspires formula
(10.44). However, formula (10.44)) is true only for slice hyperholomorphic
functions. Indeed its proof relies heavily on the slice hyperholomorphic
Cauchy integral representation formula. Thus (10.44) is not applicable in

the case when f and ¢ are real valued functions and, in this sense, it is not
a generalization of the formula (10.46)).

Remark 10.7.5. Formula (10.44) is a general case of the well-known for-
mula A(qg(q)) = ¢A(9(q)) +2D(g(q)). Indeed, it is enough to replace the
operator 1" by ¢ and to take f(q) := ¢ in formula (10.44).
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A polyanalytic functional calculus and its
properties on the S-spectrum

11.1 Motivation

In the previous chapter we studied a possible splitting of the diagram (9.1)
and have showed that between the set of slice hyperholomorphic functions
and the set of axially monogenic functions lies the set of of axially harmonic
functions. Moreover, by means of this splitting, we developed an harmonic
functional calculus.
The main goal of this chapter is to understand another, different splitting of
©1).

By rearranging the maps in the Fueter theorem it is possible to get the
set of axially polyanalytic functions of order 2, i.e. functions in the kernel
of D2. In this paper we study the splitting

O(D) 25 SH(Qp) 25 AP () 25 AM(Qp), (11.1)

where AP, (§2p) is the set of axially polyanalytic functions of order 2. The
goal of this chapter is to describe the central part of this diagram
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SH(2p) AP2(Qp) AM(Qp)

l

Slice Cauchy Formula SN AP> integral form —2 . Fueter thm. in integral form

l l l

S—Functional calculus Py — functionalcalculus F — functional calculus

Axially polyanalytic functions play an important role in the study of
elasticity problems, see [[113,|114]. The theory of polyanalytic functions is
also used to investigate problems in time-frequency analysis, see for exam-
ple [3]] and to study well-known Hilbert spaces, see for instance [2,21,133]].
For more information about polyanalytic functions see [4}27].

11.2 Functions spaces of axial type in the quaternionic set-
ting

We start by recalling the definition of fine structure.

Definition 11.2.1 (Fine structure of slice hyperholomorphic spectral the-

ory). A fine structure of a slice hyperholomorphic spectral theory is the —
set of functions spaces and the associated functional calculi induced by a

factorization of the operator A.

In the quaternionic case only two fine structures are possible. One of
them is studied in the previous chapter, and the other one is the main topic
of this chapter.

The first fine structure studied corresponds to the factorization A = DD.
In that case, we have the following diagram

O(D) 5 SH(Qp) 2 AH(Qp) 2 AM(Qp), (11.2)

where the A (€2p) is the set of axially harmonic functions and €2, is de-
fined as in Theorem

The aim of this chapter is to study the fine structure which corresponds to
the other possible factorization of the Laplacian, A = DD. To this end, we
need the following splitting of the Fueter theorem (see [85]]).

Theorem 11.2.2. Let fy(z) = a(u, v)+if(u,v) be a holomorphic function
defined in a domain (open and connected) D in the upper-half complex
plane and let

Qp ={q=qo+ qe1 + qea+gses | (qo,]g]) € D} (11.3)
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be the open set induced by D in H. The map
4q
f(q) = Tr(fo) := alqo, |al) + @5(%, l4l)
takes the holomorphic function fo(z) and gives the intrinsic slice hyper-
holomorphic function f induced by fy. Then the function
v — q
P =D (alanla) + 500 1a) )
is in the kernel of D?, i.e.
D? fo =0 on Qp.
Moreover, . .
fl@)=Df(a),
is axially monogenic.
From the previous theorem we have the following diagram
O(D) 125 SH(2p) = AP (Qp) — AM(Qp), (11.4)
where AP, (Sp) is the set of axially polyanalytic functions of order 2. o
Now, we give a rigorous definition of this set. First of all we assume that
an axial function is of the form
q
f(9) :O‘(QO7|Q|)+mﬂ(QO7’ﬂ|)a (11.5)
where « and (3 satisfy the conditions (6.38), with u := ¢o and v := |g|.
Definition 11.2.3 (Axially polyanalytic function of order 2). Let f : Qp C
H — H be of axial type and of class C*(Q2p), where the set 2 is defined
in (11.3)). Then the function
f°(9)=Df(g) on Qp
is called an axially polyanalytic function of order 2 if
D?fq) =0 on (p.

It is possible to write a polyanalytic function as a sum of axially mono-
genic functions, see [27]. Specifically, we can write the so called polyana-
lytic decomposition as

F2(q) = fola) + a0 f1(q), (11.6)
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where the fo(¢) and f(g) are axially monogenic functions. As well as
the monogenic functions satisfy a system of differential equations, called
Vekua systems also the axially polyanalytic functions of order 2 satisfy a
system of differential equations, but of order two.

Theorem 11.2.4. Let U be an axially symmetric open set in H, not inter-
secting the real line, and let f°(q) = A(qo,r) + wB(qo,7) be an axially
polyanalytic function of order 2 on U, r > 0 and w € S. Then the functions
A(qo, r) and B(qo,r) satisfy the following system

820A(q0, ) — 20,,0-B(qo,7) — éaxoB(qg,T) — 0*Alqo, 1) — %@A(qo, r) =0
02, B0, ) + 20200, Ao, 1) — 02 B(qo, 1) — 272020 =,
Proof. If we consider a function of axial type (11.5)), by [118] we know that

D7) i= (O Ao ) = 0B (a0r) = 2Blau,r) )+ 0 Bl 1) + 0 Al ).
(11.7)

Now, we set
2
Al(QO: 70) = aqu(q()a 71) - ar‘B(qm 7") - ;B(Qm 71)7

B'(qo,7) := 04y B(q0,7) + 9 A(qo, 7).
By applying another time (11.7) we get

/ / 2 / / /
D1(0) = (O A1) = 0,5t ) = 2B ) ) 20 B ) + 80 ),
Now, we develop further the computations
2
D2f(Q) = <830A(QO7 T) - aqoaTB<q07 T) - ;8qoB(QO; T) - aqoaTB(CIO’ 7’) - aEA(QOa 7’).

2
=2 O Blan, 1)+ 9, Al 1) ) + 2 (05, B )+ 0,0, A, )

40,04 Ao, 1) — 02B(qo, 1) — 20, <M)) (11.8)

T
4 2
= (830A(QO,T) - 28Q()8TB(qU7T) - ;@:oB(QOJ‘) - aEA(QOa T) - ;aTA(qm T‘))
QTaTB(qu) - B(Q(J?T))

r2

+C—d (agoB(qov T) + QGquTA(QO’ T) - a’rQ‘B(QOa ’l") -

If we consider the function f polyanalytic of order 2, i.e. D?(f) = 0, by
(TT.8) we get the statement. O
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In conclusion, even if A = DD = DD the application of D or the
operator D to the set of slice hyperholomorphic functions gives arise to
two completely different fine structures.

11.3 Integral representation of polyanalytic
functions of order 2

In this section we show how to write a polyanalytic function of order 2 in
integral form. Basically, we provide an integral transform that turns slice
hyperholomorphic functions into axially polyanalytic functions of order 2.
The crucial point to show the integral representation is to apply the operator
D to the second form of the slice hyperholomorphic Cauchy kernels.

Theorem 11.3.1. Let s, g € H, be such that s ¢ [q] then

7_3551(579) = —Fn(s,9)s + qFL(s,q) ZQOFL 5,q)( )k—i-lsl—k,
(11.9)

Szl (s,q)D = —sFr(s,q) + qoFr(s,q) Zq Yk Fr(s, q)(—1)F,
(11.10)
Proof. We start by applying the derivative with respect to J,, to the left

slice hyperholomorphic Cauchy kernel

1
0,57 (5,q) = —Qus(q) ™ + %FL(S, @) - 5Filsa)s. (LI

Now, we make the derivative with respect to J,,,

0,571 (5,q) = €;00s(q) " + %FL(S, 9, i=123 (1112

Formula (TT.11)) and (TT.12)) imply that

55[_,1(3’@ = < (%) Zez >SL1 S Q) _2ch( ) 1+%FL(SaQ)

1
S Fus,0)s — SFi(s.0)
q 1
- 2Qc,s(q>_1 + %FL(S7 Q) - §FL<87 Q)S
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From the equality FJ,(s,q)s — ¢FL(s,q) = —4Q.+(q) " it follows the the-
sis. By similar computations we obtain formula (T1.10). O

Now, we study the regularities of DS} ' (s, ¢) and S;' (s, ¢)D both in s
and in q.

Proposition 11.3.2. Let s, ¢ € H, be such that s ¢ [q]. The function
DS;l(s, q) is a right slice hyperholomorphic function in the variable s,
while Sgl(s, q)D is left slice hyperholomorphic in the variable s.

Proof. By Theorem|11.3.1|we know that DS} ' (s, ¢) is a sum of right slice
hyperholomorphic functions in the variable s. Indeed Q. (¢) ™' is a right
slice hyperholomorphic function as well as GFy(s,q) and Fy(s,q)s. The
left slice hyperholomorphicity of the function Sﬁl (s, T)D follows by sim-
ilar arguments. 0

Proposition 11.3.3. Let s, ¢ € H, be such that s ¢ [q]. The function
DS; (s, q) is left polyanalytic of order 2 and Sy (s, q)D is right polyana-
lytic of order 2 with respect to the variable q.

Proof. Tt follows from the fact that the function F (s, ¢) is axially mono-
genic in the variable ¢ and the Laplace operator is a real operator, thus it
can commute with other operators. Therefore, we get

D* (DS;'(s,q)) = DASL'(s,q) = DFy(s,q) = 0.
The right polyanalyticity of S (s, T)D follows similarly. O

The expressions obtained in Theorem |I1.3.1|can be considered a poly-
analytic decomposition of DS} '(s,q) and Sy'(s, q)D, respectively, see
formula (T11.6). Indeed the functions — F.(s,q)s and F (s, q) are left axi-
ally monogenic in the variable ¢. Similarly, the functions —sFz(s, ¢) and
Fr(s, q) are right axially monogenic in the variable g.

Now, we have all what we need to write an axially polyanalytic function
of order 2 as an integral formula. This will be fundamental to define the
polyanalytic functional calculus of order 2 based on the S-spectrum.

Theorem 11.3.4 (Integral representation of axially polyanalytic functions
of order 2). Let W C H be an open set. Let U be a slice Cauchy domain
such that U C W. Then for J € S and ds; = ds(—.J) we have

300



“thesis” — 2022/12/4 — 1”:25 — page 301 — #319

11.4. Series expansion of the kernel of the fine structure spaces

L. if f € SHL(W), then the function fo(q) = Df(q) is polyanalytic of
order 2 and it admits the following integral representation

y 1<

0N _ ok 1—k .

f(q) = o kE:o( Q) /a(UmCJ)FL(S,Q)S dsy f(s) VqeUs;
(11.13)

2. if f € SHr(W), then the function fo(q) = f(q)D is polyanalytic of
order 2 and it admits the following integral representation

y 1 <&

0N Nk 1—k

() = o ;:0( %) /8(UO(CJ)f(S>d$JS Fr(s,q) VqeU.
(11.14)

The integrals depend neither on U nor on the imaginary unit J € U.

Proof. We get the thesis by applying the conjugate Fueter operator D to
the Cauchy formulas, see Theorem [3.1.18] By Theorem [I1.3.1] it follows
(TT.13) and (TT.14). Finally, the function f°(q) is polyanalytic of order 2

by Proposition [I1.3.3] O

In this section we have described the second central row of the diagram
(IT.I). It is clear the reason of the lack of the arrow that connects the set of
axially polyanalytic functions and their integral representation. Indeed, we
obtain it by means of the slice Cauchy formula.

11.4 Series expansion of the kernel of the fine structure spaces

Now, we address the following.

Problem Is it possible to write a series expansion of DS; (s, q) and
S3'(s,q)D in terms of q and §?

In order to answer this question we recall the following series expansion
of the slice hyperholomorphic Cauchy kernels. For ¢, s € H with |q| < |s|
we have

S (s, q) = Z ¢ s Spl(s,q) = Z s~immgn, (11.15)
n=0 n=0

Therefore it is clear that in order to find the series expansions of DS; (s, q)
and S5' (s, q)D it is fundamental to understand the action of the conjugate
Fueter operator D over the monomial ¢".
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Lemma 11.4.1. For n > 1 we have

Dq" =2 (nq”1 + Zq”qu1> : (11.16)

Moreover,
q¢"D = Dq". (11.17)

Proof. By Lemma|[[0.3.3] we know that

Dq" = (0 + 9y)q ——QZq" iy

where 0, 1= S, €0, Then we have

Dgq" = —2 i G — ng L (11.18)
Therefore
Dy" = (O — 8y) 4" =2 <nq”_1 + En: qn_qu_1> . (1119
k=1
Finally formula follows with similar computations. O

It is possible to write polynomials Dq" in terms of the Clifford-Appell
polynomials in the quaternionic setting, see [32] and formula (9.2) with
n = 3. This family of axially monogenic homogeneous polynomials is
defined, for any ¢ > 0, as

V4
Qe(q,9) =T €+2 ; (0—j+1)g" . (11.20)

Proposition 11.4.2. Let n > 2, then for q € H, we have

1

D" =21 g (—1)* (n+1—2k)Qn-1-1(q. ). (11.21)

k=0

Proof. We write

Dq" = (561" — QOAQ") + q0Aq" = g0(q) + 91(q), (11.22)
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and we consider gq(q). From the fact that
n—1
Ag" = -4 (n—k)g" g, (11.23)
k=1
see Corollary 9.2.3] with n = 3, and by Lemma|[I1.3.T| we can write
n n—1
90(q) = Dg"—qoAq" = 2ng" ' +2> "¢ g0 Y _(n—k)g" g
k=1 k=1
Since 2gy = g + ¢ we obtain
n n—1 n—1
golq) = 2 (nq”1 +D T Y (=R Y (n - k)q”’“@’“)
k=1 k=1 k=1
n n—1 n—1
- 9 <Z qnfqufl + Z(n _ k)qniquil + Z(n . k)q”kl(j’“>
k=1 k=1 k=0
- 9 < qn—k(jk:—l + Z(n o k)qn—qu—l + Z(n —k+ 1)qn—qu—1)
k=1 k=1 k=1 _
= 4 Z(n — k4 Dg" g
k=1
By formula (IT.23) we get
go(q) = —A(g").
This implies that -
Dq" = —A(¢"™) + qoAg™. (11.24)
By (77, Rem. 3.9] we know that for n > 2 we have
A(g") = —2n(n — 1)Qn-2(q, q) (11.25)
where the homogenous polynomials (), (¢, ) are defined in (IT.20). Finally
by combining formula (11.24)) and formula (T1.25]) we get
5qn = 2n [(n + 1)Qn71<Q7 q) - 26]0(” - 1)Qn72(qqn
1
= 20 g(—1)* (n+1—2k)Qu14(q, ).
k=0
N
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Formula (11.21)) can be considered as the polyanalytic decomposition
of the polynomials Dg" since the functions (n + 1)@Q,_1(q,q) and (n —
1)Q,—2(q.q) are left and right axially monogenic.

Remark 11.4.3. The polynomials Dg" were also obtained in [69], by means
of other tools, see [18]].

Now, we have all the instruments to introduce the following.

Definition 11.4.4. Let s, ¢ € H, we define the left D-kernel series as

22 (nqn—l + an—qu—l> S—l—n’ (11.26)
n=1 k=1

and the right D-kernel series as

2y s <nq"—1 +) qn_qu_l> . (11.27)
n=1

k=1

Proposition 11.4.5. Let s, ¢ € H with |q| < |s|, the left and right D-kernel

series are convergent.

Proof. We show only the convergence of the left D-kernel series. The con-
vergence of the right one follows by similar computations.

In order to show the convergence it is enough to prove that the series of
moduli is convergent, i.e.

+o0
4 Z nlg[" tsT" < 400,
n=1

The series converges by the ratio test, indeed

1 n —2—n
L (Dl

-1
= < 1. 11.28
=400 n|q|”—1\s|_1—” ‘QHS| ( )

O]

The following result contains the solution to the problem stated at the
beginning of this section.

, we have

1 0 n
quFL<S’q)(_1)k+1slfk _ 22 <nqn1 + anqu‘l) g 1-n
k=0 n=1 j=1

0 1
= 233 ng (1Y (1 2)Quoi (g, s

n=2 j=0

Lemma 11.4.6. For q, s € H such that |q| < |s
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and

1 00 n
Zslfk(—l)kHFR(s, q)q(l]f - 9 Z g~1-n (nqnl + anqu1> (11.29)
k=0 n=1 k=1

= 2 > s G- (0 41— 2)Qua(0.0).

n=2 j=0

Proof. By formulas (I1.15)) we know that we can expand the left Cauchy
kernel as

S (s, q) = Z q s
n=0

Thus by Proposition |11.4.5|(which allows to exchange the operator D with
the sum) and by Theorem[I1.3.1 we get

1
N Fu(s,q) (D) = DS;(s,q)
k=0

o0

= Y (Dg")s "

n=0
0 n
— 9 (Z nqn—l 4 an—]q]—1> S—l—n.
n=1 7=1

The second equality of the statement follows by applying Proposition[I11.4.2]
in the last equality of the previous computations.
By similar arguments it is possible to prove the equalities (I1.29).

O

Basically, we have given two possible answers to the initial problem.
Indeed, we get two possible expansions of DS} ' (s, q) and S;' (s, ¢)D, re-
spectively. These will be fundamental in the next section.

11.5 The polyanalytic functional calculus of order 2 on the S-
spectrum and its properties

In this section we will analyse the central third row of the diagram (11.1J).
From the shape of the slice hyperholomorphic Cauchy kernel, that we use
to prove the integral representation (see Theorem [I1.3.4), we have to re-
stricted to the case of commuting operators.

305



“thesis” — 2022/12/4 — 1‘1:25 — page 306 — #324 GF

—®
Chapter 11. A polyanalytic functional calculus and its properties on the
S-spectrum
Definition 11.5.1. Let T = T, + >_7_, e;T; € BC(X), s € H, we formally
define the right D-kernel operator as
92 Z (nTnl + Z Tnkal) Sflfn
n=1 k=1
and the left D-kernel operator as
22 Sflfn <nTn1 4 ZTnkal> )
n=1 =
Now, we recall the expansion in series of F'-resolvent operators in terms
of T and T, see Theorem 9.2.10{with n = 3. Let T = Ty + 3.0, &;T; €
BC(X). For s € H with ||T'|| < |s| we have
co n—1
T)=—4) > (n— k)T T (11.30)
n=2 (=1
oo n—1
T)=—4) > (n—k)s 't o
n=2 (=1
This is fundamental for the following result.
Proposition 11.5.2. Let T =T, + > e,T; € BC(X), s € Hand ||T|| <
converges. Moreover, we have
1 . o0 n
S TH(-1) T (s, T)s' 7 =2 <nT”—1 +> T”—kT’f—1> s
j=0 n=1 k=1
(11.31)
and
1
Zslj j+1FR(STT _ZZ —1- n(nTn l‘l'ZTn k:Tk 1>.
]:0 n=1 k=1
(11.32)
Proof. First of all, we show the convergence of the series. It is sufficient to
prove that the series of the operator norm:
4y n|T|" s
n=1
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is convergent. This follows from computations similar to those in the proof

of Proposition [IT.4.5]
Now we prove equality (I1.31). By formulas (I1.30) we know how to

expand in series F'(s,T), thus we have

1 co n—1

Y TH-1YTF (s, T)s' 7 = 4) > (n— k)T T s
j=0 n=2 k=1

co n—1

_4TOZZ Tn k—lpk—1 —1-n

n=2 k=1

Now, to show equality (11.31) it is enough to prove the following equality

At this point, we are going to manipulate the series in the left hand side
of the previous equality in order to obtain the terms in the right hand side.
By using the relation: 27, = 1"+ T', we obtain

ATy S, Tt — YTk
:22:’22 Z:Zl(n_ k)T kpk—1g—1-— n+22n ) Z i( _k)Tn—k—lTkS—l—n
=23 023 Zi_ll(g_k_ )Tt kht 4"‘22[ 32 ( — a)Ttoiatg—t
_225 326 1(6 k)Tglkal_Z QZz 3ZZIT€1ka1—Z
+23 02 Za:l( — )Tttt =230 (0 — 1) T 257

where in the second equality we change indexes in the first sum with ¢ =
n + 1, as well as, in the second sum with ¢ = n + 1 and k = o« — 1. Now,
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starting the first and the third series from ¢ = 2 we get

4T, Z Z(n _ k,)Tn—k—lj-vk’—ls—l—n
oo f—1 oo (-1

—9 Z (6 — )T Fh1g=t 962 9 Z Z Iy
(=2 k=1 =3 k=1

co (-1 00

+23 Y (- )T e T s = 2577 - 2 Z )T 257
=43 Y (n— k)T FIT s = 2 i (-T2

n=2 k=1 =2
oo -1

_2ZZT€ 1—hrpk—1
=2 k=1

co n—1

_422 Tnlekln QZnTnl—nl

n=2 k=1 /=1
© n

-9 E § Tn—ka—ls—n—I’
n=1 k=1

where the last equality is obtained by the change of indexes in the second
and in the third series with n = ¢ — 1. By similar arguments it is possible

to prove (11.32). O

Corollary 11.5.3. Let T = Ty + >0, e;T; € BC(X), s € Hand |T|| <
|s|, then

M-

T (1Y Fy s, T)s T =203 (Z TE1) 0+ 1= 26) Qs (T, T))

7=0 n=1
and
1 o]
D s (1) Fp(s, T)T, Z <Z TF(=1)%(n+ 1 — 2k)Qn_1_x(T, T))
7=0 =1 =

Proof. This result follows by Proposition [[1.5.2] and from the fact that we

can write the right D-kernel operator in terms of Q;(q, 7) = m Z?:o (0—

j + 1)T* 7T, see Proposition [11.21 O
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Now, we can give the following
Definition 11.5.4 (P,-resolvent operators). Let T' = Ty + Z?:1 e l; €
BC(X). For s € ps(T'), we define the left Py-resolvent operator as

PL(s,T) = ZTJ 1)/ F (s, T)s'™

and the right P,-resolvent operator as

[y

Pyi(s,T) = s I(=1)"" Fp(s, T)T}.

=0
Lemma 11.5.5. Let T =Ty + >, e;T; € BC(X). Then

o the left Py-resolvent operator is a B(X)-valued right slice hyperholo-
morphic function of the variable s in ps(T);

o the right Py-resolvent operator is a B(X)-valued left slice hyperholo-
morphic function of the variable s in ps(T).

Proof. It follows by similar arguments of Proposition|11.3.2 0

Definition 11.5.6 (Polyanalytic functional calculus of order 2 on the S-spectrum).
Let T =Ty + Y20, e;T; € BC(X) and set ds; = ds(—.J) for J € S. For
every function f© = Df with f € SH(0g(T)), we set

1

pav=g [ P e, 13

where U C dom(f) and J € S is an arbitrary imaginary unit.
For every f0 = D with f € SHz(os(T)), we set

1
P =5 [ s P (11.34)
o(Uuncy)

where U and J are as above.

Theorem 11.5.7. The polyanalytic functional calculus of order 2 on the
S-spectrum is well defined, i.e., the integrals (11.33)) and (11.34) depend
neither on the imaginary unit J € S nor on the slice Cauchy domain U.
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Proof. Here we show only the case f° = Df with f € SH(og(T)), since
the other one follows by analogous arguments.

Since P£ (s, T) is a B(X)-valued right slice hyperholomorphic function in
s and f is left slice hyperholomorphic, the independence from the set U
follows by the Cauchy integral formula, see Theorem [3.1.18| and Theorem
3.1.19

Now, we want to show the independence from the imaginary unit. Let us
consider two imaginary units .J, I € S with J # [ and two bounded slice
Cauchy domains U,, U, with o5(T) C U,, U, C U, and U, C dom(f).
Then every s € (UsNC ) belongs to the unbounded slice Cauchy domain
H\ U,. Recall that P£ (g, T) is right slice hyperholomorphic on pg(T'), also
at infinity, since lim,_, ; o, P¥(q,T) = 0. Thus the Cauchy formula implies

1 _
PQL(SvT) = 5 P%(QaT)dQISRl(Qa 8)
21 Ja(mu,)ncy)

1
= Py (a,T)dqrS;" (s, q).
21 Jow,ner)
The last equality is due to the fact that 0 ((H \ U,) N C;) = —0(U, N Cy)
and Sy'(q,s) = —S;'(s,q). By Definition|10.4.7|and we get
Y 1
T = Py (s, T)ds f(s)

27 Jaw.nc))

1 L . .
= — — Py (q, T)dqrS; (s,q) | dssf(s).
27T 6(Usm(c(]) <2ﬂ' 6(qu(CI) 2 ( ) 197, ( ) J ( )

Due to Fubini’s theorem we can exchange the order of integration and by
the Cauchy formula we obtain

‘% 1 1 _
Py = [ P ([ s
27 Jow,ncy) 21 Jaw,nc,)
1
= o Py (¢, T)dar f(q)-
21 Jow,ner)
This proves the statement. 0

The following result is also important to have a well posed functional
calculus.

Theorem 11.5.8. Let U be a slice Cauchy domain. If f, g € SH(U) (resp.
f,9 € SHr(U))and Df = Dg (resp. fD = gD) then forany T € BC(X)
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such that T' = Toeq + Tiey + Thes, and assuming that the operators Ty,
{ =0,1,2, have real spectrum, we have

fT) = §(T).

In order to prove the previous theorem we need some auxiliary results.
First of all, we have to study the following sets

(ker D)y, ) == {f € SHL(U) : D(f) = 0}
and o o
(kerD)SHR(U) = {f S SHR(U) : (f)D = 0}
It is necessary to study these sets because in the hypothesis of Theorem

we have D(f — g) = 0 (resp. (f — g)D = 0).

Theorem 11.5.9. Let U be a connected slice Cauchy domain of H, then

(kerD)sy,y = {fE€SHL(U): f=a forsomea € H}
= {feSHRWU): f=a forsomea € H} = (ker D)syy,w)-
Proof. We prove the result in the case f € SH(U) since the case f €

SHg(U) follows by similar arguments. We proceed by double inclusion.
The fact that

(ker D)su, ) 2 {f € SHL(U): f=a forsome o € H}

is obvious. The other inclusion can be proved observing that if f € (ker D) sy L(U)s
after a change of variable if needed, there exists > 0 such that the function
f can be expanded in a convergent series at the origin

o0

flq) = Z ¢*ay,  for {ay}ren, C H and for any ¢ € B,(0)
k=0

where B,.(0) is the ball centred at 0 and of radius . By Lemma|l1.4.1} we
have

0 = Df(g) =) D(¢")au (11.35)
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If we restrict the previous series in (11.36) in a neighbourhood €2 of 0 of
the real line we get

and this implies
ap = 0, vk Z 1.

Thus f(q) = o in B.(0) and since U is connected f(q) = « for any
qeU. ]

To define a monogenic functional McIntosh and collaborators, see [99,
101,108, |112]], had as hypothesis that the component 7 of the operator
T =Ty + Tiey + Tses + Ties 1s zero. However, it is possible to set zero a
different component of the operator 7'. In a polyanalytic functional calculus
is not convenient to have 7, = 0, due to the left and right structure of the
D-kernel (see Definition [11.5.1)). For this reason, in the present work we
impose the last component of the operator 7' to be zero, i.e., 73 = 0.

Lemma 11.5.10. Let T' € BC(X) be such that T = Tyeg + Tie + Thes,
and assume that the operators T;, { = 0, 1, 2, have real spectrum. Let G be
a bounded slice Cauchy domain such that (0G) N os(T) = (. For every
J € S we have

/ PL(s,T)ds; =0 and / ds;Pi(s,T) = 0. (11.36)
a(GNCy) o(GNCy)

Proof. We prove only the first equality of (I1.36)), since the other one fol-
lows by similar computations. Since A(1) = 0 and A(g) = 0, by Theorem
we have

/ Fu(s, q)dsy — A1) = 0, (11.37)
O(GNCy)

and
/ Fr(s,q)ds;s = A(q) =0, (11.38)
a(GNC,)

forall ¢ ¢ OG and J € S. By the monogenic functional calculus of Mcln-
tosh and collaborators we have

Fr(s,T) = /asz G(w, T)DwFy(s,w),
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where Dw is a suitable differential form, the open set {2 contains the left
spectrum of 7" and G(w, T') is the Fueter resolvent operator. By Definition

M1.53.Twe have

/ P (S T)dSJ = / (—FL(S,T)S+T0FL(S,T))dSJ
A(GNCy) 9(GNCy)

</ / T)DwF(s,w)sdsy
GQ(CJ o0
/ / T)DwFy (s, UJ)dSJ)
aGnc,y) Joan
= —— (/ G(w,T)Dw (/ FL(s,w)dst)
4\ Joq 8(GNC.y)
~Ty | G(w,T)Dw (/ FL(S,w)dsJ))
o0 d(GNCy)

=0,

where the second equality is a consequence of the Fubini’s Theorem and
the last equality is a consequence of formulas (11.37) and (11.38). O

Proof of Theorem|[[1.5.8) We prove the theorem when f,g € SH(U).
The case of f,g € SHr(U) follows by similar arguments. We divide the
proof in two cases.

| U is connected |

By definition of the P,-functional calculus on the S-spectrum, see Defi-

nition we have

1

PO =) =g [ P TS () o)

Since P¥(s,T) is slice hyperholomorphic in the variable s by Theorem
3.1.18] we can change the domain of integration to B,.(0) N C; for some
r > 0 with ||T'|| < r. Moreover, by hypothesis we have that f(s) — g(s) €
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(ker D) sy, (), thus by Theorem [11.5.9|and Proposition {10.4.3| we get

PO =@ =g [ P T 0(s)

1

21 Jogs. ey

m=1 k=1

. / s mds a0 = 0.
8(B.(0)C,)

P (s, T)ds ja

\ U is not connected \

In this case we write the set U in the following way U = U}_,U, where
the U, are the connected components of U/. Hence, there exist constants
ag € Hfor ¢ =1,...,n,suchthat f(s) —g(s) = >, xv,(s)cw. Thus we
can write

y 1
FO-r@ =5 [ Phs s
; 21 Jowene,)
Finally, by Lemma 11.5.10, we get f°(T") — 3°(T") = 0. O

Remark 11.5.11. If the set U in Theorem [11.5.8]is connected we can show
the result for operators of the following form 7" = Tyey + Tie; + Thes +
Tses. However, in order to have a well defined functional calculus also for
not connected sets, as it happens for the monogenic functional calculus of
Mclntosh, we need to annihilate a component of the operator 7.

We conclude this section by proving some algebraic properties of the
P,-functional calculus.

Proposition 11.5.12. Let T € BC(X) be such that T = Toeg+T1e1+ Thes,
and assume that the operators Ty, { = 0,1, 2, have real spectrum.

« If f> =Df and f° = Dg with f,g € SH(0s(T)) and a € H, then
(fea+g°)(T) = f(T)a+ g°(T).

« If f° = fDand §° = gD with f,g € SHz(0s(T)) and a € H, then
(af® +g°)(T) = af*(T) + §°(T).
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Proof. The above identities follow immediately from the linearity of the
integrals in (10.13)), resp. (8.15). O

Proposition 11.5.13. Let T' € BC(X) be such that T = Tyoeg+Tie1+ Theo,
and assume that the operators Ty, { = 0,1, 2, have real spectrum.

« If fo = Df with f € SH(0s(T)) and assume that f(q) = > o 0 q™am
with a,,, € H, where this series converges on a ball B,.(0) with os(T") C
B,(0). Then

o0

fo(T) = Z (me_l + iTm_ka_1> G-
k=1

m=1

« If f° = fDwith f € SHr(os(T)) and assume that f(q) = > o Gmg™"
with a,, € H, where this series converges on a ball B,.(0) with os(T') C
B,(0). Then

fO(T) _ f: o (me—l + izﬂn—ki‘df—l) .
m=1 k=1

Proof. We prove the first assertion since the second one can be proven by
following similar arguments. We choose an imaginary unit J € S and a
radius 0 < R < r such that 05(T") C Bg(0). Then the series expansion of
f converges uniformly on 9(Bg(0) N C;), and so

v 1 -
(1) = 7 PL(s,T)ds; Z stay
T JoBr(0)NCy) —0

o0

1 / L ¢
= — Py (s,T)dsys ayp.
2m ; A(Br(0)NC)

By Proposition|10.4.3| we further obtain
/8(33(0)001) Z

(me_l + Z Tm_ka_1> st mds, Z stay

m=1 k=1 (=0

Z T ZTmfkafl / s g g,
k=1 8(BR(O)O(CJ)

o0

¥ ¥
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The last equality is due to the fact that |, B(BR(0)NC,
27 if £ = m, and 0 otherwise. ]

Theorem 11.5.14. Let T' € BC(X). Let m € Ny, and let U C H be a
bounded slice Cauchy domain with os(T') C U. For every J € S we have

1
P2(T) = / PL(s,T)dsys™", (11.39)
o(UNCy)

) s~1=m+ ds; is equal to

T or

where .
PA(T) := (m+ )T+ Y T" T,
k=0

Proof. We start by considering U to be the ball B,(0) with | T'|| < 7. By
Proposition |10.4.3| We know that we can expand the left D-kernel operator

as
+oo n
Pr(s,T) = Z (nT"_1 + ZT"_ka_1> s
n=1 k=1

for every s € 0B,(0). Since the series converges on 0B,.(0), we have

1 1 &3 - .
— Pl(s, T)dsys™ = — nT" L4y kTRl
21 JoB,(0)nC,) 2m ; z;
/ 3_n+mdSJ
a(BT(O)mCJ)
m+1
_ (m + 1)Tm + Z Tm—i—l—k:Tk—l
k=1

= (m+1)T™ + > T"*T" = P2(T),
k=0

where we have used

0 ifn#*#m+1
/ S—n—i—mdSJ — . 7&
d(B-(0)NC.) 2 ifn=m+1.

This proves the result for the case U = B,.(0). Now we get the result for
an arbitrary bounded Cauchy domain U that contains o5(7"). The operator
PL(s,T) is right slice hyperholomorphic and the monomial s™** is left
slice hyperholomorphic on the bounded slice Cauchy domain B,.(0) \ U.
By the Cauchy’s integral theorem (see Theorem [3.1.19) we get
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1

27 Ja(B,(0)nCy)
1

27 Jos00\0)ney)

1
PE(s, T)ds;s™" — —
2 a(UNCy)

Pl (s, T)ds;s™ = 0.

PLr(s, T)ds ;s

Finally we have

1 1
— PL(s, T)ds;s™ = — PL(s, T)ds s™t
21 Jowne,) 21 Jo(,0)nc.)
= PL(T).
and this concludes the proof. O

Finally, by using the same methodology developed in [45, Thm. 3.2.11]
we have the following result

Lemma 11.5.15. Let T € BC(X). If f € N(os(T)) and U is a bounded
slice Cauchy domain such that c5(T) C U and U C dom(f), then we have

1

21 Jawnc,)

PHs T)dssf(s) =5 [ f(s)dsPL(T),
aUNC,)

T or

11.6 Resolvent equation and product rule for the polyanalytic
functional calculus

In this section we want to address the following problem.

Problem 11.6.1. Is it possible to show a resolvent equation for the Ps-
functional calculus on the S-spectrum that enjoys similar properties of the
holomorphic resolvent equation?

In order to answer to this question it is essential the following result.

Theorem 11.6.2. Let T € BC(X). For q,s € ps(T), with s ¢ [q] the
following equation holds

Si' (s, T)Py(q, T) + Py (s, T)S; (¢, T) — 4Qes(T) ' T Qe o(T) ™"
= [(P(s,T) = Py(q.T))q
— 5(P3H(s,T) — Py (¢, 1))]Qs(q) ",

where Q,(q) := ¢* — 2s0q + |q|? and T = Tiey + They + Tses.
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Proof. We divide the proof in nine steps.
Step I. We multiply the S-resolvent equation (see (3.9))) on the right by
4Q;; (T)q and we get
S (s, T)Fi(q, T)g = [(4Sg'(5,T)Qeq(T) g+ Fr(q,T)q)g  (11.40)
—5(455" (5, T)Qeg(T)"'q + Fr.(q. T)q)] Qu(a) ™"
Step II. We multiply the S-resolvent equation on the right by —47,Q_}(T')
and we obtain
Sz'(s, T)ToFr(q,T) = [(—4S5' (5, ) T0Qeq(T) ™" = ToFr(q, T))g  (11.41)
_5(_451;1(37 T)TOQc,q(T)_l — ToFr(q, T))]QS(Q)_I'
Step III. We sum the equations (I1.41)) and (11.42), we get
Sp (s T)Py(a.T) = [-Py(¢.T)g+5P; (¢, T)]Qs(g)™"  (11.42)
+4[_S§1<57 T)(To — 1) Qc,q(T>_lq
+8551 (5, T)(To — 4Z) Qe (T) 1 Qs(a) ™.
Step I'V. We multiply the S-resolvent equation on the left by 4Q,. (T)'s
and we get
—sFr(s,T)S; Y (q,T) = [(—sFr(s,T) —45Q.(T)'S; (¢, T))q (11.43)
—5(=sFr(s,T) = 45Qc,s(T) 5, (¢, 7)) Qsla) ™"
Step V. We multiply the S-resolvent equation on the left by —47, Q.. ((T') ™!
and we get
ToFn(s, 1)S; (¢, T) = [(ToFr(s,T) +4T3Qcs(T) 'Sy (¢, T))g (1144
—5(ToFr(s,T) + 415 Qc.s(T) S, (¢, T7))]Qs(a) ™"
Step VI. We sum the equations and (11.45]), we obtain
Poi(s, T)S; (¢, T) = [Pyi(s, T)g— 5P (s, T)]Qu(g)™"  (11.45)
+4[Qes (1) H(To — sT)Sp (0. T)a
—5Qes(T) " (Ty — s1)S; (0. )] Qs(q)
Step VII. We sum the equations (I1.42) and (T1.38)), we get
Sgp'(s, T)Py(q,T) + Pai(s, T)S; " (¢, T) (11.46)
[(P(s.T) = Py(a,T))a — 5(Py'(s,T) = Py (. T))|Qs(q) ™"
HA(Qes(T)™H(To — sT)S; (g, T) — Si' (5, T)(To — ¢Z) Qeg(T) g
=5(Qes(T) (To = sT)S; (0, T) = Sg' (5, T)(To — 4Z) Qeg(T) )] Qs() ™"
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Step VIII. We manipulate the term
A[(Qes(T) Ty — sT)S; (¢, T) — Sz (s, T)(To — qZ) Qe (T)")g  (11.47)
—5(Qes (1)1 (To = s1) S, (0, T) = Si' (5, T)(To — 4Z) Qg (T) )] Qs(a) ™",

which is in the right hand side of the equation (I1.46)). This term is the sum
of the following two terms

ATo[(Qes(T) 'S (0, T) — Si' (5, T) Qe (T) g

Q1) 1S 0. T) - S (5. T) Qg T) Q) L,

and

A[(SR' (5. T)qQeg(T) ™! = Qeo(T) 557 (¢. T))a
— 5(S5' (5. T)qQeg(T) ™! = Qeo(T) 1557 (¢, 7)) Qs(@) ™

Firstly, we focus on the term (I1.48). By the definitions of the left and the
right S-resolvent operators, we have

(11.49)

Qc,s(T)_l _1( T) - (Sa T)Q. q(T) -
= Q.s(T) (¢TI - T)ch(T) P Qes(T) (T = T)Qey(T) !
= Qs(T) (g — 5)Qeg(T) "

Thus the term (11.48)) can be rewritten in the following way

ATo[(Qes(T) 15, T) — Si'(5,T) Qe (T) g
—5(Qes(T)7'811(q, T) = Sg'(5,T) Qeg(T) 1) Qs(q) ™"

= 4To[(Qes(T) (g = 8)Qeg(T) ™ 1)g — 5(Qes(T) (g — 8) Qe (T) 1) Qs(g) ™
= 4To[Qeo(T) (=g + ¢* + |s” — 5¢) Qeg(T) 1] Qs(0) "

= ATp[Qe,s(T) ™' Qu(q) Qe (T) 11 Qu(g) ™

=4T0Q.(T) ' Q.o (T) 1. (11.50)

Now we focus on the term (11.49). By the definitions of the left and the
right S-resolvent operators, we have

Se' (8, T)qQeq(T) ™" = Qes(T)'sS; (g, T)
= Qoo (T) M (ST — T)qQeg(T) ™ = Qus(T) 's(qZ — T) Qe g(T) ™
= —Qes(T) 1 (Tq— 5T) Qe o(T) "
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Thus the term (11.49) can be rewritten in the following way
A[(Sr' (5. T)qQeg(T) ™" = Qus(T) 557 (a0, T))a
(854 (5, T)qQeg(T) ™ = Qea(T) 557 (4, T))] Qul0)
= —A[(Qus(T) H(Tq — 5T) Qug(T) g
_g(Qc,s (T)_I(Tq_ ST) QC,q(T)jl)] Qs(qz_l
= —4Qc.(T) (T = sTq = 5Tq + [s"T) Qe (T) ™ Qslg) ™!
= —4Qc,s(T)_1TQS(Q)Qc,q(T)_lgs(Q)_l
= —4Q. (1) 'TQ,.,(T)™". (11.51)
In conclusion by (T1.50) and (T1.51)) we can write
A[(Qes(T) (T = sT)S; (q,T) = Sg' (s, T)(To — 4Z) Qeg(T) ')a
_§<QC,S(T)_1(T0 - SI)S[_/l(Q7 T)
=Sp (s, T)(Tp — qZ)Qey(T) )] Qula) ™
= 4TOQC,S<T)_1Qc,q(T)_1 - 4QC,S<T)_1TQc,q(T)_1
=40Q.,(T) ' TQ.(T)™". (11.52)
Step IX. Finally, by (T11.52)) and (11.46) we get —
Sr' (8. T)Py(a,T) + Py (s, T)Sp (¢, T) = 4Qes(T) 'L Qeg(T) ™
= [(Py(s,T) = Py (q. T))g = 5(Py'(s, T) = Py (q, T))] Qs ()"
[
Lemma 11.6.3. Ler T € BC(X) and let s € ps(T). The commutative
pseudo S-resolvent operator satisfies the equations
1
Q..(T) ' = Z(7>2L(5,T) +TF(s,T)) (11.53)
and ]
Q.s(I)~ ' = Z(735’"“(5;,11) + Fr(s, T)T). (11.54)
Proof. By Theorem[9.3.1] with n = 3, we have
49, (1) ' = =Fp(s,T)s + TF(s,T)
= —FL(S, T)S + T()FL(S, T) + IFL(S, T)
=Py (s, T)+TF.(s,T).
To prove the other equality in the statement we can proceed in a similar
way. [
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By means of the previous result we can write a resolvent equation for
the P,-functional calculus.

Theorem 11.6.4. Let T € BC(X). For q, s € ps(T), with s ¢ [q] the
following equation holds

Sp' (s, TPy (q.T) + Py'(s,T)S (. T)
1
L (PJ(s. TP T) + PE(s. TYLFu(a.T) + Fils. T)*PH(q. )
+Fr(s, T)T*Fi(q,T)) = [(Py'(s,T) = Py (0. T))a
~5(Py'(s,T) — Py (a. 7)) Qs(a) . (11.55)
Proof. From the identities and we obtain
£Q.(T)7'TQ(T)™ = (P'(s.T) + Fr(s,T)T) T (Py(q,T) + TF1(q,T))
= Py(s, T)IPy(q,T) + Py(s, T)L*Fi(q, T) +
+FR(87 T)IQPQL((L T) + FR(87 T)23FL<Qa T)
Replacing this identity in we obtain the thesis O
We can write the equation (T11.53) in the following way —
Sp' (s, TPy (q.T) + Py (s, T)S (. T)
1
_Z (’PQR(Sv T)IPQL(q’ T) + P2R<Sv T)I2FL(Q7 T) =+ FR(S> T)IZPQL(% T)
+Fr(s, T)I*Fi(q,T)) = [P'(5,T) = Py (. T)] #asesr S (4, 5).

This equation can be considered a resolvent equation for the F»-functional
calculus. The main differences and the major similarities with the holomor-
phic resolvent equation are listed below.

* Due to the noncommutative setting there are two different D-kernel
operators PL(q,T) and P£ (s, T), which are right slice hyperholo-
morphic in ¢ and left slice hyperholomorphic in s, respectively.

* The difference P3¥(s, T)—PL(q, T) is suitably multiplied by the Cauchy
kernel of the slice hyperholomorphic functions

¢ The term
[,PéQ(S? T) - P2L<Q> T)] *s,left Sil(Q7 5)

is equal not only to the product of the P-resolvent operators but also
to other terms:
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— the S-resolvent operators,
— the F'-resolvent operators.

 The resolvent equation preserves the slice hyperholomorphicity on the
right in s and on the left in q.

As it happens for the holomorphic functional calculus the resolvent equa-
tion is crucial to obtain a product formula.

Theorem 11.6.5. Let T € BC(X) and assume [ € N(os(T)). If g €
SH(0s(T)), then we have

D(fg)(T) = f(T)(Dg)(T) + (Df)(T)g(T) — D(f)(T)ID(g)((ﬂ-%)
If g € SHr(os(T)), then we have .

D(gf)(T) = g(T)(Df)(T) + (Dg)(T) f(T) = D(g)(T)LD(f)(T).
(11.57)
Proof. Let GG; and G5 be two bounded slice Cauchy domains such that they
contain the S-spectrum and G; C G5 and Gy C dom(f) N dom(g). We
choose p € d(G1 N Cy) and s € 9(Gy N Cy). For every J € S, from the
definitions of the P»-functional calculus, the S-functional calculus and the
@-functional calculus we get

f(T)(Dg T)+ (Df)(T)g(T) — D(f)(T)ID(g)(T)
5)ds,S=(s, T) / PE(p, T)dps9(p)
0(G1NCy)

(GQO(CJ)
/ (s PET) [ 5 0 s
(2m)2 Jacanc,) 8(G1NC.)
1
L ( ()57 Qun(T)" )z ( / Qc,p<T>—1dpJg<p>)
w2 8(G2NCy) 0(G1NCy)
f(s)dss[Sz (s, T)Ps(p,T) + P(s,T)S; (p, T)
B(GQQCJ) 8(G10(CJ)

- 4Qc,s (T>7IIQc,p<T)7l]dpJg(p> .
Now from equation (T1.40) we obtain

F(T)(Dg)(T) + (Df)(T)g(T) — D(f)(T)TD(g)(T)
f(s)ds;[(P5(s,T) — Py (p,T))p
— 5(Ps(s,T) — Py (p, 1)) Qs(p) 'dpsg(p).
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Since pQ,(p)~! and Q,(p)~! are intrinsic slice hyperholomorphic on G/,
by the Cauchy integral formula we get

1
(2m)? / f(s)ds Py (s,T) / pQs(p)~dpsg(p) = 0
8(G2NCy) 8(G1NCy)
and
1
(212 / f(s)dss5Py' (s, T) / Qu(p)'dpsg(p) = 0.
8(G2NC) 9(G1NC,y)

Therefore, we obtain

D(f9)(T) = f(T)(Dg)(T) + (DF)(T)g(T) — D(f)(T)ID(9)(T)
1 - ) B
- W /a(Gmth) fle)des /a(Gch)[SP2 (b, T) =Py (p, T)p)Qu(p) ™~ dp19(p).

By Fubini’s theorem, Lemma with B := P¥(p, T), and the definition
of the P»-functional calculus we get

F(T)(Dg)(T) + (Df)(T)g(T) — D(f)(T)LD(g)(T)

1
= — Py (p, T)dps f(p)g(p)
T Jo(GinCy)

=D(fg)(T).
0

In the previous chapter a product rule for the F'- functional calculus
is proved, see Theorem The formula is obtained in terms of the
@-functional calculus, i.e. the operator D is involved. In the following
result we show a product rule for the F'-functional calculus in which the
P,-functional calculus is involved, namely the operator D plays a role.

Theorem 11.6.6. Let T € BC(X) and assume [ € N(os(T)) and g €
SH(0s(T)). Then we have

A(fg)(T) = (AFT)g(T) + F(T)Ag)(T) — 3 (DF)(T)Dy)(T)
L (DATIT(2g)(T) ~ L(ANTIT(Dg)(T)
AN 2g)(T), (1158
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Proof. Let (G; and G5 be two bounded slice Cauchy domains like in the
proof of Theorem[I1.6.5] Let us consider p € (G NC;) and s € (G2 N
Cy). Then by the definitions of the F'-functional calculus, the S-functional
calculus, the P»-functional calculus and from the fact that f is intrinsic, we
get

(ASNT)g(T) + F(T)(Ag)(T) - 1(Y_DJ‘")(T )(Dg)(T)
1 —

= 1(PHT)L(Ag)(T) — —(Af)( )L (Dg)(T) — i(Af)(T)T(Ag)(T)

1
= s)ds s g1 d
/a(szch)f( JdssFr(s,T) / L (0, T)dpsg(p)

(2m) A(G1NCy)

V)

1 -1
(27T)2 / G2nCy) f(S)dSJSR <S’ T) ~/3(G10(CJ) FL (p’ T>dp]g(p)

F(s)ds/P(s,T) / PE(p.T)dpsg(p)

Glﬂ(C ])

_|_

o
|
4(2m)% | Jocanc.)

s fes PRI [ Rl Ddpiglo) f
A(G2nCy) 9(G1NCy)
+/ f(s)ds;Fr(s,T)T / T)dpsg(p)

A(G2nCy) 8(G10(CJ)

+/ f(s)ds;Fr(s, T)T / T)dpsg(p)
B(GQQ(CJ) (GlﬂCJ)

1 — _
N W /8(G20(CJ / G1NCy) f(S)dSJ[FR(S7 T)SLl(p7 T) + SRI(S? T)FL(pu T)

1 1

Fr(s, T)IZFL (p, T)]dpsg(p).

From Lemma we get

1
1 (P D)Py (0. 1) + Py(s. T)LFi(p. T) + Fr(s, T)LP5 (p.T)

+FR(s, )T Fr(p, T)) = 4Q.s(T) ' Qe pp(T) ™
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11.6. Resolvent equation and product rule for the polyanalytic functional
calculus

Therefore, we get

(AF)(T)9(T) + F(T)(Ag)(T) — 3(DF)(T)(Do)(T)
1(Df)( TYT(Ag)(T) ~ §(AF)TITDg)(T) — 3 (ANT)THAg)(T)
= G o D SSRGS T)SE 0 T) 5 S5 T)FL. )

- 4Qc,s (T)_l Qc,p(T)_l]dpJg(p) .
Now, by [45, Lemma 7.3.2], we know that

FR(Sv T)Sgl(p, T) + 5}721(87 T)FL(pv T) - 4QC,S(T)71QC,P<T)71
= [(Fr(s,T) = F(s,T))p — 5(Fr(s,T) — Fr.(p, T))] Qs(p) ™"

Therefore, we obtain

A

(AS)T)g(T) + F(T)(Bg)(T) ~ (BF)(T) (Dg)(T)
— LB(D)T(Ag)(T) ~ (ANTDITDg)(T) ~ {(AFTIT(Ag)(T) _

1
(@ /8(sz<&> /B(Gm(CJ) J(s)dssl(Fr(s, T) = Frs, T))p
= 5(Fg(s,T) = Fr.(p, T)))dp.sg(p)-

By using similar arguments of the proof of Theorem|[I1.6.5]i.e., the linearity
of the integrals, the Cauchy integral formula and Lemma we obtain

(AfNT)g(T) + f(T)(Ag)(T) — < (DF)(T)(Dg)(T)
_l(pf)( )T (Ag)(T)——(Af)( )L (Dg)(T) —
i Fy(p, T)dp, (p)g(p)

27 Joouney)

= A(fg)(T).

A~ =

(AN(T)L*(Ag)(T)

»bll—‘

]

Remark 11.6.7. If in formula (11.58)) we replace the operator 7" with a
generic quaternion ¢ € H and by considering f(q) = ¢" and g(q) = ¢, we

get Aqg(q)) = qA(g(q)) +2D(9(q)).
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Chapter 11. A polyanalytic functional calculus and its properties on the
S-spectrum

11.7 Riesz projectors for the polyanalytic functional calculus

The aim of this section is to investigate the Riesz projectors for the P»-
functional calculus. Before, we need some auxiliary results.

Theorem 11.7.1. Let T' € BC(X) with s € ps(T') then we have
PL(s,T)s — TPE(s,T) = 4(S; (5, T) — TQes(T)™) (11.59)
and
sPyi(s,T) — Pai(s, T)T = 4(Sz" (s, T) — Q.s(T)'T). (11.60)
Proof. From the definition of the left D-kernel operator and formula (9.18)
we get
PE(s,T)s — TPy (s,T) = (—Fp(s,T)s + ToFr(s,T))s
—T(—=Fp(s,T)s + ToFr(s,T))
= (=Fp(s,T)s+TF(s,T))s
+ To(Fr(s,T)s —TFL(s,T))
=4Q,4(T)™'s — 4Ty Q..(T) ™
=4(s = To+ 1) Qes(T) ™ — 4T Q. o(T) ™
=487 (s, T) — 4T Q. ,(T)™*.
The equation (I1.60) follows by similar arguments. O

In the following result we provide a suitable generalization of the previ-
ous result.

Theorem 11.7.2. Let T € BC(X) with s € ps(T) and set

m—1 m—1
AL (5,T) =4 Z TS (s, T)s™ 1, Al (5,T) =4 Z smLS (s, TTY
=0 1=0
and
m—1 m—1
BL(s,T):=4> T'TQ.(T)'s" ",  Bi(s,T)=4) " 'Q.(T)'IT".
=0 =0

Then for m € N, we have the following equation

PL(s, T)s™ — T™PX(s,T) = AL (5, T) — BE (s, T). (11.61)
Similarly
s"PE(s, T) — PE(s, T)T™ = A% (s, T) — BE(s,T). (11.62)
326



“thesis” — 2022/12/4 — 1‘1:25 — page 327 — #345

11.7. Riesz projectors for the polyanalytic functional calculus

Proof. We will show only formula (11.61)) because formula (11.62) follows
by similar computations. We prove the result by induction on m. If m =1
we have by formula (11.59)

Py(s,T)s = TPy(s,T) = 4(S;' (5, T) = TQe,s(T) ")
= AL(s,T) — BE(s,T).

Now, we assume that the equation holds for m — 1 and we will prove it for
m. By inductive hypothesis we have

T"PE(s,T) = TT™ 'Pk(s, ) (11.63)
= T(Py(s,T)s"" (8, T) + B (5, 7))
= TPZL(S? T) - TAmfl(S7 T) + TB7Lnfl(87 T)

By using formula (T1.59)), we obtain

TPE(s, T)s™ ™ = PE(s,T)s™ — 4S; (s, T)s™ ' +4TQ,. (T)'s™ .

(11.64)
Moreover, we have
T.A Z z+1S SmfifZ
7; (11.65)
Z S T gm— /—1
/=1
and
TBL (s, T) _4ZTZ+1TQCS( )lsmTi
=0 (11.66)

Eventually, by inserting formulas (T11.64)), (11.65]) and (I1.66) in (11.63),
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S-spectrum

we get

TP () T) = P TN — 4S5, )"~ +4TQeu(T) "
m—1

_4ZTZ 8 T m—_L— 1+4ZTZTQCS( ) 1Smf€fl

= PE(s,T)s™ — 4 Z T¢S7 (s, T)s™ !
m—1
+4ZT€TQCS ) 1m£1
=7’2(8,T) — AL (s,T) + By (s, T).
O

Remark 11.7.3. Using the relation 27" = T"— T, we can also write the term
BL (s, T) of Theorem|11.7.2|in the following way

m—1
BL(S T _2ZT2+1QCS( ) 1 s i—1 QTZTZQCS ) 1 s 1—1.
=0

The interesting symmetries that appear in the equation (11.40) allow to
study the Riesz projectors.

Theorem 11.7.4 (Riesz projectors). Let T' = Ty + Tiey + They and assume
that the operators Ty, with { = 0,1,2 have real spectrum. Let og(T) =
o1 U o9 with dist(o1,05) > 0. Let G1, G C H be two bounded slice
Cauchy domains such that oy C G1, G1 C Gy and dist(Go,05) > 0. Then
the operator

y 1 1
By = — PL(s,T)dsys = — pdp Py (p, T)
8T Jacinc,) 87 Ja(Ganc,)
is a projection i.e. 5 5
P} =P,

Moreover, we have the following commutative relation with respect the op-
eratorl’ 5 y
TPy = PT. (11.67)

Proof. By Theorem[I1.7.1] we know that
1
Spl(s,T) = I (sP3'(s,T) — P3¥(s, T)T) + Qs (T) ™" (11.68)
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Now, by substituting (11.68)) in (11.40) we get

5P TP T) = {PE(s, TITPHp.T) + QuulT) PE(,T)
+ Py (5, T)S; (9, T) = 4Qe,o(T) T Q. (T) (11.69)
= [(PE(s,T) ~ PHp.T)) p 5 (PE(s,T) — PE(.T))]Qu(p)

Now, we multiply the equation (11.69) on the right by p, we get

1 1
187’2}2(8, TP (p, T)p — ;17’5(8, TYTPE(p, T)p 4+ Quo(T) *PE(p, T)p
+PE (s, T)S; (p, T)p — 4Q.s(T) ' TQ..,(T)p (11.70)
= [(P5(s,T) =Py (p, 7)) p—5(Ps(s, T) — Py (p,T))]Qs(p) 'p.

Now, we multiply formula by ds; on the left and we integrate it on
(G5 N C;) with respect to ds;. Similarly, if we multiply formula (I1.71)
on the right by dp; and we integrate it on (G N C;) with respect to dp;.
Thus we obtain

1 1
Z/ sdsﬂ)zR(s,T)/ P (p, T)dpsp — 1/ dsﬂ)gR(s,T)T/ PgL(p, T)dpsp
9(G2nCy) 9(G1NCy) 8(G2nCy) a(G1nCy)

_/ dSJQC,s(T)_l/ PQL(p, T)dpJp—i-/ dSJPQR(s,T)/ .S’Zl(p7 T)dpsp +
9(GanCy) a(G1nCy) 9(G2nCy) a(G1nCy)

caf et = [ s [ (PReT) - PR
9(G2nCy) 2(G1nCy) 2(G2NCy) 9(G1nCy)

5 (PF (s, 1) = P (1. T))1Q:() " dpup.

By Lemmaf(l1.5.10jand Lemma|10.3.12| we have

e = [ sy [ (PET) - PHRT)
8(G2nCy) 8(G1nCy)
—5 (Psi(s, T) — Py (p, T))]Qu(p)"dp.p. (11.71)
Now, since the functions p — Q,(p)~! and p — Q,(p)~" are slice hyper-

holomorphic and do not have singularities inside 9(G; NC) by the Cauchy
theorem we get

/ pQs(p) dpsp* = / Qs(p)dpyp = 0. (11.72)
8(G1QCJ) 8(G1QCJ)
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S-spectrum
This implies that formula (11.71]) can be written as
Y 1
(R)? = —— / dSJ/ Py (. T)Qs(p)'pdpsp
4(27)% Jaaanc,) oGinCy)
1 / _ -1
+— ds / 5Py (p. T)Qu(p) 'pdp,
4(27T) Glﬂ(CJ Glﬁ(CJ 2
= 2 / / ds ;[5Py (p, T) — Py (p, T)p)Qu(p) " dpp-.
) (G2NCy) JO(G1NCy)
By Fubini’s theorem and Lemmal9.5|with B := P (p, T) we get
o 1 o
P2=_—_ PL(p, T)dp;p = P,.
87 Joeinc,)
Now, we want to show the commutativity relation (11.67). By (11.59) we
know that
TP2L(p> T) = PZL(S7T)5 -4 (551(57 T) - IQ678<T)71) .
From the definition of Riesz projector we get
o 1 1 1
TR = — Pl (s, T)ds s> — — S; (s, T)dsys
87 Jacinc,) 21 Jaincy)
T
+= Q..+(T) dsys.
21 Joeinc,)
On the other side, by (11.60) we obtain
Pyi(s, T)T = sP3(s,T) — 4 (S5" (s, T) = TQ.s(T)1).
This togetehr with the definition of Riesz projectors we get
y 1 1
PT = — s*ds Py(s, T) — — / sds; Szt (s,T)
87 Jacinc,) ? 21 Jo(cincy) f
T
+= sdsyQes(T) ™ .
27T G1NCy
Thus, we have the statement. OJ
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Part lll: Further functional calculi on the
S-spectrum based on the Fueter-Sce
theorem and conclusions

In this last part of the dissertation we start to study the functional calculi
based on the S-spectrum and rising from the factorization of the Fueter-
Sce map. Due to the various factorizations the arguments to get new func-
tional calculi are more involved than the quaternionic case. We focus on
the dimension five, because there are all the functional calculi and function
spaces that can be considered in greater dimensions.

Finally, we conclude the thesis by describing some new research directions.
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CHAPTER 1 2

The fine sructure of the spectral theory on
the S-spectrum in dimension five

12.1 Motivation

This chapter belongs to a new research direction that is related to the Fueter-
Sce-Qian mapping theorem.

We recall the fine structure of the spectral theories on the S-spectrum
taking advantage of the following observation. Let i := ”T’l be the so-
called Sce exponent, and A be the Laplace operator in dimension n + 1:
the operator Trgy := A" maps the slice hyperholomorphic function f(z) to
the set of axially monogenic functions. The powers of the Laplace operator
A" can be factorized in terms of the Dirac operator D and its conjugate D
because

DD = DD = A.

So it is possible to repeatedly apply to a slice hyperholomorphic function
f(z) the Dirac operator and its conjugate, until we reach the maximum
power of the Laplacian, i.e., the Sce exponent. This implies the possibil-
ity to build different sets of functions which lie between the set of slice
hyperholomorphic functions and the set of axially monogenic functions.
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Chapter 12. The fine sructure of the spectral theory on the S-spectrum in
dimension five

We will call fine structure of the spectral theory on the S-spectrum the
set of the functions spaces and the associated functional calculi induced by
a factorization of the operator T'wg- in the Fueter-Sce extension theorem.

One of the most important factorizations leads to the so-called Dirac fine
structure that corresponds to an alternating sequence of D and D, h times,

for example - -
Trso = A" =DD...DD.

In Chapter 10 and Chapter 11 we studied the Dirac fine structure when
n = 3, i.e., the quaternionic case. Let D C C and let Qp C R™*! be the set
induced by D, see Theorem In particular we have studied the fine
structure associated with the factorization:

O(D) % SH(Qp) 25 AH(Qp) 2 AM(Qp), (12.1)

where AH(€2p) is the set of axially harmonic functions and their inte-
gral representation give rise to the harmonic functional calculus on the S-
spectrum. This structure also allows to obtain a product formula for the
F-functional calculus, see Theorem

However, since A = DD = DD, we can interchange the order of the
operators D and D in (T2.1)). This gives rise to the factorization:

O(D) 58 SH(Qp) D5 APS(Qn) 25 AM(Qp). (12.2)
where AP5(2p) is a space of polyanalytic functions.

Clearly, as the dimension of the Clifford algebra increases there are more
possibilities and we denote by FS(£2p), the set of function spaces associ-
ated with the fine structures. These functions spaces lie between the set
of slice hyperholomorphic functions and axially monogenic functions, in
dimension five there are seven such spaces, precisely: ABH({)p) the ax-
ially bi-harmonic functions, ACH(§2p) the axially Cliffordian holomor-
phic functions of order 1, (which is a short cut for order (1, 1)), AH(2p)
the axially harmonic functions, AP, ({2p) the axially polyanalytic of or-
der 2, ACH,(S2p) the axially anti Cliffordian of order 1, ACP 1 9)(€2p) the
axially polyanalytic Cliffordian of order (1,2), AP3({2p) the axially poly-
analytic of order 3. Now, we give the precise definitions of the previous
functions spaces.

Definition 12.1.1 (holomorphic Cliffordian of order k). Let U be an open
set. A function f : U C R""! — R,, of class C?**1(U) is said to be (left)
holomorphic Cliffordian of order k if

AFDf(z) =0 VreU,
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12.2. Function spaces generated by the Fueter-Sce mapping theorem

where 0 < k£ < ”T_l

Remark 12.1.2. For £ := ”T’l in Definition (12.1.1| we get the class of
functions studied in [[104-106].

Remark 12.1.3. Every holomorphic Cliffordian function of order £ is holo-
morphic Cliffordian of order k£ + 1. If £ = 0 in Definition[12.1.1|we get the
set of (left) monogenic functions.

Definition 12.1.4 (anti-holomorphic Cliffordian of order k). Let U be an
open set. A function f : U C R™™ — R, of class C**™(U) is said to be
(left) anti-holomorphic Cliffordian of order £ if

AFDf(x) =0 VreU,
where 0 < k < "T’l

Definition 12.1.5 (polyharmonic of degree k). Let £ > 1. A function f :
U c R*! — R, of class C?*(U) is called polyharmonic of degree k in the
open set U C R™*Lif

AFf(z) =0, Vel

For p = 1 the function is called harmonic and for p = 2 the function is
called bi-harmonic. The polyharmonic functions are studied in [20].

Definition 12.1.6 (polyanalytic of order m). Let m > 1. Let U C R"*! be
an open set and let f : U — RR,, be a function of class C™(U). We say that
f is (left) polyanalytic of order m on U if

D"f(z) =0, Vzel.

It is very important to point out that these function spaces appear in dif-
ferent contexts in the literature and they seem to be unrelated. In this paper
we show that they all appear as fine structures in the Fueter-Sce construc-
tion. In dimension greater than five there will be one more function space,
that is not indicated in the list above, and with this addition, all the fines
structures can be described using those function spaces of different orders.

12.2 Function spaces generated by the Fueter-Sce mapping
theorem

Working in the Clifford algebra with five imaginary units, i.e., n = 5 the
second Fueter-Sce map is A% where the Laplace operator A is in dimension
6.
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Chapter 12. The fine sructure of the spectral theory on the S-spectrum in
dimension five

We recall that there exist different possible factorizations of A? in terms
of the Dirac operator D and its conjugate D choosing different configura-
tions of products of D and D.

The case of dimension five is different from what happens in the quater-
nionic case, in which the Fueter map can be factorized only as DD and
DD: here we obtain a reacher structure, see Chapter 10 and Chapter 11.

In the setting of slice hyperholomorphic functions, functions of the form
together with the even-odd conditions are called slice functions. In
the monogenic setting such functions, often considered only in the upper
half space, are called function of axial type. We will use both terminology
according to the setting. Now, we assume that the axial functions (or slice
functions) of the form

X

f(x) = alxo, |z]) + Ao )

are of class C5(§2p), where Qp is as in the Fueter-Sce mapping theorem.
We will consider functions f : Qp C R""' — R, with values in the
Clifford algebra R,, where we consider the case n = 5.

Definition 12.2.1 (ABH(f)p) axially bi-harmonic function). Let f : Qp C
RS — Rj be of axial type and of class C°(£2p). Then, the function

fl(:c) :=Df(x) on $p

is called an axially bi-harmonic function, since by the Fueter-Sce mapping
theorem, it satisfies

A%fi(z) =0 on p.
We denote this set of functions by ABH ({2p).

Definition 12.2.2 (ACH,(f2p) axially Cliffordian functions of order one).
Consider the function fi(z) := Df(x) € ABH({2p) and apply the conju-
gate Dirac operator D to fi(x). Then we get

fo(z) = T?fl(x) = Af(x) on Op, (12.3)

which is an axially Cliffordian functions of order one (which is the short
cut for order (1, 1)) by the Fueter-Sce mapping theorem, i.e.,

ADf(z) =0 on p.
We denote this set of functions by ACH1(2p).
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Definition 12.2.3 (ACH,(S2p) axially anti-Cliffordian functions of order
one). Consider the function fi(z) := Df(x) € ABH({1p) and apply the
Dirac operator D to f;(z) we obtain

folw) = Dfi(x) = D*f(x),  on Qp,
which is axially anti-Cliffordian functions of order one by the Fueter-Sce
mapping theorem, i.e.,
AD (f.(z)) =0 on (p.
We denote this set of functions by ACH;(2p).

Definition 12.2.4 (A#({2p) axially harmonic functions). Consider the func-
tion f°(x) := Dfy(z) = Af(z) € ACH1(Qp) and apply the Dirac opera-
tor D to f°(x). We get,

folz) =Df*(x) = ADf(x),

which is an axially harmonic functions, by the Fueter-Sce mapping theo-
rem, i.e.,

Afo(l’) =0 on QD.
We denote this set of functions as AH (2p).

Definition 12.2.5 (AP»({2p) axially polyanalytic functions of order two).
If we apply the operator D to f°(x) := Dfi(x) = Af(z) € ACH1(Qp)
we obtain 5 - o

fi(x) = Df*(x) = ADf(x),
which is an axially polyanalytic functions of order two, by the Fueter-Sce
mapping theorem, i.e.,

D2 fo(z) =0 on p.

We denote this set of functions by AP2(2p).
Definition 12.2.6 (APC, ) (§2p) axially Cliffordian polyanalytic functions
of order (1,2)). Let f : Qp C R® — Rj be of axial type and of class
C>(Qp). Apply to (7.26) the conjugate of the Dirac operator. In this case

we obtain y
fo(z) = Df(z) on p, (12.4)

which is an axially Cliffordian polyanalytic functions of order (1, 2), by the
Fueter-Sce mapping theorem, i.e.,

AD?f°(z) = 0 on (p.
We denote this class of functions as APC 1 2)({2p).
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Chapter 12. The fine sructure of the spectral theory on the S-spectrum in
dimension five

Definition 12.2.7 (AP;({2p) axially polyanalytic function of order three).
Let f°(z) = Df(z) € APC12(2p). Applying the operator conjugate
Dirac operator D to f°(z), we get
VO _2
fo(z) =D f(x)  on Qp,
which is an axially polyanalytic function of order three, i.e.,
DA fo(x) =0 on p.
We denote this class of functions as AP3(2p).
Remark 12.2.8. Keeping in mind the above notations we have
v —_— uo _2 ° —_—~
f(x) = ADfo(x) = Dfi(x) =D fo(x) = Af*(x) = Dfr(x),
where f is axially monogenic and also
flz) =D f(x) = ADf°(x) on (p.

Remark 12.2.9. In the general case appears the same classes of functions
but with different orders.

Taking advantage of the function spaces of axial functions defined in
this section we can now define the fine structure associated with this spaces
that appear in the Clifford algebra Rj.

12.3 Function space of axial type in dimension five

By applying the Fueter-Sce map Trgs := A", where h := "T’l and is the
Sce exponent, to a slice hyperholomorphic function f(x) we get the mono-
genic function f(z) = A" f(x).

Due to the factorization of the Laplace operator in terms of D and D it is
possible to apply these two operators to a slice hyperholomorphic function
f(z) a number of times, until we reach the maximum power of the Lapla-
cian, i.e., the Sce exponent.

This implies the possibility to build different sets of functions between the
set of slice hyperholomorphic functions and the set of axially monogenic
functions, (see the previous section). This fact leads to the definition of fine
structure of slice hyperholomorphic spectral theory.

Definition 12.3.1 (Fine structure of slice hyperholomorphic spectral the-
ory). A fine structure of slice hyperholomorphic spectral theory is the set
of functions spaces and the associated functional calculi induced by a fac-
torization of the operator 7rgo, in the Fueter-Sce extension theorem.
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12.3. Function space of axial type in dimension five

The factorization Trgy = A" = DD...DD is of particular interest.

Definition 12.3.2 (Dirac fine structure). The Dirac fine structure corre-

sponds to an alternating sequence of products of the Dirac operator D and
. . ~ . . n—1

of its conjugate D until we obtain A"z .

In Chapter 10 we studied the Dirac fine structure when n = 3 this is also
the quaternionic case. In particular we studied the sequence represented by
the following diagram:

O(D) 38 SH(Qp) 25 AH(Qp) 25 AM(Qp). (12.5)

The fine structure in (12.5) allows to obtain a product rule for the F'-functional
calculus.

However, since A = DD = DD, we can exchange the roles of the opera-
tors D and D in (I2.5)). This gives rise to the sequence represented by the
following diagram:

O(D) 758 SH(Qp) 25 AP () 25 AM(Qp), (12.6)

which is investigated in Chapter 11 . Even if the diagrams (12.5) and (12.6)
come from the Fueter mapping theorem and the factorization of the Fueter
operator Try = A, we get two different fine structures.

In each fine structure above and in all the fine structures we consider
in the sequel the final set of function spaces is always the set of axially
monogenic functions.

In the Clifford algebra setting the splitting of the second Fueter-Sce
mapping is more complicated, due to the fact that we are dealing with
integer powers of the Laplacian. Moreover, when n is even the Laplace
operator has a fractional power and so we have to work in the space of
distributions using the Fourier multipliers, see [[122]].

Due to the fact that for n = 5 we deal with the operator A2, we get more
Dirac fine structures, which are all different and important at the same time.
In order to label all the fine structures, we will denote every fine structures,
with an ordered sequence of the applied operators. For example, in the
quaternionic case, we call the Dirac fine structure of the kind (D, D)
and the Dirac fine structure of the kind (D, D). Also in the case
n = 5 we have a structure in which we apply alternately the operators D
and D until we reach the second Fueter-Sce mapping.

O(D) T3 SH(Qp) 25 ABH(Qp) 25 AHC1(Qp) 25 AH(QD) 25 AM(Qp).
(12.7)
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We call (12.7) the Dirac fine structure of the kind (D, D, D, D).

Remark 12.3.3. Even when n = 5 the Dirac fine structure (12.7) is of
fundamental importance to obtain a product formula for the F'-functional

calculus (see Theorem |[12.8.1)).

Remark 12.3.4. In order to avoid, at the end of the sequence of spaces the
set of axially-anti monogenic function, we impose the condition that the
composition of all the operators between spaces Clifford valued functions,
must be equal to the operator Trgy = A™~1/2 in the Fueter-Sce mapping
theorem.

However, by rearranging the sequence of D and D it is possible to obtain

other fine structures, in which other s_ets_of functions are involved. Thus,
we have the Dirac fine structures (D, D, D, D)

O(D) T SH(Qp) 25 ABH(Qp) 25 AHC1(Qn) 25 APo(Qp) -2 AM(Qp),
and the Dirac fine structure (D, D, D, D)

Trs D D —a Ao D D
O(D) =2 SH(Qp) — ABH(Qp) — AHC1(Qp) — AH(Qp) — AM(Qp).
All the previous Dirac fine structures are obtained by applying first the
Dirac operator. Nevertheless, it is possible to apply the operator D as first

operator. In this case other three Dirac fine structures arise. We have the
Dirac fine structure of the kind (D, D, D, D)

O(D) 2 SH(Qp) 25 APC12)(Qp) 25 AHC1(Qp) 2 AP (Qp) 25 AM(Qp),
the Dirac fine structure (D, D, D, D)

O(D) % SH(Qp) 25 APC 1)) 2 AHC1(Qp) 25 AH(Qp) 25 AM(Qp),
and the Dirac fine structure (D, D, D, D)

O(D) % SH(Qp) 25 APC12)(p) =5 AP3(Qp) 2 AH(Qp) 2 AM(Qp).

The following diagram summarizes all the Dirac fine structures with their
function spaces:
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APs(Qp)

\
/

APC (1,2

\ ACWQD)

ABH(Qp)

\ ACH: ()

Remark 12.3.5. In all the previous Dirac fine structures it is possible to
combine the Dirac operator and its conjugate. In this way we get a fine
structure which is "weaker" then the previous ones; in the sense that we are
skipping some classes of functions. We call these kind of fine structures
coarser. Up to now we have mentioned just some of them and in the Ap-
pendix we show the complete landscape of the fine structures in dimension
five.

AP, (2p)

\

AM(Qp)

o(D) -—> SH(Qp)

H(Qp)

\/\

The Laplace fine structure is of the kind (A, A), which is a coarser fine
structure with respect to the Dirac one, is given by

O(D) =3 SH(Qp) =5 ACH.(Qp) = AM(Qp).

Other interesting coarser fine structures are the harmonic ones, in which
appear only the harmonic and bi-harmonic sets of functions

O(D) ™35 SH(Qp) 25 ABH(Qp) =5 AH(Qp) = AM(Qp),

and the polyanalytic one, in which there appear only the polyanalytic func-
tions of orders three and two

O(D) 5 SH(Op) D APy(Qp) 25 AP»(Q) 25 AM(Qp).

We observe that it is not possible to have coarser fine structure in the quater-
nionic case. This is due to the fact that we are dealing with the Laplacian
at power 1.

12.4 System of differential equations for fine structure spaces
of axial type

In analogy with the Vekua-type system of differential equations for axially
monogenic functions in this section we give all the systems of differential
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equations for the fine structure spaces in dimension five. Let D be a domain
in the upper-half complex plane. Let {2 be an axially symmetric open set
inRCandletx = 29 + 2 = 29 + rw € Qp. A function f : Qp — Ry is
of axial type if there exist two functions A = A(x,r) and B = B(x,r),
independent of w € S* and with values in Rj, such that

f(z) = A(zo,7) + wB(xg,7), where r > 0.

So we characterize the class of functions that lies between the set of slice
hyperholomorphic and the set of axially monogenic functions, that we have
denoted as axially functions. We recall by [[118], that if f(z) = A(zo,7) +
wB(xg,r) then

Df = (&TOA(xO,r) — 0, B(xq,r) — %B(xg,r)) (12.8)
+w (O, B(xo,7) + 0, A(0,7)) ,

Df = (893014(%, r) + 0, B(zo,7) + %B(a:o,r)) (12.9)
+Q (8J:0B(x07 T) - 8TA(:E07 T)) .

Theorem 12.4.1. Let D C C. Let Q)p be an axially symmetric open set
in RS and let f.(x) = A(wo,r) + wB(xg,7) be an axially anti cliffordian
holomorphic function of order 1. Then A = A(xg,r) and B = B(x,7)
satisfy the following system
03 A+ 0,00 A+ 20,,0,A+ 0,02 B+ OB + 8% £ 80:B 8B 4 452 B —

r X0

T 7

zﬁ3+@@m—gx@ﬂﬁ—@@A—wA—wdwwzo

Proof. Let us consider f,(x) = A + wB. By similar computations done in
Theorem [10.2.3] we have

A(fo(z) = G&A+$A+§&A> (12.10)

+g(%#}+&3+4&<§)>.
T

o, . 4
B- B
r

Now, we set

4
A=92A+9?A+-0,A and B =02 B+0'B+4
r

r
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Then by formula (12.9) we have

= = 4
AD(f,(z)) = DA +wB') = (0,,A' + 0,B + ;B’) + w(9,, A — 0,B')
4 4 4
= 0 A+05,0]A+ 0.0, A+ 0B+ -0'B — 50,8
Sp_loBroaB+ B+ Sop-Cpilep
r3 72 0 r r2 r3 r 0
4 4
+ W(00y 0B + =020, B — 0B+ 5 B — 0,05, A— A
T T

r

4 4
+ —0,A—-82A), (12.11)
T r
so we finally have
) 3 2 4 3 8 2 8 8
AD(fo(z)) = Opy A+ 0200, A+ ;axoarA +0°B + ;aTB + ﬁarB - ﬁB
+ 0,02, B+ %aﬁoB + w(0,,0°B + %%@«B — %axOB
4 4
+ O B—-0,00A- A+ =0, A— -0A). (12.12)
T r

Since (°f(z)) is anti Cliffordian holomorphic of order one we have that
AD(f.(z)) = 0. O]
Theorem 12.4.2. Let D C C. Let Q)p be an axially symmetric open set
in RS and let fi(x) = A(xg,r) + wB(xo,7) be an axially bi-harmonic
function. Then A = A(xo,r) and B := B(x,r) satisfy the following
system

O A+202 0PA+ 02A — 50, A+ Z02PA+203A+ 20,02 A=0

o T

!B+ 202B — 2r°0,B + BB 420202 B — £02 B+ 202 0,B + 0} B = 0.

rYxo
Proof. By formula (12.12)) we have

4
C =8 A+0 82A+—axoarA+a§B+§afB+%arB— s
T r T

Zo~r

4
— B+0,02 B+-92 B
T r

and

4 4 4 4
D := 0,00} B+ 010, B~ 04, B+03,B=0,0%, A= 0} At -0, A=~} A,

Therefore, by formula (12.8) we have
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_ 4
A*(f(x)) = D(DAf(z)) = (0,,C — 0,D — ;D) + w(0z D + 0,C)
4 . 8 8 8 .
= 8§0A + 6506314 + —6§O&A + 8x08fB + —(9360838 + —28x08TB — —383603 + 8,,6203
r r r r
4 4 8 8
+=03 B — 0,00; B — —0,y02B + —0,,0,B — —0,,B — 0,05 B + 0295 A+ 0} A
T r T T
4 4 4 4 1 1 4
Boa-Lopaytpa topato, o2 19,08+, 8 2o B
r T T r T T T T

4 4 16 16 4
r r r r r
1 24 4
Lo+ lop-Lony Soepr B 2o,04- o8
r T T r T r T

4 4 4 4
+0202 B — =02 B+ —0,02 B+ 02,0:B + =02 0,B — =02 B+ 0, B
r r T T

[ o1 o~ T

4 4
0,03, A = 000y At 505,04 — 020, A)

8 8 8 4
= 0hA+200 PA+0/A— S0, A+ S02A+ -0 A+ 0,05 A+ w(0'B
r T r r
8 1 12 8 8 _
+-0B — ~r*0,B+ — B +20?0> B— —0> B+ -0* 0,B + 0} B).
r T 2 T4 T X0 ,r2 xo r xo o

Since the function fl (z) is bi-harmonic, i.e. A? f1 () = 0, we have the
thesis. O

Theorem 12.4.3. Let D C C. Let Qp be an axially symmetric open set
in R® and let f§(x) = A(xo,7) + wB(zo,7) be an axially polyanalytic
function of order three. Then A := A(xo,7) and B := B(x,r) satisfy the
following system

(03 A+ 02B — 302 0B — 30,,0A — 202 B — 129, 9. A

+8%E L gOB g8

|03 B — BA+ 302 0, A — 30,028 — 122022 1 19998 _ 4%A 4 45 A0,
Proof. First of all we start by computing D? fg (x).

D*f5(x) = D(Dfg(x)) = D(A' + wB'),
where

4
A:=0,,A—09.B— ;B and B :=09,,B+ 0,A.
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By formula (12.8)) we get

D fy(x) = <310A’(xo, r) — 0,B'(zg, 1) — éB’(ﬂco, 7“)> (12.13)
+w (axo B/<$O, 7") + &A’(mo, T’))
= (aﬁoA —20,,0,B — §8MB —0?A — éaTA)
T T

tw (QfOB + 20,04 — 0°B + —4@&“73 + 4;;)
= A" +wB"
where
A" = 05 A — 20,,0,B — 2@603 — 9?A - %&A
and
B":= 07 B+ 20,,0A — 0?B — 49, aTTB + 42.

Finally by applying another time formula (12.8) we get
Dfs(x) = D(D’f5(x)) = D(A" +wB")

4
_ (aonH . &B” N ;B”) —G—c_d(axoBH + GTA”)

12 12
_ (agoA + 0B —30%.0,B — 30,,0°A — —* B — —0,,0,A
T r

ToY'r
0’B 0,.B B
1898 | g0 —8—3> (08 B— PA+ 302 0,A — 30, 0°B
T T T
0,0, B 0., B 0’A 4
S DRI R TR +—28TA).
T T T

We get the statement from the fact that the function f$(z) is polyanalytic
of order three, i.e. D3f§(z) = 0. O

Theorem 12.4.4. Let D C C. Let C)p be an axially symmetric open set in
RS. Then

o fo(x) = A(zo,r) + wB(xo, ) is axially Cliffordian of order one if
and only if A := A(zo,7) and B := B(xg,r) satisfy the following
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system

Duo A+ OuyO2A + 20,,0,A — 0,02 B — 03B — 8L + 88 — 4% _ g

r2 r

03, B + 0, 02B + 40, (%22 + 0,02, A+ 634 + 402 (4) = 0.

xo~r r

o fo(z) = Az, ) + wB(xo, ) is axially harmonic if and only if A :=
A(zo,7) and B := B(xq, ) satisfy the following system

PA+IZA+29,A=0

2 B+ 2B +40, () =0.

. ff(a:) = A(zo,7) + wB(xo, 1) is axially polyanalytic of order two if
and only if A := A(xzg,r) and B := B(xq,r) satisfy the following
system

02 A—20,,0,B — 80, B — A — 49,4 =0 —

2, B +20,,0,A — 2B — 40, () = 0.

. fo(x) = A(xo,7) + wB(xo, 1) is axially Cliffordian polyanalytic of
order (1,2) if and only if A := A(xo,r) and B := B(xq, 1) satisfy the
following system

.

3
04 A—20,0° B — 20,038 — 8202 _ g8 _ i _ g4 _ goa
_4,93,4 . 8% . 168106rB —0

r2 r2

04 B+ 20,08 A+ 20,03 A+ 8200 _ 900 A _ %008 _ gip

ToYr r2

Dz A
r3

2 92 B
| 4828~ —8%F 1248 948 4 4> — .
Proof. We do not give all the details of the proof because they are tedious
computations we just mentions that: the first system follows by applying
the Dirac operator D to (I12.10). The computations are similar to that ones
done in Theorem [I2.4.1] The second system follows by formula (12.10).

346



“thesis” — 2022/12/4 — 1‘1:25 — page 347 — #365

12.5. Integral representation of the functions of the fine structure spaces

The third system follows by formula (12.13)). The fourth system follows by
applying the operator D to AD f°(x), which formula is possible to get by
the first point of this theorem. [

In the next section we will give the integral representation of the func-
tions belonging to the function spaces associated with the fine structure.
These spaces are called, for short, fine structure spaces.

12.5 Integral representation of the functions of the fine struc-
ture spaces

In this section we construct the kernels associated with the spaces of the fine
structures. The strategy follows the construction of the Fueter-Sce mapping
theorem in integral form. Precisely, we proceed by applying to the left (and
to the right) slice hyperholomorphic Cauchy kernels some suitable opera-
tors that define the required kernels. These new kernels will be used to give
these functions the appropriate integral representations. In the proofs of
the following theorems we consider just the left hyperholomorphic Cauchy
kernel since for the right hyperholomorphic Cauchy kernel computations
are similar.

Theorem 12.5.1 (Structure of the slice D-kernels SilL and SB}R). Let
s,z € RO be such that x ¢ [s], then

Spi(s,x) =D (S, (s,2)) = —4Qc ()", (12.14)

and
Spip(s,2) = (Sg'(s,2)) D = —4Qc,(2) ™" (12.15)
We denote by Sg}L and SB}R the left and the right slice D-kernels.

Proof. We compute the following derivatives

%Sﬁ(s, 2) = —Qos(2) T +2(s —2)Q.s(x) (s — x0), (12.16)
0

and, for 1 <7 <5, we get

82521(3,33) =;Q.s(7) " = 214(s — T) Qes(x) % (12.17)
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Finally, we have
0 °. 9
D (SL_l(Sa x)) = a_xOSL_l(Sa r) + ; eiﬁ_xiSL_l(s’ x)
= —Q.o(7)t = 210(5 — T)Qes(w) 7+ 2(5s — 7)5Q, 5 (1) 2
_5Qc,s(x)_1 - 22(8 - IL’) Qc 8(1‘)_2
= —6Q.4(x) " —22(s — T)Qes(x) 2+ 2(5 — 7)5Qe ()2
= —6Q.4(7) ' +2(s* — Ts — s+ |2[*) Q. (1) 2
- _4Qc,s(x)_1
[
Now, we apply the Laplacian of RS, i.e.,
5
52
A=
; dx?’
to the slice hyperholomorphic Cauchy kernel
Theorem 12.5.2 (Structure of the slice A-kernels S;}L and S&}R). Let o
s,z € RS be such that x ¢ [s], then
S&}L(s,x) = AS; (s, 7) = =85, (5, 2) Qe s(x) 7, (12.18)
and
S:R(s,x) = ASR (s,7) = —8Q..(z) ' SF' (s, 7). (12.19)
We denote by S;}L and S:R the left and the right slice A-kernels.
Proof. By formula (12.16]) we get
92
8_:10(2)SZI<S7 7) = (=25+2130)Qes(x) 2 + (220 — 25) Qe ()2
—2(5 = 7)Qes(2) 2 +8(5 — 7) (20 — 5)* Qe ().
By formula (12.17)), for 1 < < 5, we obtain
0
@Sgl(s, 7) = —226;Q. (1) — 22€; Qe s (1) 2
—2(3 — i’) Qc,s(x)_z + 8(8 — ZZ')[L'?QQS(QZ)_S.
348
i



“thesis” — 2022/12/4 — 1‘1:25 — page 349 — #367 GF

12.5. Integral representation of the functions of the fine structure spaces

Finally, we get

-1 0° > -1
A - —_9- E -
S. (s, x) gSL (s,x)—i—i 1 Z2SL (s, )

= Az —5)Qes(®) 2= 2(s —7)Qes(w) 2+ 8(s — ) (w9 — 8)*Qes(x)?
—42Q,5(2) 7 — 10(s — ) Q. s(x) > + 82> (s — ) Qe s (2)

= —4(s— 20+ 2)Qes(v) > —12(s — 7) Q)2 +
+8(s — 2)[(w0 — 5)* + |2[*] Qe s ()

= —16(s — 7)Q..(x) 2 +8(s — z) (2§ + 8% — 2705 + |2|*) Qe s(7) >

= —8(5—7)Qcs(x)?

= —85;'(s,2)Q.s(x)7 .

Theorem 12.5.3 (Structure of the slice AD-kernels Sg%jy 1, and SEIQ r ). Let
z, s € R® be such that x ¢ [s|, then —

Sap(s:x) = AD (1" (5,2)) = 16Qes(x) %, (12.20)
and

Sap.r(s,x) == (Sg'(s,2)) DA = 16Q.(z)>. (12.21)
We denote by Sg%), 1, and S&ll r the left and the right slice AD-kernels.

Proof. In order to show formula (I2.20) it is enough to apply the Dirac
operator to (12.18). Thus, we have

a% (AST(s,2)) = =8[=Qes(x) > = 2(s — T) Qes() (210 — 25)].

For 1 <17 <5, we have

0
8:62-

(AS;'(s,2)) = —8[e; Qes(1) 2 —4(s — 7) Qe o) 2y
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Finally by formula (7.48), with n = 5, we have

B 0 B .9 B
DAS;(s,2) = a_%(ASLl(s,x)HZei% (AS;(s,2))
i=1 v

= —8[-6Q. (1) + iFg(s, z)(s —xg) — igFf(s, )]
V5 Vs

- s[ouet 2 (o)

= =8 (—6Qes(x) %+ 4Qu(x) ?)
— 16Qc,s(x>72'

Formula (12.21) follows with similar reasoning.

Theorem 12.5.4 (Structure of the slice D-kernels S5' and SZU). Ler ,
s € RS be such that x ¢ [s|, then

SgL(s, z) = D(S;'(s,z)) (12.22)
= 4(s —7)Qes(x) (5 — 0) +2Q, (7) "

and

S%’IR(S, z) = (Sp'(s,2))D (12.23)
= A(s —20)Qes(®) (s — T) +2Q.4(z) .

We denote by 5%1]: and S;R the left and the right slice D-kernels.

Proof. By the relations (12.16)) and (12.17) and using the fact that 2zq =
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T + x, we have that

D(S; (500)) = 5 (S5 (sv0) = Y- i (577 (5,2)

= _Qc,S(x)<I)_l + 5Qc,s(x)(x)_1 +2(s = %) Qes(x)” *(5 — )
+22(s — 7) Qe s(1) 2
=4Q, () P +2((s —7)s — T(s — 7)) Qs(w) 2
= 40Q.5(7) Qes(2) 2 +2((s — T)s — T(s — T)) Qe (w) >
= (65% — 8sxg + 4|7|* — 425 + 22%) Q. 4 (x) 2
= (65° — 475 — dws + 4|z|* — 475 + 27%) Q. 4(x) ?
= [4(s* — zs) — 2(Ts + x5 — |z|* — _2)
+2(s* — s + |z|* — 28)] Qe s(x) 2
=4(s — 7)5Q4(2)? — dwo(s — 7) Q. 4(x) 2
+2((s —2)s + (T — 5)) Qes(x) 2
=4(s — 7)Qcs(x)” 2(s — wo) + 2Qc,s(w )~
0 _
Theorem 12.5.5 (Structure of the slice D -kernels S%%L and S%QlyR). Let
z, s € R® be such that x ¢ [s], then

Syt (s,2) = D (S7 (s,2)) = 32(s — 7) Qus(z) (s — m0)®  (12.24)
and

Soh (5,3) = (Sg'(5,2))D” = 32(s — 20)*Qes(2) (s — 7). (12.25)
We denote by 5%21 . and S%zl " the left and the right slice 52-kernels.

Proof. It is useful to compute D((s — 7) Q.. ,(r)~2). By the relations:

(5= 2)Qus() ) = —Qu) ™ = 25 — 1) Qul) (=25 + 200
and

0 - -2 —2 ~ —3

8xi((3 —7) Qm(@ ) = ech,S(x) —4(s —7) Qw@) (4),
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we have

Dl(s = 2)Quule) ) = -6~ D)Qusle) ) = 3 iy (5 = 1)0eu(0) )

=4Q.(z) 2 +4((s —7)s — F(s — 7)) Qes(z)?

= 4Qc78($)QC,S($)_3 +4((s —2)s — Z(s — :E))QQS({E)_?’
= (85 — 8swp + 4|z|* — 875 + 47%) Q. ,(v) *

= (85 — 875)Q.s(z) ™ — (8705 — 8707) Qe () *

= 8(s — 2)Qe.s(x) (s — w0),

I
_

(2

(12.26)

where in the fourth equality we used |z|* + 72 = 2z,7. Now using formula
(12.22)) and Leibnitz formula for D, we can compute D’ (S; (s, 2)):

D(s — 7)Qe,s() *)(s — w0) — A(s — 7) Qes(w) " + 2D[Qes(x) ]

2) s — 8(s — ) Qe,s() o) (s — 20)

()P 4A(s — 1) Q. s(1) 72 _
=32(s — Z) Qs () %(s — p)”.

[

Theorem 12.5.6 (Structure of the slice D?-kernels SD21 ;, and SDQ R) Let
z, s € RS be such that x ¢ [s], then

Spi (s:2) 1= D*(S; (s, 2)) = 85 (5,7) Qes() (12.27)
and

Spi (s, ) = (Sg'(5,2))D* = 8Q,4(x) ™' Sg' (s, ). (12.28)
We denote by ng}’ ;, and SD21  the left and the right slice D?-kernels.
Proof. By (12.14)) and relations (12.16) and (12.17), we have that

DX(SL (s, 2)) = —4D(Qe,s(z) )

5
_4(23 —2x9— 2 Z Giﬁi)Qc,s(x)_Q
1=1
= 8(z — 5)Qps(2) 2.
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Theorem 12.5.7 (Structure of the slice AD-kernels S, 5 and S\ ). Let
r, s € R® be such that x ¢ [s|, then

S L (s,x) = AD(S; ' (s,7)) = —64(s — 7) Qes(x) (s — 70) (12.29)

AD,L
and

S—l

p.p(8: 1) = (S5 (5,2))AD = —64(s — x0) Qe,s(2) *(5 — 7). (12.30)

We denote by S;% , and S;% i, the left and the right slice AD-kernels.
Proof. We show only formula (12.29)) because it is possible to prove for-
mula (12.30) with similar arguments. By formulas (12.18]) and (12.26)), we

have that
AD(S; (s,2)) = —8D((5 — ) Qe s(7) ) = —64(s — 7) Qe s () 3(5 — m0).
O

Now, we study the regularity of the previous kernels.
Proposition 12.5.8. Let x, s € R® be such that = ¢ [s]. We have that

1. SZLZD’L<S, x) (resp. S;},@D’R(s, x)) is slice right (resp. left) hyper-
holomorphic in s and it is ¢ + 1-harmonic in x for 0 < ¢ < 1;

2. S;}L(s, x) (resp. S&}R(s, x)) is slice right (resp. left) hyperholomor-
phic in s and it is left (resp. right) holomorphic Cliffordian of order 1
nx;

3. S;L(s, x) (resp. S%lR(s, x)) is slice right (resp. left) hyperholomor-
phic in s and it is leﬁ (resp. right) polyanalytic Cliffordian of order

(1,2) in x;

4. S;%Q,ZL(S, x) (resp. 5;2152717}%(5, x)) is slice right (resp. left) hyper-
holomorphic in s and it is left (resp. right) polyanalytic of order 3 — {

inxfor0<(<1;

5. SB;L(S, x) (resp. SB;R(S, x)) is slice right (resp. left) hyperholomor-
phic in s and it is left (resp. right) anti-holomorphic Cliffordian of
order 1 in .
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Proof. We prove the regularity for the left kernels since for the right ker-
nels the arguments are similar. The right slice hyperholomorphicity in s
of the left kernels is due to the fact that each kernel can be written as a left
combination of intrinsic slice hyperholomorphic functions in s: Q. s(x)™"™,
$Qes(x)™™, 82Q.s(x) ™ and s* Q.. o(x) ™™ for 1 < m < 3 (see Theorems

from|[12.5.1|to[12.5.7).

As the operators D, D and A can be commuted, we have:

LAY (S p(s,2)) = ATHATD(ST (s, 2))) = DA (ST (s, 2)) =
DF}(s,xz) = 0, wich implies S1i ., ,(s,z) is £ + 1-harmonic in x
for0 </¢<1;

2. AD(S5Y(s.2)) = AD(A(S; (s,2))) = DAX(S; \(s.2)) = DF}(s,x) =
0, wich implies S;}L(s, x) is holomorphic Cliffordian of order 1 in x;

3. ADX(S5) (5.2)) = ADX(D(S;(s.2))) = DAXS; (s.2)) = DF}(s.) =
0, wich implies S%IL(S, x) is polyanalytic Cliffordian of order (1,2)
in x; 7

_ =2 o _
4. DS, (s,2) = DA (ST (5,0)) = DAY(S] (s,2) =
DF?(s,x) = 0, wich implies S;FH L(s, x) is polyanalytic of order

1
D
3—flinxfor0 </ <1;

5. Aﬁ(SZ;%’L(S,x)) = AD(D?(S;'(s,2))) = DA%(S; ' (s,7)) = DF}(s,7) =
0, wich implies 5521 ; (s, ) is anti-holomorphic Cliffordian of order 1
in x.

O

Remark 12.5.9. We can write the formulas of left and right slice kernels in
Theorem [12.5.1|up to Theorem [12.5.7|in terms of the F'-kernels. By using

formula (7.45)) and (7.46) we have

1
Sg}L(s, xr) = BT [F5L(s, 7)s® — (x + 2x0) FF (s, 2)s* + (2uox + |2|*) FE (s, 2)s

—x‘.’B’QFé/(S, LL’)} )
1
Sg}R(s, r) = BT [SSF;%(S,[E) — §2FF(s,2)(z + 2x0) + sFF (s, 2) (2207 + |2|?)
_F5R(Sa QZ’)ZL’|$|2} ;
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1
S:L(s,a:) = 3 [FE)L(S,:B)SQ —2x0F¥(s,7)s + |:17]2F5L(s,:1:)} ,

1
S&}R(s,x) = -3 [S2F5R(S,l‘) — 28F5R(s,x)xo + Ff(s,x)|x|2} ,

Sapu(s:x) = 7 [Fy(s,2)s — 2Fy (s, )],

PN -

,SZID’R(s,x) = [st(s,x) - Ff(s,x)x} ,

1
S—l(s,x) = D) [3F) (s, 2)s® — (8zg + 2) FL (s, x)s* + (4af + 2zox + 3|z*) F (s, 2)s

—(x|z|* 4 220 ||?) FE (s, a:ﬂ ,

3 [3°Ffi(s, ) — $*Ff'(s, ) (8 + ) + sFy'(s, x)(4af + 2z0x + 3|z]?)

—FE(s,x)(z|z]* + 23:0|x]2)} ,

1
Splus:0) = — [PHs.a)s* = 20FH(s,a)s + P (s.0)]

1
(s,2) = —= [$*Ff(s,x) — 2sF) (s, z)x + Fi'(s,z)z] ,

-1
5 8

D2 R

1

S%%L(S7x) = §[F5L(Sa x)SQ - 21}0F5L(S,ZL')S + I?)F5L(87 l’)],
1

S%;,R(Sax) = 5[821’?(8,%) — 2sF'(s, x)wo + F3'(s, )],

S—l

AD,L
Sfl

AD,R

(s,7) = —FF(s,x)s +xoFE(s, ),
(s,0) = —sFf(s,z)+ Ff(s,x)z0.

The kernels S;%Q L(s, z) and S L (s,z), and the right counterparts, are

AD,L
written in terms of their polyanalytic decomposition.
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12.5.1 The integral representation for the fine structure functions spaces

Now, we can give the integral representation for the functions of the fine
structure spaces.

Theorem 12.5.10. Let W C RS be an open set. Let U be a slice Cauchy
domain such that U C W. Then for J € S* and ds; = ds(—J) we have
the following integral representation.

* (Integral representation of /-harmonic functions, 0 < ¢/ < 1) If
f € SHL(W), the function fi(z) = AY"*Df(x) is { + 1-harmonic
for 0 < ¢ <1 and it admits the following integral representation

~ 1

fo(z) S;}_ZQL(S, x)dsyf(s).

27 Jownce,)

If f € SHr(W), the function fy(x) = f(x)A'"tD is { + 1-harmonic
for 0 < ¢ <1 and it admits the following integral representation

. 1
Jolw) = — / F(8)dssS5L op (s, ).
21 Jawne,) ’

* (Integral representation of holomorphic Cliffordian functions of
order 1) If f € SH (W), the function f°(x) := Af(x) is left holo-
morphic Cliffordian of order 1 and it admits the following integral
representation

1
fo(l') = % /8(UQCJ) S;}L(s,m)dst(S).

If f € SHr(W), the function f°(x) := Af(x) is right holomorphic
Cliffordian of order 1 and it admits the following integral representa-

tion .
fo((,(}) = 2—/ f(S)dSJS&}R(S,x>.
T Jawncy)

* (Integral representation of polyanalytic Cliffordian functions of
order (1,2)) If f € SHL(W), the function f°(x) := Df(x) is left
polyanalytic Cliffordian of order (1,2) and it admits the following
integral representation

fo(z) = — S%}L<S7I>dSJf(S>.

21 Jawnc,)
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If f € SHr(W), the function fo(x) := Af(x) is right polyanalytic
Cliffordian of order (1,2) and it admits the following integral repre-

sentation
v 1

f(a) F($)ds S5 (s, ).

27 Jowne,)

* (Integral representation of polyanalytic functions of order 3 — /,
0< 0 <1)Iff e SHL(W), the function fy(z) := Afﬁz_gf(x)
is left polyanalytic of order 3 — { for 0 < ¢ < 1 and it admits the
Jfollowing integral representation

y 1

fe(x) St (s,x)dssf(s).

T on swnc,) ADTL

If f € SHRr(W), the function fg(aj) = f(x)AZZ_)Q_Z is right polyana-
ytic of order 3 — [ for 0 < { < 1 and it admits the following integral
representation

y 1 »
fo(z) = oy /8(U0(CJ) f(s)dsJSA@2_17R(s,x).

* (Integral representation of anti-holomorphic Cliffordian functions
oforder 1) If f € SH (W), the function fo(z) := D*f(x) is left anti-
holomorphic Cliffordian of order 1 and it admits the following integral
representation

1

27 Jowne,)

fo(z) Spa (5, 2)ds f(s).

If f € SHR(W), the function fo(x) := f(x)D? is right anti-holomorphic
Cliffordian of order 1 and it admits the following integral representa-
tion
1
fle) = g [ F)dssSylalsa).
T Jowncy)

Moreover, the integrals do not depend on U nor on the imaginary unit J €
St

Proof. We prove the integral representation for the ¢ + 1-harmonic func-
tions starting from a left slice hyperholomorphic functions since the other
cases can be proved with similar arguments. We start by using the Cauchy
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formula. By Theorem|[12.5.1{and Theorem [12.5.3] we have for 0 < ¢ <1
f(x) = AY'Df(x)
1
= — AYIDST (s, 2)dsrf(s)
21 Jawnc,)
1
= - Sg%—ép L(87 J])dS[f(S).
21 Jawne,) ’
By Proposition the function f'g(x) is £ 4 1-harmonic. O
12.6 Series expansion of the kernels of the fine structures
spaces
In this section our aim is to write the kernel of the previous integral theorem
in terms of convergent series of x and z. In order to do this we need to
investigate the application of the operators D, A, AD, D, 1_)2, D? and AD
to the monomial 2™, with m € N. We already know that:
Lemma 12.6.1. [23, Lemma ] For m > 1 we have o
m—1 m
D(a™) = (™D =—4) 7" gk = -4 “amrEl (1231
k=0 k=1
We will use the following well-known equality
Az f(z)) = xAf(z) +2Df(x), (12.32)
for any x € R® and for any C? function f.
Proposition 12.6.2. Let x € R® and m > 2. Then we have
m—1 m—1
Ax™ = =83 (m—k)a™ 1 = =8> “katlEm M (12.33)
k=1 k=1
Proof. The proofis by induction on m. Form = 2and x = x0+2?:1 €;r; =
o + x we have
Ax? = A(z] + 2702 — |2]?) = 8.
Let us suppose that the statement is true for m, we want to prove it for
358
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m + 1. Then, we have
Ax™ T = A(z™x) = 2D(z™) + rAz™
m m—1
- _8 Z xm—szk’—l -8 Z(m _ k‘)l’m_kfk_l
k=1 k=1
— _8 Z xm—kfk—l -8 Z(m . k‘){]fm_kfk_l
k=1 k=1
=-8 Z(m — k4 )™z
k=1
where the first equality is an application of formula (12.32)) and the second
equality is consequence of the inductive hypothesis and formula (12.31).
The second equality follows by rearranging the indexes. 0
Proposition 12.6.3. Let x € RS, for m > 2 we have
m—1 o
D*(a™) = (¢™)D? = =8 Y ka™ T,
k=1
Proof. We show the result by induction on m. For m = 2, we have by
formula (12.37]) that
D*(2%) = D*(xf + 2woz — |z|*) = —8D(70) = —8.
We suppose the statement is true for m and we prove it for m + 1. First we
observe that
2" = ™M@ 4 x) — 2™z
Thus, by the Leibniz formula for the Dirac operator and the fact that D|z|* =
2z we get
D(z™) = D(a™(T + 7)) — D(a™ z|?)
= D™ (T +x) + 2™ — D(x™ ) |z|* — 22™
=D(@")(T +x) — D(a™)|a]*.
By using another time the Leibniz formula and the inductive hypothesis we
359
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get

D (z™) =D (D(mm)(f +zx)— D(mm_1)|a§\2)
= (D*x m)(x +7) 4 2Da™ — D*(2™ V) |z|? — 20D (2™ )
m—1
:_Skam k—k 1 Skam k— l—k 8me k—k 1
k_
m—2 m—1
+8 kmklfk+821‘m__k_l
k=1 =1

m—1
=8y kamFFFt —8(m —1)z"! — 8z
k=

1
=8 ke

k=1

3

Finally since D(z™) = (2™)D we get
(z™)D? = ((z™)D) D = D(z™)D = D*(2™).

Now, we need some preliminaries results to get a formula for ADx™.

Lemma 12.6.4. Let f : R*™' — R, then
Af(x) = Af(2).

Proof. We know that we can write f(x) = 3",y €afa, thus we have

.....

Af(x) = ) ealfa(wa)
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Corollary 12.6.5. Let m > 2. Then for v € R® we have
Axzm = AT™. (12.34)
Proof. If we consider n = 5 and f(z) = 2™ in Lemma12.6.4] we get the
statement. ]
Corollary 12.6.6. Let m > 2. Then for any x € RS we have
m—1
Afm:—BZkl'm k—17k—1
k=1
Proof. It follows by Corollary [12.6.5] and Proposition[12.32] O
Lemma 12.6.7. Let m > 3, for any x € RS we have o
m m—2
ZA m— k—k 1 4 Z(m —k— 1)]€[L’m_k_2fk_1.
k=1 k=1
Proof. We shall prove this formula by induction on m. For m = 3 we have
A(z? + 27 +7°) = A(32) — |z)*) = —4.
Let us suppose the statement is true for m, we want to prove it for m + 1.
Now, formula (12.32)) and Corollary [12.6.6]imply that
m—+1 m
ZA(Im+1 k—k 1 :ZA m+1—k— k 1)—|—AI
k=1 k=1
m m m—1
-9 ZD m—kk— 1 + xz A(Imfkfkfl) _8 Z Lpm R lpk—1
=1 k=1 k=1
Finally, by formula (I2.31)), the inductive hypothesis and Lemma|[2.6.3|we
361



“thesis” — 2022/12/4 — 1‘1:25 — page 362 — #380 GF

P
Chapter 12. The fine sructure of the spectral theory on the S-spectrum in
dimension five
get
m+41 1 m m—1
Z A(merlkakfl) — —§D2$m + xz A(l‘mikfkil) -8 Z LMk lpk—1
k=1 k=1 k=1
1 m—2
= —§D2:cm —4> (m =k — ka1
k=1
m—1
k=1
m—1 m—2
— 4 km,mfkfl—kfl —4 (m — k= 1)k,xmfk:fl—kfl
k=1 k=1
m—1
k=1
m—1
= —4Y (m—k)kgm * 1zt
k=1
u _
Proposition 12.6.8. Let m > 3, for any © € R® we have
m—2
ADz™ =16 Z(m —k — 1) kg™ gL
k=1
Proof. It follows by formula (12.31]) and Lemma [12.6.7 [
Let us recall the following fact
—ma™ ! m  even,
Du(a™) = (12.35)
B —(m+4)z™! m  odd,
where 0, = z;zl ej%.
Proposition 12.6.9. Let m > 1. For any x € RS, if z # 0 we have
Da™ =2 [mxml +2) amhrt (12.36)
k=1
On the other hand if x = 0 we have
Da™ = 6ma™ L.
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Moreover,

D(z™) = (a™)D.

Proof. We will perform a direct computations. By the Binomial theorem
and formula (12.33)) we get

e = () (-0 (£ ()

_ ’” ()= mags = 3 () touteh

k=0

_ (m —1)! m—k—1_k “ (m —1)! m—k, k-1
- mzkl(m—k—m% §+m;(/€—1)!(m—k)!% o

+4 Z (Z?)xg‘kgkl

k=1,k odd

By rearranging the indices of the sum and by using another time the bino-
mial theorem we get

D(z™) = 2ma™ ' + 4 Z <7:) o Rkt (12.37)

k=1,k odd

If z = 0 we get
D™ = 6ma™ .

On the other side, if 2 # 0 by the Binomial theorem we have

D () D M (A

k=1,k odd

Now, since 2™ — 7™ = 2z Y ;" | ™ *z"! we get

m m m
2> ( k):pgl-’@’“-l =2 am Rl (12.38)



“thesis” — 2022/12/4 — 1‘1:25 — page 364 — #382 GF

Chapter 12. The fine sructure of the spectral theory on the S-spectrum in
dimension five

By putting formula (12.38) in (12.37)) we obtain formula (12.36)).
Finally, since 0,(z™) = (2™)0,, we can repeat the previous computations,
thus we get

To compute D 2™ we need the following result.

Lemma 12.6.10. Let m > 2. For any x € RS we have

m—1

a£ (Z xmkfk1> _ Z(Zk o m)xmfkfli,kfll
k=1

k=1
Proof. By Proposition [I2.6.3]and formula (I2.31]) we have

m—1 m
—8 ka™F'ZF = D(Da™) = —4D (Z xm_kfk_l) (12.39)
k=1 k=1

[ (S e (S]]

I
—
[\
8
~
—
3
—
8
3
—
]
3
L
~—

(12.40)

I
3

ling
&

;

T

e

i

m m—1 m
ax < l’mkfk1> - 9 kxmfkfli,kfl o aa ( xmki’k1>
z § : To § :

k=1
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Proposition 12.6.11. Let m > 2. Then for any x € R® we have

(@™ = (™D (12.41)

m—1
= 4 [m(m — 2™ 2 42 Z(Qm - k)a:m_k_lxk_ll :
k=1

Proof. By applying two times Proposition [12.6.9| and the fact that D =

0 _
3o — Ou We have

2 —_

(™) = D(Dx™)

= 2mD(z™ 1) + 4D (Z xm_kxk_1>

k=1
m—1
= 2m (2(m —1)z™ 2 + 4 Z xm_l_kxk_l> +
k=1
+4 i Zm: xmfki,kfl o a Zm:xmka—:kl )
00 \ 4= ) k=1
By formula (12.40) and Lemma[I2.6.10 we get
m—1
Da™ = 4 [m(m — 1D)a™ 2 +2m Z iR
k=1

m—1 m—1
+m Z g1k k=1 Z(2k . m)Im_k_lff'k_ll

k=1 k=1

m—1
= 4 [m(m — 1)xm—2 +2 Z(zm _ k)xm—k—ljk_ll '
k=1

Finally, since D(2™) = (2™)D we get

D’(z™) = (2™)D".
O
Proposition 12.6.12. Let m > 3. For any x € R® we have
m—2
AD(z™) = (¢™)AD = =16 Y _(m—k—1)(m+k)z™ 22", (12.42)
k=1
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Proof. By applying the operator A to formula (12.6.10) we get

ADz™ = 2mA(x™ 1) + 4 Z A(z™ A,

k=1
Therefore, by Proposition [2.6.2]and Lemma|[I2.6.7| we obtain

AD(z™) = —16mz —1— k) 2Rl 4

_16 m k—l mk’?kl
k=1

m—2
= —16Y (m—k—1)(m+ k)™ > kgt
k=1

Finally, since the laplacian is a real operator and D(2™) = (z™)D we get
AD(z™) = (z™)AD.
[

Definition 12.6.13 (left and right kernel series). Let s, z € RS, then we
define

* the left D-kernel series as

o0

me* Thlgmlm (12.43)

k=1

3

and the right D-kernel series as

—1-m m—kfk—l

NE
Djs

—4

3
I
o
i
o

« the left A-kernel series as

co m—1

-8 Z Z(m _ k)xm_k_lfk_ls_l_m, (1244)

m=2 k=1
the right A-kernel series as

-1

00
-8 E —1—mxm—k—1fk—l7

m=2 2

3

B
||

366



“thesis” — 2022/12/4 — 1‘1:25 — page 367 — #385 GF

12.6. Series expansion of the kernels of the fine structures spaces

e the left AD-kernel series as
16> > (m—k—1ka™ 2z s, (12.45)
the right AD-kernel series as

16 Z (m —k — 1)ks™ mmgm—h=2gk—1,

m=3 k=3

* the left D?-kernel series as

3
L

kg hlghmlgmlom (12.46)
1

hE

—8
2

=
Il

3
[

the right D?-kernel series as

3

oo
82: ksflmmklxkl

1

x~
Il

m=2

e the left D-kernel series as

2 [Z <mxm1 +2) xmkjkl>] s~-m (12.47)

m=1

the right D-kernel series as

2 [i g i—m (mxm_l +2 f: xm_kxk_1>] ,
m=1

k=1

¢ the left 52—kernel series as

00 m—1
4 [Z <m(m — 12" 42y (2m - k:)xm_k_lxk_1> s—l—m] . (12.48)

m=2 k=1

the right D’ -kernel series as

4 [i simm <m(m —1)z™ % + Qni:(Zm - k)a:m_k_lxk_1>] :
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e the left AD-kernel series as

-2
(m —k —1)(m + k)z™ 2k 1s7mm (12.49)
1

3

—16

7

T

S

the right AD-kernel series as

m—2

—16 i Z m—k—1)(m+ k)smpm 2k

m=3 k=1

Remark 12.6.14. The left and the right D-kernel series are equal, where
they converge, as well as the left and the right AD-kernel series.

We collect some technical lemmas that we have used in the proofs of
some of the following results.

Lemma 12.6.15. For m > 3 we have

3

~1)m—2)
6 J—

2(m o1y = T

1

e
Il

Proof. Weknow that Y"1 > k = (Z=1m=2) gpq S22 — (m72)(mg1)(2m73).
Thus we have

-2 m—2 m—2

m—k—1Dk = (m—1)Y k—Y k?

3

B
Il

1

Lemma 12.6.16. For m > 3 we have

- (m—k—1)(m+k)=

1

3

2m(m — 1)(m — 2)'
3

£
Il
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Proof. Since Y"1k = w we get

m—2
m» (m—1—k) = mQ(m—Z)—m(m—2)—m(m_lz)(m_Q)
k=1
_ mm - 12)(7” —2), (12.50)
Finally, by formula (12.50) and Lemma[[2.6.15| we get
m—2 m—2 m—2
(m—k—-1)(m+k) = Z(m—k—l)k—l—mZ(m—k—l)
k=1 k=1 k=1
- omm—1)(m—-2) m(m—1)(m—2)
B 6 " 2
_ 2m(m —1)(m —2)
= 3 :
0

Proposition 12.6.17. For s,x € RS with |x| < |s|, all the left kernel series
are convergent.

Proof. In order to show the convergence of the series it is enough to show
the convergence of the series of the moduli.

* In order to prove that the left D-kernel series is convergent it is suffi-
cient to show that the following series is convergent.

o0

> mla| s T (12.51)

m=1

This series converges by the ratio test. Indeed, since |z| < |s|, we
have
(m + 1)|z|™|s| 2™ m+ 1

lim = lim
m—o0 m|x’m—1|5’—1—m m—oo M

z||s| ! < 1.

* To prove the convergence of the A-kernel series, we have to show that
the following series convergences

1

> (Z(m - k‘)) e Pl (12.52)

m=2 \ k=1
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Since S0 (m — k) = m(”;_l), we have
. m + 1)m|z|™ s 2™
lim ( iz |s] = |z||s| ™t < 1. (12.53)
m—oo m(m — 1)|z[m=2[s[ -1
Therefore, by the ratio test the series is convergent.
* In order to prove the convergence of the AD-kernel series, we have to
show the convergence of the following series
) m—2
> (Z(m — k- 1)k> || 3]s (12.54)
m=1 \ k=1
Now, since Y1 *(m —k— 1)k = w (see Lemma|12.6.15),
by applying the ratio test we get
. om(m+1)(m—1)|x|m™2s| 2™
o 2 DOm = Dl s
m=oo m(m — 1)(m — 2)[z[m=3[s[~1=m
Therefore the series is convergent.
¢ To show the convergence of the D?- kernel series we need to show the
convergence of the following series
e m—1
> (St
m=2 \ k=1
Since 22:11 k = (m;l)m, by applying the ratio test we reobtain the
same limit of (12.53), and so the series is convergent.

« In order to prove the convergence of the D-kernel series we put the
modulus to the series in and after some manipulations we get
that

o0 m o0

Z (mxm—l +2 Z Qfm_kﬂfk_l) ’S|_1_m < Z 3m\x|m_1|s|_1_m.

m=1 k=1 m=1
The convergence of the series > -_, 3m|xz|™t|s|~1=™ follows by
similar arguments for the convregence of the series in (12.51)).

* As done in the previous point, we insert the modulus in the series
370
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(12.48)) and after some computations we get

oo m—1
< — 1) 2 +9 Z(zm o k})xm_k_li‘k_1> |S|—1—m
m=2 k=1
00 m—1

<> mm=1)+ ) (2m - k;) |2

m=2 k=1
. . 5m m—2 —1-m
B M N

3
||
N

The convergence of the series > -_, W|x|m*2|5|*1*m follows
similarly as the series in (12.52]).

* Finally, in order to show the convergence of the left AD it is enough
to show the convergence of the following series

> (Z_(m —k=1)m+ k>> 3]s

m=3 \ k=1
m—2 _ 2m(m—1)(m—2)
Since ) ;" "(m—k—1)(m+k) = f (see Lemma|12.6.16),
the convergence follows similarly as done for the series in (12.54)).
]

Remark 12.6.18. Similarly, all the right kernel series are convergent.

Now, we can expand in series the left and the right kernels, computed in
the previous section.

Lemma 12.6.19. For s, v € R® such that |z| < |s| we can expand

* the left slice D-kernel as

m—kfk—ls—l—m

S”DIL(S z) =—4

WE
Dgs

3
I
o
Eo
l
_

and the right slice D-kernel as

SDRsx 4§:

m=1

1mmk—k1

Djs

B
Il
—
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* the left slice A-kernel as

3
L

m—k—1=k—-1_—1-m
(m—k)x s

[M]¢

S:L(s,x) = -8

2

i
I

3
[

and the right slice A-kernel as

co m—1
g1- —k—1—k—1
St Ar(s,r)= -8 Z g™ T,
* the left slice AD-kernel as
oo m—2

SADL S, ) = 162 Z m —k — 1)ka™ F2gh-ts—tmm,
3 k=1

and the right slice AD-kernel as

00 -2
Sap.r(s,x) =16 Z (m —k — 1)ks™mmgm—F=2gk—1,
m=3 k=1

3

* we can expand the left slice D*-kernel as

oo m—1
sz L( ) — _8 Z k,xmfkfljkflsflfm’
m=2 k=1
and the right slice D?-kernel as
co m—1
SD21R SZ kSil m.m— k— 1£l§'k 1,
m=2 k=1

o the left slice D-kernel as

S%}L(s,x) =2 [Z (mﬂ:m_l + Qme_kxk_1>] simm,

m=1

and the right slice D-kernel as

S%}R(s, x) =2 [Z sTimm (mxm_l +2 sz_kmk_l>] ,
m=1
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o the left slice D?-kernel as

[ oo m—1 T
S%%’L(s, x)=4 Z (m(m —1)z™ 2 +2 Z(Qm — k:)xm_k_lfk_1> g imm

| m=2 k=1

and the right slice D’ -kernel as

[ o0 m—1
5%217}3(37 r) =4 Z g imm (m(m —1)a™ 242 Z(Zm — k)am Rkt
Lm=2 k=1
* the left slice AD-kernel as
co m—2
S;%L(s,x) — —16 Z (m — k — 1)(m + k)™ *=2gk-1g-1-m
m=3 k=1
and the right slice AD-kernel as

3
N

(m —k —1)(m+ k)s - mgmF2gkt
1

NE

—1 o
SAf,R(S’ xr)=—16

3

e
I

3
Il

Proof. We know that we can expand the left Cauchy kernel in the following
way

S (s ) = Z g™, (12.55)
m=0

In order to obtain all the expansions it is enough to apply to formula (12.55))
the operators D, A, AD, D?, D, D’ and AD. Due to Proposition
we can exchange the roles of the operators with the sum. Finally, in or-
der to get the expansions written in terms of x and & we apply formula
(12.31), Proposition Proposition [12.6.8] Proposition Propo-
sition Proposition [12.6.11] and Proposition By similar ar-

guments we have the result for the right kernels. 0

Remark 12.6.20. By Lemma|I2.6.19|together with Theorem|[I2.5.1] Theo-
rem [12.5.2] Theorem [12.5.3]and Theorem [12.5.6] we deduce the following
equalities

3
o

(m — k= 1)]{?[Em_k_2fk_1$_l_m

K

Qc,s(flj)_2 =

3
w
=
I
H

3
o

(m — k= 1)ks—1—m$m—kz—25k—1’

NE

i
w
b
Il
—
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co m—1
(S ZL‘ ch Z (m_ k)l’m_k_lfk_ls_l_m,
o m o m

Q szm——kl—lm Zzslmmk—kl
cs )

co m—1

( )Q szxmklklflm
c,s
m=2 k=1

It is possible to obtain similar equalities with the right kernels.

12.7 The functional calculi of the fine structures

Using the expressions of the kernels written in terms of x and  and the fine
Fueter-Sce integral theorems, we can define the fine Fueter-Sce functional
calculi.

Definition 12.7.1. Let T = T, + Y0, e,T; € BC"(V5), s € R®. We
formally define

* the left and the right D-kernel operator series as

—4 i f: Tm—ka—ls—l—m’

m=1 k=1

i i s 1—me—ka—1;

m=1 k=1

and

* the left and the right A-kernel operator series as

co m—1
—82 (m k’)Tm k— 1Tk: 1 —1 m

m=2 k=1

and »
_SZZm IC -1- melekrl

m=2 k=1

* the left and the right AD-kernel operator series as
16) > (m—k— kT k2T s,
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and
m—2

16 i Z m—k—1)ks™\-mpmke2phel

m=3 k=1

« the left and the right D?-kernel operator series as

3

8 Z kTm—k’—lTk—ls—l—m’

1

B
Il

m=2

and

3
L

—1—-mmpm—k—1pk—1.
ks~ 1=mT k1.
1

WE

-8
2

B
Il

3
Il

« the left and the right D-kernel operator series as

2 i (me—1 + QiTm‘k‘T’“‘1> s

Lm=1 k=1

and

2 i s—l—m (me—l + Qin:Tm—ka—l) :

Lm=1 k=1

* the left and the right D’ -kernel operator series as

[ oo m—1
4 Z (m(m - DT™ 42 Z(Qm - k;)Tm_k_lTk_1> sTim
k=1

Lm=2 J
and
[ oo m—1 7
40 st (m(m — DT 42 (2m - k)Tm_k_lfk_l> ;
L m=2 k=1 i
» the left and the right AD-kernel operator series as
0o m—2
—16 Z Z(m —k —1)(m + k)T 2 g
m=3 k=1
and
oo m—2
—16 Z Z m—k —1)(m + k)s~ ' mmpmhi kol
m=3 k=1
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Proposition 12.7.2. Let us consider T € BC"'(Vs), s € R® and ||T|| < ||
then the series previously defined are convergent and, in particular, we can
expand

* the left and right D-resolvent operator as

SE,IL(SvT) = SDR s,T) f—4ZZTm krik—1 g—1-m

m=1 k=1
oo m
. —1-mmm—krpk—1,
= —4) Y st
m=1 k=1

* the left and right A-resolvent operator as

co m—1
‘SZ,IL(S: T) = -8 Z (m _ k)Tm—k—1Tk_1S_1_m7
m=2 k=1
and
oo m—1
S&}R(s7 T) - _8 Z (m _ k)silime*kflkal;
m=2 k=1

* the left and right AD-resolvent operator as

SEID,L(& T) - S&%),R(Sa T)

oo m—2

= 16) Y (m—k— kT F2hlgtom
m=3 k=
oo m—2

= 16 Z (m — k — 1)ks—I-mpm=h=2pk=1
m=3 k=1

e the left and right D*-resolvent operator as

oo m—1
SD21 L( ) - _8 Z kTmfkfljﬂkflelfm’
m=2 k=1
and
co m—1
D2 R(s T)=-8 Z ks~ l-mpm-k-lph-L.
m=2 k=1
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s the left and right D-resolvent operator as

-1 m—1 m—kk—1 —1-m
Sy T) =2 (mT +2) T >s ,

Lm=1 k=1
and
—1 —1-m m—1 m—krk—1 .
Sola(sT)=21) s <mT +2) T ) ,
| m=1 k=1 .
* the left and right D -resolvent operator as
[ oo m—1 ]
S%;L(s, T) =14 22 <m(m — DT +2) (2m - k:)Tm—’HT’H> sTLmm
Lm= k=1 |

and

[ oo m—1
SpplsT) =4y 7t <m(m — DT 42 (2m — k)T R TR

L m=2 k=1

s the left and right AD-resolvent operator as

oo m—2
S;D L5 T)=-16 Z (m—k—1)(m+ k)T T s,
m=3 k=1
and
oo m—2
Sk a5 T) = =165 3" (m — k= 1)(m + k)T kAT
m=3 k=1

Proof. The convergences of the series for || 7| < |s| can be proved con-
sidering the series of the operator norms and reasoning as in Proposition
We prove only the first equality between the kernels and the series
because the other equalities follow by similar arguments. Since

Si}L(‘S?T) = SB}R(57T> = _4QC,8(T>717

it is sufficient to prove

Qc,s(T) (iiTm—kals_l_m> _ <iiTm ka 1 —1—m> Qc,s(T)

m=1 k=1

= 1 (12.56)
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The first equality in is a consequence of the following facts: for any
positive integer m the sum ) ;" | T+ is an operator of the compo-
nents of 7" with real coefficients which then commute with any power of
s, the components of 7" are commuting among each other and the operator
Q...(T) can be written in the following form: s*Z — 25T, + 37 T?. Now
we want to prove the second equality in (12.56)). First we observe that
(S5 o) o
m=1 k=1
— (Z > Tm—kT’“‘ls—l—m) (s = s(T+T)+TT)
m=1 k=1
— Z Z Tm—ka_lsl—m . Z Tm+1—ka_ls—m o Z Z Tm—kaS—m
m=1 k=1 m=1 k=1 m=1 k=1
+ Z Z Tm—k+1pk —1—m
m=1 k=1
Making the change of index m’ = 1 + m in the second and fourth series,
we have
(S5ermr o) o -
m=1 k=1
o m 1 oo m'—1 1 o m N
I B T I e D
m=1 k=1 m'=2 k=1 m=1 k=1
oo m'—1
3 ST
m/=2 k=1
o m 1 oo m'—1 .
— I+ TmfkT 1-m Z Z TmlfkT 1,m/+
m=2 k=1 m/'=2 k=1
o m oo m'—1
R )DL P N Sl S O
m=2 k=1 m'=2 k=1
Simplifying the opposite terms in the first and second series and in the third
378
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and fourth series, in the end we get

m

(i Z Tm—ka_ls—l—m> QC,S(T) = T+ io: Tm_lsl—m o f: Tu'm_lsl—m
m=1 k=1 m=2 m=2

= I
[l

We can now define the resolvent operators of the fine structure and study
their regularity. Based on the previous series expansions and the structure
of the kernels of the function spaces we can now define the resolvent opera-
tors associated to the fine structure spaces. Using these resolvent operators
associated with the S-spectrum we will define the functional calculi asso-
ciated with the respective functions spaces.

Definition 12.7.3 (The resolvent operators associated with the fine struc-
ture). Let 7' € BC*'(V;) and s € pg(T), we recall that

Qus(T) = (ST — s(T +T) + TT) ",

* The left and the right D-resolvent operators Sy, (s, T') and Sp, 5 (s, T)
are defined as

Spl(s,T) = —4Q.,(T) ", (12.57)
and

Splp(s,T) := —4Q.(T)~". (12.58)

* The left and the right A-resolvent operators S1 ', (s, T') and S3 ' (s, T)
are defined as

Sxp(s,T) = =857 (5,T) Qe,s(T) ", (12.59)
and

Sar(s,T) == —8Q.(T) 'S (s, T). (12.60)

* The left and the right AD-resolvent operators S, , (s, T') and Sxp, (s, T)
are defined as

Sap(s,T) = 16Q.,(T)2, (12.61)

and
Sapa(s,T) :=16Q.(T)>. (12.62)
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* The left and the right D-resolvent operators S—* (s,T) and SZ° (s, T)
are defined as 7 7

S5 (8,T) = A(sT — T)Qe,s(T) (5T — Tp) 4 2Qe,s(T) ™" (12.63)
and

Sota(8,T) i= A4(sT = T0) Qe o(T) *(sT —T) +2Q.s(T) " (12.64)

« The left and the right D" -resolvent operators 5%21 (s, T)and 5%21 L(5.7)
are defined as 7 ’

Sor, (5.7) = 32(sT = T)Qes(T) (5T — Tv)? (12.65)
and
St o(5.7) = 32(sT = Tp)’Quu(T) *(sT = T).  (12:66)
* The left and the right D*-resolvent operators Sy, ; (s, T) and Sp; (s, T)
are defined as
Spa 1 (5, T) =85 (5,T)Qes(T) ™ (12.67)
and
St (8, T) 1= 8Qco(T) 'S (s, T). (12.68)
» The left and the right AD-resolvent operators S;%L (s,T) and 5;1571%( s,T)

are defined as

S—l

. (8:T) = —64(sT — T)Q.(T)3(sT — Tp) (12.69)

and

Sapp(8:@) 1= —6A(sT — Tp) Qes(T) (s — T). (12.70)

Now, we study the regularity of the previous kernels.

Proposition 12.7.4. Let T € BC"'(V;). Then the resolvent operators as-
sociated with the fine structure in Definition[I2.7.3]are slice hyperholomor-
phic operators valued functions for s € pg(T).

Proof. 1t follows by a direct computations and in the case of the S-resolvent
operators or the F'-resolvent operators. [
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Now, we can to define the functional calculi associated with the fine
structure.

Definition 12.7.5 (The functional calculi of the fine structure in dimension
five). Let T € BC%(Vs) and set ds; = ds(—.J) for J € S Let f be a
function that belongs to SH(0s(T)) or belongs to SHr(os(T")). Let U
be a bounded slice Cauchy domain with o4(7) C U and U C dom(f).

Keeping in mind the resolvent operators associated with the fine struc-
ture in Definition we define functional calculi associated of the fine
structure as:

* (The ¢ + 1-harmonic functional calculus for 0 < ¢ < 1) For every
function f, = A'™*Df with f € SH(05(T)) and 0 < £ < 1, we set

fo(T) = i/ Sitip (8. T)dsyf(s), (12.71)
21 Jawne,) ’

and, for every function f, = fA'"!D with f € SHp(0s(T)), we set

. 1

f(T) - f(s)ds; St

Meep (5. T). (12.72)

21 Jownce,)

* (The holomorphic Cliffordian functional calculus of order 1) For
every function f° = Af with f € SHi(os(T)), we set

1

21 Jownce,)

fe(T) - SAl(s,T)ds ;s f(s), (12.73)

and, for every function f° = Af with f € SHg(os(T)), we set
1

27 Jownce,)

fo(T) - f(s)ds;SAIp(s,T). (12.74)

* (The polyanalytic Cliffordian functional calculus of order (1,2))
For every function f° = Df with f € SH(0s(T)), we set

FoT) =

/ S%}L(S,T)dst(s), (12.75)
8(UQCJ)

and, for every function f° = fD with f € SH(os(T)), we set

fo(T) ! f(s)ds ;S5 (s, T). (12.76)

27 Jownce,)
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* (The polyanalytic functional calculus of order 3 —/for 0 < ¢ < 1)
For every function f, = AD fwith f € SHL(0s(T)), we set

fe(T) .

-1
/B(Um((:J) SM@Q_Z,L(S’ T)ds, f(s), (12.77)

and, for every function f; = fD with f € SHr(os(T)), we set

9 1
T .= — ds;S~1_ T). 12.78
Py =g | oSl 0278
* (The anti-holomorphic Cliffordian functional calculus of order 1)

For every function fo = D?f with f € SH(05(T)), we set

1
fo(T) / Sp2 (8, T)dssf(s), (12.79)
o(UNCy)

~or

and, for every function fy = fD? with f € SHg(os(T)), we set

fo(T) == i/ f(s)ds;So1 (s, T). (12.80)
21 Jownc,) DLE

Theorem 12.7.6. The previous functional calculi are well defined, in the
sense that the integrals in Definition depend neither on the imaginary
unit J € S* and nor on the slice Cauchy domain U.

Proof. We prove the result for the functional calculi defined using the left
slice hyperholomorphic functions since the right counterpart can be proved
with similar computations. The only property of the kernels that we shall
use to prove the theorem is that they are all right slice hyperholomoprhic in
the variable s (see Proposition[I2.5.8)). For this reason, in what follows, we
can refer to an arbitrary left kernel described in Proposition with the
symbol K (s, T).

Since K,(s,T") is a right-slice hyperholomorphic function in s and f is left
slice hyperholomorphic, the independence from the set U follows by the
Cauchy integral formula (see Theorem [3.1.18).

Now, we want to show the independence from the imaginary unit, let us
consider two imaginary units J, I € S* with J # I and two bounded slice
Cauchy domains U,,, U, with o5(T) C U,, U, C Uy and U, C dom(f).
Then every s € 9(Us;NC ) belongs to the unbounded slice Cauchy domain
RS\ U,.
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Since lim,_, o, K (z,T) = 0, the slice hyperholomorphic Cauchy formula
implies
1
Ki(s,T) = — Ki(z,T)dz1S;" (2, 5)
27 Jome\w.ncy))

1
= — Kp(z,T)dz;S; (s, ). (12.81)
21 Joaw.ncy)

The last equality is due to the facts that (R® \ (U, N C;)) = —9(U, N Cy)
and S;'(z,s) = —S; !(s, x). Thus, by formula (12.81) we get
o) = [ K Tids

a(UsﬁCJ)

1
— / (—/ KL(x,T)deSL_l(s,x)) dssf(s).
ow.nc,y) \27 Jaw.nc)

Due to Fubini’s theorem we can exchange the order of integration and by
the Cauchy formula we obtain

1 .
iy = [ R (g [ spaio)
:/ Kp(z, T)dz; f(x).
A(U,NCy)

This proves the statement. ]

In what follows we denote by P one of the operators: A'™‘D, A, D,
AD* " and D? for £ = 0, 1.

Problem 12.7.7. Let ) be a slice Cauchy domain. It might happen that
frg€ SHL(Q) (resp. f,g € SHR(N)) and Pf = Pg (resp. fP = gP). Is
it possible to show that for any T € BC™ (Vz), with a5(T) C , we have
(PT) = (Pg)(T) (resp. (fP)(T) = (gP)(T))?

In order to address the problem we need an auxiliary result. We start by
observing that by hypothesis we have P(f — g) = 0 (resp. (f — ¢g)P = 0).
Therefore it is necessary to study the set

(ker P)S’HL(Q) = {f € SHL(Q) . P(f) = 0}

and
(ker P)S’HR(Q) = {f € SHR(Q) : (f)P = O}
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Theorem 12.7.8. Let Q) be a connected slice Cauchy domain of RS, then

(kerP)sy, ) ={f € SHL(Q) : f=ap+---+a'ay forsome o, ..., o € Rs}
={feSHrRQY): f=ap+ -+’ forsomeay,... a €Rs}
= (ker P) sy (0,

where t is equal to the degree of P minus 1.

Proof. We prove the result in the case f € SH(Q2) since the case f €
SHr($2) follows by similar arguments. We proceed by double inclusion.
The fact that

(keI‘ P)S'HL(Q) 2 {f S SHL(Q) : f = o+ - '+$tOét for some g, ...,04 € RE»}

is obvious. The other inclusion can be proved observing thatif f € (ker P)sy, ),
after a change of variable if needed, there exists » > 0 such that the function
f can be expanded in a convergent series at the origin

f(z) = Z 2%y, for {ax}ren, C Rs and for any 2 € B,.(0)
k=0

where B,.(0) is the ball centred at 0 and of radius . We have

0=Pf(z) = 3 P(zMay, V€ B,.(0).

k=deg(P)

By Lemma|12.6.1] Proposition Proposition|12.6.3| Proposition|12.6.8]
Proposition [12.6.9] Proposition [I2.6.11] and Proposition [12.6.12] we can

compute explicitly the expressions P(x*) and, when they are restricted to
a neighborhood of zero of the real axis, they coincide up to a constant to
xF=4e2(P) " Since the power series is identically zero, its coefficients ay’s
must be zero for any k > deg(P). This yields f(z) = ag + -+ - + 'y in
B,.(0) and, since {2 is connected, we also have f(z) = ag + - - - + x'« for
any z € (). [

We solve the problem [12.7.7|in the case in which {2 is connected.

Proposition 12.7.9. Let T € BC”'(V;) and let U be a connected slice
Cauchy domain with os(T) C U. If f,g € SHL(U) (resp. f,g €
SHRr(U)) satisfy the property Pf = Pg (resp. fP = gP) then (Pf)(T) =
(Pg)(T) (resp. (fP)(T") = (gP)(T)).
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12.7. The functional calculi of the fine structures
Proof. We prove the theorem in the case f,g € SH(f)) since the case
f,g € SHR(Q) follows by similar arguments. By Definition [12.7.5] we
have
1 _
(PH(T) = (Pg)(T) = 2—/ Sp.(s: T)ds(f(s) = g(s)).
™ Jowncy)
Since S, L(s T) is slice hyperholomorphic in the variable s by Proposition
12.7.4) we can change the domain of integration to B,.(0) N C; for some
r > 0 with ||T'|| < r. Moreover, by hypothesis we have that f(s) — g(s) €
(ker P) sy, (), thus by Theorem 12.7.8and Proposition (12.7.2| we get
1 .
PHD) =P =5 [ Sphs. Ty ()~ g(s)
T Ja(B.(0)nC,)
1
= — Sp (s, T)dsy(ag + -+ + s'ay)
21 Jaoncy)
1 = _
=5 Z (gpm(T, T)) / s Mds (o + - - + stay) = 0.
T = deg(P) A(Br(0)NCy)
where gp ., (T, T) is a polynomial in 7" and T (see Proposition [12.7.2)) and
t:=deg(P) — 1. O
Now, we write the resolvent operators associated with the fine structures
in terms of the F'- resolvent operators.
Proposition 12.7.10. Let T € BC"'(V5) and s € ps(T). Then, we have
1
Splp(s,T) = T [FY(s,T)s® — (T + 2T5)FY (s, T)s?
+(2Tox + |2 FE (s, T)s — T|T|*Fi (s, T)]
Spir(s,T) = T [s°Ff (s, T) — $*Ff¥(s, T)(T + 2T)
+sF5'(s, T) (20T + |T*) = F'(s, T)T|T’]
1
Sal(s,T) = -3 [F(s,T)s* = 2Ty Fy (s, T)s + | TP F (s, x)]
1
S&}R(S,T) = 3 [Ff(s,T)T2 — 2sF8 (s, T Ty + F5R(s,:1:)|T]2} ,
385
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1
Sapp(s,T) = 1 [F(s,T)s — TF!(s,T)],
_ 1
Sapr(s,T) = 1 [sFf(s,T) — (s, T)T] ,
_ 1
SﬁlL(s,T) = 3 [3F)(s,T)s* — (8Ty + T)F¥ (s, T)s”
+(ATy + 21T + 3|T|P) FE (s, T)s — (T|T| + 2T, |T|*) FE (s, T)]
_ 1
Spp(sT) = 5 [3s°Ff¥(s,T) — s FL(s,T)(8Tp + T)
+sFy (s, T)(ATg + 210T + 3|T)?) — Ff'(s, ) (T|T* + 2T5|T*)]
1
Spap(s,T) = -3 [FX(s,T)s* — 2T FY (s, T)s + T°F¥(s,T)]
1
St p(s,T) = -3 [s*F (s, T) = 2sFy (s, T)T + Fy'(s,T)T7?]
1
So (sT) = E[FSL(S, T)s* — 2Ty Fy (s, T)s + agFi (s, T)],
1
S5 (8T) = §[52F5R(s, T) —2sFY (s, T)Ty + Fi*(s,T) T3],
S;%L(s, T) = —Ff(s,x)s+ToFF(s,T),
SapasT) = —sFH(s,T)+ F'(s, T)Th.
Proof. it follows by formally replacing the variable z of Remark by
the paravector operator 7. 0
In order to solve Problem [12.7.7] in the case €2 not connected, we need
the following lemma, which is based on the monogenic functional calculus
developed in [99, 101,108, 112]. We chose to annihilate the last component
of the operator 7', namely 7, = 0. In the monogenic functional calcu-
lus Mclntosh and collaborators consider zero the first component 7;, = 0.
386
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However, in our case this is a drawback due to the structure of the polyan-
alytic resolvent operators, see Proposition[12.7.10]

Lemma 12.7.11. Let T € BC"(Vs) be such that T = Tyeq+The; +Thes+
Tses, and assume that the operators Ty, { = 0,1, 2,3, have real spectrum.
Let G be a bounded slice Cauchy domain such that (0G)Nog(T) = 0. For
every J € S* we have

/ SlglL(Sa T)ds (oo + -+ Stat) =0, (12.82)
aGnCy)

and

/ (ag+ -+ StOét)dSJSF:]R(S, T)=0, (12.83)
O(GNCy)

where t = deg(P) — 1 and a; € R; forany 0 < j < t.

Proof. Since A%*(1) = 0, A%(x) = 0, A%(2?) = 0 and A?(z3) = 0 by
Theorem we also have

/ F(s,x)ds; = A*(1) =0, (12.84)
O(GNCy)
and
/ Fl(s,x)dsys = A*(z) =0,
a(GNCy)
and
/ Fl(s,x)dsss® = A*(2%) =0,
O(GNCy)
and

/ Ff(s,z)ds;s* = A*(2*) =0 (12.85)
a(GNC,y)
for all x ¢ OG and J € S*. By the monogenic functional we have
FE(s,T) = / G(w, T)DwFE(s,w),
o9

where Dw is a suitable differential form, the open set ) contains the left
spectrum of 7" and G (w, T') is the Fueter resolvent operator. By Proposition
12.7.10| we can write

4—deg(P)

Ser(s,T)= > geu(T, T)Ff(s,T)s,
=0
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and thus we have

3
Spp(8, )+ -+ s'ow) =Y gp (T, T)FL (5, T)s" By
/=0

for appropriate polynomial in T, T g{;jE(T, T), and 3, € Rs. We can
conclude the proof of the theorem observing that for any ¢ = 0,1,2,3 we
have

gpg(T T)/G - F (S T)dSJS ﬁg

(gpg (T,T) /Gm(CJ) /39 T)DwFp(s, w)s dSJ) Be
= (gp74(T, T)/ G(w, T)Dw (/ FL(S,OJ)dSJSZ)) Be =10
o0 8(GNC,)

where the second equality is a consequence of the Fubini’s Theorem and
the last equality is a consequence of formulas (12.84)-(12.83). Therefore,
we get

/ S|;71L(8, T)dSJ(Oé() + -+ St&t) = 0.
a(GNCy)
By similar computations it is possible to show (12.83). O

Finally in the following result we give an answer to the question in Prob-

lem

Proposition 12.7.12. Let T € BC*'(V;) be such that T = Tyeq + Tie; +
Tyeq + Tses, and assume that the operators Ty, { = 0,1,2,3, have real
spectrum. Let U be a slice Cauchy domain with os(T) C U. If f,g €
SHL(U) (resp. f,g € SHr(U)) satisfy the property Pf = Pg (resp fP =
gP) then (P)(T) = (Pg)(T) (resp. (fP)(T) = (4P)(T).

Proof. If U is connected we can use Proposition If U is not con-
nected then U = U}, U, where the U, are the connected components of U.
Hence, there exist constants ay; € Rs for { =1,...,mandi = 0,1,2,3

such that f(s) — g(s) = S)%, So5_o Xv,(s)s'a,; where t = deg(P) — 1.
Thus we can write

POM =D =30 [ Sl Thdssfonnt-+ o).

the last summation is zero by Lemma [12.7.11] O
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12.8. The product rule for the F-functional calculus in dimension five

Remark 12.7.13. It is possible to prove some other important properties
for these functional calculi, this will be investigated in a forthcoming work.

12.8 The product rule for the F-functional calculus in dimen-
sion five

In order to obtain a product rule for the F’-functional calculus in dimen-
sion five, it is crucial the Dirac fine structure of the kind (D, D, D, D), see
(12.7).
Theorem 12.8.1 (Product rule for the F'-functional calculus for n = 5). Let
T € BC(Vs). We assume f € N(os(T)) and g € SH1(05(T)), then we
have

A*(fg)(T) = A*(f)(T)g(T) + F(T)A*(g)(T) + A(f)T)A(9)(T)

— DA(S)IT)D(g)(T) = D(f)(T)AD(g)(T).

Proof. Let GG, and G, be two bounded slice Cauchy domain such that con-
tain og(7) and G; C Ga, with Go C dom(f) N dom(g). We choose
pE 8(G1 OCJ) and s € a(GQOCJ).
For every I € S*, from the definitions of F-functional calculus, SC-

functional calculus, holomorphic Cliffordian functional calculus of order
1 and ¢ 4 1-harmonic functional calculus (0 < ¢ < 1) we get

A (FUT)g(T) + F(T)A*(9)(T) + A(F)T)A(g)(T)
— DA(S(T)D(g)(T) = D(f)(T)AD(g)(T)

1
o [ S ERT) [ S . Tdg(o)
(2m)2 Jo(canc,) A(G11C.y)
1
+ 2/ f(S)dsJSgl(s,T)/ Fl(p,T)dpsg(p)
(2m)2 Jacanc,) a(G1NC,)
16 o _ _
+ ) f(S)dSJQc,S<T) ISR1(57T>/ SLl(py T)Qc,p<T> ldpJg(p)
™ Ja(GanCy) a(G2nCy)
16 _ _
- F6)s Q) [ Quy(T) dpagl)
™ Jo(G2nCy) d(G2NCy)
16
= F6)s Q) [ Qu(T) gl
A(G2nCy) d(G2nCy)

1 - J—
T (2n) /6((; . )/8((; . )f(S)dSJ{Ff(s,T)SLl(s,T) + 551 (s, T)FE(p, T)
2NCy 1NCy

+2°(Qe s (1) 'SR (5, 1) S (0, T) Qe (T) ™' + Qoo (T) Qe p(T)
+ Qes(T) ' Qe p(T) | }dpsg(p)
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By Lemma|9.3.2| we get

A*(fUT ) ( )+f(T)A2( () + ANT)AGT)
—DA T)D(g)(T) — D(g)(T)ADy(T)
(

e / oo o HOsIRN )~ F Tl
— 3[F5(s,T) - FL (p, )]}Qs( )~ Ydpsg(p)-

Now, since the functions p — pQ,(p)~", p — Q,(p)~" are intrinsic slice
hyperholomoprhic on G; by the Cauchy integral formula we have

/ f(S)dsJ/ Ff(s, T)pQs(p) dpsg(p) =0,
8(G2ﬁ(CJ) 8(G1m(CJ)

/ f(S)dSJ/ §F5R(5,T)Qs(p)’1dpjg(p) =0.
8(G2ﬂ(€]) 8(G’1ﬁ(C ])
Therefore we obtain

A (fUT)g(T) + F(T)A*(9)(T) + A(F)T)A(g)(T)
— DA(N(T)D(g)(T) = D(f)(T)AD(g)(T) —

(
- # /8(0 nc )f(s>dsj a(GinC )[§F5(p’ T)" = F5(p, T)p)Q:(p) ' dp.sg(p)-

From Lemma with B := F¥(p,T) we get

A*(fUT)g(T) + F(T)A*(9)(T) + A(S)(T)A(g)(T)

— DA(NT)D(9)(T) = D(f)(T)AD(9)(T)
1

-5 /d (GmCJ)F (p, T)dp, £(p)g(p)

1 L
- G /8 o, T 0 DID0)

= A*(fg)(T).
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CHAPTER 13

Conclusion and further research in
progress

In this dissertation we get results on integral transforms in the hypercom-
plex setting and functional calculi on the S-spectrum. We studied more in
details the Segal-Bargmann transform and the short-time Fourier transform
in the quaternionic and Cliffod algebra settings. The methods from the
Fock space and Segal-Bargman theories can be used to show several results
on the Gaussian RBF kernel in complex and hypercomplex analysis. The
latter is one of the most used kernels in modern machine learning kernel
methods, and in support vector machines (SVMs) classification algorithms,
see [[130]. These methods have been recently investigated in the paper [8].

Furthermore, we study in detail a monogenic functional calculus, a har-
monic functional calculus and polyanalytic functional calculus on the S-
spectrum. Nowadays, the S-functional calculus has generated the follow-
ing research directions: the Phillips functional calculus; H°°-functional
calculus, see [44]]; Schur analysis [13] and new classes of fractional diffu-
sion problems based on fractional powers of quaternionic linear operators,
see [39,140,44]].

For perspectives and further researches, we aim to figure out if it is pos-
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sible to have results, like the ones listed before, for the F'-functional calcu-
lus, the @)-functional calculus and the P,-functional calculus. We observe
that the H°°-functional calculus in the monogenic setting was obtained by
Mclntosh and collaborators, see [99]]. However, even if the F-functional
calculus is in the same spirit McIntosh, the approach is different since it is
based on the S-spectrum and the Fueter-Sce theorem.
We started working on some different problems that are still under progress.

Such problems are related to the following topics

1) The F'-resolvent equation for all dimensions. In this case we have to
deal with fractional powers.

2) Figure out if it is possible to get a sort of commutation rule between
the generalized modulation and translation operator.

3) Establish a generalized Cauchy-Kovalevskaya extension for axially
harmonic functions.

4) Generalize to all odd dimensions the fine structures.

5) Study the function spaces that arise from the splitting of the Fueter-Sce
mapping theorem, both in the complex and hypercomplex settings.

In the next page we explain some research problems that we are consid-
ering now.

13.0.1 The F'-resolvent equation for all dimensions

The monogenic functional calculus developed by Mclntosh and collabo-
rators holds for all dimensions. In this dissertation we studied the F'-
functional calculus only when the dimension is odd.

In order to have a F'-resolvent equation also for dimensions even we
need to develop a F'-functional calculus when n is even. To achieve this we
need to show a Fueter-Sce-Qian mapping theorem in integral form for any
n.

As for the case n odd, the first step is to compute the action of the Fueter-
Sce-Qian map on the second form of the slice hyperholomorphic Cauchy
kernel. This was done in Chapter 8, where we show that for all n we have

A" S (s,2) = Fl(s, z),

where
n+1

FE(s,z) = (s — T)(s* — 2mps + |z|*) "2 .
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In this case the main issue to face is that the function 7 (s, 2) is monogenic
in z if (s* — 2zs + |x|?) € R"™\ (—o0, 0]. Therefore in the statement of
the Fueter-Sce-Qian mapping theorem in integral form we have to take into
account this feature.

Theorem 13.0.1 (Fueter-Sce-Qian theorem in integral version for even di-
mensions). Let n be an even number. Let f be a slice hyperholomorphic
function defined in an open set that contains U, where U is a bounded ax-
ially symmetric slice open set. We suppose that (U N C) is union of a
finite number of rectifiable Jordan curves for any J € St Thenifx € U
and U NR™\ (=00, 0] = 0 the function f(z), given by

19

fla) = A" f(2),

is monogenic and it admits the following integral representation

v 1
f(l’) = 5= Frf(sax)dSJf<3)> dsJ:dS/J>
21 Jawnc,)
and .
flz)=— f(s)ds;F (s, z), dsy =ds/J,
21 Jawnc,)

where the integrals depends neither on U nor on the imaginary unit J €

S

The idea to show Theorem [13.0.1]is similar to the one in Theorem|[7.4.6]
but in this case we have to pay attention to correctly exchange the integral
and the Fueter-Sce-Qian mapping theorem.

Once proved a Fueter-Sce-Qian theorem in integral version, it is possible
to define the F'-functional calculus. Now we aim to solve the following
problems

Problem 13.0.2. Is it possible to have a resolvent equation for the F'-
functional calculus in even dimensions?

If it is possible

Problem 13.0.3. Does the F'-resolvent equation allow to study the Riesz
projectors?

Moreover,

Problem 13.0.4. Is it possible to develop the theory of fine structures in
even dimensions?
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13.0.2 A new monogenic product between axially monogenic func-
tions

In the monogenic theory of functions the pointwise product of monogenic
functions is not anymore monogenic. For this reason it was introduced
the so called CK-product. For a pair of monogenic functions A(zg, z) and
B(zg, z) the CK-product is defined as

A(zo, 2) Ock B(wo,z) = CK[A(0,z) - B(0,z)].

The building blocks for the expansion in series of a generic monogenic
function are the so-called Fueter variables, defined by

& = Ty — €y, {= 1, .

Now, let us consider the Clifford-Appel polynomials, defined Chapter 9 as

Pl (z) = Z TH(n)ak—z*, r € R

Now, one can wonder if the CK-product works well also for this kind of
polynomials. In [19, Prop. 3.7] (one can easily extend in R"*1) the CK-
product between Clifford-Appel polynomials is computed and it is given
by CiCs

(P ©ck P)(x) = —PF,,. (13.1)

Ck+s

The drawback of this formula is the presence of unsuitable constants cy,
depending on the dimension, and the degree k, which turn out to be unsuit-
able for certain computations.
Therefore, we aim to define a new kind of product between the axially
monogenic functions. This will make use of the generalized CK-extension
and of the following fact

Pl (x) = GOK[xf).

Definition 13.0.5. Let A(zo, z) and B(z(,z) be axially monogenic func-
tions then

Az, z) Ocer B(xg,z) = GCK[A(x,0) - B(xg,0)]. (13.2)
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In these cases we restrict the functions to a submanifold of dimension
one. We will see that this gives arise to a natural properties of the product
between Clifford-Appel polynomials.

Lemma 13.0.6. Letn € Nand (, k > 0. Then for any x = zy + x € R""!
we have

Pl'(z) ©cek Pp(x) = P y(z). (13.3)

By means of the Clifford-Appel polynomials and the generalized CK
product we can consider an axially monogenic rational function defined by

#(q) = D+Cogcx (I — Pq)A) " Gaek (Pl(q)B)

= Y Prq)CA"B, (13.4)
n=0

where A, B, C' and D are matrices of suitable sizes. Formula (13.4)) can be
also useful to introduce the counterpart of Shur analysis for axially mono-
genic functions.

13.0.3 A generalized Cauchy-Kovalevskaya extension for axially har-
monic functions

In general, every monogenic function defined at R" is determined by its
restriction to the hyperplane xy = 0. On the other hand, any real-analytic
function f(z) defined in a region of R", has a unique monogenic extension
f(zo, x) called Cauchy-Kovalevskaya extension (CK-extension). However,
it is possible to deal with restrictions to submanifolds not only of codimen-
sion one but of arbitrary codimension. This kind of expansion is called
generalized CK-extension (GCK-extension).

Our aim is to construct a similar tool for the axially harmonic functions
in the Clifford algebra setting. This will be helpful to find a splitting of
diagram (/.36). Now we state the generalized CK-extension for axially
harmonic functions that we are investigating at the moment.

Theorem 13.0.7. Let Ay and A, be two Clifford-valued functions of one
real variable x, defined in an open subset ()1 of the real line. Then there
exist a unique sequence of functions {A;} e, such that the series

f(xo,2) = Z&jAj(ﬂﬁo) (13.5)

J=0
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converges in an axially symmetric (n + 1)-dimensional neighborhood ) of
Q4 and such that f(xg, x) is harmonic (i.e. Agn+1 f(x9,2) = 0).
Moreover,

s = 7 (5) (42)

+ 22T (1210n,) [Ar (o] (13.6)

(%)_g I _1(1z]0z)[Ao(20)]

where J, is the Bessel function of the first kind of order v. Formula is
known as the generalized CK-extension of Ag and A1, and it is denoted by
HGCK|[(Ap, A1)|(xo, z). The initial functions Ay and A, can be recovered
by

f (20, 2)|z=0 = Ao(w0),

20,1 f o, )0 = A(r0).

One of the main difference with respect the monogenic generalized CK
extension is the presence of two initial functions, namely Ay and A;.
Now, we have all the tools to split diagram (7.36)).

Theorem 13.0.8. Let f(z) = a(u,v)+iB(u, v) be an intrinsic holomorphic
function defined on an intrinsic complex domain €2y C C. Then for n > 3
and odd we have

Az Dlf (x0 + z)] = 1 HGCK[(f") (20),0)]. (13.7)

Setting (21 = Q9 N R, we obtain the following diagram

A() @R, S > SH(D)

_ n—3
'Yn(ag() 270) AR3+1D

v v

(A(Q)) ®R,)? HECK s AH(Q)

(13.8)

810 Py D

~ ~

A 9 R, GOK AM(Q)

~

where S is the slice operator and P, is the projection of the first component.
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The previous theorem sheds light on the nature of Fueter operator.

Corollary 13.0.9. Let f(2) = a(u,v) + i8(u, v) an intrinsic holomorphic
function. Then

D[f(wo + )] = 2HGCK[(f"(x0),0)].
Our next aim is to solve the following problem

Problem 13.0.10. Develop generalized CK extensions for polyharmonic,
polyanalytic, holomorphic Cliffordian and polyanalytic Cliffordian func-

tions. Moreover we would like to figure out if these possible extensions are
related to the Fueter-Sce map.
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CHAPTER 1 i

Appendices

We add the appendices A and B due to the lack of references. In the ap-
pendix C it is possible to visualize all the possible fine structures explained
in Chapter 12.

14.0.1 Appendix A: Complex Hermite polynomials

We prove an orthogonality relation for the complex Hermite polynomials,
with a general parameter o > 0. Then, we show some basic properties of
the Hermite polynomials, for a general parameter v > (. We consider the
complex Hermite polynomials defined by

a = m alz|? am—l—p —alz|?
HE (2,7) = (1) *Penll Py <e & ) : a > 0.

First, using some direct calculations we observe that we have
o (. =
Hy,(2,Z) = aP2P

and
a %) — P tlz,p Py =1
HY (2,Z) = a2 — oPp2l™.
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In order to revise the calculations of the complex Hermite polynomials
norm in L>*(C) := L*(C, e~**"d)\;(2)), where d);(z) denotes the Lebesgue
measure of the complex plane C. We follow the ideas of [98]. Let us con-
sider the operator given by

0 _
A = —%4—0@2

Then, we can prove the following result.

Lemma 14.0.1. For all m € N, we have
A™ ((a2)) = Hy(2.7)
Proof. We use an induction process to prove this result. Firstly, form =1
we have
A((az)P) = —aPpzP~t + aPtizeP
=H ﬁp(z, Z).
Now, let us suppose that this relation holds for m and prove it for m + 1.

Indeed, we use the induction hypothesis combined with the Leibniz rule to
get

A ((02)?) = A (HS,(27)

am+p 2 2 aererl 2
— _(—1)"tP [ gzl —alz| alzl* 2 —al
=) (O‘ZG N P =
omte 2
—1)"*tP oz alz)2 Y —alz
+ (=1)""Paze Py
- H%+17p(2,2).
Thus, the result holds by induction, this ends the proof. 0

Theorem 14.0.2. Let o > 0 and m,p € N. Then, we have

[ Hp (2 2)|[£20(c) = APt rmlpl

Proof. We set p,(z) = (az)P, then using direct computations we obtain
Hrcryt,p(zaz) = Am (SOP(Z))
o B m
~ (-5 %) torle)
:pm_jm a_jin—jp m—j
> (") () am
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where the conjugate multiplication operator is given by M=zf = Zf. Then,
using the fact that

o\’ T(p+1 A
ON o 4D oy g0
0z Flp—j+1)
we obtain

|

Hy, (2,%) —apm'z P Q"I gpmigmTd
m — ) (p — j)!

Then, we pass to the polar coordinates z = re with 7 > 0 and 6 € [0, 27]
and get

1’1’?‘,‘110(7"6Z re 0y = aPmle?®P=m) E QM I pptm=2j,

— !

We change the summation index to £ = m — 7, so we get

H%7p(reig, re ) = aPmle?®Pm) (14.1)
& pl(=1)"* o2k
(m—k)E(p—m+Ek)! '

k=0

After that we use the classical formula for the generalized Laguerre
polynomials given by

= + B\ z*
LB = —1)* m —.
L= ()
Thus, if 5 := p — m, with p > m we have

k

- p! x
P (x
g — ) p—m+ k) K

In particular, from the formula (14.T)) we get
a 0 —i6 m _if(p—m —-m —m 2
Hy (re” re™) = aPm!(—1)"e (p=m) P L™ (ar?).

Now, we compute the orthogonality relation using the Fubini’s theorem.
Let m/,p’ € N and d)\;(z) be the Lebesgue measure in the complex plane,
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then we have

(Hp,o(2,2), Hyy (2, 2)) L2 (o) :/Hm7p(z,2)Hm/7p/(z,Z)e_o"led)\i(z)
C
27
= o2 (m!) (m'1) (~1)"™(~1)™ ( / ew(p_m)e‘w(p/‘m/)de)
0

o0
. (/ rp_mrp,_mlrLﬁ;m(047“2)Lf,;,_m/(oer)e_o”er) )
0

We set £ :=p —mand ¢’ = p’ —m’. Thus we get
<H7O;L7p(2’,2), H%/7p/

‘(—1)m(—1)m/(5[’gl (/ rpmﬂrp/m/Lﬁlm(QTZ)Lg;,m/(arz)ear2d7") .
0

Since / = p—m =p —m/ = ' we derive that p = m+and p' = m’ + /.
Therefore

<Hf‘mp(2, 2), Hgl/7p/(2, 2))[]2,&(@) - <H%7m+£(z, 2), Hgl/7m/+£(2, 2)>L2,a(c)

= 2w (m!)(m") (=)™ (=1)"™ (/OOO T”lre[zfn(arQ)Lﬁ@,(arQ)e_MZdr) _

(2,2)) p2a(c) = 2ma® (m!)(m!) -

= 270 (m!)(m'1)(=1)"™(=1)" ( /0 h r%+1Lfn(ar2)Lfn,(047“2)6_‘”20{7") .

We know that (see [90] pag. 809 paragraph 7.414 formula 3)

o _ F(y+k+1
/0 L)L) (t)t e dt = %5,@%

Then, we use the following change of variables s = ar? and get

’

(H3, (2, 2), Hyy (2, 2)) 1200y =ma® ™ (ml) (m1) (=1)™ (=1)™ -

: /OOO (zy L (s)LE (s)e™*ds
I'm+(+1)
m!

’

=117 (m))? [ —

Since { = p—mand p — m = p' — m' we get

(H%p(z,,?), H®

I
mo,p

(2,2)) 20(c)y = 7 I (p 4 1)0p 0 O

= 7Tap+m_1m!p!(5m,m/6p7p/.
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Therefore
1H5, (2, 2) [ 20(c) = T mlp!
[
Remark 14.0.3. In particular, for o = 27 we obtain
o . B m!pl(2m)Ptm
<H72717p(2, Z), an,vp/(z, Z)>L2,a((c) = %é}n,m/a}g’p/.
14.0.2 Appendix B
Let us consider the following function for v > 0
V42 > HV( ) t
_ —2t +V\/§mt o -
Wiz t)=e _; nl 23
where H are the weighted Hermite polynomials defined by
}{u( ) ( 1)n va? d\" —vz? [%] ( 1)n(21n/)n72nl
x)=(—1)"e — ] e =n!
" dx m!(n — 2m)!
m=0
Putting t = V2 we get
— (@)
 —uXZ4ouh n n
Wz, \) =e = z% LA (14.2)

Relabelling A with ¢ we call the function W (z,t) in (14.2)) as the gen-
erating function of the weighted Hermite polynomials. In order to obtain a
recurrence relation, which relates the weighted Hermite polynomials with
their consecutive indices, we derive the equation (14.2)) with respect to ¢:

tnl

oW (x,1)

g = (=2t + 2uzx)e Vvt ZnH”

Using another time the generating function (14.2) we obtain

e n+1 > n & tnfl
—2v> " HY(x) +2VxZH;(x)ﬁ => H(x) CEE (14.3)
n=>0 n=0 ' n=1 ’
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By a change of indices in the first sum we get

- v tn - v t
—2u Z HY | (x) =1 = —2vu Z nHY (x)—
n=1 n=1

Thus, by another change of indices in (14.3) we obtain

TL e}

—2yZn 4 +2VQ:ZH” Z mo(x

n=0

By identifying, the coefficients of t" we get
Hy o (x) = 2vaHy (x) — 2nv Hy_y (2). (14.4)

It is possible to derive another recurrence relation satisfied by the weighted
Hermite polynomials. We set ¢ = v/2) as in (T4.2) and after we differenti-
ate W (x, t) with respect to

0 =/ d t"
I —9 —vt? vzt — HY -
oW i(a,t) = 2ute => ( e n(m)) -

n=0
Using the generating function we obtain

[ d tn
2 H( = HY —.
Y Z nz: (da: n(2) ) n!
By a change of Varlables we can identify the coefficients of " to get

d
%H”( x) =2vnH,_,(x). (14.5)
Remark 14.0.4. If we put v = 1 in the formulas (14.4) and (14.3) we

recover the classical formulas that can be found in [[107]).

tn+1

14.1 Appendix C: visualization of all possible fine structures
in dimension five

In this appendix we show all the possible fine structures in dimension five.
Firstly, we recall the symbols of the classes of functions involved

ABH()p): axially bi-harmonic functions,
ACH,(€2p): axially Cliffordian holomorphic functions of order 1
AH(Qp): axially harmonic functions,
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five
AP3(Qp): axially polyanalytic of order 2,
ACH1(Qp): axially anti Cliffordian of order 1,
ACP 1,2): axially polyanalytic Cliffordian of order (1, 2),
AP3(€2p): axially polyanalytic of order 3.
If we apply first the Dirac operator we have the following diagram
AP(Qp)
2
ACH1(Q2p) D_>AH(QD) D
D
A _AHQD)
Trs1 =
O(D> —_— SH(QD) ABH QD QD

\%

ACH1(Q2p) —> AH(Op)

If we apply fist the conjugate of the Dirac operator we get

AP2(Qp)

Trs1 —
O(D) —= SH(p) é APC 1, z

N

— > APy (Qp

Finally, all the other possible fine structures are given by the diagram:
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TFSI A

S

H(p)
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