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Abstract

The growing ubiquity of computer systems in every industrial sector has posed in-
creasingly demanding challenges, one of the most crucial being the veri�cation of
adherence of mission- and safety-critical systems to their requirements. One of the
most successful and popular techniques that have been developed for this objective is
model checking. It consists of the formal speci�cation of the system’s requirements
by means of a logic formalism, in the generation of a model of the system in exam by
using an operational or denotational formalism, and in the subsequent automatic and
exhaustive veri�cation of the adherence of the latter to the former.

The capabilities of this process depend on the choice of such formalisms. The
most classical thereof are Linear Temporal Logic (LTL), Computation Tree Logic (CTL)
and CTL*. In particular, LTL maintains the same expressive power as First-Order
Logic (FOL), while providing a model-checking procedure which is only exponential
in speci�cation size, and not non-elementary as FOL. However, LTL only allows to
express properties in the realm of regular languages.

Recently, the literature has seen considerable e�orts in the direction of extending
the expressive power of temporal logic towards larger language classes. The most no-
table of them is the work on temporal logics based on Visibly Pushdown Languages
(VPLs), which led to the introduction of the logic CaRet, and of the First-Order com-
plete NWTL. VPL are a subclass of Deterministic Context-Free Languages (DCFLs),
and they are only slightly more expressive than parenthesis languages. The main
motivation of this line of research is the veri�cation of procedural programs: the one-
to-one correspondence between function calls and returns can only be modeled by a
context-free language.

This thesis develops a model-checking framework based on Operator Precedence
Languages (OPLs). OPLs, another subclass of DCFLs, are signi�cantly more expres-
sive than VPLs and, consequently, regular languages. Being suitable for describing
the syntax of real-world programming languages, they could dramatically extend the
properties expressible in system speci�cations. In particular, they enable veri�cation
of programs with exceptions, which VPL-based formalisms could not do. In this thesis,
we present two temporal logic formalisms capable of expressing OPL properties. The
�rst one, OPTL, is a �rst attempt at this task, for which we develop a model-checking
procedure. Unfortunately, OPTL is strictly less expressive than FOL. Thus, we intro-
duce a better logic, POTL, for which we prove equivalence to FOL, and develop and
implement an automata-theoretic model-checking procedure. We demonstrate the
applicability of the resulting tool through case studies, showing promising results.
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Chapter 1

Introduction

Functions, or procedures, are arguably the most successful modularization device ever
introduced in programming languages. Originally inspired by mathematical func-
tions, they are present in programming languages from almost all paradigms, thanks
to their natural abstraction capabilities. Hence, any technique aimed at program ver-
i�cation must be able to not only model them as accurately as possible, but also allow
for requirements that take them fully into account. To achieve this, the language
used for speci�cations must explicitly support reasoning on their typical behaviors.
Much like what happens with natural languages, if this is not the case, then the result-
ing sentences—and, consequently, proofs about the program—will necessarily tackle
a limited part of the system’s behavior.

In this respect, the current stance of model checking, one of the most widely used
veri�cation techniques, presents room for improvement. In short, model checking is
the name given to a broad range of techniques for the fully automated veri�cation
of a system model against a formal speci�cation of its intended behavior. The result
of this process is either the assurance that the system satis�es the speci�cation, or a
counterexample, i.e., a behavior of the system that does not satisfy such requirements.
The system properties that can be veri�ed depend on the choice of the mathematical
formalism to be employed for both the model and the speci�cation. For the latter,
temporal logic is one of the most successful, thanks to its good balance between ex-
pressiveness and computational e�ciency of veri�cation algorithms.

Di�erent kinds of temporal logics are usually categorized depending on the way
they model time. Linear Temporal Logic (LTL) [138] sees time as a linear sequence of
discrete events, each one of them represented by an atomic proposition, as shown in
Figure 1.1. This is ideal to express requirements such as “the system will never present
unwanted behaviorA”, “the system will continuously perform taskB”, or “the system
will not have behavior A until it has done B”.

Computation Tree Logic (CTL) [59] instead sees time as an unranked tree, where
each node represents a possible system state, and branches starting from it represent
its possible future behaviors. This perspective is well-suited to reason on nondeter-
ministic systems, and to express properties such as “the system will always be able to
reach a state from where it may do task A”, or “there is at least one execution path in
which B happens”.

However, when writing speci�cations for procedural programs, we may want to
express properties such as Hoare-style pre- and post-conditions [97] (e.g., “if pre-
condition ρ holds when procedure A is called, post-condition θ will hold when it
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LTL Words

Nested Words
call call call ret ret ret call ret

OP Words
call call call exc call ret

Figure 1.1: Time models of LTL (top), Nested Words (middle) and OP Words (bottom).

returns”); stack inspection [102] (e.g., “privileged procedure A cannot be called if un-
privileged procedure B is active on the stack”); or exception safety [1] (e.g., “procedure
A never throws an exception”, and “if procedure B throws an exception, the program
remains in a valid state”). These properties refer to a matching between function calls
and the returns or exceptions that terminate them. Since the algebraic structures on
which the semantics of LTL and CTL are based do not contain such a matching, they
are unsuitable to express them.

This limitation is clearer when we analyze such formalisms from the point of view
of formal language theory. Indeed, LTL and CTL only represent (a subset of) regu-
lar properties, i.e., properties expressible as languages generated by a type-3 gram-
mar from the Chomsky hierarchy [93], and accepted by Finite-State Automata (FSAs).
Procedural programs, instead, use a LIFO stack to keep track of function activation
records: the resulting behaviors can be described by pushdown automata, and the
corresponding formal language class is Context-Free Languages (CFLs), generated by
type-2 grammars in the Chomsky hierarchy.

LTL and CTL model checking have been studied for operational formalisms aimed
at modeling procedural programs, such as Pushdown Systems [30, 78] and Recursive
State Machines [9]. However, the limited �tness of LTL and CTL for expressing re-
quirements on them motivated the introduction of temporal logics capable of repre-
senting restricted subclasses of CFLs.

CaRet [8] is one of them: the algebraic structure on which its semantics is de-
�ned contains a linear ordering, making it a linear-time logic like LTL, equipped with
a binary, one-to-one nesting relation. These structures are called Nested Words [5],
and an example is shown in Figure 1.1. The nesting relation naturally models the
matching between function calls and returns, and enables the de�nition of modal
operators that refer to this structure directly. E.g., CaRet contains an abstract next op-
erator that states a property of the return associated to the call where it is evaluated,
enabling requirements such as Hoare-style pre/post-conditions. Also, it contains a
call-until operator for expressing stack inspection properties. Another notable logic
on nested words is Nested Words Temporal Logic (NWTL) [12], which contains until
and since operators based on summary paths, that can skip bodies of nested function
calls. NWTL has been proven to be equivalent to First-Order Logic (FOL) on nested
words, unlike CaRet.

Coming back to the language-theoretic point of view, nested words are an alge-
braic representation of Visibly Pushdown Languages (VPLs) [4], a subclass of Deter-
ministic Context-Free Languages (DCFLs). In VPLs, terminal symbols are partitioned
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into call, internal and return symbols. Call and return symbols act much like open
and closed parentheses, enclosing internal symbols. VPLs are more general than R.
McNaughton’s Parenthesis Grammars [128] in that they allow for a set of di�erent
call and return symbols, internal symbols, and unmatched calls and returns at the
end and at the beginning of strings. While this is enough for representing normally-
terminating functions, it shows its limitations when the programming language to be
modeled features more advanced constructs like exceptions and continuations. These
�ow-control devices cause complex stack behaviors such as the simultaneous termi-
nation or instantiation of multiple functions. So, they should be modeled as single
events matched with multiple ones (e.g., function calls matched with the exception
that terminates them). Unfortunately, the matching relation of nested words is strictly
one-to-one, and thus unable to model this kind of behaviors. It is therefore impossible
to reason on them with logics based on nested words.

The work presented in this thesis is aimed at closing this gap. In fact, we present
temporal logics based on Operator Precedence Languages (OPLs), a language class
more powerful than VPLs [121]. OPLs were originally introduced by R.W. Floyd [80]
with the purpose of e�cient parsing, but were later almost forgotten after D. Knuth
introduced LR parsers and proved that they cover the whole class of DCFLs [108].
Our interest in OPLs comes from their nice properties: they are closed by Boolean
operations [66], plus concatenation and Kleene * [64]; language inclusion and of
course emptiness are decidable. This makes them a “robust” language class, well-
suited for model checking, like regular languages and VPLs, and unlike DCFLs and
general CFLs, which are not closed by intersection, and for which inclusion is un-
decidable [93]. Most importantly, OPLs are a much more expressive language class
than VPLs [121]. Since they were introduced with the aim of parsing real-word pro-
gramming languages, they are not limited to representing parenthetical structures,
but also strings whose context-free structure is not visible, such as arithmetic expres-
sions. Thus, when representing their context-free structure as a nesting relation, we
obtain a much more general matching, allowing for many-to-one and one-to-many
relations. This is ideal to represent, e.g., exceptions, as shown in Figure 1.1. We call
Operator Precedence (OP) words the algebraic structure made of a linear ordering plus
a nesting relation coming from OPLs.

We introduce two temporal logics on OP words. The �rst one is called Operator
Precedence Temporal Logic (OPTL). OPTL features modalities that interact with the
multi-matching structure of OP words: there are matching next/back operators that
state something about the maximal (i.e., farthest) position matched with the current
one, and OP-summary until/since operators that skip positions in between such maxi-
mally matched positions. Thus, OPTL can express all properties expressible by logics
on nested words such as CaRet and NWTL—and we prove this claim formally—plus
more requirements regarding exceptions, such as exception safety. Moreover, OPTL
has hierarchical operators that express properties on multiple positions in relation
with one, that enable requirements on multiple function calls terminated by the same
exception (e.g., “only function A may throw an exception, and function B may throw
only by a invoking A”).

When investigating the expressiveness of temporal logics, the most common yard-
stick is FOL. LTL has been proved to be FO-complete (i.e., equivalent to FOL) in [106],
and FO-completeness was the motivation for introducing NWTL, and several other
temporal logics [12]. Unfortunately, we were not able to prove the FO-completeness
of OPTL, but we proved that it is strictly less expressive than FOL. While this is a
negative result, we argue that it is still an interesting one. First, while CaRet is con-
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jectured not to be FO-complete [12], a proof of such claim has yet to be seen, and the
authors of [12] themselves state that it “appears to be di�cult”. Second, our proof is
based on a novel Pumping Lemma for temporal logics, which could be applicable—
with appropriate adaptations—to other CFL-based temporal logics.

Thus, we come to the second temporal logic we introduce: Precedence Oriented
Temporal Logic (POTL). POTL is equipped with modalities devised with the idea of
“navigating” a word’s underlying syntax tree. It features until and since operators
that can navigate up or down in the syntax tree, possibly skipping subtrees (which,
in the context of procedural program execution traces means skipping function bod-
ies). Also, unlike OPTL, it has chainable hierarchical operators that, as we shall see,
allow for expressing more complex properties on e.g. function calls terminated by the
same exception, or calls issued by the same function. POTL can express all OPTL-
expressible properties, and has some advantages over it. In particular, it can express
properties limited to a single subtree in a word’s syntax tree, which allows us to nat-
urally express certain function-local properties that are not expressible in OPTL.

Moreover, we formally prove that POTL is equivalent to FOL on OP words. Proofs
of this kind are often very di�cult and long: the initial proof of FO-completeness of
LTL was the topic of an entire Ph.D. thesis [106], and later proofs are still rather in-
volved [85, 143]; the FO-completeness proofs in [12] use sophisticated model-theoretic
techniques such as composition arguments based on Ehrenfeucht-Fraïssé games. For
our proof, we follow this last route. We �rst translate POTL into a FO-complete logic
on �nite trees, Xuntil [125]. Then, we extend this result to in�nite words by means
of a composition argument. Our composition argument is somewhat more complex
than the ones used in [12], because of the greater variety of tree shapes resulting from
OP ω-words, which must be combined together.

We remark that equivalence to FOL on context-free languages is an even better as-
surance of good expressive power than on regular languages (such as for LTL). In fact,
the FO-de�nable fragment of OPLs was recently proved to be equivalent to the class
of non-counting or aperiodic OPLs [122, 123], retracing analogous results on regular
languages [129]. With CFLs, aperiodicity manifests by preventing counting properties
on the structure of the syntax tree, so that e.g. “procedure A calls itself recursively an
even number of times” is not expressible. However, requirements of this kind do not
seem to be of great interest, as we shall see when giving examples of useful require-
ments expressible by OPTL and POTL. Instead, many practically-interesting regular
languages are counting.

As a corollary of the FO-completeness proof of POTL, we prove that FOL on OP
words has the three-variable property. This property holds for a class of algebraic
structures if every First-Order (FO) formula on their signature can be written with at
most three distinct variable names. It has been linked with expressive completeness
of temporal logic [84], and was proved for labeled linear orders (which we also call
LTL words) and nested words.

We then present an automata-theoretic model checking procedure for POTL based
on Operator Precedence Automata (OPAs), the class of automata accepting OPLs. Due
to the more complex semantics of OPA, our construction is quite involved, and we
formally prove it for each operator. The resulting automata are exponential in the size
of the formula, which is in line with the analogous constructions for NWTL [12] and
LTL [158]. Moreover, the nice property of LTL model checking of being polynomial
in model size is kept, as POTL model checking is also polynomial in model size. POTL
model checking and satis�ability are EXPTIME-complete, which is higher than LTL—
although the model checking algorithm is still exponential—but the same as NWTL.
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We implemented our model checking procedure in an explicit-state model check-
ing tool called Precedence Oriented Model Checker (POMC) [55], for both the �nite-
and in�nite-word cases. To the best of our knowledge, this the �rst publicly available
tool for model checking a temporal logic with context-free modalities (i.e., including
CaRet, NWTL etc.). We tested POMC on several interesting case-studies, checking
properties such as exception safety and stack inspection. The procedural programs
we checked were both modeled manually and automatically generated from a sim-
ple programming language. The results we obtained are promising: we were able to
check in a matter of seconds interesting properties on models with up to thousands
of states.

1.1 Summary of Contributions
Here we brie�y summarize the contributions presented in this thesis.

• We introduce two temporal logics on OPLs, OPTL and POTL, and show that
they are capable of expressing many useful requirements on procedural pro-
grams with exceptions;

• we prove that they are strictly more expressive than state-of-the-art logics on
nested words such as CaRet and NWTL;

• we prove that OPTL is not FO-complete in an original way;

• we prove that POTL is FO-complete;

• we prove that OP words enjoy the three-variable property;

• we provide a model-checking procedure for POTL and study its complexity,
which is not worse than state-of-the-art logics;

• we implement POTL model checking for both �nite and in�nite OP words in
the open source tool POMC;

• we experimentally evaluate POMC on case studies, obtaining promising results.

1.2 Structure of the Thesis
This thesis is divided in four parts. Each part is introduced by a brief note explaining
its structure, and the articles in which their contents (if they are original contributions)
have been published.

Part I has two aims: introducing background notions that are essential for un-
derstanding the rest of the thesis, and giving an overview of the related work in this
�eld. In particular, background is given on model checking in general—and LTL in
particular—, on OPLs on both �nite and in�nite words, and on the model-theoretic
techniques used in the FO-completeness proof of POTL.

Part II presents the syntax and semantics of OPTL and POTL, and contains their
characterization in terms of expressiveness, i.e., the proofs that OPTL is more expres-
sive than NWTL, and that it is less expressive than FOL, and the FO-completeness
proof of POTL.

Part III details the model checking procedures for POTL and their implementation
and evaluation.

Finally, Part IV concludes the thesis by providing some directions for future work.
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Part I

Background
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As we mentioned in the Introduction, the purpose of this part of the thesis is
twofold: introducing background concepts that are essential to understand the rest of
the thesis, and surveying related work on the topics we address.

Chapter 2, where we introduce some background on model checking and temporal
logic, addresses both such purposes, and is particularly aimed at readers not familiar
with such topics.

Chapter 3, instead, gives an overview of related work on the topics of model check-
ing of context-free systems and speci�cations, with the aim of helping the reader un-
derstand the positioning of our work with respect to the state-of-the-art. Thus, we
only give a more detailed introduction of previous works that we deem most relevant,
and give appropriate references for those not so closely related.

Chapter 4 gives an introduction to OPLs especially aimed at readers not necessar-
ily well-versed in formal language theory. Some knowledge on OPLs is essential for
understanding the main topics of the thesis.

Finally, Chapter 5 brie�y introduces the model-theoretic techniques used in some
of the proofs in Chapter 9. Readers not interested in fully understanding such proofs
may skip this chapter.
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Chapter 2

Temporal Logic and
Model Checking

Model checking is a family of techniques for tackling the problem of checking the
correctness of software and cyber-physical systems. The main idea that links such
techniques—and that considerably contributed to their success—is their being fully
automated. This di�erentiates them from other approaches to veri�cation, such as
mechanized theorem proving, that require a variable amount of human interaction.
The ease of use gained in this way comes at the cost of restricting the classes of prop-
erties that can be checked, which must be decidable.

At the high level, model checking consists of generating a model of the system to
be analyzed, coming up with a formal speci�cation of the properties to be assessed,
and checking that the former satis�es the latter. If this is not the case, a counterex-
ample, i.e. a possible behavior of the system model that violates the speci�cation, is
produced. The class of properties that can be veri�ed in this way is determined by
the formalisms used for the model and for the speci�cation. The model is often an
over-approximation of the actual system, and can represent faithfully only some of
its behaviors (especially if the system is a Turing-complete one). Thus, only proper-
ties related to such behaviors can be checked. On the other hand, the formalism used
for the speci�cation must admit an algorithmic procedure that checks any express-
ible property with a reasonable temporal and spatial computational complexity (this
excludes Turing-complete formalisms, which may represent undecidable properties).

In this section, we give a succinct presentation of classical model checking tech-
niques, focusing on those that model time as a linear succession of discrete events.
For a broader presentation of model checking techniques which are out of the scope
of this work, cf. [17, 63].

2.1 Transition Systems

Discrete systems are most often modeled by means of transition systems. A transition
system is a directed graph where each vertex represents a system state in a particular
moment of its execution, and edges represent actions that cause a possible evolution
of the system. Information about the system’s state is encoded through atomic propo-
sitions, which are facts that are true (or false) about the system in one of its states. For
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example, if the system is a computer program, atomic propositions encode variable
values, such as x = 0, x > 0, and so on. Each action, or transition, can also be labeled.

De�nition 2.1 (Transition System [17]). Given a set of atomic propositions AP and
a set of labels Λ, a transition system is a tupleM = (S, I, L, δ), where S is a set of
system states, I ⊆ S is a set of initial states, L : S → P(AP ) is the state-labeling
function, and δ ⊆ S × Λ× S is the transition relation.

A transition system is called �nite if the sets AP , Λ and S are �nite.

The δ relation describes how the system evolves by linking each state to each
possible next one, through actions. Note that δ does not have to be a function, i.e. for
each state s, there may be 0 or more states s′ and actions a such that (s, a, s′) ∈ δ.
A state with no successors is called terminal. The semantics of transition systems is
formalized through the notion of run or execution.

De�nition 2.2. A �nite run of a transition system M is a �nite sequence ρ =
s0a1s1a2 . . . ansn, where n ≥ 0, such that s0 ∈ I , sn is a terminal state, and for
all 0 ≤ i < nwe have (si, ai+1, si+1) ∈ δ. An in�nite run is de�ned similarly, except
there is no last state or action.

The distinction between �nite and in�nite runs re�ects the need for formalizing
both systems whose executions have an end, such as terminating computer programs,
and systems that run continuously, such as process controllers and software that runs
on servers.

Runs describe the behavior of the systems from an internal point of view, as they
show transitions between states explicitly. However, such a level of detail is often
not needed or not possible. Thus, we introduce execution traces, which describe the
system’s behavior through the atomic propositions assigned to states by the labeling
function. This can be seen as a way of describing the system’s evolution only through
its observable behavior, possibly treating it as a black box, whose internal details are
not known (or not interesting).

De�nition 2.3 (Execution Trace). The trace of a run ρ = s0a1s1a2 . . . ansn is a
sequence π = L(ρ) = L(s0)L(s1) . . . L(sn).

This de�nition is extended to in�nite runs in the obvious way.
We denote as L(M) = {L(ρ) | ρ is a run ofM} the set of all traces generated by

transition systemM.

Thus, an execution trace is a sequence, or a string or word, of sets of atomic propo-
sitions from P(AP ).
Example 2.4. Figure 2.1 shows a simple procedural program, and a possible way of
modeling it as a transition system. States are represented with circles, with the atomic
propositions holding in them next to them. The only initial state is q0. Transitions
are represented with arrows, next to their labels. The atomic propositions are start
and end, marking the beginning and end of the program; pA, which holds in states
that are part of procedure pA; x ≥ 4 and x < 4, which tell us whether the value of
variable x is lower than 4 or not. Since it marks the end of the program, state q5 is
indeed terminal.

Action labels represent program statements, whose execution makes the state of
the system to evolve. Additionally, call and ret mark the invocation and termination
of a procedure.
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pA() {

read(x);

while (x < 4) {

x = x + 1;

}

print(x);

}

q0

start

q1

pA

q3

pA, x ≥ 4

q2 pA, x < 4

q4

pA, x ≥ 4

q5

end

call

read(x)

read(x)

x = x + 1

x = x + 1

print(x) ret

Figure 2.1: A program (left) and the transition system modeling it (right).

Note that this transition system represents the state of the program only partially,
since there is no way of knowing the exact value of x in any state. However, since
the program’s �ow of execution is only sensitive to whether x is lower than 4 or not,
this is enough to represent some of its possible behaviors. One possible run of this
system is the following:

ρfin = q0 call q1 read(x) q3 print(x) q4 ret q5

State q5 is terminal, so the run is �nite. This run’s execution trace is

{start} {pA} {pA, x ≥ 4} {pA, x ≥ 4} {end}.

This transition system also exhibits in�nite runs, such as the following:

ρinf = q0 call q1 read(x) q2 (x = x + 1) q2 (x = x + 1) q2 . . .

Its execution trace is the following:

{start} {pA} {pA, x < 4} {pA, x < 4} {pA, x < 4} . . .

The original program, however, is always terminating, since variable x will necessar-
ily reach the value 4 if it is always incremented. Thus, this transition system abstracts
from the original program, and represents faithfully only some of its behaviors.

In order to automatically check transition systems against requirement speci�ca-
tions, such properties must be stated through an appropriate formal language, which
usually de�nes a set of system traces that are considered acceptable. Temporal logics
are a family of formal languages that are often the premier choice for this purpose.

2.2 Linear Temporal Logic
Linear Temporal Logic (LTL) is a modal propositional logic for expressing properties
on a linear, usually discrete, timeline. LTL, previously known as tense logic [106], was
proposed for expressing program requirements by Amir Pnueli in 1977 [138]. LTL is a
modal extension of propositional logic, so a �nite set of atomic propositions AP needs
to be chosen. Then, its syntax is the following:

ϕ ::= a | ¬ϕ | ϕ ∨ ϕ | #ϕ | ϕ U ϕ | �ϕ | ϕ S ϕ

where a can be any element of AP . The propositional operators can be augmented
with >, which is always true, ∧, =⇒ and ⇐⇒ as usual.
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Temporal modalities can be divided in future (# and U ) and past (� and S). A
future LTL formula contains only future operators, and a past one only past opera-
tors. LTL is sometimes presented with future operators only (indeed, such operators
are expressively complete thanks to the separation property [86], as we will see in
Section 2.2.1); here we include past operators too, for convenience. The semantics of
LTL is based on a discrete1 linear timeline of events, all labeled with atomic proposi-
tions describing them. Each formula is evaluated on one of such time instants. The
# operator, called next, says something about the immediate future: #ϕ is true in a
time instant if and only if the subformula ϕ is true in the next one. The U operator,
called until, concerns a time interval: ϕU ψ is true at an instant if and only if ψ is true
in a future instant, and ϕ holds in all instants between them. The back � and since S
operators are the past versions of, respectively, # and U .

Formally, the semantics of LTL is based on words.

De�nition 2.5 (Word). A word on an alphabet of atomic propositions AP is a tuple
w = (U,<, P ), where either U = {0, . . . , n}, n ∈ N (and w is called a �nite word),
or U = N (and w is an in�nite or ω-word); < is the usual ordering on N; and P :
AP → P(U) is a labeling function associating each atomic proposition to the set of
positions where it holds.

LTL formulas are evaluated on a single word position: the notation (w, i) |= ϕ
means that LTL formulaϕ holds on position i of wordw. For all wordsw and positions
i, we de�ne

• (w, i) |= a i� i ∈ P (A);

• (w, i) |= ¬ϕ i� (w, i) 6|= ϕ (ϕ does not hold in position i of word w);

• (w, i) |= ϕ ∨ ψ i� (w, i) |= ϕ or (w, i) |= ψ or both;

• (w, i) |= #ϕ i� (w, i+ 1) |= ϕ;

• (w, i) |= ϕ U ψ i� there exists a position j ≥ i such that (w, j) |= ψ and for all
i ≤ k < j we have (w, k) |= ϕ;

• (w, i) |= �ϕ i� (w, i− 1) |= ϕ;

• (w, i) |= ϕ S ψ i� there exists a position j ≤ i such that (w, j) |= ψ and for all
j < k ≤ i we have (w, k) |= ϕ.

We say that a word w satis�es an LTL formula ϕ i� (w, 0) |= ϕ. We can thus see LTL
formulas as a way of specifying a formal language: we de�ne the language denoted
by ϕ as

L(ϕ) = {w | (w, 0) |= ϕ}.
Until and since operators entail an existential quanti�cation on linear paths be-

tween the position where they are evaluated and a future (resp. past) one. We call
such paths linear because they are made of consecutive positions.
Example 2.6. We can interpret the execution traces of ρfin and ρinf from Example 2.4
as (ω-)words, respectively called wfin and winf , as shown in Figure 2.2.

Formula #(x < 4) holds in all positions in winf except 0, since x < 4 always
holds in the next one. Instead,� start only holds in position 1, because start holds in

1LTL can be de�ned on any set equipped with a Dedekind-complete linear order. So, while in principle
it could be de�ned on a continuous set, in this work we are only concerned with discrete timelines.
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0

start

1

pA

2

pA, x ≥ 4

3

pA, x ≥ 4

4

end

0

start

1

pA

2

pA, x < 4

3

pA, x < 4

4

pA, x < 4
· · ·

Figure 2.2: Execution traces of runs ρfin (top) and ρinf (bottom) from Example 2.4
represented as words, respectively wfin and winf . Word positions are displayed as
dots with their number below and the atomic propositions holding in them above.

0. Formula α := pA U end is false in all positions of winf , because end never holds.
α holds, however, in positions 1, 2 and 3 of wfin . E.g., in position 1 it is witnessed
by the path from 1 to 4, because pA holds in 1, 2 and 3, and end holds in 4. Thus,
formula α holds in a position if it is part of the execution of procedure pA, which
must eventually terminate.

Formula pA S start is true in all positions of winf , and in all positions of wfin

except the last one. It means that procedure pA has always been active since the start
of the program. E.g., it holds in position 3 of wfin because start holds in 0 and pA in
1, 2 and 3; it does not hold in position 4 because pA does not hold in it.

Until and since operators can be concatenated. For example, pAU ((x ≥ 4)U end)
is true in positions where pA is active, and after which pA terminates with x ≥ 4, such
as 1, 2 and 3 in wfin , but also—trivially—position 4.

In the rest of this thesis, we shall see temporal logics whose until and since oper-
ators existentially quantify on di�erent kinds of paths, whose positions may not be
consecutive, although they are always linearly ordered.

A few shortcuts are usually de�ned to make it easier to express properties in LTL.
The eventually operator is de�ned as3ϕ := >Uϕ, and it holds in a position i i� there
exists a future position j ≥ i where ϕ holds. It can be used to say that, in the future,
a certain event will occur or a requirement will be satis�ed. The globally operator is
de�ned as �ϕ := ¬3(¬ϕ) and, due to the double negation, it holds in a position i
i� ϕ holds in all positions j ≥ i. It can be used to express safety requirements, that
make sure that some bad behavior will never occur in the system. Another important
kind of requirement is obtained by nesting these two operators, with formulas of the
form �3ϕ. Such requirements are called liveness properties, and they ensure that a
desired behavior will continuously occur sometime in the future.

Example 2.6 (continuing from p. 24). Formula 3 end is true in the �rst (and subse-
quent) position of words representing execution traces that terminate, such as wfin

from Figure 2.2. If we check 3 end on the transition system of Figure 2.1, we �nd out
that it does not hold, because there are traces such as the one represented by winf

that do not satisfy it, although the program does.
Formula �¬(x < 4) is true in the �rst position of wfin , and it distinguishes cases

in which the value entered by the user and assigned to variable x is greater than or
equal to 4.

Expansion laws are some of the most important properties of LTL operators: for
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any formula ϕ and ψ,

ϕ U ψ ≡ ψ ∨ (ϕ ∧#(ϕ U ψ)), ϕ S ψ ≡ ψ ∨ (ϕ ∧�(ϕ S ψ)).

Seeing why such laws hold is straightforward: ϕ U ψ is true in a position i if

• ψ holds in i, so that j = i and the path witnessing its truth is made on the sole
position i, or

• ϕ holds in i, and ϕ U ψ in j, which means that there is a path between i + 1
and a position j ≥ i+ 1 where ψ holds, and ϕ holds in all i+ 1 ≤ j′ < j. If we
concatenate i with this path, we obtain another path that witnesses ϕ U ψ in i.

The explanation for the since case is symmetric. The expansion laws make the non-
local requirements entailed by until and since more “local”, which—as we shall see—is
useful for LTL model checking.

2.2.1 Expressive Completeness
The solidity of LTL’s expressive power is rooted in its equivalence to the �rst-order
theory of the linear order equipped with monadic relations. By this we mean FOL on
the signature (U,<, (Pa)a∈AP ), where U and < are as in De�nition 2.5, and all Pa’s
are sets (or monadic relations) of positions where atomic proposition a ∈ AP holds.
Formulas in this logic consist of:

• propositional connectives ∧, ∨, and ¬, =⇒ , ⇐⇒ ;

• the quanti�ers ∃x and ∀x, which quantify variables on single positions in U ;

• monadic predicates a(x), which is true i� the value assigned to variable x is in
Pa, for all a ∈ AP ;

• comparisons between variables with x < y and x = y.

A variable is said to occur free in a formula if it is not quanti�ed.
The extension of �rst-order logic that allows for quanti�cation over �nite sets of

word positions is called weak Monadic Second-Order Logic (MSOL). For a more formal
and complete introduction to FOL and MSOL, we refer the reader to e.g. [23].

The expressiveness of LTL is characterized by the following seminal result:

Theorem 2.7 (Kamp’s Theorem [106]). LTL = FOL with one free variable.

This means that:

1. for every LTL formula ϕ, there is an equivalent �rst-order formula ϕ(x) such
that for any word w and position i in it, we have (w, i) |= ϕ i� (w, i) |= ϕ(x);

2. for every �rst-order formula with one free variableϕ(x) on the above signature,
there is an LTL formula ϕ such that for any wordw and position i in it, we have
(w, i) |= ϕ i� (w, i) |= ϕ(x).

Point 1 is quite straightforward, because any LTL formula can be translated into FOL
by composing the formal semantics of its operators. The proofs of point 2 are, in-
stead, much more involved. This is justi�ed by a di�erence in computational com-
plexity: as we will see in Section 2.2.2, LTL satis�ability is PSPACE-complete, while
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FOL satis�ability is nonelementary [152]. Thus, translations from FOL to LTL incur
in a nonelementary blowup in their length.

After the �rst proof by Hans Kamp [106], alternative proofs of Theorem 2.7 have
been developed. The one from [85] exploits an important property of LTL: the separa-
tion property. This property says that any LTL formula can be equivalently expressed
by a Boolean combination of pure future and past LTL formulas. If such a formula is
evaluated on a position i of a word w, past subformulas only depend on the pre�x of
w from 0 to i, while future ones only depend on the sub-word starting from i. Thus,
LTL with no past operators is equivalent to FOL too, when its formulas are evaluated
in the �rst position of a word.

Equivalence to FOL, or expressive completeness, is considered a good assurance
of a temporal logic’s expressiveness. In fact, it has been proved for more expressive
variants of LTL [12], which we review in Section 3, and even for temporal logics on
trees [126]. Unfortunately, the separation property does not hold for such logics [24],
and such proofs use more sophisticated model-theoretic devices.

A consequence of LTL’s expressive completeness is the following:

Theorem 2.8 (Three-variable property [106]). Every �rst-order formula on words with
at most one free variable is equivalent to one using at most three distinct variables.

It is proved by showing that the formal semantics of LTL can be expressed using
only three variables. Then, arbitrary FO formulas can be translated to LTL thanks
to Theorem 2.7, and then back to FOL with three variables by carefully combining
LTL formal semantics. The three-variable property for a structure has been linked
to the existence of a possibly multi-dimensional expressively-complete modal logic
for it [84]. The fragment of FOL with only two variables has also been studied, and
proved to be equivalent to a temporal logic with only next, back, and future and past
eventually operators [77].

What made LTL successful is not only its ability to express useful temporal re-
quirements, but also the possibility of model checking it automatically and e�ciently.

2.2.2 LTL Model Checking

Model checking a systemM against an LTL speci�cation ϕ means verifying that all
execution traces generated byM satisfy ϕ. More formally,

De�nition 2.9 (LTL Model Checking). Given a transition system M and an LTL
formula ϕ, the model checking problem consists in determining whether

L(M) ⊆ L(ϕ).

Here we illustrate the classical automata-theoretic model-checking procedure for
LTL introduced by M. Y. Vardi and P. Wolper [158]. The general idea is to exploit the
closure properties of a class of automata that have a su�cient expressive power to
represent both the system and the speci�cation. For any LTL formulaϕ, an automaton
Aϕ that accepts exactly execution traces satisfying ϕ can be built. Thus, if we express
the systemM to be checked as one of such automata, then we can buildAϕ and, if the
class of automata we use is closed by intersection, we can combine them to obtain an
automaton that accepts only execution traces ofM that satisfy ¬ϕ, and hence do not
satisfy ϕ. If the language accepted by such an automaton is empty, then there exist no
such traces, and we have proved that all possible behaviors ofM satisfyϕ. Otherwise,
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the resulting automaton is a succinct representation of all traces ofM that violate ϕ.
Thus, in this case we are able to extract counterexamples useful to understand whyM
does not satisfy its speci�cation.

More formally, we have

L(M) ⊆ L(ϕ)

⇐⇒ L(M) ∩ L(ϕ) = ∅
⇐⇒ L(M) ∩ L(¬ϕ) = ∅

where by L(ϕ) we mean the set complement of L(ϕ). So, if we are able to build
an automaton AM such that L(AM) = L(M), and an automaton A¬ϕ such that
L(A¬ϕ) = L(¬ϕ), we have

L(M) ⊆ L(ϕ) ⇐⇒ L(AM) ∩ L(A¬ϕ) = ∅.

Thus, we have an e�ective way to solve the model checking problem if the automata
class we use admits a practical way of building the intersection automaton for any
two automata, and of checking its language emptiness.

This procedure has been originally developed for model checking systems with
in�nite behaviors, which are usually of greater interest, and uses Büchi automata.
We illustrate it in this section, and we assume without loss of generality that L(M)
only contains in�nite words.2 The approach is, however, very general, and can be
implemented by means of other automata classes, as we shall see throughout this
thesis. For model checking LTL on �nite execution traces, in particular, Finite State
Automata accepting the class of regular languages can be used [17].

2.2.2.1 Büchi Automata

Büchi automata are acceptors of in�nite words. Given a �nite alphabet Σ, an in�nite
or ω-word is an in�nite sequence a0a1a2 . . . with ai ∈ Σ for all i ∈ N. We denote as
Σω the set of ω-words with characters in Σ.

De�nition 2.10 (Nondeterministic Büchi Automaton (NBA) [42]). A nondeterminis-
tic Büchi automaton is a tupleA = (Σ, Q, I, F, δ), where Σ is a �nite input alphabet,
Q is a �nite set of states, I ⊆ Q is a set of initial states, F ⊆ Q is a set of �nal states,
and δ ⊆ (Q× Σ)×Q is the transition relation.

An NBA con�guration is a pair 〈w, q〉, where w ∈ Σω is the input word and q ∈
Q is the current state. A run of an NBA is an in�nite sequence of con�gurations
〈w0, q0〉〈w1, q1〉 . . . such that for all i ≥ 1 we have wi = aiwi+1 for some ai ∈ Σ,
and (q0, ai, q1) ∈ δ. A run ρ on ω-wordw is a run that starts in a con�guration 〈w, q0〉
for some q0 ∈ I . We de�ne

Inf(ρ) = {q ∈ Q | there exist in�nitely many positions i s.t. 〈wi, q〉 ∈ ρ}

as the set of states that occur in�nitely often in ρ. Run ρ is successful if there is a �nal
state qf ∈ F such that qf ∈ Inf(ρ), and an ω-word w is accepted by A if it performs
a successful run on w. We de�ne the language accepted by A as

L(A) = {w ∈ Σω | A accepts w}.
2It is always possible to transform a transition system into one that has no �nite behaviors by replacing

terminal states with stuttering states. This is done by simply adding transitions that both start and end in
those states, obtaining in�nite runs where the stuttering state is repeated in�nitely.
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The class of languages accepted by NBAs is that of ω-regular languages [155].

De�nition 2.11. A language L ⊆ Σω is ω-regular if there exists an NBAA such that
L(A) = L.

ω-regular languages have been characterized also by means of ω-regular expres-
sions and monadic second-order logic [155].

NBAs have important closure properties, as they form a Boolean algebra [155].

Theorem 2.12. Given two NBAs A1 and A2 on the same alphabet Σ, it is possible to
e�ectively build the following NBAs:

• A∩ such that L(A∩) = L(A1) ∩ L(A2);

• A∪ such that L(A∪) = L(A1) ∪ L(A2);

• A1 such that L(A1) = Σω \ L(A1).

Such closure properties are essential for model checking: since LTL contains pro-
positional operators such as ∨, ∧, and ¬, any class of automata must be closed by
union, intersection and complement in order to recognize languages of traces that
satisfy any LTL formula. Closure by intersection is also needed, so we can compute
L(AM) ∩ L(A¬ϕ).

A deterministic version of Büchi automata exists too, but such automata are strictly
less powerful than their nondeterministic counterparts [155]. This di�ers from what
happens with regular languages of �nite words, as nondeterministic �nite-state au-
tomata can always be determinized [93].

Before showing the automata construction for model checking, we introduce a
variation on Büchi acceptance conditions:

De�nition 2.13 (Generalized NBA). A generalized NBA is a tupleA = (Σ, Q, I,F , δ)
where Σ, Q, I , and δ are the same as in De�nition 2.10, while F ⊆ P(Q) is a set of
sets of �nal states.

The semantics of con�gurations and runs is the same as for normal NBAs. Instead,
the acceptance condition is the conjunction of multiple Büchi acceptance conditions,
one for each set in F : a run ρ is successful if for each F ∈ F there is a state qf ∈ F
such that qf ∈ Inf(ρ). The de�nitions of ω-word and language acceptance change
consequently.

Generalized NBAs can be translated to normal NBAs polynomially:

Theorem 2.14. Let A = (Σ, Q, I,F , δ) be a generalized NBA. It is possible to build
an NBA A′ with |Q| · |F| states such that L(A′) = L(A).

Proof. We use a classical construction based on counters (see e.g. [111]). Let k = |F|;
we assign a linear ordering to sets in |F|, and call Fi, 0 ≤ i ≤ k − 1, the i-th of such
sets. We de�ne A′ = (Σ, Q′, I ′, F ′, δ′) as follows:

• Q′ = Q× {0, . . . , k − 1};

• I ′ = I × {0};

• F ′ = F1 × {0};

• if (q, a, p) ∈ δ, then for 0 ≤ i ≤ k − 1 we have ((q, i), a, (p, j)) ∈ δ′, where
j = i if q 6∈ Fi, and j = i+ 1 mod k otherwise.

29



A′ contains k di�erent copies of A; it starts by running the �rst one, and switches to
the next one (modulo k) each time it �nds an accepting state for the current one. Since
the accepting states must be from the �rst copy, each in�nite run must necessarily
cycle through all of them, so that each accepting condition is satis�ed.

Since any normal NBA can be seen as a generalized NBA where F is a singleton,
we can state the equivalence of the two classes in terms of expressive power. Thus,
all properties proved for NBAs in Theorem 2.12 also hold for generalized NBAs.

2.2.2.2 NBA Construction

To model check transition systems, we consider NBAs that use Σ = P(AP ) as their
alphabet, where AP is a set of atomic propositions. Then, if a transition system is
�nite, building an NBA that accepts the language of its traces is quite straightforward.
GivenM = (S, I, L, δ), we de�ne AM = (P(AP ), S, I, S, δ′)—so the set of states
is the same, and all states are �nal—where we have (q, L(q), q′) ∈ δ′ i� (q, b, q′) ∈ δ
for some b ∈ Λ (recall that Λ is the set of action labels).

Now, we show how to build A¬ϕ.

Theorem 2.15 ([158]). For any LTL formula ϕ—and we take ϕ = ¬ϕ in our case—we
can build a generalized NBA Aϕ such that L(Aϕ) = L(ϕ) with 2O(|ϕ|) states.

Proof. The idea behind this construction is to make an NBA that has sets of LTL for-
mulas as its states, and its transition relation is such that, at any moment, the formulas
contained in the current state are those that hold in the next word position to be read.
Thus, in particular, the NBA will only read symbols containing the exact same atomic
propositions present non-negated in the current state.

We de�ne the closure of a formula ϕ, denoted Cl(ϕ), as the smallest set such that:

• ϕ ∈ Cl(ϕ);

• AP ⊆ Cl(ϕ);

• for any formula ψ ∈ Cl(ϕ) such that ψ 6= ¬θ for any formula θ, we have
¬ψ ∈ Cl(ϕ) (we identify ¬¬ψ with ψ);

• if ¬ψ ∈ Cl(ϕ) for some formula ψ, then ψ ∈ Cl(ϕ);

• if any of #ψ or �ψ is in Cl(ϕ) for some formula ψ, then ψ ∈ Cl(ϕ);

• if any ofψ∧θ, ψ∨θ, ψU θ, orψSθ is in Cl(ϕ) for someψ and θ, thenψ ∈ Cl(ϕ)
and θ ∈ Cl(ϕ);

• if ψ U θ ∈ Cl(ϕ) for some ψ and θ, then #(ψ U θ) ∈ Cl(ϕ);

• if ψ S θ ∈ Cl(ϕ) for some ψ and θ, then �(ψ S θ) ∈ Cl(ϕ).

Note that the size of Cl(ϕ) is linear in the length of ϕ.
Now we de�ne the set of Atoms(ϕ) ⊆ P(Cl(ϕ)), and we denote its elements

with capital letters of the Greek alphabet. We use Atoms(ϕ) as the set of states for
Aϕ: each state is the set of all and only formulas that are true in it. Thus, elements
of Atoms(ϕ) must be consistent with respect to propositional logic and LTL, which
means that they cannot contain any contradiction. In particular, Atoms(ϕ) contains
all and only sets Φ ⊆ Cl(ϕ) such that
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• for every ψ ∈ Cl(ϕ), we have ψ ∈ Φ i� ¬ψ 6∈ Φ;

• ψ ∧ θ ∈ Φ i� ψ ∈ Φ and θ ∈ Φ;

• ψ ∨ θ ∈ Φ i� ψ ∈ Φ or θ ∈ Φ, or both;

• ψ U θ ∈ Φ i� one or both of the following conditions hold:

1. θ ∈ Φ, or

2. ψ ∈ Φ and #(ψ U θ) ∈ Φ;

• ψ S θ ∈ Φ i� one or both of the following conditions hold:

1. θ ∈ Φ,

2. ψ ∈ Φ and �(ψ S θ) ∈ Φ.

The last two rules, which are justi�ed by the expansion laws, reduce the satisfaction
of the LTL until and since operators to that of the next and back operators.

We de�ne Aϕ = (P(AP ),Atoms(ϕ), Iϕ,Fϕ, δϕ) with Iϕ = {Φ ∈ Atoms(ϕ) |
ϕ ∈ Φ}. The transition relation δϕ contains all triples (Φ, a,Ψ) ∈ Atoms(ϕ) ×
P(AP )×Atoms(ϕ) such that

• a = Φ ∩AP ;

• for any #ψ ∈ Cl(ϕ), we have #ψ ∈ Φ i� ψ ∈ Ψ;

• for any �ψ ∈ Cl(ϕ), we have �ψ ∈ Ψ i� ψ ∈ Φ.

In this way, the transition relation encodes the temporal obligations entailed by the
next and back operators.

Notice that, for now, for until operators we only use the consistency requirement
on Atoms(ϕ) derived from the expansion law. This requirement can be satis�ed even
by an in�nite succession of states in which ψ and ψ U θ hold, but θ never does. Thus,
the generalized Büchi condition is chosen to make sure that the until operators are
eventually satis�ed, so that for every until formula ψ U θ ∈ Cl(ϕ) that appears in a
state, θ holds in a subsequent state. Thus, for each ψ U θ ∈ Cl(ϕ) we de�ne

FψUθ = {Φ ∈ Atoms(ϕ) | ψ U θ 6∈ Φ ∨ θ ∈ Φ},

and Fϕ contains all and only such sets.

Example 2.16. Figure 2.3 shows the NBA built for formula 3 end ≡ >U end according
to the procedure reported in this section. We only have AP = {end} as the set of
atomic propositions, and the closure is

Cl(> U end) = {> U end,>, end,#(> U end),¬(> U end),¬end,¬#(> U end)}.

The set of initial states is I = {q0, q1, q3}, as they all contain > U end. There is only
one set of �nal states, F>Uend = {q1, q2, q3}, because the formula contains only one
until operator.
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Figure 2.3: Generalized NBA built for formula 3 end. Initial states are marked with
an entering arrow, and �nal ones are drawn with a double line. Negated formulas
are omitted for readability: if a formula does not appear in a state, it means it should
appear in it negated (e.g., ¬end is in q0 and q2).

2.2.2.3 Wrap-Up

Once we have AM and A¬ϕ, we can compute their intersection according to Theo-
rem 2.12. In practice, there is no need to transform the generalized NBA A¬ϕ into
a normal one, because the intersection procedure can be adapted to work with gen-
eralized NBAs directly. Actually, an intersection procedure is often de�ned directly
between transition systems and generalized NBAs [17].

To check the intersection for emptiness, graph-theoretic techniques can be used.
In particular, an NBA is not empty if there is a reachable cycle in its transition relation
that contains a �nal state. It is easy to see that, if such a cycle exists, the NBA admits
at least a run in which a �nal state is visited in�nitely often. This can be checked by
using algorithms for �nding strongly connected components, or by looking for reach-
able cycles directly, with a procedure called nested Depth-First Search (DFS) [17]. The
latter consists in launching a �rst DFS which �nds a �nal state; once such a state is
found, another search is launched to see if it is reachable from itself. This approach
can perform better in practice, because it does not always require to store the whole
NBA in memory. In fact,AM,A¬ϕ and their intersection can be computed on-the-�y,
generating states only when they are visited. The procedure stops as soon as a cycle
with a �nal state is found, terminating early if the NBA is not empty, and showing
thatM violates ϕ. If no such cycle is found, the whole automaton must be visited
to prove that M satis�es ϕ. Hence, the worst-case complexity of this procedure is
O(n · (n+m)), where n is the number of reachable states andm the number of tran-
sitions connecting them [17]. While n and m are linear inM, note that the size of
A¬ϕ, is exponential in the length of ϕ, according to Theorem 2.15. Thus, the over-
all temporal complexity is polynomial in model size, but exponential in the size of
the speci�cation. However, the LTL formula expressing the speci�cation is (usually)
short, while the model can be much larger than A¬ϕ. This makes LTL model check-
ing practically feasible, despite its membership in a complexity class which is usually
considered intractable:
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Theorem 2.17 ([150]). LTL satis�ability and model-checking are PSPACE-complete.

Thus, LTL model checking is advantageous over that of formalisms such as weak
monadic second-order logic, which on one hand is more expressive, as it has the same
expressiveness as NBAs [155], but on the other hand its complexity is nonelementary
[131]. FOL model checking is PSPACE-complete too [151], but there is no known algo-
rithm whose complexity is favorably split between model and formula size, as for LTL.
Indeed, [83] proves that any algorithm for FOL model checking that is polynomial in
model size must be nonelementary in formula size.
Remark 2.18. The approach described above only works if the transition systemM
to be checked is �nite. If it has an in�nite number of states, it cannot be translated
into an NBA. Even if a direct intersection between transition system and NBA is
done, the nested DFS algorithm can only show that the speci�cation is violated by
�nding an acceptance cycle. It cannot show thatM satis�es it, because that would
require visiting all states ofM. This is a signi�cant limitation, because many systems
of interest are in�nite-state: for example, computer programs can be seen as having
an unlimited memory (even if a computer’s memory is limited, it is often too big to
consider all of its possible con�gurations explicitly). Indeed, if function pA of the
example program in Figure 2.1 was recursive, the program stack, which keeps track
of active function frames, could potentially grow unbounded, generating an in�nite
number of con�gurations. The resulting program would not be representable by a
�nite transition system.

However, some in�nite-state systems admit a �nite representation. One notable
example, which is the main subject of this thesis, are systems equipped with a stack,
such as di�erent kinds of pushdown systems. They are interesting because they can
model the stack that procedural programs use to keep track of function calls. In the
following, we will see how this kind of systems can be modeled and model-checked.

In the last few decades, numerous techniques that improve on the practical fea-
sibility of LTL model checking have been introduced, especially for coping with the
large size of models, called the state-space explosion problem. An important family of
such techniques, called symbolic model checking, uses devices such as Boolean Deci-
sion Diagrams (BDDs) for representing model states more e�ciently; others exploit
recent advances in Propositional Satis�ability (SAT) and Satis�ability Modulo Theo-
ries (SMT) solvers to solve the model-checking problem. Such techniques are, how-
ever, out of the scope of this work: we refer the interested reader to [63].

2.3 Branching-Time Logics and Model Checking
In LTL, time is seen as linear, so that every time instant can be followed by exactly
another one. Instead, the family of branching-time logics sees time as a tree, where
any time instant can be followed by one among multiple events, each one leading
to a di�erent “timeline”, or execution path. This represents well the nondeterminism
inherent in many systems to be checked, such as cyber-physical systems.

CTL and CTL* One of the �rst branching-time logics to be introduced is Compu-
tation Tree Logic (CTL) [59, 142]. The syntax of CTL is divided in two parts:

ϕ ::= a | ϕ ∧ ϕ | ¬ϕ | Aψ | Eψ
ψ ::= #ϕ | ϕ U ϕ
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Formulas generated by ϕ are state formulas, which hold in a state of the system, and
those generated byψ are path formulas, that hold on an execution path starting from a
state. State formulas can universally or existentially quantify over paths starting from
the state where they hold. Operators in path formulas have the same meaning they
have in LTL, where an execution path can be seen as a word made of the subsequent
states visited by the run.

For example, formula A# a says that a will hold in all states that are reachable
from the current one in one step, while E# a says that a will hold in at least one of
them. Similarly, formula A3 a, where 3 is the same as in LTL, means that a will
eventually hold in a state in all execution paths starting from the current state, and
E3 a that a will eventually hold in at least one of such paths.

LTL formulas can be seen as if they were implicitly universally quanti�ed at the
top level—e.g., # a in LTL is equivalent to A# a in CTL—but have no way of quan-
tifying other parts of the formula. There are CTL formulas that are not expressible
in LTL: for example, A�E3 a means that in every computation, it is always possi-
ble to reach a state where a holds. LTL can express the liveness requirement �3 a,
which however means that a will be always reached in all paths, not just possibly.
This requirement, in turn, is not expressible in CTL [17]. Thus, LTL and CTL are
incomparable in terms of expressiveness.

The logic CTL* was introduced to join the expressive power of LTL with that of
CTL [59]. It does so by allowing for nested path formulas in CTL, namely replacing
the de�nition of ψ above with

ψ ::= ϕ | #ψ | ψ U ψ.

Thus, in CTL* it is possible to nest temporal modalities directly, writing formulas such
as A�3 a, which expresses the LTL liveness requirement. Indeed, CTL* can express
all LTL and CTL properties, and it is strictly more expressive than both of them [17].

In terms of model-checking complexity, one interesting feature is that CTL model
checking is in PTIME, and can be implemented with a quite natural graph-theoretic
algorithm polynomial in both model and formula length, working directly on transi-
tion systems [59]. CTL satis�ability is, instead, in EXPTIME [72]. CTL* is, of course,
computationally costlier: its model checking is PSPACE-complete [60], and satis�a-
bility is in 2EXPTIME [73].

µ-calculus Modal µ-calculus [109] is another branching-time logic which has ap-
plications in model checking. It features propositional operators and atomic propo-
sitions that are evaluated on transition system states, variables that represent sets
of states, existential and universal quanti�cation on single transitions, and least and
greatest �xpoint operators. The �xpoint operators, combined with those quantifying
single transitions, can denote the existence of �nite or in�nite sequences of transi-
tions, traversing states where certain propositional formulas hold.

The importance of µ-calculus derives in part from its expressive power: it is equiv-
alent to monadic second-order logic on deterministic tree transition systems3 [136].
Thus, it subsumes both LTL, CTL and CTL* [67]. One relevant characteristic of µ-cal-
culus formulas is their alternation depth, which is (roughly) the number of alternations
among nested least and greatest �xpoints. Alternation-free µ-calculus, the fragment
of µ-calculus with alternation depth 1, is equivalent to weak monadic second-order

3A tree transition system is a transition system whose transition graph is a tree, with a root state that
has a unique path to every other state.
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logic [136]. While a lower bound for the complexity of µ-calculus model checking
has still to be proved, the currently known algorithms have complexities of the form
nO(d), where n is the size of the model and d is the alternation depth of the for-
mula [40]. Satis�ability, instead, is EXPTIME-complete [73].

For a more complete overview of µ-calculus, we refer the reader to [39, 40]. We do
not present µ-calculus and other branching-time logics in more depth, because they
are quite di�erent from the kind of formalisms studied in this thesis.
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Chapter 3

Context-Free Model Checking

In this section, we survey the related work on model checking of pushdown systems
and context-free properties. We describe to some extent the works most relevant with
respect to this thesis, and only give an overview of the remaining ones, for which we
refer interested readers to the appropriate literature.

Starting from the 1990s and throughout the early 2000s, during a period of intense
research on model checking, part of the community investigated ways to broaden the
scope of both systems and speci�cations to be checked. Given the relationship be-
tween LTL and regular languages, one natural direction was to go up in the Chomsky
hierarchy, by trying to model-check context-free languages. This endeavor was also
suggested by practical applications: procedural programming languages use a LIFO
stack to keep track of procedure calls, generating inherently context-free behaviors.

3.1 Context-free models and regular speci�cations

Initial e�orts were directed towards extending model checking of existing speci�ca-
tion formalisms (e.g., LTL, CTL, CTL* and µ-calculus) to context-free system models.
We survey this part of the literature in this section.

3.1.1 Pushdown Systems

Pushdown Systems (PDS’s), a.k.a. pushdown processes, have received considerable at-
tention because of their suitability for abstracting the stack of sequential procedu-
ral programs, while remaining much simpler than more general formalisms such as
process algebra. PDS’s are very close to nondeterministic pushdown automata from
formal-language theory and, with a few exceptions (e.g. [45], where transitions are
labeled), they di�er from them only by their inability to read input symbols. Indeed,
in model checking only their stack behaviors are of interest, unlike their language-
accepting capabilities. PDS’s may also exhibit in�nite behaviors.

The literature contains a pro�igacy of formal de�nitions for PDS’s, all of them
being equivalent, or nearly so. Here we give one which should be more familiar for
formal-language theorists.

De�nition 3.1 (Pushdown System (PDS)). A PDS is a tuple A = (Q,Γ, δ) where Q
is a �nite set of control states, Γ is the stack alphabet, and δ ⊆ (Q × Γ) × (Q × Γ∗)
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is the set of transition rules. If |Q| = 1, then A is a context-free process.1
A PDS con�guration is an element of Q × Γ∗, and a PDS can transition from a

con�guration (q, Aγ) to (p, αγ) if (q, A, p, α) ∈ δ.

PDS de�nitions often di�er in whether transition rules may pop zero or one sym-
bols, and push zero or more. However, all such de�nitions are equivalent, because Γ
can be expanded to include symbols that encode multiple ones.

One of the formalisms used for model-checking PDS’s is modal µ-calculus. Model
checking of the alternation-free fragment of modal µ-calculus was applied to sequen-
tial context-free processes in [44, 100], and extended to the full modal µ-calculus in
[45, 159], with an exponential computational complexity. [159] also proves that the
problem is EXPTIME-complete, even when �xing the speci�cation.

The authors of [30] introduce an algorithm for reachability in alternating PDS’s
that uses alternating �nite-state automata for representing regular sets of con�gura-
tions. From this, they derive algorithms for model-checking LTL on PDS’s that are
exponential in formula size and polynomial in model size, and prove the EXPTIME-
completeness of the problem. They also introduce a new algorithm for model-checking
alternation-free modal µ-calculus, and identify a fragment for which model checking
is PSPACE-complete. The algorithm for LTL model checking is implemented and ex-
perimentally evaluated in [75]. The authors of [78] use a similar symbolic approach,
representing stack con�gurations with �nite-state automata to obtain a model check-
ing algorithm for LTL, and sketching one for CTL*.

Another way of representing PDS’s is to view their state-space as an in�nite graph,
whose nodes are stack contents and arcs are transitions between con�gurations, and
can be represented �nitely. In this way, graph automata are used in [112] to model-
check µ-calculus on context-free rewrite systems, which are equivalent to PDS’s, and
pre�x-recognizable rewrite systems, which de�ne transitions through regular expres-
sions on stack contents. This work is extended to LTL in [113], and to global model
checking2 in [137].

Module checking, i.e., the problem of model checking a system by considering its
interactions with the environment, is studied for CTL and CTL* over PDS’s in [35].

3.1.2 Recursive State Machines
Recursive State Machines (RSMs) [9] have been introduced as a modeling formalism
closer to procedural programs. They consist of a set of boxes, which can be seen as
procedures, and nodes, which represent control locations in the program. Each box
has a set of entry (or call), internal, and exit (or return) nodes. Boxes are used as stack
symbols, and nodes as control states: RSM con�gurations consist of a stack of boxes
and one node; transitions that enter (resp. exit) a box push (resp. pop) the topmost box,
and the control state changes accordingly. RSMs are not expressively more powerful
than PDS’s: each PDS is bisimilar to a RSM and vice versa [9]. They rather introduce a
certain degree of algorithmic simpli�cation due to the distinction of entry/exit nodes.
In fact, reachability and cycle detection can be solved in time O(nθ2), where n is the

1Context-free processes are called in this way because they are bisimulation-equivalent to context-free
grammars, when comparing transition graphs. There exist PDS’s which are bisimulation-equivalent to no
context-free processes [47]. Notice that here we are only interested in behaviors of PDS’s in the bisimulation
context, disregarding accepted language families. The fact that a nondeterministic pushdown automaton
can be always transformed into one with only one state accepting the same language is irrelevant.

2While local model checking aims at verifying that one single initial state satis�es a given property,
global model checking means �nding the set of states that satisfy a property.
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number of nodes and θ is the maximum between the number of entry and exit nodes.
The complexity for the same problems is cubic for PDS’s [75], which coincides with
that of RSMs if θ = O(n). Algorithms for model checking LTL and CTL* are derived
in [9], while [7] studies subclasses of RSMs for which reachability and cycle detection
are linear. More practical algorithms for reachability and cycle-detection for RSMs are
given in [10]. RSMs can be seen as a generalization of Hierarchical State Machines,
for which model checking is studied in [6].

3.1.3 Boolean Programs

Boolean programs were introduced with the SLAM toolkit [19], which was developed
by Microsoft to model-check control-�ow dominated properties of Windows device
drivers. Boolean programs can be seen as RSMs augmented with predicates over
Boolean variables, which make them more succinct than RSMs. For this reason, they
are also called Extended Recursive State Machines [89]. C programs are modeled as
Boolean programs by abstracting their expressions as Boolean predicates (cf. predicate
abstraction [104]). Such abstractions can be re�ned automatically until they are �ne-
grained enough to prove (or disprove) the desired property, through a process called
Counterexample-Guided Abstraction Re�nement (CEGAR) [61]. The most important
veri�cation problems on Boolean programs are studied in [89]: reachability analysis
and LTL model checking are EXPTIME-complete even in model size, while CTL and
CTL* model checking are 2EXPTIME-complete. The same work introduces practi-
cally relevant subclasses of Boolean programs for which such problems are in more
tractable complexity classes. Several practically e�cient ways of verifying Boolean
programs have been devised [18, 22, 74, 116].

3.2 Context-free models and context-free
speci�cations

Logic formalisms used for speci�cations in the previous section are, however, re-
stricted to regular-language properties. In particular, µ-calculus expresses all regular
properties, as it is equivalent to monadic second-order logic [136]. LTL instead cor-
responds to the �rst-order de�nable fragment of regular languages (called star-free
languages) [106].

While model checking the whole class of context-free speci�cations is undecidable
[99], the problem is decidable for selected fragments thereof. In the rest of this section
we review works that address this challenge.

3.2.1 Process Algebra

Non-regular behaviors arise from the Algebra of Communicating Processes (ACP) [25],
a process algebra introduced to formalize concurrent processes. ACP expresses choice,
sequencing, concurrency and communication among processes in an axiomatic frame-
work. Its fragment called Basic Process Algebra (BPA) generates context-free traces [16].

A variant of LTL based on Presburger arithmetic was introduced [28] to express
counting speci�cations concerning the number of occurrences of a certain event. It
contains a modality that associates a state formula to an integer variable, which is
incremented every time the formula is true in a state. For example, it can be used to
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require that, in a messaging protocol, the number of requests is the same as the num-
ber of answers. The resulting logic, called PLTL, is capable of expressing context-free
properties (such as well-balancing of parentheses), but also context-sensitive ones.
The model-checking problem for PLTL is, however, undecidable. Veri�cation is decid-
able for its positive fragment PLTL+, which imposes syntactic restrictions on PLTL:
PLTL+ formulas cannot contain concatenated until operators (i.e., an until cannot
appear in the right-hand-side of another until), and formulas such as 3�ϕ are not
expressible. Satis�ability is instead undecidable for both logics. Di�erent fragments
of PLTL are presented in [27], in which decidability of model checking is studied for
PDS’s and Petri nets, besides ACP.

PCTL, the branching-time dual of PLTL, is presented in [29]. The results obtained
for PLTL are replicated for PCTL: while model checking ACP processes is undecidable
for PCTL, it is decidable for its positive fragment PCTL+ on guarded ACP processes.

3.2.2 Approaches that specify properties on stack contents

A formalism for specifying stack inspection properties on Java programs is presented
in [102], and is motivated by a security framework based on checkpoints that had
been introduced in the Java Development Kit at the time. Such properties deal with
the sequence of procedures present in the program’s stack at any moment, yielding
requirements such as “a privileged procedure A cannot be called if another procedure
B is present in the stack”, and more.

[76] develops model checking for LTL with regular valuations on PDS’s, i.e. with
atomic propositions that identify a regular language of stack contents, and prove an
EXPTIME lower bound. This formalism can express non-regular properties such as
stack inspection, but it is more general than previous approaches because it contains
the whole LTL.

The problems of determining stack boundedness (whether the stack size remains
below a given threshold throughout the execution) and maximum stack size for dif-
ferent classes of interrupt-driven programs are studied in [48], yielding complexity
bounds from polynomial to PSPACE-hard.

3.2.3 Other Approaches

Nondeterministic pushdown parity tree automata are used in [114] to express spec-
i�cations. Due to their great expressive power, model checking is undecidable on
context-free models, but decidable on �nite-state ones (in time exponential both in
model and speci�cation size).

Propositional Dynamic Logic has also been extended to express some limited clas-
ses of context-free languages [92].

3.2.4 Visibly Pushdown Languages and Nested Words

A line of research that lead to a more complete framework for expressing context-free
speci�cations was initiated by R. Alur and P. Madhusudan with the introduction of
CaRet in [8].
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3.2.4.1 CaRet

CaRet is a superset of LTL, and includes next and until modalities that interact ex-
plicitly with the structure of procedural programs. Given a set of atomic propositions
AP , CaRet’s syntax is the following:

ϕ ::= a | ϕ ∨ ϕ | ¬ϕ | #ϕ | ϕ U ϕ | #a ϕ | ϕ Ua ϕ | #− ϕ | ϕ U− ϕ

where a ∈ AP . The semantics of CaRet is based on linear words representing pro-
gram execution traces, in which each position is either a function call, a return, or
an internal position (which represents any instruction that is not a procedure call or
return). A matching relation that links each call to the return of the same function
frame arises from such partitioning.

The propositional operators and # and U have the same meaning as in LTL, with
the only addition that call, ret and int can be used as atomic propositions to distin-
guish the three kinds of positions. Operator #a ϕ requires ϕ to hold in the abstract
successor of the current position i, which is i + 1 if i is not a call and i + 1 is not
a ret, and if i is a call it is its matching ret (thus the body of such call is skipped).
Ua is an until on paths made of abstract successors. #− ϕ requires ϕ to hold in the
call of the function containing the current position, while U− is an until on the path
made of nested calls whose frames contain the current position (note that these are
actually past operators).

Abstract operators are useful for expressing properties limited to one function
frame. For example �(p =⇒ > Ua q), where � is the LTL globally, means that if
a request p is made, the answer q is given at some point in the same function frame.
Call operators can be used to express stack inspection properties:

�(call ∧ pA =⇒ ¬pC U− pB)

means that “a module A should be invoked only within the context of a module B,
with no intervening call to an overriding module C”.

[8] also gives a procedure for model-checking CaRet against RSMs, which has
complexity polynomial in RSM size and exponential in formula size, and shows that
model checking is EXPTIME-complete.

3.2.4.2 Visibly Pushdown Languages

Visibly Pushdown Languages (VPLs) are the language class that arises from this way
of modeling execution traces [4]. VPLs are a strict subset of Deterministic Context-
Free Languages, and are very similar to R. McNaughton’s Parenthesis Grammars [128],
where calls correspond to open parentheses and rets to closed ones, with the addi-
tion that VPLs allow for unmatched calls and rets respectively at the end and at the
beginning of a word. We de�ne them through their accepting automata.

De�nition 3.2 (Visibly Pushdown Automaton (VPA) [4]). Let Σ be a �nite alphabet,
and Σc,Σr,Σint be three disjoint sets such that Σ = Σc∪Σr∪Σint . A VPA is a tuple
A = (Q, I,Γ, δ, F ) where Q is a �nite set of states, I ⊆ Q is the set of initial states,
F ⊆ Q is the set of �nal states, Γ is a stack alphabet with a distinguished member
⊥ ∈ Γ, and

δ ⊆ ((Q× Σc)× (Q× (Γ \ {⊥}))) ∪ ((Q× Σr)× (Q× Γ)) ∪ ((Q× Σint)×Q)

is the transition relation.
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VPA stack contents are non-empty words over Γ ending in ⊥, con�gurations are
triples (x, q, σ) where x ∈ Σ∗ is the remaining input word, q ∈ Q is the current state,
and σ are the current stack contents. A run is a �nite sequence of con�gurations
(x0, q0, σ0) . . . (xn, qn, σn) such that for all 0 ≤ i ≤ n− 1 we have xi = aixi+1, and
one of three kinds of moves may occur:

push: if ai ∈ Σc, then σi+1 = γσi for some γ ∈ Γ, and (qi, ai, qi+1, γ) ∈ δ;

pop: if ai ∈ Σr , then σi = γσi+1 or γ = σi = σi+1 = ⊥, and (qi, ai, qi+1, γ) ∈ δ;

internal: if ai ∈ Σint , then σi+1 = σi and (qi, ai, qi+1) ∈ δ.

A word w ∈ Σ∗ is accepted i� there is a run starting in a con�guration (w, q0,⊥),
for some q0 ∈ I , and ending in (ε, qf , γ) for some qf ∈ F and stack contents γ. The
language accepted by A is the set of strings accepted by A.

The main peculiarity of VPAs is that the kind of move (and hence the stack be-
havior) is completely determined by the current symbol and the alphabet partitioning.
Moreover, there are no ε-moves, i.e. each move reads an input symbol. For this reason
we call VPAs real-time. It is also easy to see that the stack of a VPA mimics the one of
a procedural programs with respect to function calls and returns, but it has no way
of simulating single events that pop multiple stack symbols, such as exceptions.

VPAs had actually already been introduced as input-driven pushdown automata
in [130], which however mostly studies them for language recognition. In [4], other
properties are studied: VPLs sharing the same alphabet partition form a Boolean al-
gebra (they are closed by union, intersection and complement), and are closed by
concatenation and Kleene *. Universality, equivalence and inclusion are decidable and
EXPTIME-complete. VPLs are also characterized in terms of MSOL. The same proper-
ties are studied for ωVPLs, the in�nite-word counterpart of VPLs, obtained by adding
Büchi acceptance conditions to VPAs. ωVPLs form a Boolean algebra, are closed by
concatenation between a VPL and an ωVPL, and have a MSOL characterization. Uni-
versality, equivalence and inclusion remain decidable and EXPTIME-complete. While
VPAs are determinizable, their ω-counterparts are not. This is unsurprising, because
the same happens with ω-regular languages (cf. Section 2.2.2.1).

Congruences for VPLs are studied in [11] and, while in general there is no unique
minimal VPA for a VPL, VPL subclasses having this property exist [51, 110]. The
problem of VPA minimization is NP-complete [88].

3.2.4.3 Nested Words

Some early attempts at giving a MSOL characterization to CFLs introduced the idea
of a matching relation between word positions. A �rst logic mechanism aimed at
“walking through the structure of a context-free sentence” was proposed in [115] and
consists in a matching condition that relates the two extreme terminals of the right-
hand-sides of a context-free grammar in double Greibach normal form, i.e. a grammar
whose production right-hand-sides exhibit a terminal character at both ends. In a
sense, such terminal characters play the role of explicit parentheses. [115] provides a
logic language for general CFLs based on such a relation which, however, fails to keep
the decidability properties of logics for regular languages due to the lack of closure
properties of CFLs.

This matching condition was then resumed to de�ne the algebraic structure be-
hind CaRet, nested words, which have been further studied in [5], after being suggested
for their possible data-theoretic applications [2].
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De�nition 3.3 (Nested Word [5]). A nested word over an alphabet Σ is a tuple

(w, µ, call, ret)

where w = a1 . . . an, with ai ∈ Σ for all 1 ≤ i ≤ n; µ is a binary relation over word
positions plus {−∞,+∞}, and call and ret are two sets of word positions, such
that for each 1 ≤ i, i′, j, j′ ≤ n we have:

• if µ(i, j) then call(i), ret(j) and i < j;

• if µ(i, j) and µ(i, j′) both hold then j = j′; if µ(i, j) and µ(i′, j) both hold then
i = i′ (µ is one-to-one);

• if i ≤ j, call(i) and ret(j), then either µ(i, k) or µ(k, j) for some i ≤ k ≤ j.

If µ(i, j) then i is the matching call of j, which is the matching return of i.
−∞ and +∞ are added to model pending edges, and we consider−∞ < i < +∞

for all 1 ≤ i ≤ n.
A nested ω-word is de�ned in the same way, except w is an ω-word.

Regular languages of nested words are equivalent to VPLs [5], and thus they in-
herit all their properties. They have been characterized in terms of (non)deterministic
Nested Words Automata (NWAs) and MSOL for both �nite and ω-words, and retain
Boolean and concatenation closure properties and decidability of universality, equiv-
alence and inclusion, which are EXPTIME-complete.

3.2.4.4 Nested Words Temporal Logic and Expressive Completeness

The expressive power of temporal logic on nested words was investigated in [12].
While the stance of CaRet with respect to FOL remains unknown, the authors intro-
duce several kinds of linear-time temporal logics that are provably equivalent to FOL.
Here we brie�y present one of them, Nested Words Temporal Logic (NWTL), which
will be needed later in the thesis. Its syntax is given by

ϕ ::= > | a | call | ret | ¬ϕ | ϕ ∨ ϕ | #ϕ | #µ ϕ | �ϕ | �µ ϕ | ϕ Uσ ϕ | ϕ Sσ ϕ,

with a ∈ AP . The semantics of propositional, # and � operators is the usual one
from LTL. For any nested word w and position i, (w, i) |= call i� call(i) and
similarly for ret; (w, i) |= #µ ϕ i� there exists a position j such that µ(i, j) and
(w, j) |= ϕ, while the meaning of �µ ϕ is analogous, but it refers to the past. The
until and since operators Uσ and Sσ are based on summary paths. A summary path
between positions i and j, i < j, is a sequence of positions i = i0 < i1 < · · · < in = j
such that for any 0 ≤ k < n we have

ik+1 =

{
h if µ(ik, h) and h ≤ j,
ik + 1 otherwise.

An example of a property that can be expressed with NWTL is

�((call ∧ p ∧ pA) =⇒ #µ q),

where � is the LTL globally operator, which means that “if the pre-condition p holds
when procedure A is invoked, then if the procedure terminates, the post-condition

43



q is satis�ed upon return” [12]. A useful shortcut ϕ Uσ↓ ψ := (¬# ret ∧ ϕ) Uσ ψ
called summary-down until can be de�ned to only allow for paths that follow call
edges (from a call i to i + 1 if it is not a ret), internal edges (from i to i + 1 if i is
not a call and i + 1 is not a ret), and nesting edges (from a call to its matching
ret). This operator only goes down in the nesting structure of words, i.e., towards
inner function calls, and remains limited to the current function frame and those of
the functions it calls. Since and upward versions of this operator can also be de�ned.
A property that can be expressed with it is

�(call ∧ pA =⇒ ¬(> Uσ↓ wr)),

which means that “a procedure A, and the procedures it calls, do not write to a variable
before it returns” [12]. The ability of this operator to remain constrained to one func-
tion body is crucial to achieve expressive completeness and, as we shall see in Part II,
a similar remark can be made for logics introduced in this thesis. CaRet does not seem
to be capable of expressing properties of this kind, which is why it is conjectured not
to be expressively complete [12].

The authors of [12] also give two more temporal logics on nested words, which
reach expressive completeness through the within operator, one of them by adding it
to CaRet. For any formula ϕ, nested word w and call position i, (w, i) |= W ϕ i�
(w′, i) |= ϕ, where w′ is the subword of w from i to its matched ret j. Thus, the
within operator restricts a formula and all its subformulas to one function frame. The
addition of the within operator to NWTL makes it exponentially more succinct.

This succinctness result has an impact on model checking complexity: NWTL
model checking is EXPTIME-complete—and an automata-theoretic procedure expo-
nential in formula length is given in [12]—while model checking logics with the within
operator is 2EXPTIME-complete. All such complexities are, however, still polynomial
in model size.

Finally, [12] identi�es temporal logics equivalent to the two-variable fragment
of FOL on nested words, i.e., the set of FO formulas using only two distinct variable
names. NWTL and the other expressively complete logics are instead equivalent to the
three-variable fragment of FOL, which means that any FO formula on nested words
can be re-written by using only three distinct variables.

3.2.4.5 More developments on VPLs and Nested Words

Nested words have been extended to the branching-time model in [13], which presents
NT-µ, a version of µ-calculus on nested trees. Model checking of NT-µ formulas is
EXPTIME-complete, while satis�ability is undecidable.

Visibly Linear Temporal Logic (VLTL) [33] is a logic that captures the whole class of
VPLs, as opposed to the FO-expressible fragment covered by NWTL. VLTL features
operators that embed Visibly Rational Expressions [32], the VPL version of regular
expressions, in LTL (similarly to Regular Linear Temporal Logic [148], which uses plain
regular expressions). VLTL model checking, which is based on a class of two-way
alternating automata for VPL [31], surprisingly retains EXPTIME-completeness.

ConCaRet, a variant of CaRet with modalities for expressing properties on con-
current programs, is presented in [34]. Its model checking on RSMs augmented with
a restricted form of concurrency is EXPTIME-complete.

Two timed versions of CaRet are studied in [37]. One of them is based on event-
clocks and its satis�ability and model checking problems are EXPTIME-complete. Its
model checking algorithm uses VPAs augmented with event-clocks [36]. The other
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one is an extension of Metric Temporal Logic, and its satis�ability is undecidable even
on �nite words, although [37] also presents a decidable fragment thereof. Moreover,
an extension of Interval Temporal Logic for expressing branching-time visibly push-
down requirements is presented in [38].

Weighted MSOL for nested words is studied in [127].
Colored NestedWords [3] enrich nested words with colors in order to overcome the

limitation of their nesting relation to be one-to-one. Since their nesting relation can be
many-to-one, they can represent events such as exceptions in procedural programs.
This limitation is also addressed by the work presented in this thesis. Notice, however,
that our work is based on OPLs, that are more expressive than colored nested words,
because they can express one-to-many relations too.

3.2.4.6 Tools

The literature on tools for nested words is not as rich as the theoretical one. Tools
and libraries such as VPAlib [133], VPAchecker [154], OpenNWA [69] and Symbol-
icAutomata [68] only implement operations such as union, intersection, universal-
ity/inclusion/emptiness check for Visibly Pushdown or Nested Word Automata, but
have no model checking capabilities.

PAL [49] uses nested-word based monitors to express program speci�cations, and
a tool based on blast [94] implements its runtime monitoring and model checking.
PAL follows the paradigm of program monitors, and is not—strictly speaking—a tem-
poral logic. PTCaRet [146] is a past version of CaRet, and its runtime monitoring has
been implemented in JavaMOP [50].

[134, 135] describe a tool for model checking programs against CaRet speci�ca-
tions. Since its purpose is malware detection, it targets program binaries directly by
modeling them as PDS’s. Unfortunately, this tool does not seem to be available online.

To the best of our knowledge POMC, the tool we present in this thesis, is the
only publicly-available tool for model-checking temporal logics capable of expressing
context-free properties.
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Chapter 4

Operator Precedence
Languages

Operator Precedence Languages (OPLs) were originally introduced in the context of
e�cient programming-language parsing. Hence, they were de�ned through their
generating grammars [80], Operator Precedence Grammars (OPGs), which are a spe-
cial class of Context-Free Grammars (CFGs) for which it is possible to generate e�-
cient deterministic bottom-up parsers. Their algebraic and closure properties [64, 66]
recently revived interest in OPLs, leading to their investigation from the logic and
automata-theoretic point of view [119].

In Section 4.1, we �rst present OPLs through their historical grammar-based char-
acterization, and then through the automata-theoretic one, which will be used in the
rest of the thesis; in Section 4.2 we extend such de�nitions to in�nite words; in Sec-
tion 4.3 we illustrate one possible practical application of OPLs through an example.

4.1 Operator Precedence Languages on �nite words
In the following, by ε we denote the empty string; given a set of characters Γ, we
denote by Γ∗ the set of all �nite strings with characters in Γ, and Γ+ = Γ∗ \ {ε}.

De�nition 4.1 (Context-Free Grammar (CFG)). A CFG is a tuple (V,Σ, P, S) where
V and Σ are �nite sets of, respectively, non-terminal and terminal symbols such that
V ∩ Σ = ∅; P is a �nite set of production rules of the form X → α, where X ∈ V is
the left-hand side (lhs) and α is the right-hand side (rhs), a (possibly empty) string of
symbols from V ∪ Σ; and S ∈ V is called the axiom.

A grammarG = (V,Σ, P, S) generates a language by deriving its strings. A string
β can be derived from α in one step, written α ⇒G β, i� α = α1Xα2, with X ∈ V ,
β = α1β

′α2, and X → β′ ∈ P . The language generated by G is LG = {x ∈ Σ∗ |
S ⇒∗G x}, and⇒∗G is the re�exive and transitive closure of⇒G.

De�nition 4.2. A production rule is in operator form if its rhs has no consecutive
non-terminals. An operator grammar only contains rules in operator form.

Every CFG can be transformed into an equivalent one in operator form of size
polynomial in the original. In particular, if (V,Σ, P, S) is the original grammar, and k
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Figure 4.1: Syntax tree of word wex according to grammar Gcall.

is the maximum length of its rules’ right-hand sides, the equivalent operator grammar
has O(|Σ| · (|Σ|+ k · |P |)) non-terminals and O(|Σ| · (|N |+ k · |Σ| · |P |)) production
rules [93, 147].
Example 4.3. Grammar Gcall = ({S,E},Σcall, Pcall, S), with Σcall = {call, ret,
han, exc}, has the following production rules:

S → S callS ret E → S callE

S → S hanS exc E → ε

S → ε

where ε is the empty string.
This grammar has been conceived to represent the execution traces of a procedu-

ral program with exceptions. As the chosen identi�ers suggest, call represents the
fact that a procedure call occurs, ret represents the fact that a procedure terminates
normally and returns to its caller, exc that an exception is raised and han that an ex-
ception handler is installed. It implements a policy such that an exception aborts all
the pending calls up to the point where an appropriate handler is found in the stack,
if any; after that, execution is resumed normally. Calls and returns, as well as possible
pairing of handlers and exceptions are managed according to the usual LIFO policy.
The alphabet symbols are written in boldface for reasons that will be explained later.

The sample wordwex = call han call call call exc call ret call ret ret can be
derived from Gcall. All rules are in operator form, so Gcall is an operator grammar.

Figure 4.1 shows the Syntax Tree (ST) associated with wex . The ST of a string
shows its underlying structure according to a context-free grammar: the root is la-
beled with the axiom, and each non-terminal has the rhs of a production rule as its
children. Notice how this structure is meaningful for the semantics described earlier:
each function call is enclosed in the call–ret pair of the caller, and calls terminated
by an exception are enclosed in its han–exc pair.

The distinguishing feature of OPGs is that they de�ne three Precedence Relation
(PR) between pairs of input symbols which drive the deterministic parsing and there-
fore the construction of a unique ST, if any, associated with an input string. For this
reason we consider OPLs a kind of input-driven languages, but larger then the orig-
inal VPLs. The three PRs are denoted by the symbols l, .=,m and are respectively
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named yields precedence, equal in precedence, and takes precedence. They graphically
resemble the traditional arithmetic relations but do not share their typical ordering
and equivalence properties. We kept them for historical reasons (they date back to
the original introduction of OPLs by R. W. Floyd), but we advise the reader not to be
confused by the similarity.

Intuitively, given two input characters a, b belonging to a grammar’s terminal al-
phabet separated by at most one non-terminal, al b i� in some grammar derivation b
is the �rst terminal character of a grammar’s rhs following a whether the grammar’s
rule contains a non-terminal character before b or not; a .

= b i� a and b occur con-
secutively in some rhs, possibly separated by one non-terminal; am b i� a is the last
terminal in a rhs—whether followed or not by a non-terminal—, and b follows that rhs
in some derivation. Formally, PRs are de�ned as follows:

De�nition 4.4 (Precedence Relations). LetG = (V,Σ, P, S) be an operator grammar,
and A ∈ V . Its left and right terminal sets are:

LG(A) := {a ∈ Σ | A⇒∗G Baα} RG(A) := {a ∈ Σ | A⇒∗G αaB}

with B ∈ V ∪ {ε} and α ∈ (V ∪ Σ)∗.
For any a, b ∈ Σ, and for some α, β ∈ (V ∪ Σ)∗, we have

• al b i� (A→ αaDβ) ∈ P for some D ∈ V such that b ∈ LG(D);

• a .
= b i� (A→ αaBbβ) ∈ P for some B ∈ V ∪ {ε};

• am b i� (A→ αDbβ) ∈ P for some D ∈ V such that a ∈ RG(D).

Notice that, in the de�nition, non-terminals are treated in the same way as the
empty string: for this reasons we also say that non-terminal characters are “transpar-
ent” in OPL parsing.

Now, we can give a grammar-based de�nition of OPL:

De�nition 4.5 (Operator Precedence Language (OPL)). A grammar G is an operator
precedence—or Floyd—grammar (OPG) i� at most one PR holds between any pair of
terminals in Σ. Formally, for any a, b ∈ Σ if a π1 b and a π2 b then π1 = π2 (with
π1, π2 ∈ {l, .=,m}). An operator precedence language is any language generated by
an OPG.

PRs between all pairs of terminals can be gathered in a matrix which, as we shall
see, contains all the information needed to determine a string’s context-free structure.

De�nition 4.6 (Operator Precedence Matrix (OPM)). An OPM M over Σ is a partial
function (Σ ∪ {#})2 → {l, .=,m}, that, for each ordered pair (a, b), de�nes the PR
M(a, b) holding between a and b. If the function is total we say that M is complete.
We call the pair (Σ,M) an operator precedence alphabet.

In the following, strings will be surrounded by a pair of # delimiters. By conven-
tion, the initial # can only yield precedence, and other symbols take precedence on
the ending #. If M(a, b) = π, where π ∈ {l, .=,m}, we write a π b. For u, v ∈ Σ+

we write u π v if u = xa and v = by with a π b.

Note that, in the literature, OPMs may be de�ned containing multiple PRs in each
cell; here we only consider those containing at most one, which are generated by
OPLs. Also, we always de�ne # to yield precedence to all symbols, if not otherwise
speci�ed (as opposed to it yielding precedence to some terminals only).
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Figure 4.2: The OPM Mcall.
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Figure 4.3: The sequence of bottom-up reductions during the parsing of wex .

Example 4.3 (continuing from p. 48). Let us list all left and right terminal sets forGcall:

L(S) = L(E) = {call,han} R(S) = {ret, exc} R(E) = {call}

The OPM associated to Gcall is reported in Figure 4.2. In the matrix, the element in
row i and column j is the PR between the symbol labeling row i and the one labeling
column j.

The OPM can be used to derive the structure given to a string by an OPG through
the operator precedence parsing algorithm. We show how it works by means of the
following example, which provides a �rst intuition of how a set of unique PRs drives
the parsing of a string of terminal characters in a deterministic way.
Example 4.3 (continuing from p. 50). Let us see how OPM Mcall drives the construc-
tion of the unique ST associated to a string on the alphabet Σcall through a bottom-up
parsing algorithm. The shape of the obtained ST will depend only on the OPM and
not on the particular grammar exhibiting it. Consider the sample word wex . First,
we add the delimiter # at its boundaries and write all precedence relations between
consecutive characters, according to Mcall. The result is row 0 of Figure 4.3.

Then, select all innermost patterns of the form a l c1
.
= · · · .= c` m b. In row 0

of Figure 4.3 the only such pattern is the underscored call enclosed within the pair
(l,m). This means that the ST we are going to build, if it exists, must contain an
internal node with the terminal character call as its only child. We mark this fact by
replacing the pattern lcallm with a dummy non-terminal character, say N—i.e., we
reduce call to N . The result is row 1 of Figure 4.3.

Next, we apply the same labeling to row 1 by simply ignoring the presence of
the dummy symbol N and we �nd a new candidate for reduction, namely the pattern
lcallNm. Notice that there is no ambiguity on whetherN should be considered in a
rhs together with the underscored call, or the following exc: if we reduced just call
and replaced it by a new N we would produce two adjacent non-terminals, which is
impossible because the ST must be generated by an operator grammar.

The reduction of row 2 is similar, so we come to row 3. This time the terminals to
be reduced, again underscored, are two, with an .

= and an N in between. This means
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Figure 4.4: The ST corresponding to word wex . Dots represent non-terminals.

that they embrace a subtree of the ST whose root is the node represented by N . By
executing the reduction leading from row 3 to 4 we produce a new N immediately to
the left of a call which is matched by an equal in precedence ret. Then, the procedure
is repeated until the �nal row 7 is obtained, where by convention we state the .

=
relation between the two delimiters.

Given that each reduction applied in Figure 4.3 corresponds to a grammar deriva-
tion step and to the expansion of an internal node of the ST, it is immediate to realize
that the ST of wex is the one depicted in Figure 4.4, where internal node labels have
been omitted. As a side remark we mention that, in general, it may happen that in
the same string there are several patterns ready to be reduced; this could enable the
implementation of parallel parsing algorithms (see e.g., [21]) which however is not an
issue of interest in this thesis.
Remark 4.7. The ST of Figure 4.4 shows the main di�erence between various paren-
thesis-like language classes, such as VPLs, and OPLs: whereas in the former ones
every open parenthesis is consumed by the only corresponding closed one1, in our
example a call can be matched by the appropriate ret but also “aborted” by an exc
which in turn aborts all pending calls until its corresponding han—if any—is found.

In the example, we derived only a stencil of the ST of wex . To show how this
process can be extended to the parsing of a grammar, we �rst introduce a normal
form for OPGs.

De�nition 4.8 (Fischer Normal Form [79]). An OPG is in Fischer normal form i�

• it is invertible (no two rules share the same rhs),

• none of its rules has the form A→ ε or A→ B, where A is any non-terminal
except the axiom, and B is any non-terminal,

• none of its rules has a rhs containing the axiom.

Any OPG can be automatically transformed into one in Fischer normal form [79].
For an OPG G = (V,Σ, P, S), such that k is the maximum length of its rules’ right-
hand sides, an equivalent one in Fischer normal form can be built with P(V ) as the
non-terminal set, and with O(|P | · 2|N |·d k2 e) production rules [93].

1To be precise, VPLs allow for unmatched closed parentheses but only at the beginning of a string and
unmatched open ones at the end.
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The operator precedence parsing algorithm reconstructs the syntax tree of a string
according to the structure given by an OPG in Fischer normal form, given the corre-
sponding OPM.
Example 4.3 (continuing from p. 50). Notice how the structure of the ST of Figure 4.4 is
similar, but not identical to the one of Figure 4.1: it lacks ε-production rules. Indeed,
grammar Gcall is not in Fischer normal form, as it contains rules such as E → ε.
However, we can transform it to G′call = ({S, S′, E},Σcall, P

′
call, S

′), in Fischer
normal form, with the following production rules:

S′ → S S → S callS ret S → S hanE exc E → S callE

S′ → ε S → callS ret S → hanE exc E → callE

S → S call ret S → S hanexc E → S call

S → call ret S → hanexc E → call

The ST associated to stringwex by this grammar is isomorphic to the one of Figure 4.4
(excluding the axiom S′, which is needed to include ε in the language). Since the rules
in G′call are invertible, it is easy to replace each dot in the �gure with the appropriate
non-terminal, thus obtaining a complete ST of the string generated by the grammar.

In the parsing example, we performed reductions by recognizing patterns of the
form al c1

.
= · · · .= c` m b. We call them chains, and we formalize them as follows:

De�nition 4.9. A simple chain c0 [c1c2 . . . c`]
c`+1 is a string c0c1c2 . . . c`c`+1, such

that: c0, c`+1 ∈ Σ ∪ {#}, ci ∈ Σ for every i = 1, 2, . . . ` (` ≥ 1), and c0 l c1
.
=

c2 . . . c`−1
.
= c` m c`+1.

A composed chain is a string c0s0c1s1c2 . . . c`s`c`+1, where c0 [c1c2 . . . c`]
c`+1 is

a simple chain, and si ∈ Σ∗ is either the empty string or is such that ci [si]ci+1 is a
chain (simple or composed), for every i = 0, 1, . . . , ` (` ≥ 1). Such a composed chain
will be written as c0 [s0c1s1c2 . . . c`s`]

c`+1 .
In a chain, simple or composed, c0 (resp. c`+1) is called its left (resp. right) context;

all terminals between them are called its body.
A �nite word w over Σ is compatible with an OPM M i� for each pair of letters

c, d, consecutive inw,M(c, d) is de�ned and, for each substring x of #w# which is a
chain of the form a[y]b, M(a, b) is de�ned. For a given operator precedence alphabet
(Σ,M) the set of all words compatible with M is called the universe of the operator
precedence alphabet and is denoted as L(Σ,M).

Example 4.3 (continuing from p. 50). The chain below is the chain de�ned by the OPM
Mcall of Figure 4.2 for the word wex . It shows the natural isomorphism between STs
with unlabeled internal nodes (see Figure 4.4) and chains.

#[call[[[han[call[call[call]]]exc]call ret]call ret]ret]#

Note that, in composed chains, consecutive inner chains are always separated by an
input symbol: this happens because OPL strings are generated by grammars in oper-
ator normal form.

Thus, an OPM de�nes a universe, called the max-language, of strings on the given
alphabet that can be parsed according to it and assigns a unique ST—with unlabeled
internal nodes—to each one of them. The grammar generating the max-language of
an OPM is called its max-grammar. Such a universe is the whole Σ∗ i� the OPM is
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complete, i.e. it has no empty cells, including those of the implicit row and column re-
ferring to the delimiters. OPGs can be used to carve more interesting sub-languages
into this universe. For example, while the string ret call han is given the structure
#[[ret]call[han]]# by OPMMcall, it is not part of the language generated by gram-
mars Gcall and G′call. Such a string, in fact, would not be meaningful as a program
execution trace.

This fact results in OPLs having some interesting properties, typical of regular
languages:

Theorem 4.10 ([64, 66]). OPLs compatible with a given OPM M form a Boolean al-
gebra. I.e., given two OPLs L1 and L2 compatible withM , their complements w.r.t. the
max-language ofM , L1 ∪ L2, and L1 ∩ L2 are also OPLs.

OPLs are closed under reversal, pre�x, su�x, concatenation and Kleene * operations.

OPLs present interesting algebraic closure properties even when they do not share
the same OPM. It is possible to de�ne a notion of inclusion between OPMs such that,
given OPMs M1 and M2 both on Σ, we have M1 ⊆ M2 i� for each a, b ∈ Σ either
M1(a, b) = M2(a, b) or M1(a, b) is unde�ned. Then, if we consider an OPM M , the
set M(M) = {M ′ ⊆ M | M ′ is an OPM} is a poset ordered by ⊆, and it forms
a lattice whose top and bottom elements are respectively M and the empty OPM.
Moreover, even the max-languages and their max-grammars on such OPMs form a
lattice isomorphic toM(M), and if M is complete, its top and bottom elements are
respectively Σ∗ and ∅ [66].

In the early literature about OPLs, such as [66, 80], OPGs sharing a given OPM
were used to de�ne restricted languages with respect to the universe de�ned by the
OPM and to investigate their algebraic properties, with applications to grammar in-
ference [65]. Later on, the same has been done by using di�erent formalisms such as
pushdown automata, monadic second order logic, and suitable extensions of regular
expressions [119, 122]. In this thesis, we mostly use automata, which are typically
applied in logics and model checking.

OPLs are recognized by a class of pushdown automata called Operator Precedence
Automata (OPAs). The main feature that distinguished OPAs from classical pushdown
automata is that their moves are guided by PRs. Indeed, OPAs store terminals in their
stack symbols, and always compare the topmost symbol with the next one to be read.
If they are in the l relation, they push another symbol; if they are in the .

= relation
they update the topmost one; and if they are in the m relation, they pop the topmost
symbol. More formally:

De�nition 4.11 (Operator Precedence Automaton (OPA)). An OPA is a tuple A =
(Σ,M,Q, I, F, δ) where: (Σ,M) is an operator precedence alphabet, Q is a �nite set
of states (disjoint from Σ), I ⊆ Q is the set of initial states, F ⊆ Q is the set of �nal
states, δ ⊆ Q× (Σ∪Q)×Q is the transition relation, which is the union of the three
disjoint relations δshift ⊆ Q× Σ×Q, δpush ⊆ Q× Σ×Q, and δpop ⊆ Q×Q×Q.

An OPA is deterministic i� I is a singleton, and all three components of δ are—
possibly partial—functions.

To de�ne the semantics of OPAs, we need some new notations. Letters p, q, pi,
qi, . . . denote states in Q. We use q0

a−→ q1 for (q0, a, q1) ∈ δpush , q0
a
99K q1 for

(q0, a, q1) ∈ δshift , q0
q2

=⇒ q1 for (q0, q2, q1) ∈ δpop , and q0
w; q1, if the automaton

can read w ∈ Σ∗ going from q0 to q1. Let Γ be Σ×Q and Γ′ = Γ ∪ {⊥} be the stack
alphabet; we denote symbols in Γ as [a, q]. We set smb([a, q]) = a, smb(⊥) = #,
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and st([a, q]) = q. For a stack content γ = γn . . . γ1⊥, with γi ∈ Γ , n ≥ 0, we set
smb(γ) = smb(γn) if n ≥ 1, and smb(γ) = # if n = 0.

A con�guration of an OPA is a triple c = 〈w, q, γ〉, where w ∈ Σ∗#, q ∈ Q, and
γ ∈ Γ∗⊥. A computation or run is a �nite sequence c0 ` c1 ` . . . ` cn of moves or
transitions ci ` ci+1. There are three kinds of moves, depending on the PR between
the symbol on top of the stack and the next input symbol:

push move if smb(γ) l a then 〈ax, p, γ〉 ` 〈x, q, [a, p]γ〉, with (p, a, q) ∈ δpush ;

shift move if a .
= b then 〈bx, q, [a, p]γ〉 ` 〈x, r, [b, p]γ〉, with (q, b, r) ∈ δshift ;

pop move if am b then 〈bx, q, [a, p]γ〉 ` 〈bx, r, γ〉, with (q, p, r) ∈ δpop .

Shift and pop moves are not performed when the stack contains only ⊥. Push
moves put a new element on top of the stack consisting of the input symbol together
with the current state of the OPA. Shift moves update the top element of the stack by
changing its input symbol only. Pop moves remove the element on top of the stack,
and update the state of the OPA according to δpop on the basis of the current state
and the state in the removed stack symbol. They do not consume the input symbol,
which is used only as a look-ahead to establish the m relation. The OPA accepts the
language L(A) = {x ∈ Σ∗ | 〈x#, qI , ⊥〉 `∗ 〈#, qF , ⊥〉, qI ∈ I, qF ∈ F} .

OPAs also rely on the OPM to parse words. The relationship between their runs
and parsing is highlighted by supports:

De�nition 4.12. LetA be an OPA. We call a support for simple chain c0 [c1c2 . . . c`]
c`+1

any path in A of the form q0
c1−→ q1 99K . . . 99K q`−1

c`
99K q`

q0
=⇒ q`+1. The label of

the last (and only) pop is exactly q0, i.e. the �rst state of the path; this pop is executed
because of relation c` m c`+1.

We call a support for the composed chain c0 [s0c1s1c2 . . . c`s`]
c`+1 any path inA of

the form q0
s0; q′0

c1−→ q1
s1; q′1

c2
99K . . .

c`
99K q`

s`; q′`
q′0=⇒ q`+1 where, for every

i = 0, 1, . . . , `: if si 6= ε, then qi
si; q′i is a support for the chain ci [si]

ci+1 , else q′i = qi.

Chains fully determine the parsing structure of any OPA over (Σ,M). If the OPA
performs the computation 〈sb, qi, [a, qj ]γ〉 `∗ 〈b, qk, γ〉, then a[s]b is necessarily a
chain over (Σ,M), and there exists a support like the one above with s = s0c1 . . . c`s`
and q`+1 = qk . This corresponds to the parsing of the string s0c1 . . . c`s` within the
context a, b, which contains all information needed to build the subtree whose frontier
is that string.

OPAs and OPGs can be used interchangeably to de�ne OPLs:

Theorem 4.13 ([119]). Given an OPG G on an OP alphabet (Σ,M), it is possible to
build an OPAAG such that L(G) = L(AG). Given and OPAA on (Σ,M), it is possible
to build an OPG GA such that L(A) = L(GA).

Proof (sketch). Intuitively, AG performs a push move when it reads the �rst terminal
of one ofG’s rhs’s, a shift move when reading a terminal from a continuing rhs, and a
pop move when reaching past its end. Then, it nondeterministically guesses the non-
terminal corresponding to such rhs according toG’s production rules (there might be
more than one). AG accepts a string if it recognizes G’s axiom after reading it.

The converse construction faces more di�culties and involves more technicali-
ties than the classical one for general CFLs. Essentially, it requires enumerating all
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possible chain supports of A, and GA is built so that it has a non-terminal for each
quadruple made of the �rst and last states of each support and the left and right con-
texts of the underlying chain. Then, production rules are added that associate such
non-terminals to rhs’s structured as the underlying chains.

Consider the OPAA(Σ,M) = (Σ,M, {q}, {q}, {q}, δmax) where δmax(q, q) = q,
and δmax(q, c) = q, ∀c ∈ Σ. We call it the OP Max-Automaton over (Σ,M). For a
max-automaton, each chain has a support; thus, a max-automaton accepts exactly the
universe of the OP alphabet. Since there is a chain #[s]# for any string s compatible
with M , a string is accepted by A(Σ,M) i� it is compatible with M . If M is com-
plete, the language accepted by A(Σ,M) is Σ∗. With reference to the OPM Mcall of
Figure 4.2, the string ret call han is accepted by the max-automaton with structure
de�ned by the chain #[[ret]call[han]]#.

Of course, the results of Theorem 4.10 hold for OPAs too:

Theorem 4.14. Given two OPAs A1 and A2 on OP alphabet (Σ,M), it is possible to
e�ectively build the following OPAs:

• A∩ such that L(A∩) = L(A1) ∩ L(A2);

• A∪ such that L(A∪) = L(A1) ∪ L(A2);

• A1 such that L(A1) = Σ∗ \ L(A1).

Proof. Since OPA moves are determined by PRs, two OPAs sharing the same OPM
are synchronized while reading the same word, and their stacks have the same size at
each step. Thus, constructions typical of �nite-state automata can be exploited: A∪
can be obtained by taking the component-wise set union of A1 and A2, and A1 by
determinizing A1 and complementing its �nal set. The main di�erence is that OPA
determinization has a higher complexity—the determinized OPA has 2O(n2) states, as
opposed to only 2n for �nite-state automata—which, however, happens for VPAs too.
We show the construction of A∩, which is based on the product automaton, because
it is required for model checking.

Let A1 = (Σ,M,Q1, I1, F1, δ1) and A2 = (Σ,M,Q2, I2, F2, δ2). We de�ne
A∩ = (Σ,M,Q1 ×Q2, I1 × I2, F1 × F2, δ

∩) where

• if (q1, a, p1), (q2, a, p2) ∈ δpush then ((q1, q2), a, (p1, p2)) ∈ δ∩push ;

• if (q1, a, p1), (q2, a, p2) ∈ δshift then ((q1, q2), a, (p1, p2)) ∈ δ∩shift ;

• if (q1, r1, p1), (q2, r2, p2) ∈ δpop then ((q1, q2), (r1, r2), (p1, p2)) ∈ δ∩pop .

Automata-based proofs of the closure properties of OPLs are much simpler than
the analogous ones on grammars [66], especially in the case of concatenation and
Kleene * [64]. This further highlights the bene�ts of using automata instead of gram-
mars for logical characterizations.

Theorem 4.14 naturally suggests explicit-state model-checking procedures similar
to those used with regular languages and temporal logics such as LTL.

In conclusion, given an OP alphabet, the OPM assigns a unique structure to any
compatible string in Σ∗; unlike VPLs, such a structure is not visible in the string,
and must be built by means of a non-trivial parsing algorithm. An OPG or an OPA
de�ned on the OP alphabet selects an appropriate subset within its universe. OPAs
form a Boolean algebra whose universal element is the max-automaton. The language
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classes recognized by deterministic and non-deterministic OPAs coincide. For a more
complete description of the OPL family and of its relations with other CFLs we refer
the reader to [121].

4.2 Operator Precedence ω-Languages
All de�nitions regarding OPLs are extended to in�nite words in the usual way in-
troduced for ω-regular languages [155] and extended to VPLs [4], but with a few
distinctions [119]. Recall that, given a set of characters Γ, by Γω we mean the set of
all (countably) in�nite words made of characters in Γ.

Of course, OP ω-words are not terminated by the delimiter #. Given an OP al-
phabet (Σ,M), an ω-word w ∈ Σω is compatible with M if every �nite pre�x of w
is compatible with M .

De�nition 4.15 (Open Chain). An ω-word may contain never-ending chains of the
form c0 l c1

.
= c2

.
= · · · , where the l relation between c0 and c1 is never closed by a

corresponding m. Such chains are called open chains and may be simple or composed.
A composed open chain may contain both open and closed subchains. Of course, a
closed chain cannot contain an open one. A terminal symbol a ∈ Σ is pending if it is
part of the body of an open chain and of no closed chains.

OPA variants accepting Operator Precedence ω-Languages (ωOPLs) can be de-
�ned by augmenting De�nition 4.11 with Büchi or Muller acceptance conditions.
With Büchi acceptance conditions, as we saw in Section 2.2.2, a word is accepted if a
state from the �nal set is visited in�nitely often. Automata using Muller acceptance
conditions are equipped with a set of sets of �nal states called its table, and the set
of states occurring in�nitely often must be exactly one of them for an ω-word to be
accepted. In this work, we only consider Büchi conditions, because they are the ones
most frequently used in the model-checking literature. Nevertheless, Muller condi-
tions could be used too, since they are equivalent in expressive power when applied
to ωOPLs [119].

De�nition 4.16 (Operator Precedence Büchi Automaton (ωOPBA)). An ωOPBA is
a tuple A = (Σ,M,Q, I, F, δ), where Σ,M,Q, I, F, δ are the same as in De�ni-
tion 4.11.

The semantics of con�gurations, moves and in�nite runs are de�ned as for OPAs.
For the acceptance condition, let ρ be a run on an ω-word w. We de�ne

Inf(ρ) = {q ∈ Q | there exist in�nitely many positions i s.t. 〈βi, q, xi〉 ∈ ρ}

as the set of states that occur in�nitely often in ρ. ρ is successful i� there exists a state
qf ∈ F such that qf ∈ Inf(ρ). An ωOPBA A accepts w ∈ Σω i� there is a successful
run of A on w. The ω-language recognized by A is

L(A) = {w ∈ Σω | A accepts w}.

Unlike OPAs, ωOPBAs do not require the stack to be empty for word acceptance:
when reading an open chain, the stack symbol pushed when the �rst character of the
body of its underlying simple chain is read remains into the stack forever; it is at most
updated by shift moves.

In our model-checking procedures, we will need a slight variation on ωOPBAs:
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De�nition 4.17 (Generalized ωOPBA). A generalized ωOPBA is a tupleA = (Σ,M,
Q, I,F, δ), where Σ,M,Q, I, δ are the same as in De�nition 4.11, and F ⊆ P(Q) is
the set of sets of Büchi-�nal states.

The semantics of con�gurations, moves and runs are de�ned as for ωOPBAs. The
acceptance condition is, again, di�erent: a run ρ on an ω-word is successful i� for all
Fi ∈ F there exists a state qi ∈ Fi such that qi ∈ Inf(ρ).

Generalized ωOPBA can be translated to normal ωOPBA polynomially:

Theorem 4.18. Let A = (Σ,M,Q, I,F, δ) be a generalized ωOPBA. It is possible to
build an ωOPBA A′ with |Q| · |F| states such that L(A′) = L(A).

Proof. We use the construction based on counters we already saw in the proof of
Theorem 2.14. Let k = |F|; we assign a linear ordering to sets in |F|, and call Fi,
0 ≤ i ≤ k − 1, the i-th of such sets. We de�ne A′ = (Σ,M,Q′, I ′, F ′, δ′) as follows:

• Q′ = Q× {0, . . . , k − 1};

• I ′ = I × {0};

• F ′ = F1 × {0};

• if (q, a, p) ∈ δpush , then for 0 ≤ i ≤ k − 1 we have ((q, i), a, (p, j)) ∈ δ′push ;

• if (q, a, p) ∈ δshift , then for 0 ≤ i ≤ k − 1 we have ((q, i), a, (p, j)) ∈ δ′shift ;

• if (q, r, p) ∈ δpop , then for 0 ≤ i, h ≤ k−1 we have ((q, i), (r, h), (p, j)) ∈ δ′pop ;

where j = i if q 6∈ Fi, and j = i+ 1 mod k otherwise.
We recall that, according to this construction,A′ contains k di�erent copies ofA;

it starts by running the �rst one, and switches to the next one (modulo k) each time it
�nds an accepting state for the current one. Since the accepting states must be from
the �rst copy, each in�nite run must necessarily cycle through all of them, so that
each accepting condition is satis�ed.

The translation from simple to generalized ωOPBAs is trivial, hence the two clas-
ses are equivalent, and enjoy the same closure properties. Indeed, the most important
closure properties of OPLs are preserved by ωOPLs:

Theorem 4.19 ([119]). Given two ωOPBAs A1 and A2 on OP alphabet (Σ,M), it is
possible to e�ectively build the following ωOPBAs:

• A∩ such that L(A∩) = L(A1) ∩ L(A2);

• A∪ such that L(A∪) = L(A1) ∪ L(A2);

• A1 such that L(A1) = Σ∗ \ L(A1).

Proof. The construction of A∪ is similar to the �nite-word case. Unfortunately, the
one for A1 cannot rely on equivalence between deterministic and nondeterministic
automata (which does not hold for ωOPBAs), and is much more involved, so we refer
the reader to [119]. Instead, we show the construction for A∩.

Let A1 = (Σ,M,Q1, I1, F1, δ
1) and A2 = (Σ,M,Q2, I2, F2, δ

2). As in Theo-
rem 4.18,A∩ alternates the execution ofA1 andA2, making sure a �nal state of both
appears in�nitely often. We de�ne A∩ = (Σ,M,Q∩, I∩, F∩, δ∩) where
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• Q∩ = Q1 ×Q2 × {0, 1};

• I∩ = I1 × I2 × {0};

• F∩ = F1 ×Q2 × {0};

• if (q1, a, p1) ∈ δ1
push and (q2, a, p2) ∈ δ2

push then for all i ∈ {0, 1} we have
((q1, q2, i), a, (p1, p2, j)) ∈ δ∩push ;

• if (q1, a, p1) ∈ δ1
shift and (q2, a, p2) ∈ δ2

shift then for all i ∈ {0, 1} we have
((q1, q2, i), a, (p1, p2, j)) ∈ δ∩shift ;

• if (q1, r1, p1) ∈ δ1
pop and (q2, r2, p2) ∈ δ2

pop then for all i, h ∈ {0, 1} we have
((q1, q2, i), (r1, r2, h), (p1, p2, j)) ∈ δ∩pop ;

with j = i if qi+1 6∈ Fi+1, and j = i+ 1 mod 2 otherwise.

ωOPBAs are also closed under concatenation of an OPL with an ωOPL. The equiv-
alence between deterministic and nondeterministic automata is lost in the in�nite
case, which is unsurprising, since it also happens for regular ω-languages and ωVPLs.
A more complete treatment of ωOPLs can be found in [119].

4.3 Modeling Programs with OPA
In this section, we show how OPAs can naturally model programming languages such
as Java and C++. Given a set AP of atomic propositions describing events and states
of the program, we use (P(AP ),MAP ) as the OP alphabet. Note that, when they are
used as terminal characters, we refer to elements of P(AP ) with lowercase letters
even if they are sets. For convenience, we consider a partitioning of AP into a set of
normal propositional labels (in round font), and structural labels (in bold). Structural
labels de�ne the OP structure of the word: MAP is only de�ned for subsets ofAP con-
taining exactly one structural label, so that given two structural labels l1, l2, for any
a, a′, b, b′ ∈ P(AP ) s.t. l1 ∈ a, a′ and l2 ∈ b, b′ we have MAP (a, b) = MAP (a′, b′).
In this way, it is possible to de�ne an OPM on the entire P(AP ) by only giving the
relations between structural labels, as we did for Mcall.

Figure 4.5 shows how to model a procedural program with an OPA. The OPA
simulates the program’s behavior with respect to the stack, by expressing its execution
traces with four event kinds: call (resp. ret) marks a procedure call (resp. return),han
the installation of an exception handler by a try statement, and exc an exception
being raised. OPM Mcall de�nes the context-free structure of the word, which is
strictly linked with the programming language semantics: the l PR causes nesting
(e.g., calls can be nested into other calls), and the .

= PR implies a one-to-one relation,
e.g. between a call and the ret of the same function, and ahan and the exc it catches.

Each OPA state represents a line in the source code. First, procedure pA is called
by the program loader (M0), and [{call,pA},M0] is pushed onto the stack, to track
the program state before the call. Then, the try statement at line A0 of pA installs
a handler. All subsequent calls to pB and pC push new stack symbols on top of the
one pushed with han. pC may only call itself recursively, or throw an exception, but
never return normally. This is re�ected by exc being the only transition leading from
state C0 to the accepting state Mr, and pB and pC having no way to a normal ret.
The OPA has a look-ahead of one input symbol, so when it encounters exc, it must
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pA() {

A0: try {

A1: pB();

A2: } catch {

A3: pErr();

A4: pErr();

}

Ar: }

pB() {

B0: pC();

Br: }

pC() {

C0: if (*) {

C1: throw;

C2: } else {

C3: pC();

}

Cr: }

M0 A0 A1 B0 C0

A2A3ErArAr’Mr

A4

call

pA

han

try

call

pB

call

pC

callpC

A1, B0, C0
exc

A0call

pErr

retpErr

A3call

pErr

A4ret

pA

M0

Figure 4.5: Example procedural program (top) and the derived OPA (bottom). Push,
shift, pop moves are shown by, resp., solid, dashed and double arrows.

pop all symbols in the stack, corresponding to active function frames, until it �nds the
one with han in it, which cannot be popped because han

.
= exc. Notice that such

behavior cannot be modeled by VPAs or NWAs (cf. Section 3.2.4), because they need to
read an input symbol for each pop move. Thus, han protects the parent function from
the exception. Since the state contained in han’s stack symbol is A0, the execution
resumes in the catch clause of pA. pA then calls twice the library error-handling
function pErr , which ends regularly both times, and returns. The string of Figure 4.2
is accepted by this OPA.

In this example, we only model the stack behavior for simplicity, but other state-
ments, such as assignments, and other behaviors, such as continuations, could be
modeled by a di�erent choice of the OPM, and other aspects of the program’s state
by appropriate abstractions [104].
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Chapter 5

Model-Theoretic Background

In this chapter, we give an introduction to the model-theoretic techniques we used
for the expressive completeness proof of the logic we present in this thesis.

We start with the seminal work of A. Ehrenfeucht, who introduced a game-the-
oretic characterization [71] of the de�nition of elementary equivalence given by R.
Fraïssé [82]. The resulting technique, called Ehrenfeucht-Fraïssé (EF) games, has been
extensively used to study the expressiveness of �rst- and second-order logic. EF games
are in fact often used to prove that a given property is not �rst-order de�nable. They
were also used to assess the decidability of logical theories: in particular S. Shelah
used them to prove that the theory of monadic second-order logic over linear order-
ings is decidable [149], providing an alternative to the automata-based proof by J.R.
Büchi [42].

The contents of this chapter have been collected mainly from [145, 156]. For a
more comprehensive introduction to model theory, we refer the reader to [90, 101].

In the following, we assume some familiarity with the basics of FOL. We refer to
FOL as de�ned in Section 2.2.1, mostly considering the �rst-order theory of labeled
linear orderings in examples. Nevertheless, the techniques presented in this chapter
are general enough to be applied to any �rst-order signature, and we will in fact use
them on unranked ordered trees in Chapter 9.

Notation We call a signature a set of predicate symbols Θ = {R1, R2, . . . , Rn},
each one with an arity α(Ri), 1 ≤ i ≤ n. An interpretation or structure on Θ is a
tupleA = (A,RA1 , . . . , R

A
n ), where A is a set called the universe or domain ofA, and

for 1 ≤ i ≤ n, RAi ⊆ Aα(Ri) is a relation on A.
If ϕ is a FO formula with no free variables on a signature Θ and A is an inter-

pretation of Θ, we write A |= ϕ meaning that ϕ is true on structure A, and also say
that A is a model of ϕ. If ϕ(x1, . . . , xm) is a FO formula with m free variables on
a signature Θ, A is an interpretation of Θ with domain A, and a1, . . . , am ∈ A, we
write (A, a1, . . . , am) |= ϕ(x1, . . . , xm) meaning that ϕ(x1, . . . , xm) is true on A if
we assign ai to variable x1 for 1 ≤ i ≤ m.

5.1 Elementary equivalence and its characterizations
We start by saying what we mean by elementary equivalence.
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De�nition 5.1. Given two algebraic structures A and B on the same signature, we
say that they are elementarily or �rst-order equivalent, written A ≡ B i� for any FO
formula ϕ on that signature we have A |= ϕ i� B |= ϕ.

The set {ϕ ∈ FOL | M |= ϕ} is called the �rst-order theory of a structureM.

However, we are actually interested to a weaker form of elementary equivalence,
that depends on the nesting of quanti�ers we allow in formulas.

De�nition 5.2 (Quanti�er Rank). The quanti�er rank or depth of a FOL formula ϕ,
denoted qr(ϕ), is de�ned by syntactic induction as follows:

• if ϕ is atomic, then qr(ϕ) = 0;

• if ϕ = ¬ψ for some ψ, then qr(ϕ) = qr(ψ);

• if ϕ is of the form ψ1 ∨ ψ2, ψ1 ∧ ψ2, ψ1 =⇒ ψ2 or ψ1 ⇐⇒ ψ2 for some ψ1

and ψ2, then qr(ϕ) = max(qr(ψ1), qr(ψ2));

• if ϕ is of the form ∃ψ or ∀ψ for some ψ, then qr(ϕ) = qr(ψ) + 1.

Indeed, we consider equivalence between structures according to formulas of up
to a given quanti�er rank.

De�nition 5.3 (Rank-k equivalence). Given an integer k ≥ 0 and two algebraic
structures A and B on the same signature, we write A ≡k B i� for any FOL formula
ϕ such that qr(ϕ) = k we have A |= ϕ i� B |= ϕ.

IfA andB are respectively the domains ofA and B, and we additionally have the
distinguished elements a1, . . . , am ∈ A and b1, . . . , bm ∈ B, we write

(A, a1, . . . , am) ≡k (B, b1, . . . , bm)

i� for any FOL formula with m free variables ϕ(x1, . . . , xm) such that
qr(ϕ(x1, . . . , xm)) = k we have

(A, a1, . . . , am) |= ϕ(x1, . . . , xm) i� (B, b1, . . . , bm) |= ϕ(x1, . . . , xm).

Of course, we have A ≡ B i� A ≡k B for all k ≥ 0. Moreover, ≡k is an equiva-
lence relation among structures on the same signature.

This also yields a similarly restricted concept of theory:

De�nition 5.4 (Rank-k type). Given an integer k ≥ 0 and a structure A, we de�ne
the rank-k type of A as the set

σk(A) = {ϕ ∈ FOL | A |= ϕ ∧ qr(ϕ) = k}.

We call Γk the set of all rank-k types on a given signature.
If A is the domain of A and a1, . . . am ∈ A are distinguished elements of A, we

de�ne the rank-k type of (A, a1 . . . , am) as the set

σk(A, a1, . . . , am) ={
ϕ(x1, . . . , xm) ∈ FOL

∣∣∣∣∣(A, a1, . . . , am) |= ϕ(x1, . . . , xm),

qr(ϕ(x1, . . . , xm)) = k

}
.
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Note that A ≡k B i� σk(A) = σk(B), so rank-k types can be seen as the equiv-
alence classes of the ≡k relation. As we shall see, the number of such classes for a
given k is actually �nite.

Rank-k types can be characterized in a more practical way, actually devised by J.
Hintikka [95] before rank-k types were introduced.
Theorem 5.5 (Hintikka Formulas). Given an integer k ≥ 0, for any structure A there
exists a formula Hk

A such that qr(Hk
A) = k and for any structure B, we have A ≡k B

i� B |= Hk
A.

Proof (sketch). We actually prove a more general statement by de�ning formulas

Hk
(A,a)(x1, . . . , xm),

where a = (a1, . . . , am) ∈ Am such that (B, b1, . . . , bm) |= Hk
(A,a)(x1, . . . , xm) i�

(A, a1, . . . , am) ≡k (B, b1, . . . , bm). We de�ne such formulas inductively on k.
If k = 0, and Φ is the set of all possible atomic formulas on A’s signature (i.e.,

all formulas of the form xi = xj and Rp(xi1 , . . . , xiα(Rp)
), where all variable indices

range between 1 and m and Rp is a predicate symbol), we de�ne

H0
(A,a)(x1, . . . , xm) :=

∧
ϕ∈Φ,

(A,a)|=ϕ

ϕ ∧
∧
ϕ∈Φ,

(A,a) 6|=ϕ

¬ϕ.

Then, we have

Hk+1
(A,a)(x1, . . . , xm) :=

∧
{∃yHk

(A,a,a)(x1, . . . , xm, y) | a ∈ A}

∧ ∀y
∨
{Hk

(A,a,a)(x1, . . . , xm, y) | a ∈ A}.
The fact that the two sets in the formula above are �nite can be shown by proving

that there are �nitely many Hk
(A,a)(x1, . . . , xm) formulas for any A, a and m on a

given signature, by induction on k.

Thus, given a rank-k type σ, if we take a structure A such that σk(A) = σ, then
for any other structure B we have B |= Hk

A i� σk(B) = σ. Hence, for any rank-k
type σ there is a Hintikka formula Hk

σ that is true in all structures of rank-k type σ.
Since there are only �nitely many Hintikka formulas of quanti�er rank k on a

given signature, we can state the following:
Corollary 5.6. There are only �nitely many rank-k types on a given signature.

Actually, in general,
Corollary 5.7. There are only �nitely many non-equivalent FO formulas of quanti�er
rank at most k on a given signature.

Thanks to Corollary 5.6, for any formula ϕ on a given signature with qr(ϕ) = k
we can collect all rank-k types containing ϕ, and express ϕ as the disjunction of all
Hintikka formulas characterizing them:
Lemma 5.8 (Distributive normal form). Any FO formula ϕ such that qr(ϕ) = k on a
given signature can be expressed as

ϕ =
∨
σ∈Γϕ

Hk
σ

where Γϕ = {σ ∈ Γk | ϕ ∈ σ}.
Lemma 5.8 will be essential for the proofs in Chapter 9.
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1,∀

b4 b5

2,∃

Figure 5.1: A play of game G3(A,B) won by ∃. A is on top, and B is below. Position
labeled with e.g. n, ∃ has been played by ∃ in round n.

5.2 Ehrenfeucht-Fraïssé Games

We can now introduce EF games as an alternative—and practical—characterization of
≡k-equivalence.

EF games are played between two players, ∀ (the Spoiler or Player I ) and ∃ (the
Duplicator or Player II ).1 A round of an EF game between two structures A and B
with the same signature starts with ∀ picking an element of the domain of either one
of A and B, followed by ∃ answering by picking an element of the other structure. ∃
wins the k-round game on two structures if the map between the elements picked by
∀ and those picked by ∃ in each of the �rst k rounds is a partial isomorphism between
A and B.
Example 5.9. Let A and B be two words (cf. De�nition 2.5) with no atomic proposi-
tions, respectively of length 4 and 5. Thus, A = (A,≤A) with A = {a1, a2, a3, a4}
and B = (B,≤B) with B = {b1, b2, b3, b4, b5}. We use ai and bi instead of natural
numbers to emphasize that A ad B are disjoint, and we have ai ≤A aj i� i ≤ j and
the same for B; we omit the subscript of ≤ when obvious. We call air and bjr the
elements chosen by either player respectively from A and B at round r.

Suppose we have a game in which, in the �rst round, ∀ chooses b3 and ∃ chooses
a2; in the second round ∀ chooses a3 and ∃ chooses b5; and �nally in the third round
∀ chooses b2 and ∃ a1. This game is depicted in Figure 5.1. We have (ai1 , ai2 , ai3) =
(a2, a3, a1) and (bj1 , bj2 , bj3) = (b3, b5, b2) and, thus, ai3 ≤ ai1 ≤ ai2 and bi3 ≤
bi1 ≤ bi2 . So, the element chosen by ∃ in each round is in the same order as the one
chosen by ∀ with respect to the positions previously chosen by either player in the
same word. Since the linear orders are the only relations inA and B, we can say that
partial isomorphism is kept throughout the game, and ∃ wins.

Let us consider, instead, the play shown in Figure 5.2. Here ∀ �rst chooses b3 and
∃ a2; then ∀ chooses b2 and ∃ a1, and �nally ∀ chooses b1. Unfortunately, there are
no elements of A before a1, which was already chosen, so ∃ is forced to pick a3 or
a4, which both break the isomorphism. If ∃ chooses a4, we have (ai1 , ai2 , ai3) =
(a2, a1, a3) and (bj1 , bj2 , bj3) = (b3, b2, b1), so ai2 ≤ ai1 ≤ ai3 but bi3 ≤ bi2 ≤ bi1 .
Thus, ∀ wins this game.

EF games are better formalized as follows:

De�nition 5.10 (Ehrenfeucht-Fraïssé Game). Let A = (A,R1, . . . , Rp) and B =
(B,S1, . . . , Sp) be two structures with the same signature, where Ri and Si are re-

1We use the notation due to W. Hodges [98], who names the two players ∀ and ∃ after Abelard and
(H)Eloise.
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Figure 5.2: A play of game G3(A,B) won by ∀. A is on top, and B is below. Position
labeled with e.g. n,∃ has been played by ∃ in round n.

lations of arity α(i). Let a = (a1, . . . , am) ∈ Am and b = (b1, . . . , bm) ∈ Bm be
sequences of distinguished elements in respectively A and B. Fix k ≥ 0.

A play of the EF game Gk((A, a), (B, b)) is an ordered sequence of k rounds. In
round r, ∀ chooses one element, either am+r from A or bm+r from B. ∃ responds
with one element from the set not picked by ∀, called respectively bm+r or am+r .

Player ∃ wins a play of the game if she keeps a isomorphism between (a1, . . . ,
am+k) and (b1, . . . , bm+k), i.e. if for each i, 1 ≤ i ≤ p, and for each sequence of
indices j1, . . . , jα(i) between 1 and m+ k we have

(aj1 , . . . , ajα(i)
) ∈ Ri ⇐⇒ (bj1 , . . . , bjα(i)

) ∈ Si.

If this is not the case, the play is won by player ∀.
Player ∃ has a winning strategy in game Gk((A, a), (B, b)) i� there are functions

f1, . . . , fk such that for all r, 1 ≤ r ≤ k,

• fr : (A ∪B)r → (A ∪B);

• if c1, . . . , cr ∈ A ∪B are the choices of ∀ in the �rst r rounds, then

– fr(c1, . . . , cr) ∈ A if cr ∈ B, and
– fr(c1, . . . , cr) ∈ B if cr ∈ A;

• if c1, . . . , cr ∈ A ∪B are the choices of ∀ in the �rst r rounds, and

am+r =

{
cr if cr ∈ A
fr(c1, . . . , cr) if cr ∈ B

bm+r =

{
fr(c1, . . . , cr) if cr ∈ A
cr if cr ∈ B

then for each i, 1 ≤ i ≤ p, and for each sequence of indices j1, . . . , jα(i) be-
tween 1 and m+ k we have

(aj1 , . . . , ajα(i)
) ∈ Ri ⇐⇒ (bj1 , . . . , bjα(i)

) ∈ Si.

If this is not the case, player ∀ has a winning strategy.

If ∃ has a winning strategy on gameGk((A, a), (B, b)), we write (A, a) ∼k (B, b).
Example 5.9 (continuing from p. 64). Consider, again, game G3(A,B). Note that in
this game we do not have a and b, which would be pre-de�ned moves. Does either
player have a winning strategy in this game?

The answer is yes, and the player that has a winning strategy is ∀. In fact, ∀ can
choose b3 in his �rst move. Then, suppose without loss of generality that ∃ chooses
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a1 or a2 (the strategy if she chooses a2 or a4 is symmetric). If ∃ chooses a1, in the
next move ∀ chooses b1 or b2, and ∃ cannot respond to this move without breaking
isomorphism. If ∃ chooses a2, in the next move ∀ chooses b2 and the play goes on as
in Figure 5.2, with the inevitable defeat of ∃.

What about game G2(A,B)? In this case, the player having a winning strategy
is ∃. Whatever element ∀ picks in the �rst round, ∃ just needs to answer with an
element in the other word that is not an endpoint (i.e., not a1, a4, b1 or b5). Then,
whatever element ∀ chooses in the second and last move, ∃ can answer with one in
the same order.

Thus, A ∼2 B, but A 6∼3 B.
EF games are linked to FOL by the following theorem:

Theorem 5.11 (Ehrenfeucht-Fraïssé [71, 82]). Let A and B be two structures on the
same signature, with domains A and B respectively. Given k ≥ 0 and m ≥ 0, for any
a ∈ Am and b ∈ Bm, we have

(A, a) ≡k (B, b) ⇐⇒ (A, a) ∼k (B, b).

This gives us a practical way of proving that two structures are indistinguishable
by FO formulas of quanti�er rank at most k.
Example 5.9 (continuing from p. 65). According to our analysis of games G2(A,B)
and G3(A,B), we can state that A ≡2 B, but A 6≡3 B. Hence, there exists a FO
formula of quanti�er rank 3 that is true in A but not in B (or vice-versa), but no
formula of quanti�er rank 2 has the same property.

In general,

Corollary 5.12. We have (A, a) ≡ (B, b) i� (A, a) ∼k (B, b) for all k ≥ 0.

5.3 Composition Arguments
One of the most successful uses of EF games is to show that the �rst-order theory
on a class of structures can be determined (and decided) from the theories of parts in
which we divide such structures. In particular, S. Shelah used this kind of arguments in
[149] to show that the rank-k type of the concatenation (or sum) of labeled orderings
is determined by the rank-k types of such orderings, and can be computed e�ectively.

More formally, given structures

A1 = (A1, R1,1, . . . , R1,p), . . . ,An = (An, Rn,1, . . . , Rn,p)

on the same signature, with A1, . . . , An disjoint, these can be composed to create a
structure A = (A1 ∪ · · · ∪An, S1, . . . , Sp) such that Ri,j ⊆ Sj for all 1 ≤ i ≤ n and
1 ≤ j ≤ p.

Then, a composition argument (or theorem) on such structures is a proof that,
given two structuresA and B that can be divided as above, if for some k ≥ 0 we have
Ai ≡k Bi for all 1 ≤ i ≤ n, then A ≡k B. Such proofs are usually carried out by
noting that, thanks to Theorem 5.11, ifAi ≡k Bi thenAi ∼k Bi, and ∃ has a winning
strategy on games Gk(Ai,Bi), for all i. Thus, if one shows that such strategies can
be combined to obtain a winning strategy for game Gk(A,B), another application of
Theorem 5.11 leads to A ≡k B.
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If the �nal purpose of the composition argument is to prove decidability of a the-
ory as in [149], then one also has to show that the rank-k type ofA can be e�ectively
computed from those of allAi’s that composeA. However, the purpose of our proofs
will be to show that a FO formula on A can be expressed by combining formulas of
the same quanti�er rank on Ai’s. For this, we will just need the fact that Ai ≡k Bi
for all i implies A ≡k B. Thus, formula ϕi with qr(ϕi) holds in both Ai and Bi for
some i i� a formula ϕ that contains ϕi but restricts it to quantify onAi only holds on
A. This is particularly interesting if ϕi is a Hintikka formula: if we gather Hintikka
formulas Hk

Ai for all 1 ≤ i ≤ n and we combine them appropriately, we obtain a
formula that characterizes the rank-k type of A, and is equivalent to Hk

A.
Example 5.13. As an example, we give a composition argument for the concatenation
of two labeled words.

LetAP be a set of atomic propositions of size p, andA = (A = {a1, . . . , an},≤A,
PA1 , . . . , P

A
p ) and B = (B = {b1, . . . , bn},≤B, PB1 , . . . , PBp ) be two words, where

PAi , 1 ≤ i ≤ p, is the monadic relation (i.e., set) containing positions of A where the
i-th label in AP holds (and the same for PBi ).

The concatenation of A and B, denoted A + B, is a word C = (C = A ∪
B,≤C , P C1 , . . . , P Cp ) where, for all 1 ≤ i ≤ p, P Ci = PAi ∪ PBi , and ≤C is such
that, for all c1, c2 ∈ C , we have c1 ≤C c2 i�

• c1, c2 ∈ A and c1 ≤A c2; or

• c1, c2 ∈ B and c1 ≤B c2; or

• c1 ∈ A and c2 ∈ B.

Now, we can prove the following:

Theorem 5.14. LetA1,B1,A2,B2 be labeled words on the same set of atomic propositions
AP , and let k ≥ 0.

If A1 ≡k A2 and B1 ≡k B2, then (A1 + B1) ≡k (A2 + B2).

Proof. In the following, we call C = A1 + B1, and D = A2 + B2, and we write e.g.
c ∈ A1 meaning that c is in A1’s domain.

We show that if A1 ≡k A2 and B1 ≡k B2, ∃ has a winning strategy in Gk(C,D).
The strategy consists in ∃ “simulating” games Gk(A1,A2) and Gk(B1,B2) with

the choices of made by ∀ in the main game. Thus, in each round, if ∀ picks an el-
ement from Ai + Bi coming from Ai, for i ∈ {1, 2}, ∃ simulates the same move in
Gk(A1,A2), and she uses her winning strategy on that game to pick an element form
A(3−i) in response. If, instead, ∀ picks an element from Ai + Bi coming from Bi, ∃
uses her winning strategy on Gk(B1,B2) to answer with an element from B(3−i).

We prove by induction on the round number r that this is a winning strategy for
∃. We call ct the element of C picked at round t, and dt the one picked from D.

In the base case, r = 0, no elements have been picked, so partial isomorphism is
trivially satis�ed.

For r > 0, suppose that at round r − 1 partial isomorphism is kept, that is:

• there is a permutation of indices j1, . . . , jr−1 ranging from 1 to r− 1 such that
cj1 ≤C · · · ≤C cjr−1

and dj1 ≤D · · · ≤D djr−1
, and

• for all 1 ≤ t ≤ r − 1 and 1 ≤ p ≤ |AP |, we have ct ∈ P Cp i� dt ∈ PDp .
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We now assume w.l.o.g. that at round r ∀ picks an element cr fromA1, as the proof in
the other cases is symmetric. Let I = {t ≤ r−1 | ct ∈ A1}. Then, ∃ picks an element
dr ∈ A2 from D according to her winning strategy in Gk(A1,A2), simulating a play
of the latter game in which in the �rst |I| moves, for each i ∈ I , ci has been picked
from A1, and di from A2.

Clearly, we have cr ≤C ci for each ci ∈ B1, and dr ≤D di for each di ∈ B2.
Moreover, since dr was picked according to ∃’s winning strategy on Gk(A1,A2), for
all i ∈ I we have cr ≤A1

ci i� dr ≤A2
di and hence cr ≤C ci i� dr ≤D di. For the

same reason, we have cr ∈ PA1
p i� dr ∈ PA2

p and hence cr ∈ P Cp i� dr ∈ PDp for all
1 ≤ p ≤ |AP |.
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Part II

Temporal Logic
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In this part of the thesis, we present two temporal logics on OPLs.
OPTL is our �rst attempt at devising a temporal logic capable of expressing OPL

requirements. We present its syntax and semantics in Chapter 6, and study its expres-
siveness with respect to state-of-the-art logics on nested words and FOL in Chapter 7.

OPTL and its model checking were initially presented in [53] and [52], and later
revised in [54]. The contents of Section 7.2 have been introduced in [58].

Then, we present POTL, a temporal logic that captures the FO-de�nable fragment
of OPLs. We introduce its syntax and semantics in Chapter 8, and study its expres-
siveness in Chapter 9. The questions of model checking and satis�ability are settled
in Part III.

POTL and its model checking have been presented in [56], upon which Chapter 8
is partially based; the expressive completeness proof of Chapter 9 is presented in [58].
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Chapter 6

OPTL Syntax and Semantics

As we saw in Chapter 4, languages recognized by di�erent OPAs on a given OP alpha-
bet form a Boolean algebra. These properties allow us to de�ne OPTL as a sound pro-
positional temporal logic, with logical disjunction, conjunction and negation. Given
an OP alphabet, each well-formed OPTL formula characterizes a subset of the uni-
versal language based on that alphabet. Due to the closure properties above, for each
OPTL formula it is possible to identify an OPA that recognizes the same language
denoted by it, paving the way for model checking of OPTL.

Although in Chapter 7 we prove that OPTL is not as expressive as FOL on OP
words, we include it in this thesis as an important step in the process of de�ning
temporal logics and model checking for OPLs, as well as for the importance of the
negative result on expressiveness itself, because of the original technique used.

Next, in Section 6.1 we present OP words, the algebraic structure upon which
OPTL—and also POTL, which we present in Chapter 8—is based. Then, we introduce
the syntax of OPTL explaining its meaning by means of simple examples in Section 6.2;
we formally de�ne its semantics in Section 6.3, and provide more complex, real-world
examples in Section 6.4.

6.1 Operator Precedence Words

Operator Precedence Temporal Logic (OPTL) is a linear-time temporal logic, which
extends the classical LTL. We recall that the semantics of LTL [138] is de�ned on
a Dedekind-complete set of word positions U equipped with a total ordering < and
monadic relations, called atomic propositions (cf. Section 2.2). In this work, we con-
sider a discrete timeline, hence U = {0, 1, . . . , n}, with n ∈ N, or U = N.

The total order, however, is not su�cient to express properties of more complex
structures than the linear ones, such as tree-shaped ones, which are the natural do-
main of CFLs. Other logics on CFLs, such as the one from [115] and those on nested
words, use a matching relation between terminal characters that act as parentheses.
OPLs are structured but not “visibly structured” as they lack explicit parentheses (cf.
Chapter 4). Nevertheless, a more sophisticated notion of matching relation has been
introduced in [119] for OPLs by exploiting the fact that OPLs remain input-driven
thanks to the OPM. We name the new matching condition chain relation and de�ne it
below. We �x a �nite set of atomic propositions AP , and an OPM MAP on P(AP ).
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# l call l han l call l call l call m exc m call
.
= ret m call
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= ret m ret m #

pA pB pC pC pErr pErr pErr pErr pA
0 1 2 3 4 5 6 7 8 9 10 11 12

Figure 6.1: The example word wex from Chapter 4 as an OP word. Chains are high-
lighted by arrows joining their contexts; structural labels are in bold, and other atomic
propositions are shown below them. pl means a call or a ret is related to procedure
pl. First, procedure pA is called (pos. 1), and it installs an exception handler in pos. 2.
Then, three nested procedures are called, and the innermost one (pC ) throws an ex-
ception, which is caught by the handler. Two more functions are called and, �nally,
pA returns.

De�nition 6.1 (OP word). A word structure—also called OP word for short—onAP is
the tuple 〈U,<,MAP , P 〉, where U , <, and MAP are as above, and P : AP → P(U)
is a function associating each atomic proposition with the set of positions where it
holds, with 0, (n+ 1) ∈ P (#).

For the time being, we consider just �nite string languages; the necessary exten-
sions needed to deal with ω-languages will be introduced in Section 6.3.1.

De�nition 6.2 (Chain relation). The chain relation χ(i, j) holds between two posi-
tions i, j ∈ U i� i < j − 1, and i and j are respectively the left and right contexts of
the same chain (cf. De�nition 4.9), according to MAP and the labeling induced by P .

In the following, given two positions i, j and a PR π, we write i π j to say a π b,
where a = {p | i ∈ P (p)}, and b = {p | j ∈ P (p)}. For notational convenience,
we partition AP into structural labels, written in bold face, which de�ne a word’s
structure, and normal labels, in round face, de�ning predicates holding in a position.
Thus, an OPM M can be de�ned on structural labels only, and MAP is obtained by
inverse homomorphism of M on subsets of AP containing exactly one of them.

The chain relation augments the linear structure of a word with the tree-like struc-
ture of OPLs. Figure 6.1 shows word wex from Chapter 4 as an OP word and empha-
sizes the distinguishing feature of the relation, i.e. that, for composed chains, it may
not be one-to-one, but also one-to-many or many-to-one. Notice the correspondence
between internal nodes in the ST, which we show again in Figure 6.2, and pairs of po-
sitions in the χ relation. To exemplify the partition into structural and normal labels,
in the word of Figure 6.1 position 1 is labeled with the set {call,pA}, and position
3 with {call,pB}: they both contain call, so they are in the l relation according to
matrix Mcall of Figure 4.2.

In the ST, we say that the right context j of a chain is at the same level as the left
one i when i .= j (e.g., in Figure 6.2, pos. 1 and 11), at a lower level when i l j (e.g.,
pos. 1 with 7, and 9), at a higher level if im j (e.g., pos. 3 and 4 with 6).

Furthermore, given i, j ∈ U , relation χ has the following properties:

1. It never crosses itself: if χ(i, j) and χ(h, k), for any h, k ∈ U , then we have
i < h < j =⇒ k ≤ j and i < k < j =⇒ i ≤ h.

2. If χ(i, j), then il i+ 1 and j − 1 m j.
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call3 ·
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call9 ret10

ret11
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Figure 6.2: The ST of word wex (the same as Figure 4.4, but with position numbers).
Dots represent non-terminals.

3. Consider all positions (if any) i1 < i2 < · · · < in s.t. χ(ip, j) for all 1 ≤ p ≤ n.
We have i1 l j or i1

.
= j and, if n > 1, iq m j for all 2 ≤ q ≤ n.

4. Consider all positions (if any) j1 < j2 < · · · < jn s.t. χ(i, jp) for all 1 ≤ p ≤ n.
We have im jn or i .= jn and, if n > 1, il jq for all 1 ≤ q ≤ n− 1.

Property 4 says that when the chain relation is one-to-many, the contexts of the out-
ermost chain are in the .

= or m relation, while the inner ones are in the l relation.
Property 3 says that contexts of outermost many-to-one chains are in the .

= or l
relation, and the inner ones are in the m relation. We prove such properties below.

Lemma 6.3. Given an OP word w and positions i, j in it, properties 1, 2, 3, and 4 hold.

Proof. In the following, we denote by cp the character labeling word position p, and
by writing c−1 [x0c0x1 . . . xncnxn+1]cn+1 we imply c−1 and cn+1 are the contexts of
a simple or composed chain, where either xp = ε, or cp−1 [xp]

cp is a chain, for each p.

1. Suppose, by contradiction, that χ(i, j), χ(h, k), and i < h < j, but k > j.
Consider the case in which χ(i, j) is the innermost chain whose body contains
h, so it is of the form ci [x0c0 . . . chxpcp . . . cnxn+1]cj or ci [x0c0 . . . chxn+1]cj .
By the de�nition of chain, we have either ch

.
= cp or ch m cj , respectively.

Since χ(h, k), this chain must be of the form ch [xpcp . . .]
ck or ch [xn+1cj . . .]

ck ,
implying ch l cp or ch l cj , respectively. This means there is a con�ict in the
OPM, contradicting the hypothesis that w is an OP word.
In case χ(i, j) is not the innermost chain whose body contains h, we can reach
the same contradiction by inductively considering the chain between i and j
containing h in its body. Moreover, it is possible to reach a symmetric contra-
diction with the hypothesis χ(i, j), χ(h, k), and i < k < j, but i > h.

2. Trivially follows from the de�nition of chain.

3. We prove that only i1 can be s.t. i1 l j or i1
.
= j. Suppose, by contradiction,

that for some r > 1 we have ir l j or ir
.
= j.

If ir l j, by the de�nition of chain, j must be part of the body of another com-
posed chain whose left context is ir . So, w contains a structure of the form
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cir [x0cj . . .]
ck where |x0| ≥ 1, cir [x0]cj , and k > j is s.t. χ(ir, k). This con-

tradicts the hypothesis that χ(i1, j), because such a chain would cross χ(ir, k),
contradicting property (1).
If ir

.
= j, then w contains a structure cir−1 [. . . cirxir ]

cj , with |xir | ≥ 1 and
cir [xir ]

cj . By the de�nition of chain, we have ir m j, which contradicts the
hypothesis.
Thus, the only remaining alternative for r > 1 is ir m j.
Similarly, if we had i1 m j, the de�nition of chain would lead to the existence
of a position h < i1 s.t. χ(h, j), which contradicts the hypothesis that i1 is the
leftmost of such positions. i1 l j and i1

.
= j do not lead to such contradictions.

4. The proof is symmetric to the previous one.

While LTL’s linear paths only follow the ordering relation <, paths in OPTL may
follow the χ relation too. As a result, an OPTL path through a string can simulate
paths through the corresponding ST. In the next section, we introduce such kinds of
paths informally.

6.2 Syntax and Informal Semantics

The syntax of OPTL is given by the following grammar, where a denotes any symbol
in AP :

ϕ ::= a | ¬ϕ | (ϕ ∧ ϕ) | #ϕ | #χ ϕ | �ϕ | �χ ϕ
| ϕ U ϕ | ϕ UΠ ϕ | ϕ S ϕ | ϕ SΠ ϕ | ϕ U� ϕ | ϕ S� ϕ

We informally show the meaning of OPTL operators by referring to the word of Fig-
ure 6.1, with respect to the OPM of Figure 4.2. The # and � symbols denote the next
and back operators from LTL, while the undecorated U and S operators are the LTL
until and since. These operators have the same semantics as in LTL, and thus they
may only express regular properties, although they do so on OP words, whose struc-
ture is tree-like, and not only regular. In order to fully exploit the expressive power
of OPLs, operators that interact with the peculiarities of their structure are needed.

The #χ and �χ operators, which we call matching next and matching back, ex-
press properties on string positions in the maximal chain relation (which will be for-
mally de�ned later on) with the current one. In Figure 6.1, the chain relation between
two positions is shown by an arc joining them. A chain is maximal if it is the outer-
most one starting or ending in a position: for example, the chain between positions
1 and 11 is maximal, while the ones between 1 and 7, and 1 and 9 are not, because
they are contained in the body of the former. For example, formula #χ exc, when
evaluated in positions containing a call, is true if the corresponding procedure is ter-
minated by an exception thrown by an inner procedure, such as 3 and 4 of Figure 6.1,
because position 3 forms a maximal chain with 6, in which exc holds, and so on. For-
mula �χ han, if evaluated in exc positions, is true if the corresponding exception is
caught by a han statement: it holds in 6, because position 2 forms a chain with it, and
han holds in 2.

The UΠ and SΠ operators, called operator precedence summary until and since,
are inspired to the homonymous Uσ and Sσ operators from NWTL, and are path
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operators that can “jump” over chain bodies; the symbol Π is a placeholder for one or
more precedence relations allowed in the path (e.g. Ul .= or Uml and so on).

The presence or absence of these relations in�uences the ability of the summary
paths associated with these operators to “cross” chains, entering them from the out-
side or exiting them from the inside. The m relation allows paths starting inside the
body of a chain to exit it, and proceed with its right context. Note that the position
before the right context of a chain is always in the m relation with it. For example,
formula (call ∨ exc) Um call is true in position 5 because there is a path that links
positions 5, 6 and 7, which are in the m relation: positions 5 and 6 satisfy call ∨ exc,
while position 7 satis�es call. Since call positions yield precedence to other call po-
sitions, if this operator is evaluated in position 3 or 4, its paths cannot enter the body
of an inner procedure call, but they can only jump to the exc statement.

The l relation allows paths to enter call bodies: formula > Ul pC is true in
position 2 because of paths 2-3-4 and 2-3-4-5, which enter all chains they encounter.
Such paths could, however, skip the maximal chain starting in 2 and continue with 6.
This can be prevented by adding (han ∨ call), reducing the scope of the formula to
a single stack frame: han ∧ ((han ∨ call) Ul pC) holds in han positions that are
present in the stack when procedure pC is called.

The .
= relation allows paths to connect consecutive positions that are part of the

same right-hand side. This is useful especially in the presence of OPMs with .
=-cir-

cularity, such as the one we will use in Section 7.1. The precedence relations can be
combined together to sum these three di�erent behaviors for the summary until and
since operators, posing or lifting restrictions on the way these operators navigate the
tree-like structure of OP words. In a sense, Ul .= resembles the summary-down until
of NWTL, while U .=m behaves similarly to the summary-up, with the di�erence that
OPTL operators can interact with multiple chains ending in the same position. Similar
considerations can be made for the since versions of these operators.
U� and S�, where � is a placeholder for ↑ or ↓, are called hierarchical until and

since, and express properties about the multiple positions in the chain relation with
the current one: their associated paths can dive up and down between such positions.
For example, call U↑ pErr and call S↓ pErr hold in position 2, because there is path
7-9 made of ending positions of chains starting in 2, such that call holds until pErr

holds (or call has held since pErr held). Formulas call U↓ pC and call S↑ pB hold
in position 6, because of path 3-4, made of positions where a chain ending in 6 starts,
and whose labels satisfy the appropriate until and since conditions.

6.3 Formal Semantics
The semantics of OPTL is based on the OP word structure presented in De�nition 6.1,
and it deeply relies on the chain relation, from De�nition 6.2. We additionally de�ne
two one-to-one relations, helpful in identifying the largest chain starting or ending in
a word position.

De�nition 6.4 (Maximal chains). The maximal forward chain relation is de�ned so
that, for any i, j ∈ U ,

−→χ (i, j) ⇐⇒ χ(i, j) ∧ (i
.
= j ∨ im j);

the maximal backward chain relation is de�ned as
←−χ (i, j) ⇐⇒ χ(i, j) ∧ (il j ∨ i .= j).
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In �nite OP words, this implies −→χ (i, j) i� j = max{k ∈ U | χ(i, k)} and←−χ (i, j)
i� i = min{k ∈ U | χ(k, j)}. In Section 6.3.1, we shall see that this does not always
hold in OP ω-words. The maximal forward (resp. backward) chain relation is unde-
�ned for a pair of positions either if they are the context of no chain, or if they are
the context of a chain which is not forward- (resp. backward-) maximal.

Let w be an OP word, and a ∈ AP . Then, for any position i ∈ U of w, we have
(w, i) |= a if a ∈ P (i). Operators such as ∧ and ¬ have the usual semantics from
propositional logic, while # and � have the same semantics as in LTL (i.e. (w, i) |=
#ϕ i� (w, i+ 1) |= ϕ, and similarly for �).

The#χ and�χ operators express properties regarding the right (resp. left) context
of a maximal chain that starts (resp. ends) in the current position:

• (w, i) |= #χ ϕ i� there exists j ∈ U such that −→χ (i, j) and (w, j) |= ϕ;

• (w, i) |= �χ ϕ i� there exists j ∈ U such that←−χ (j, i) and (w, j) |= ϕ.

In Figure 6.1, (w, 3) |= #χ exc because−→χ (3, 6) and (w, 6) |= exc; (w, 6) |= �χ han
holds because←−χ (2, 6) and (w, 2) |= han, but (w, 6) 6|= �χ pB because chain χ(3, 6)
is not backward-maximal (although it is forward-maximal).

We de�ne until and since operators based on the class of paths they consider.

De�nition 6.5 (Paths, until and since). A path of length n ∈ N between i, j ∈ U is
a sequence of positions i1 < i2 < · · · < in, with i ≤ i1 and in ≤ j.

The until operator on a set of paths Γ is de�ned as follows: for any word w and
position i ∈ U , and for any two OPTL formulas ϕ and ψ, (w, i) |= ϕ U(Γ) ψ i� there
exist a position j ∈ U , j ≥ i, and a path i1 < i2 < · · · < in between i and j in Γ
such that (w, ik) |= ϕ for any 1 ≤ k < n, and (w, in) |= ψ.

The since operator is de�ned symmetrically.

Note that a path from i to j does not necessarily start in i and end in j, but it
may do in positions between them. However, this will only happen with hierarchical
paths. We de�ne the di�erent kinds of until/since operators by associating them with
suitable sets of paths.

The linear until (ϕ U ψ) and since (ϕ S ψ) operators, based on linear paths, have
the same semantics as in LTL. A linear path starting in position i ∈ U is such that
i1 = i and, for any 1 ≤ k < n, we have ik+1 = ik + 1.

The OP-summary until operator exploits the −→χ relation to express properties on
paths that skip chain bodies, also keeping precedence relations between consecutive
word positions into account.

De�nition 6.6. Given a set Π ⊆ {l, .=,m}, the UΠ operator is based on the class of
forward OP-summary paths. A path of this class between i and j ∈ U is a sequence
of positions i = i1 < i2 < · · · < in = j such that, for any 1 ≤ k < n,

ik+1 =

{
h if −→χ (ik, h) and h ≤ j;
ik + 1 if ik π (ik + 1) with π ∈ Π, otherwise.

There exists at most one forward OP-summary path between any two positions.
For example, in Figure 6.1, if we take Π = {m} as in (call ∨ exc) Um call, the path
between 3 and 9 is made of positions 3-6-7, because −→χ (3, 6) and the body of this
chain is skipped, and 6 m 7. If we add .

=, and use (call ∨ exc) Um ret, the path
starting from position 3 can extend to 11, going through 3-6-7-8-9-10-11. If we took
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e.g. Π = { .=,l}, there would be no such path, because consecutive positions in the
m relation are not considered. With Π = {m,l}, the path between 1 and 7 does not
skip the body of chain χ(2, 6), because it is not forward-maximal: it is the linear path
1-2-3-4-5-6-7.

The OP-summary since operator is based on backward OP-summary paths, which
are symmetric to their until counterparts, relying on the←−χ relation instead of −→χ .

De�nition 6.7. A backward OP-summary path is a sequence of positions i = i1 <
i2 < · · · < in = j such that, for any 1 < k ≤ n,

ik−1 =

{
h if←−χ (h, ik) and h ≥ i;
ik − 1 if (ik − 1) π ik with π ∈ Π, otherwise.

For example, (exc∨ han) Sl call holds in position 6 because of path 1-2-6, that
skips the body of chain ←−χ (2, 6) and satis�es exc ∨ han in 2 and 6, and call in 1.
Again, bodies of chains that are not backward-maximal cannot be skipped.

While summary operators are only aware of the maximal chain relations, hierar-
chical operators can express properties discriminating between all other chains. The
hierarchical yield-precedence until and since operators, denoted as U↑ and S↓ respec-
tively, are based on paths made of the ending positions of non-maximal chains starting
in the current position i ∈ U .

De�nition 6.8 (Hierarchical yield-precedence path). A hierarchical yield-precedence
path is a sequence of word positions i1 < i2 < · · · < in, with i < i1, such that for any
1 ≤ k ≤ n we have i l ik and χ(i, ik), and, additionally, there is no i′k that satis�es
these two properties and ik−1 < i′k < ik .

Moreover, for the until operator i1 must be the leftmost position enjoying the
above properties (i.e., there is no i′1 such that i < i′1 < i1 enjoying them), and for the
since operator in must be the rightmost one.
S↓ is called a since operator despite being a future modality. We chose this naming

because in formulas such as ϕ S↓ ψ, the argument ψ must hold at the beginning of
the path, while ϕ must hold in subsequent positions, which is the typical behavior of
since operators. Note that these paths only contain forward non-maximal chain ends,
which are in the l relation with i. For example, in position 1 formula call U↑ pErr

holds because of path 7-9, since call holds in 7 and pErr in 9; the path made only of
position 7 satis�es it too. Similarly, call S↓ pErr is satis�ed by path 7-9, and by the
one made of only position 9. Position 11 is not included in these paths, because it does
not satisfy the condition 2 l 11 (indeed, 2 m 11).

Conversely, hierarchical take-precedence until and since operators (U↓ and S↑)
consider non-maximal chains ending in the current position j ∈ U .

De�nition 6.9 (Hierarchical take-precedence path). A hierarchical take-precedence
path is a sequence of word positions i1 < i2 < · · · < in, with in < j, such that for
any 1 ≤ k ≤ n we have ikm j and χ(ik, j), and, additionally, there exists no position
i′k that satis�es these two properties and ik < i′k < ik+1.

For the until operator, i1 must be the leftmost position enjoying these properties,
and for the since operator in must be the rightmost (i.e., there is no i′n, in < i′n < j,
that satis�es them).

Note that U↓ is an until operator despite being a past modality: again, the reason
is that ϕ U↓ ψ enforces ψ at the end of the path, and ϕ in previous positions, making
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it more similar to an until operator. In position 6, call U↓ pC is satis�ed by path 3-4
and not by the one made only of position 3, because pC does not hold in 3, but it does
in 4, and call holds in 3. Formula call S↑ pB is satis�ed by path 3-4, and not by the
one made only of 4, because pB holds in 3 and call in 4.

6.3.1 OPTL on ω-Words
In order to extend the semantics of OPTL to the in�nite case, it su�ces to consider an
in�nite set of positions U = N. The formal de�nitions of all OPTL operators remain
the same we de�ned above.

Concerning the intuitive meaning, the only change concerns forward-maximal
chains (−→χ ). We formally de�ned −→χ (i, j) to hold if χ(i, j) and i .= j or im j. In �nite
OP words, one of such chains is also the outermost one starting in a position i. In
ω-words, the outermost chain may be open (cf. Section 4.2). In this case, according to
De�nition 6.4, −→χ (i, j) does not hold for any j if i is the left context of an open chain.

Consequently, property 4 of the χ relation does not hold if a position i is the left
context of an open chain. In this case, there may be positions j1 < j2 < · · · < jn
such that χ(i, jp) and il jp for all 1 ≤ p ≤ n, but no position k such that χ(i, k) and
im k or i .= k.

6.4 Examples
Many relevant properties can be expressed in OPTL. We use the standard shortcuts of
LTL, such as � and 3, extended naturally to OPTL operators. E.g., 3↑ ψ := > U↑ ψ,
and�↑ ψ := ¬3↑ ¬ψ are de�ned such that, if evaluated in position i, they mean that
ψ holds in, respectively, at least one and all positions j with χ(i, j) and not −→χ (i, j).
3↓ ψ := > S↑ ψ and �↓ ψ := ¬3↓ ¬ψ are symmetric.

Total/partial correctness Formula#ret ψ := #χ(ret∧ψ)∨#(ret∧ψ), evaluated
in a call, states that it is closed by a ret in which ψ holds. Thus, formula

�[call =⇒ #ret>]

holds if all procedures terminate, while it is false if there is an uncaught exception.
We can also express Hoare-style pre- and post-conditions [97], which are used in

most classical veri�cation techniques. Formula

�[(call ∧ pA ∧ ρ) =⇒ #ret θ]

expresses total correctness, i.e. whenever pre-condition ρ holds when procedure pA is
called, the latter terminates normally, with post-condition θ holding. Instead,

�[(call ∧ pA ∧ ρ ∧#ret>) =⇒ #ret θ]

expresses partial correctness, i.e. the post-condition has to hold only when the proce-
dure terminates normally.

Exception Safety We can do the same with exc statements:

#exc ψ := #χ(exc ∧ ψ) ∨#(exc ∧ ψ),

80



evaluated in a call, states that it is terminated by a exc in which ψ holds. For-
mula �[(call ∧ pA) =⇒ ¬#exc>] is the requirement that procedure pA never
throws an exception, also known as the no-throw guarantee. When partial correct-
ness is generalized to exceptions, we get exception safety [1], an important concept
for the correctness of, especially, C++ programs. Weak (or basic) exception safety
requires that, when a C++ class member function terminates exceptionally, all class
invariants are preserved (so the class instance is still in a functional state), and no
resources are leaked. Strong exception safety adds the requirement that, in case of
exceptional exit, the operation is aborted, and the state of the instance remains the
same as it was before the member function was called. If θ is a class invariant, formula
�[(call ∧ pA ∧ θ ∧ #exc>) =⇒ #exc θ] expresses weak exception safety for pA,
and strong exception safety if θ represents the whole state of the class instance.

Function-Local Requirements With OPM Mcall, the call of a procedure is the
left context of non-maximal chains whose right contexts are the calls and hans it
issues (except the �rst one). Thus,

3loc ψ := 3↑((call ∧ ψ) ∨ (han ∧�↑(call =⇒ ψ)))

is true if ψ holds in one of the calls issued by the procedure represented by the call in
which it is evaluated (even if they are guarded by a han). A “globally” version of this
operator can be de�ned symmetrically. If we mark with wrX the fact that a function
writes the program variableX , then�[call =⇒ (3loc wrX =⇒ #exc>)] requires
that any function whose sub-calls write to X is terminated by an exception.

We did not include “internal” positions in OPM Mcall for conciseness of the ex-
amples, but they could be de�ned with an .

=-circularity as we will do in OPM MNW

from Section 7.1, in order to represent program instructions that do not concern func-
tion invocation or termination. Then, function-local requirements on such positions
could be easily expressed with a U .= operator.

Stack Inspection Stack Inspection gathers a wide range of requirements concerning
the sequence of function frames that are present on the program’s stack at a certain
point of the execution. It is used to enforce security policies in, e.g., Java programs
[76, 102]. With the shortcut

ϕ Scall ψ := (call =⇒ ϕ) Sl
.
= (call ∧ ψ)

we get a since operator that only considers calls of procedures whose instances are
active when the statement at the current word position is executed. This operator is
similar to the call since of CaRet [8], but it can also work in the presence of excep-
tions. We also add the related back operator �call ψ := (¬call) Sl .= (call ∧ ψ),
which enforces ψ in the call of the function on top of the stack at the point in the ex-
ecution represented by a word position. Due to the separation property of LTL [86],
these operators can express all �rst-order properties on the stack trace, subsuming
the formalism of [102].

A typical requirement of this class is the following: function pA can only be called
by functions with privilege level l1, an not by those with the lower privilege l2. We
can check this with formula�[(call∧pA) =⇒ (¬l2)Scall l1]. This is also expressible
in CaRet, but in OPTL we may additionally state that, if this requirement is violated,
an exception is thrown: �[(call∧ pA ∧ (¬l1) Scall l2) =⇒ #exc>]. With a similar
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operator, formula �[call ∧ pB =⇒ call Sl .= han] states that all calls to procedure
pB must be guarded by a han statement catching the exceptions they may throw.

With hierarchical operators, we can formulate requirements limited to the proce-
dures in the stack trace that have been terminated by a single exc statement. Shortcut
3↓ ψ is true in a exc position if ψ holds in at least one of the functions it termi-
nates. So, we may express restrictions on which procedures may raise exceptions.
E.g.,�[exc =⇒ ¬3↓ pB ] means that procedure pB cannot be terminated by an ex-
ception. Formula �[exc =⇒ (¬l2) S↑ l1] means that only functions with privilege
level l1 may throw, and those with level l2 may only do so through an invocation to
one of them.
Remark 6.10. Those of the requirements listed above that deal with exceptions are not
expressible in NWTL, because its nesting relation is one-to-one, and fails to model
situations in which a single entity is in relation with multiple other entities. As we
noted in Section 3.2.4, VPLs can be used to model function calls and returns, which
are in a one-to-one relation, but they cannot model the example of Figure 6.1, because
they have no way to express the many-to-one relation that holds between multiple
function calls terminated by an exception, and the exception itself.

6.5 Model Checking and Satis�ability
A model checking procedure for OPTL has been presented in [54]. It is based on the
automata-theoretic framework we presented for LTL in Section 2.2.2, except OPAs
(and ωOPBAs) are used instead of NBAs. Because of the limitations in OPTL’s ex-
pressiveness shown in Section 7.2, we did not implement its model checking, and
here we only outline the main results.

Theorem 6.11 ([54]). For any OPTL formula ϕ, it is possible to e�ectively build an OPA
(or an ωOPBA) that accepts models of ϕ with at most 2O(|ϕ|) states.

Thus, the complexity of model checking is not greater than that of competing
logics on nested words, such as NWTL.

Since in Section 7.1 we prove that OPTL can express all NWTL formulas, we can
use the same lower bounds for the complexity of decision problems [12]. Together
with Theorem 6.11 this allows us to state

Theorem 6.12. OPTL model checking and satis�abilty are EXPTIME-complete.

82



Chapter 7

OPTL Expressiveness

In this chapter, we compare OPTL to other logics in order to assess its expressive
power. In Section 7.1, we show that it is strictly more expressive than NWTL, which
is equivalent to FOL on nested words; in Section 7.2 we compare it to FOL on OP
words, and show that, unfortunately, OPTL is not as expressive.

7.1 Relationship with Nested Words

We now explore the relationship between OPTL and NWTL [12]. NWTL is based on
the VPL family, which is strictly contained in OPLs. In [64, 119, 121] the relations
between the two families are discussed in depth both from a mathematical and an
application point of view: building OPTL formulas describing OPLs that are not VPLs
is a trivial job. This proves that there exist languages not expressible in NWTL that can
be expressed in OPTL. To prove that OPTL is more expressive than NWTL, we �rst
show a way to translate a nested word into an “almost isomorphic” OPTL structure;
then, we give a translation schema for NWTL formulas into equivalent OPTL ones.

Throughout this section, we refer to Section 3.2.4 for the de�nitions of nested
words (De�nition 3.3) and NWTL.

Given a set of atomic propositions Λ, and a nested word (w, µ′, call, ret) over
P(Λ), we consider the equivalent algebraic structure

NW = 〈U, (Pa)a∈Λ, <, µ, call, ret〉

where U is a set of word positions such that U = {1, . . . , |w|} if w is �nite, and
U = N \ {0} if it is a nested ω-word; < is the ordering of N; Pa is the set of positions
labeled with a ∈ Λ. Relations call and ret are the same, and µ is the same as µ′
except pairs containing −∞ and +∞ are removed. Thus, if call(i) (resp. ret(j))
but for no j ∈ U (resp. i ∈ U ) we have µ(i, j), then i (resp. j) is a pending call (resp.
return).

Given any nested wordNW as de�ned above, it is possible to build an equivalent
algebraic structure for OPTL as OW = 〈U ′,MNW , P ′〉. Given U = {1, . . . , n}, we
have U ′ = U ∪ {0, n + 1} (remove n + 1 if NW is a nested ω-word). The set of
propositional letters is AP = Λ ∪ Σ with Σ = {call, ret, int}. For any i ∈ U
we de�ne P ′(i) = {a ∈ Λ | i ∈ Pa} ∪ σ(i), where σ(i) = {call} i� call(i),
σ(i) = {ret} i� ret(i), and σ(i) = {int} otherwise. Finally, the OPM MNW is
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call ret int
call l .

= l
ret

.
= m .

=
int

.
= m .

=

Figure 7.1: The OPM MNW .

1 2 3 4
a

5 6 7 8 9
b

10

#l intm ret
.
= calll int

.
= call

.
= retm ret

.
= calll call

.
= retm #

a b
0 1 2 3 4 5 6 7 8 9 10 11

Figure 7.2: The top �gure is the representation of a nested word example, and its
translation into an OP word is shown below, using OPM MNW .

shown in Figure 7.1. Note that MNW is di�erent from the OPM used in [64] to prove
that VPL are contained in OPL.

An example nested word is shown in Figure 7.2, along with its translation into an
OP word. In the translation, all the call positions form the contexts of a chain with
the matched return, except for consecutive positions i, i+ 1 ∈ U such that i is a call
and i + 1 a return. Therefore, we are able to use the chain relation to translate the
matching relation of nested words, except for consecutive call/return positions, which
have to be considered separately. Also, unmatched returns and calls form a chain with
the �rst and last # positions. This reasoning is formalized by the following lemmas.

Lemma 7.1. For any two distinct positions i, j ∈ U , i < j, if χ(i, j) holds then call ∈
P ′(i) and ret ∈ P ′(j).

Proof. χ(i, j) means i and j are the context of a chain. According to De�nition 4.9,
position i must yield precedence to the next position, i + 1: i l i + 1. According to
matrix MNW , only call positions can yield precedence to any other position (unless
# ∈ P ′(i), which is not the case), therefore call ∈ P ′(i). Similarly, any position can
take precedence from a return position only, and since j − 1 must take precedence
from j, we have ret ∈ P ′(j).

In Lemma 7.2 we prove that relation χ in OW is one-to-one if restricted to U .
Note that this is not true for positions 0 and n+ 1: we have χ(0, j) for all j ∈ U that
are unmatched returns, and χ(i, n+ 1) for all unmatched calls i ∈ U .

Lemma 7.2. For any i, j, j′ ∈ U if χ(i, j) and χ(i, j′) then j = j′, and for any
i, i′, j ∈ U if χ(i, j) and χ(i′, j) then i = i′.

Proof. Suppose there exists a position i ∈ U such that multiple chains start in i and
end in distinct positions in U , i.e. there exist positions j1, . . . , jn−1, jn ∈ U such that
i < j1 < · · · < jn−1 < jn and χ(i, jk) for any 1 ≤ k ≤ n. Then, consider the
outermost chain, χ(i, jn): it must be a composed chain, because it contains the chain
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χ(i, jn−1). It must be of the form ai [wiajn−1
. . . ]ajn , hence we have ai l ajn−1

, and
wi is the body of chain ai [wi]

ajn−1 . But since χ(i, jn−1), and because of Lemma 7.1
call ∈ P ′(i) and ret ∈ P ′(jn−1). Therefore, according toMNW , we have ai

.
=ajn−1 ,

which contradicts our previous claim. The fact that there exists no position j ∈ U in
which multiple chains starting in U end can be proved similarly.

Lemma 7.3 shows that, when translating a nested word into an OP word, the µ
relation of the former is re�ected into the χ relation that holds in the latter. This is,
as we observed previously, not true for consecutive positions.

Lemma 7.3. For any i, j ∈ U such that j > i+ 1, we have µ(i, j) i� χ(i, j).

Proof. The proof is carried out by induction on the nesting depth of the µ/χ relation.
Suppose i, j ∈ U and µ(i, j). If all positions between i and j are internal (i.e. the
nesting depth is 0), then call ∈ P ′(i), ret ∈ P ′(j) and int ∈ P ′(k) for any i < k < j.
The resulting word structure will be i l i + 1

.
= · · · .= j − 1 m j, and χ(i, j). Now,

suppose χ(i, j) is a simple chain. According to MNW , if il i+ 1 then call ∈ P ′(i)
and int ∈ P ′(i + 1), and similarly int ∈ P ′(k) with i < k < j and ret ∈ P ′(j): in
NW i is a call and j its matched return, so we have χ(i, j) =⇒ µ(i, j).

Suppose µ(i, j), and there are other call and return positions between i and j.
By the de�nition of µ, such positions are balanced, i.e., each call between i and
j has a matching ret before j. So, the nested word between i and j has the form
c0a1x1 . . . xn−1an−1rn where c0 = i, rn = j, call(c0), ret(rn), and for any p such
that 0 < p < n, ap = ε or it is an internal position, and either xp = ε or xp is a nested
word of the form xp = cpyprp, with call(cp) and ret(rp). Once translated into
an OP word, this results in the composed chain c0 [a1x1 . . . xn−1an−1]rn , so χ(i, j).
Indeed, according to our translation, call ∈ P ′(i) and, if a1 6= ε, then a1 = i+ 1 and
int ∈ P ′(i+1), which implies c0la1; if a1 = ε then i is followed by c1 = i+1 (which
is part of x1) and call ∈ P ′(i+1), so c0lc1. Similarly, either an−1mrn or rn−1mrn.
Also, each xp forms a chain cp [yp]

rp by itself, while c0 [a1c1r1 . . . cn−1rn−1an−1]rn is
a simple chain.

The fact that ifχ(i, j) is a composed chain, then µ(i, j) can be proved analogously,
keeping into account the results of Lemmas 7.1 and 7.2.

The following lemma establishes a correspondence between summary paths in
NWTL and OP-summary paths in OPTL, enabling the translation of NWTL summary
until operators with their operator precedence counterparts.

Lemma 7.4. Given any two word positions i, j ∈ U , i ≤ j, the summary path between
i and j in NW coincides with the OP-summary path between the same positions based
on precedence relations Π = {l, .=,m} in OW .

Proof. Recall that a summary path between i, j ∈ U , i < j, is a sequence i = i1 <
i2 < · · · < ik = j such that for all p < k

ip+1 =

{
r(ip) if ip is a matched call and j ≥ r(ip); (7.1)
ip + 1 otherwise; (7.2)

where r(ip) is the only position such that µ(ip, r(ip)), if it exists.
OP-summary paths are de�ned in De�nitions 6.6 and 6.7. Note that, because of

Lemma 7.2, we have χ(i, j) ⇐⇒ ←−χ (i, j) ⇐⇒ −→χ (i, j) for any i, j ∈ U , and
forward and backward OP-summary paths coincide. Moreover, due to Lemma 7.3,

85



χ(i, j) ⇐⇒ µ(i, j) if j > i + 1: case 7.1 of the de�nition above coincides with the
�rst case of De�nition 6.6. If j = i + 1 and µ(i, j), χ(i, j) does not hold, but this
case is subsumed by the second case of De�nition 6.6. The latter also incorporates
case 7.2 of the de�nition of summary path in NWTL, because set Π includes all pos-
sible precedence relations. Since we have proved that the two de�nitions coincide for
each single step of the path, it is possible to inductively prove that the two kinds of
paths actually coincide.

After establishing a certain degree of isomorphism between nested words and
their OPTL translations, we can give a translation schema from NWTL to OPTL for-
mulas.

Theorem 7.5 (NWTL ⊆ OPTL). Given an NWTL formula ϕ, it is possible to translate
it to an OPTL formula ϕ′ of length linear in |ϕ| such that, for any nested word w and
position i, if w is translated into an OP structure w′ as described at the beginning of
Section 7.1, then (w, i) |= ϕ i� (w′, i) |= ϕ′, with i ∈ U .

Proof. Letw′ be an OP word built fromw as described above. For any NWTL formula
ϕ we de�ne ϕ′ = α(ϕ) inductively as follows, for non-trivial operators:

• α(#µ ϕ) = #χ α(ϕ)∨ (call∧#(ret∧α(ϕ))). The validity of this translation
trivially follows from Lemma 7.3. Unfortunately, the double repetition of α(ϕ)
may cause an exponential blowup in the worst-case length of the translation.
The following more complex translation does not su�er from this issue:

α(#µ ϕ) = call ∧ call U
.
= (ret ∧ α(ϕ)).

To better explain it, let γ := callU .= (ret∧α(ϕ)). In NWTL we have (w, i) |=
#µ ϕ i� there exists j ∈ U such that µ(i, j) and (w, j) |= ϕ. When referring to
the OP structure, we must distinguish between a few mutually exclusive cases:

– A position j such that µ(i, j) exists and j > i + 1. Then, by Lemma 7.3
also χ(i, j) holds and, because of Lemma 7.2, we have −→χ (i, j). Consider
the path only made of i and j: it is an OP-summary path, because it falls
in the �rst case of the de�nition. Since by construction call ∈ P ′(i) and
ret ∈ P ′(j), if α(ϕ) holds in j, then γ is satis�ed. Furthermore, this is
the only path in which γ is true; in fact, paths terminating in a position
strictly between i and j are forbidden by allowing only the .

= relation, and
all paths surpassing j must include it, but call /∈ P ′(j) falsi�es γ.

– A position j such that µ(i, j) exists, but j = i + 1. In this case, we have
call ∈ P ′(i) and ret ∈ P ′(j), so i .= j, and the path made of i and j is
valid.

– i is a pending call. Then χ(i, n+ 1), but ret /∈ P ′(n+ 1), which falsi�es
γ.

– i is an internal position. (w, i) 6|= #µ ϕ because position i is not a matched
call, so int ∈ P ′(i) and γ is false because call, ret /∈ P ′(i).

– i is a return. If ret(i), then call in α(#µ ϕ) is false in i.

• α(�µ ϕ) = ret∧retS .= (call∧α(ϕ)). The argument that justi�es this equiva-
lence is similar to the previous one. Again, the more straightforward translation
α(�µ ϕ) = �χ α(ϕ) ∨ (ret ∧�(call ∧ α(ϕ))) causes an exponential blowup
in formula length.
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• α(ϕUσ ψ) = α(ϕ)Um .=l α(ψ): from Lemma 7.4 we know that the set of sum-
mary paths starting from position i inw corresponds to the set of OP-summary
paths starting from i in w′, which implies the OP-summary operators coincide
with their NWTL counterparts.

• α(ϕ Sσ ψ) = α(ϕ) Sm .=l α(ψ): the justi�cation is analogous to the until case.

By induction on the syntactic structure of ϕ, we can conclude that (w, i) |= ϕ i�
(w′, i) |= ϕ′, and consequently NWTL ⊆ OPTL.

For example, consider formula ϕ = (¬a) Uσ b: the nested word of Figure 7.2
satis�es ϕ because of summary path 1-2-3-7-8-9. ϕ is translated into ϕ′ = (¬a)Um .=l

b,which is satis�ed by the OPTL structure of Figure 7.2, where the OP-summary path
covering the same positions above witnesses its truth.

The above translation can easily be extended to OP ω-words.
It is easy to see that the OPTL semantics of Section 6.3 is expressible in FOL, so

OPTL ⊆ FOL. Thus, by the FO-completeness result for NWTL of [12], we conclude

Corollary 7.6. If OPTL is restricted to OPMMNW , we have OPTL = NWTL = FOL.

This does not mean that OPTL has the same expressive power of NWTL. In fact,
the greater expressiveness of OPTL derives from that of OPLs with respect to VPLs,
and it consists in using more general OPMs, such asMcall. In general, OPTL formulae
exploiting the fact that the χ relation is not exclusively one-to-one, such as those
pointed out in Section 6.4, express properties not expressible in NWTL. Thus, also
considering that CaRet is expressible in FOL [12], we can state the following:

Corollary 7.7. CaRet ⊆ NWTL ⊂ OPTL.

7.2 Relationship with First-Order Logic
After proving that OPTL is more expressive than context-free logics in the state-of-
the-art, we point out its limitations by comparing it with FOL on OP words.

7.2.1 OPTL’s Limitations
We start by pointing out that in OP-summary until and since operators, the prece-
dence relations checked on chain contexts are �xed, so the user can control whether
such paths go up or down in a word’s syntax tree only partially. This makes it di�cult
to express function-local properties limited to a single subtree in OPTL.

For example, suppose we want to express the requirement that if an exception
is thrown, it is always caught, and procedure pA is called at some point inside the
resulting han-exc block. This is easily expressible in FOL as

α := ∀x(exc(x) =⇒ ∃y(y < x ∧ χ(y, x) ∧ han(y) ∧ ∃z(y ≤ z ≤ x ∧ pA(z)))).

One could try to translate it into OPTL with a formula such as

β := �(exc =⇒ �χ(han ∧ > Ul .= pA)).

Consider the OP word of Figure 7.3. When the until in β is evaluated in the han of
position 3, its paths can only consider positions 4 and 5, because paths touching such
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call4 ret5

call6 ret7

han8 ·

call9 ·

call10

exc11

call12 ret13

exc14

call15 ret16

#0 #n

Figure 7.3: Example OP word on OPM Mcall, represented as a syntax tree.

positions cannot pass the m relation between 5 and 6. Its paths cannot jump between
chain contexts in the l relation, and cannot reach positions 6, 8, and 12 in this way.
If pA held in positions 6 and 10, α would be true in the word, but β would be false.
Replacing the until with>Ul .=mpA overcomes such issues, but it introduces another
one: its paths would go past position 14, going outside of the subtree. Thus, if pA held
only in position 15, α would be false, but this variant of β would hold.

The above intuition about OPTL’s weaknesses is made formal in the next section.

7.2.2 OPTL is not expressively complete

In this section, we prove that no OPTL formula is equivalent to FOL formula

α′(x) := ∃y(χ(x, y) ∧ ∃z(y ≤ z ≤ x ∧ pA(z))).

The proof is quite elaborate, which is unsurprising, since the analogous problem of
the comparison between CaRet and NWTL is still open.

First, we prove the following

Lemma 7.8 (Pumping Lemma for OPTL). Let ϕ be an OPTL formula and L an OPL,
both de�ned on a set of atomic propositions AP and an OPM MAP . Then, for some
positive integer n, for each w ∈ L, |w| ≥ n, there exist strings u, v, x, y, z ∈ P(AP )

∗

such thatw = uvxyz, |vy| > 1, |vxy| ≤ n and for any k > 0we havew′ = uvkxykz ∈
L; for any 0 ≤ j ≤ k and 0 ≤ i < |v|we have (w, |u|+i) |= ϕ i� (w′, |u|+j|v|+i) |=
ϕ, and for any 0 ≤ i < |y|we have (w, |uvkx|+ i) |= ϕ i� (w′, |uvkx|+j|y|+ i) |= ϕ.

Proof. Given a word w ∈ L, we de�ne λ(w) as the word of length |w| such that, if
position i of w is labeled with a, then the same position in λ(w) is labeled with (a, 1)
if (w, i) |= ϕ, and with (a, 0) otherwise. Let λ(L) = {λ(w) | w ∈ L}, and λ−1

is such that λ−1(λ(w)) = w. If we prove that λ(L) is context-free, from the classic
Pumping Lemma [93] follows that, for some n > 0, for all ŵ ∈ λ(L) there exist strings
û, v̂, x̂, ŷ, ẑ ∈ (P(AP ) × {0, 1})∗ such that ŵ = ûv̂x̂ŷẑ, |v̂ŷ| > 1, |v̂x̂ŷ| ≤ n and
for any k > 0 we have ŵ′ = ûv̂kx̂ŷkẑ ∈ λ(L). The claim follows by applying λ−1

to such strings, and the word positions in which ϕ holds in λ−1(ŵ) are those labeled
with 1.
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Figure 7.4: Structure of a word in Lcall.

To prove that λ(L) is context-free, we use the OPTL model checking construction
given in [54], which yields an OPA Aϕ = (P(AP ),MAP , Q, I, F, δ) accepting mod-
els of ϕ. The states of Aϕ are elements of the set Cl(ϕ), which contains ϕ and all its
subformulas. Given a word w compatible with MAP , the accepting computations of
Aϕ are such that, for each 0 ≤ i < |w|, the state of Aϕ prior to reading position i
contains ψ ∈ Cl(ϕ) i� (w, i) |= ψ.

Thus, we build OPAAλ(P(AP )∗) = (P(AP )×{0, 1},MAP , Q, I
′, F, δ′) that reads

words on (P(AP )× {0, 1})∗ and accepts λ(P(AP )
∗
) as follows:

• I ′ is the set of all states in Q not containing past operators (and possibly ϕ);

• δ′push is such that if (Φ, a,Θ) ∈ δpush , then (Φ, (a, 1),Θ) ∈ δpush if ϕ ∈ Φ, and
(Φ, (a, 0),Θ) ∈ δpush otherwise;

• δ′shift is derived from δshift similarly;

• δ′pop = δpop .

Since L is an OPL, there exists an OPAAL accepting it. AL can be easily modi�ed
to obtain A′L, an OPA accepting all words ŵ ∈ (P(AP ) × {0, 1})∗ such that the
underlying wordw ∈ P(AP )

∗ is inL. Language λ(L) is the intersection between the
language accepted byA′L, and λ(P(AP )

∗
). Since OPLs are closed under intersection,

λ(L) is also an OPL.

Let Lcall be the max-language generated by OPM Mcall, with the addition that
pA may appear in any word position. We prove the following:

Theorem 7.9. Given the FOL formula α′(x), for every OPTL formula ϕ there exist a
word w ∈ Lcall and an integer 0 ≤ i < |w| such that either (w, i) |= α′(x) and
(w, i) 6|= ϕ, or (w, i) 6|= α′(x) and (w, i) |= ϕ.
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Proof. Figure 7.4 shows the structure of the syntax trees of words in a subset of Lcall.
Dots between han–exc pairs can be replaced with repetitions of the whole tree struc-
ture, and other dots with the repetition of surrounding tree fragments (e.g., call–ret
or han–exc). han0 is the position in which ϕ and α′(x) are evaluated, and exc0 is
its matched exc. call1 is the call right after han0, and call0 is the one at the highest
level of the subtree between han0 and exc0. calls between call0 and exc0 do not
have a corresponding ret, and are terminated by exc0. The word delimited by han0

and exc0 is itself part of a larger tree with the same structure. For ϕ to be equivalent
to α′(x), it must be able to

1. look for the symbol pA in all positions between han0 and exc0; and

2. not consider any positions before han0 or after exc0.

In the following, we show that any OPTL formula ϕ fails to satisfy both requirements:

1. one can hide pA in one of the positions not covered, so that ϕ is false in han0,
but α′(x) is true; or

2. put pA in one of the positions outside han0–exc0 reached by ϕ, so that it is
true in han0, but α′(x) is not.

If ϕ is evaluated on position han0, it must contain some modal operator based
on paths that reach each position between han0 and exc0. The length of the word
between han0 and exc0 has no limit, so ϕ must contain at least an until operator,
which may be a LTL until, an OPTL hierarchical until, or an OP-summary until UΠ.
For UΠ, we must have m ∈ Π, or the path would not be able to reach past position
ret1 (remember that an OP-summary path cannot skip chains with contexts in the
l relation). The presence of m allows the OP-summary until to reach positions past
exc0: the formula could be true if pA appears after exc0, but not between han0 and
exc0, unlike α′(x). To avoid this, the path must be stopped earlier, by embedding an
appropriate subformula as the left operand of the until.

Suppose there exists a formula ψ that is true in exc0, and false in all positions
between han0 and exc0. By Lemma 7.8, there exists an integer n such that for any
w ∈ Lcall longer than n there is w′ = uvkxykz ∈ Lcall, for some k > 0, such
that either (a) ψ never holds in vkxyk , or (b) it holds at least k times in there. We
can take w such that han0 and exc0 both appear after position n, and they contain
nested han–exc pairs. In case (a), ψ cannot distinguish exc0 from nested excs, so a
ϕ based on ψ is not equivalent to α′(x) in han0. The same can be said in case (b), by
evaluating ϕ in a han from vi with i < k. In this case, also chaining multiple untils,
each one ending in a position in which ψ holds, does not work, as k can be increased
beyond the �nite length of any OPTL formula.

The above argument holds verbatim for LTL until, and does not change if we
prepend LTL or abstract next operators to the until, because the length of the branch
between call1 and call0 is unlimited. The argument for using since operators starting
from exc0 is symmetric. If both until and since operators are used, it su�ces to apply
the Pumping Lemma twice (one for until and one for since), and take a value of k large
enough that a part of the string cannot be reached by the number of until and since
operators in the formula. If hierarchical operators are used, the argument does not
change, as they still need nested until or since operators to cover the whole subtree.

This argument also holds when the formula contains (possibly nested) negated
until operators. This is trivial if their paths cannot reach part of the subtree between
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han0 and exc0. If, instead, they can reach positions past exc0, we can build a word
with pA in one of such positions, but not between han0 and exc0. To distinguish it
from a word with pA between han0 and exc0, the formula would need a subformula
that can distinguish positions between han0 and exc0 from those outside, which
would contradict Lemma 7.8.

Until now, we have proved that a formula equivalent to α′(x) cannot contain until
or since operators that stop exactly at exc0. However, they could be stopped earlier.
In the following, we show that any such OPTL formula can only work for words of a
limited length. Hence, no OPTL formula is equivalent to α′(x) on all words in Lcall.

Letw ∈ Lcall, and x = han y exc a subword ofwwith the structure of Figure 7.4,
in which each han has a matched exc, and conversely. We de�ne hexc(x) = 0 if y
contains no positions labeled with han or exc (hence, only calls and rets). Other-
wise, let x′ = han y′ exc be the proper subword of y with the maximum value of
hexc(x′): we set hexc(x) = hexc(x′) + 1.

We prove by induction on hexc(x) that any OPTL formula evaluated in the �rst
position of x must contain nested until or since operators with a nesting depth of at
least 2 · hexc(x) + 1 to be equivalent to α′(x).

If hexc(x) = 0, at least one until or since operator is needed, as the length of x is
not �xed. E.g., OPTL formula ¬exc Ul .=m pA su�ces.

If hexc(x) = n > 0, Figure 7.4 shows a possible structure of x. Any OP-summary
until in the formula must be nested into another operator, or its paths would jump
to, and go past, the last position of x (exc0). An OP-summary until could be, instead,
nested into any number of nested next operators, to be evaluated in one of the po-
sitions shown in Figure 7.4 between han0 and call0. (The tree fragments between
call1 and call0 can be repeated enough times so that the next operators alone cannot
reach call0.) As noted earlier, any such summary until must allow for paths with con-
secutive positions in the m relation. It may also jump to exc0 by following the chain
relation, because call m exc. Hence, the until must be stopped earlier by choosing
appropriate operands (e.g., ¬#χ exc as the left operand). However, this leaves the
subword between call0 and exc0 unreached, so any of its positions containing (or
not) pA would be ignored. This can only be solved with another until operator, so at
least two are needed. If it is a summary until, then it must not allow the m relation,
or it could, again, escape exc0 (e.g. by skipping chains between calls and exc0). The
argument can be extended by considering an LTL until which stops anywhere before
exc0, or since operators evaluated in exc (e.g., nested in a #χ operator). The same
can be said for hierarchical operators, which can cover only a part of the subtree if
used alone.

Let x′ = han y′ exc be a proper subword of y with hexc(x′) = n− 1. Suppose it
appears before call0 (the other case is symmetric). It needs at least an until or since
operator to be covered, which must not escape han0 or exc0. The Pumping Lemma
can be used to show that no OPTL formula can distinguish positions in x or x′ from
those outside. Thus, a formula with until or since operators that do not exit y′ is
needed. By the inductive hypothesis, it consists of at least 2(n− 1) + 1 until or since
operators, thus x needs 2n+ 1 of them.

Note that the argument also holds if the until formulas are negated, because nega-
tion cannot change the type of paths considered by an operator, and cannot decrease
the number of nested untils needed to cover the whole subtree.
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Chapter 8

POTL Syntax and Semantics

The negative results on OPTL’s expressiveness motivate us to de�ne a more expressive
temporal logic on OPLs. The resulting logic is called Precedence Oriented Temporal
Logic (POTL), and is expressively complete.

In this chapter, we �rst give a high-level overview of POTL; then we formally
de�ne its syntax and semantics on �nite OP words in Section 8.1; and we extend such
de�nitions to OP ω-words in Section 8.2; �nally, we give a few examples of how to
use POTL in practice in Section 8.3.

POTL is based on OP words, the same algebraic structure on which OPTL is based,
and for which we refer the reader to Section 6.1. We report the word of Figure 6.1 in
Figure 8.1 and the ST of Figure 6.2 in Figure 8.2 for convenience in explaining our
examples.

To express properties on OP words, we envisage until and since operators de�ned
on two basic types of path. The �rst one is that of summary paths. By following
the chain relation, summary paths may skip chain bodies, which correspond to the
fringe of a subtree in the syntax tree. We distinguish between downward and upward
summary paths (respectively DSP and USP). Both kinds can follow both the < and
the χ relations; DSPs can enter a chain body but cannot exit it so that they can move
only downward in a ST or remain at the same level; conversely, USPs cannot enter
one but can move upward by exiting the current one. In other words, if a position

# l call l han l call l call l call m exc m call
.
= ret m call

.
= ret m ret m #

pA pB pC pC pErr pErr pErr pErr pA
0 1 2 3 4 5 6 7 8 9 10 11 12

Figure 8.1: The example word wex from Chapter 4 as an OP word. Chains are high-
lighted by arrows joining their contexts; structural labels are in bold, and other atomic
propositions are shown below them. pl means a call or a ret is related to procedure
pl. First, procedure pA is called (pos. 1), and it installs an exception handler in pos. 2.
Then, three nested procedures are called, and the innermost one (pC ) throws an ex-
ception, which is caught by the handler. Two more functions are called and, �nally,
pA returns.
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·

call1 ·

·

·

han2 ·

call3 ·

call4 ·

call5

exc6

call7 ret8

call9 ret10

ret11

#0 #12

Figure 8.2: The ST of word wex (the same as Figure 4.4, but with position numbers).
Dots represent non-terminals.

k is part of a DSP, and there are two positions i and j, with i < k < j and χ(i, j)
holds, the next position in the DSP cannot be≥ j. E.g., two of the DSPs starting from
position 1 in Figure 8.1 are 1-2-3, which enters chain χ(2, 6), and 1-2-6, which skips
its body. USPs are symmetric, and some examples thereof are paths 3-6-7 and 4-6-7.

Since the χ relation can be many-to-one or one-to-many, it makes sense to write
formulas that consider only left contexts of chains that share their right context, or
vice versa. Thus, the paths of our second type, named hierarchical paths, are made of
such positions, but excluding outermost chains. E.g., in Figure 8.1, positions 2, 3 and
4 are all in the χ relation with 6, so 3-4 is a hierarchical path (χ(2, 6) is the outermost
chain). Symmetrically, 7-9 is another hierarchical path. The reason for excluding the
outermost chain is that, with most OPMs, such positions have a di�erent semantic
role than internal ones. E.g., positions 3 and 4 are both calls terminated by the same
exception, while 2 is the handler. Positions 7 and 9 are both calls issued by the same
function (the one called in position 1), while 11 is its return. This is a consequence of
properties 3 and 4 of the χ relation.

In the next section, we describe in a complete and formal way OPTL for �nite-
word OPLs, while in the subsequent section we brie�y describe the necessary changes
to deal with ω-languages.

8.1 Syntax and Formal Semantics

Given a �nite set of atomic propositions AP , let a ∈ AP , and t ∈ {d, u}. The syntax
of POTL is the following:

ϕ ::= a | ¬ϕ | ϕ ∨ ϕ | #t ϕ | �t ϕ | χtF ϕ | χtP ϕ | ϕ U tχ ϕ | ϕ Stχ ϕ
| #tH ϕ | �tH ϕ | ϕ U tH ϕ | ϕ StH ϕ

The truth of POTL formulas is de�ned with respect to a single word position. Let
w be an OP word, and a ∈ AP . Then, for any position i ∈ U ofw, we have (w, i) |= a
i� i ∈ P (a). Operators such as ∧ and ¬ have the usual semantics from propositional
logic. Next, while giving the formal semantics of POTL operators, we illustrate it by
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showing how it can be used to express properties on program execution traces, such
as the one of Figure 8.1.

Next/back operators The downward next and back operators #d and �d are like
their LTL counterparts, except they are true only if the next (resp. current) position is
at a lower or equal ST level than the current (resp. preceding) one. The upward next
and back, #u and �u, are symmetric. Formally,

• (w, i) |= #d ϕ i� (w, i+ 1) |= ϕ and il (i+ 1) or i .= (i+ 1), and

• (w, i) |= �d ϕ i� (w, i− 1) |= ϕ, and (i− 1) l i or (i− 1)
.
= i.

Substitute l with m to obtain the semantics for #u and �u.
E.g., we can write #d call to say that the next position is an inner call (it holds

in positions 2, 3, 4 of Figure 8.1), �d call to say that the previous position is a call,
and the current is the �rst of the body of a function (positions 2,4, 5), or the ret of an
empty one (positions 8, 10), and �u call to say that the current position terminates
an empty function frame (holds in 6, 8, 10). In position 2 formula #d pB holds, but
#u pB does not.

Chain Next/Back The chain next and back operators χtF and χtP evaluate their
argument respectively on future and past positions in the chain relation with the
current one. The downward (resp. upward) variant only considers chains whose right
context goes down (resp. up) or remains at the same level in the ST. Formally,

• (w, i) |= χdF ϕ i� there exists a position j > i such that χ(i, j), i l j or i .= j,
and (w, j) |= ϕ.

• (w, i) |= χdP ϕ i� there exists a position j < i such that χ(j, i), j l i or j .= i,
and (w, j) |= ϕ.

Replace l with m for the upward versions.
E.g., in position 1 of Figure 8.1, χdF pErr holds because χ(1, 7) and χ(1, 9), mean-

ing that pA calls pErr at least once. Also, χuF exc is true in call positions whose
procedure is terminated by an exception thrown by an inner procedure (e.g., posi-
tions 3 and 4). χuP call is true in exc statements that terminate at least one procedure
other than the one raising it, such as the one in position 6. χdF ret and χuF ret hold in
calls to non-empty procedures that terminate normally, and not due to an uncaught
exception (e.g., position 1).

(Summary) Until/Since operators POTL has two kinds of until and since opera-
tors. They express properties on paths, which are sequences of positions obtained by
iterating the di�erent kinds of next or back operators.

De�nition 8.1 (Paths, until and since). A path of length n ∈ N between i, j ∈ U is
a sequence of positions i = i1 < i2 < · · · < in = j.1

The until operator on a set of paths Γ is de�ned as follows: for any word w and
position i ∈ U , and for any two POTL formulas ϕ and ψ, (w, i) |= ϕ U(Γ) ψ i� there
exist a position j ∈ U , j ≥ i, and a path i1 < i2 < · · · < in between i and j in Γ
such that (w, ik) |= ϕ for any 1 ≤ k < n, and (w, in) |= ψ.

Since operators are de�ned symmetrically.
1Note that this de�nition is slightly di�erent from De�nition 6.5, because in this case paths must start

in i and end in j.
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Depending on Γ, a path from i to j may not exist. We de�ne until/since operators
by associating them with di�erent sets of paths.

The summary until ψU tχ θ (resp. since ψ Stχ θ) operator is obtained by inductively
applying the #t and χtF (resp. �t and χtP ) operators. It holds in a position in which
either θ holds, or ψ holds together with #t(ψ U tχ θ) (resp.�t(ψ Stχ θ)) or χtF (ψ U tχ θ)
(resp. χtP (ψ Stχ θ)). It is an until operator on paths that can move not only between
consecutive positions, but also between contexts of a chain, skipping its body. With
the OPM of Figure 4.2, this means skipping function bodies. The downward variants
can move between positions at the same level in the ST (i.e., in the same simple chain
body), or down in the nested chain structure. The upward ones remain at the same
level, or move to higher levels of the ST.

Formula>Uuχ exc is true in positions contained in the frame of a function that is
terminated by an exception. It is true in pos. 3 of Figure 8.1 because of path 3-6, and
false in pos. 1, because no upward path can enter the chain whose contexts are pos.
1 and 11. Formula > Udχ exc is true in call positions whose function frame contains
excs, but that are not directly terminated by one of them, such as the one in pos. 1
(with path 1-2-6).

We formally de�ne Downward Summary Paths (DSPs) as follows. Given an OP
word w, and two positions i ≤ j in w, the DSP between i and j, if it exists, is a
sequence of positions i = i1 < i2 < · · · < in = j such that, for each 1 ≤ p < n,

ip+1 =

{
k if k = max{h | h ≤ j ∧ χ(ip, h) ∧ (ip l h ∨ ip .= h)} exists;
ip + 1 otherwise, if ip l (ip + 1) or ip

.
= (ip + 1).

The Downward Summary (DS) until and since operators Udχ and Sdχ use as Γ the set
of DSPs starting in the position in which they are evaluated. The de�nition for the
upward counterparts is, again, obtained by substituting m for l. In Figure 8.1, callUdχ
(ret ∧ pErr ) holds in pos. 1 because of path 1-7-8 and 1-9-10, (call ∨ exc) Suχ pB in
pos. 7 because of path 3-6-7, and (call ∨ exc) Uuχ ret in 3 because of path 3-6-7-8.

Hierarchical operators A single position may be the left or right context of mul-
tiple chains. The operators seen so far cannot keep this fact into account, since they
“forget” about a left context when they jump to the right one. Thus, we introduce
the hierarchical next and back operators. The upward hierarchical next (resp. back),
#uH ψ (resp. �uH ψ), is true i� the current position j is the right context of a chain
whose left context is i, and ψ holds in the next (resp. previous) position j′ that is a
right context of i, with il j, j′. So, #uH pErr holds in position 7 of Figure 8.1 because
pErr holds in 9, and �uH pErr in 9 because pErr holds in 7. In the ST, #uH goes up
between calls to pErr , while �uH goes down. Their downward counterparts behave
symmetrically, and consider multiple inner chains sharing their right context. They
are formally de�ned as:

• (w, i) |= #uH ϕ i� there exist a position h < i s.t. χ(h, i) and hli and a position
j = min{k | i < k ∧ χ(h, k) ∧ hl k} and (w, j) |= ϕ;

• (w, i) |= �uH ϕ i� there exist a position h < i s.t. χ(h, i) and hli and a position
j = max{k | k < i ∧ χ(h, k) ∧ hl k} and (w, j) |= ϕ;

• (w, i) |= #dH ϕ i� there exist a position h > i s.t. χ(i, h) and imh and a position
j = min{k | i < k ∧ χ(k, h) ∧ k m h} and (w, j) |= ϕ;
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• (w, i) |= �dH ϕ i� there exist a position h > i s.t. χ(i, h) and imh and a position
j = max{k | k < i ∧ χ(k, h) ∧ k m h} and (w, j) |= ϕ.

In the ST of Figure 4.4, #dH and �dH go down and up among calls terminated by the
same exc. For example, in pos. 3 #dH pC holds, because both pos. 3 and 4 are in the
chain relation with 6. Similarly, in pos. 4 �dH pB holds. Note that these operators do
not consider leftmost/rightmost contexts, so #uH ret is false in pos. 9, as call .= ret,
and pos. 11 is the rightmost context of pos. 1.

The hierarchical until and since operators are de�ned by iterating these next and
back operators.

De�nition 8.2 (Upward Hierarchical Path (UHP)). The upward hierarchical path be-
tween i and j is a sequence of positions i = i1 < i2 < · · · < in = j such that there
exists a position h < i such that for each 1 ≤ p ≤ n we have χ(h, ip) and hl ip, and
for each 1 ≤ q < n there exists no position k such that iq < k < iq+1 and χ(h, k).

The until and since operators based on the set of UHPs starting in the position in
which they are evaluated are denoted as UuH and SuH . E.g., call UuH pErr holds in
position 7 because of the singleton path 7 and path 7-9, and callSuH pErr in position 9
because of paths 9 and 7-9.

De�nition 8.3 (Downward Hierarchical Path (DHP)). The downward hierarchical
path between i and j is a sequence of positions i = i1 < i2 < · · · < in = j
such that there exists a position h > j such that for each 1 ≤ p ≤ n we have χ(ip, h)
and ipmh, and for each 1 ≤ q < n there exists no position k such that iq < k < iq+1

and χ(k, h).

The until and since operators based on the set of DHPs starting in the position in
which they are evaluated are denoted as UdH and SdH . In Figure 8.1, callUdH pC holds
in position 3, and call SdH pB in position 4, both because of path 3-4.

8.1.1 Equivalences

8.1.1.1 Expansion Laws

The POTL until and since operators enjoy expansion laws similar to those of LTL:

ϕ U tχ ψ ≡ ψ ∨
(
ϕ ∧

( t
#(ϕ U tχ ψ) ∨ χtF (ϕ U tχ ψ)

))
(8.1)

ϕ Stχ ψ ≡ ψ ∨
(
ϕ ∧

( t
�(ϕ Stχ ψ) ∨ χtP (ϕ Stχ ψ)

))
(8.2)

ϕ UuH ψ ≡ (ψ ∧ χdP > ∧ ¬χuP >) ∨
(
ϕ ∧#uH(ϕ UuH ψ)

)
(8.3)

ϕ SuH ψ ≡ (ψ ∧ χdP > ∧ ¬χuP >) ∨
(
ϕ ∧�uH(ϕ SuH ψ)

)
(8.4)

ϕ UdH ψ ≡ (ψ ∧ χuF > ∧ ¬χdF >) ∨
(
ϕ ∧#dH(ϕ UdH ψ)

)
(8.5)

ϕ SdH ψ ≡ (ψ ∧ χuF > ∧ ¬χdF >) ∨
(
ϕ ∧�dH(ϕ SdH ψ)

)
(8.6)

Lemma 8.4. Given a word w on an OP alphabet (P(AP ),MAP ), two POTL formulas
ϕ and ψ, for any position i in w the following equivalence holds:

ϕ Udχ ψ ≡ ψ ∨
(
ϕ ∧

(
#d(ϕ Udχ ψ) ∨ χdF (ϕ Udχ ψ)

))
.
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Proof. [Only if] Suppose ϕUdχψ holds in i. If ψ holds in i, the equivalence is trivially
veri�ed. Otherwise, ϕ Udχ ψ is veri�ed by a DSP i = i0 < i1 < · · · < in = j with
n ≥ 1, s.t. (w, ip) |= ϕ for 0 ≤ p < n and (w, in) |= ψ. Note that, by the de�nition of
DSP, any su�x of that path is also a DSP ending in j. Consider position i1: ϕ holds
in it, and it can be either

• i1 = i+1. Then either il(i+1) or i .=(i+1), and path i1 < i2 < · · · < in = j
is the DSP between i1 and j, and ϕ holds in all ip with 1 ≤ p < n, and ψ in jn.
So, ϕ Udχ ψ holds in i1, and #d(ϕ Udχ ψ) holds in i.

• i1 > i+ 1. Then, χ(i, i1), and il i1 or i .= i1. Since i1 < i2 < · · · < in = j is
the DSP from i1 to j, ϕ Udχ ψ holds in i1, and so does χdF (ϕ Udχ ψ) in i.

[If] Suppose the right-hand side of the equivalence holds in i. The case (w, i) |= ψ
is trivial, so suppose ψ does not hold in i. Then ϕ holds in i, and either:

• #d(ϕ Udχ ψ) holds in i. Then, we have il (i+ 1) or i .= (i+ 1), and there is a
DSP i+ 1 = i1 < i2 < · · · < in = j, with ϕ holding in all ip with 1 ≤ p < n,
and ψ in in.

– If i .= (i + 1), it is not the left context of any chain, and i = i0 < i1 <
i2 < · · · < in is a DSP satisfying ϕ Udχ ψ in i.

– Otherwise, let k = min{h | χ(i, h)}: we have k > j, because a DSP
cannot cross right chain contexts. So, adding i to the DSP generates an-
other DSP, because there is no position h s.t. χ(i, h) with h ≤ j, and the
successor of i in the path can only be i1 = i+ 1.

• χdF (ϕ Udχ ψ) holds in i. Then, there exists a position k s.t. χ(i, k) and i l k or
i
.
= k and ϕ Udχ ψ holds in k, because of a DSP k = i1 < i2 < · · · < in = j. If
k = max{h | h ≤ j∧χ(i, h)∧(ilh∨i .=h)}, then i = i0 < i1 < i2 < · · · < in
is a DSP by de�nition, and since ϕ holds in i, ϕUdχψ is satis�ed in it. Otherwise,
let k′ = max{h | h ≤ j ∧ χ(i, h) ∧ (i l h ∨ i .= h)}. Since i1 > i and
chains cannot cross, there exists a value q, 1 < q ≤ n, s.t. iq = k′. Thus
iq < iq+1 < · · · < in = j is a DSP, so ϕ Udχ ψ holds in iq too. The path
i < iq < · · · < in is a DSP, and ϕ Udχ ψ holds in i.

The proofs for the summary since and upward summary until are symmetric.

Lemma 8.5. Given a word w on an OP alphabet (P(AP ),MAP ), and two POTL for-
mulas ϕ and ψ, for any position i in w the following equivalence holds:

ϕ UuH ψ ≡ (ψ ∧ χdP > ∧ ¬χuP >) ∨
(
ϕ ∧#uH(ϕ UuH ψ)

)
.

Proof. [Only if] Suppose ϕ UuH ψ holds in i. Then, there exists a path i = i0 < i1 <
· · · < in, n ≥ 0, and a position h < i s.t. χ(h, ip) and h l ip for each 0 ≤ p ≤ n, ϕ
holds in all iq for 0 ≤ q < n, and ψ holds in in. If n = 0, ψ holds in i = i0, and so
does χdP >, but χuP > does not. Otherwise, the path i1 < · · · < in is also a UHP, so
ϕ UuH ψ is true in i1. Therefore, ϕ holds in i, and so does #uH(ϕ UuH ψ).

[If] If χdP > holds in i but χuP > does not, then there exists a position h < i s.t.
χ(h, i) and h l i. If ψ also holds in i, then ϕ UuH ψ is trivially satis�ed in i by the
path made of only i itself. Otherwise, if #uH(ϕ UuH ψ) holds in i, then there exist a
position h < i s.t. χ(h, i) and hl i, and a position i1 which is the minimum one s.t.
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i1 > i, χ(h, i1) and h l i1. In i1, ϕ UuH ψ holds, so it is the �rst position of a UHP
i1 < i2 < · · · < in. Since ϕ also holds in i, the path i = i0 < i1 < · · · < in is also a
UHP, satisfying ϕ UuH ψ in i.

The proofs for the other hierarchical operators are analogous.

8.1.1.2 Shortcuts

As in LTL, it is worth de�ning some derived operators. For t ∈ {d, u}, we de�ne
the downward/upward summary eventually as 3t ϕ := > U tχ ϕ, and the down-
ward/upward summary globally as �t ϕ := ¬3t(¬ϕ). 3u ϕ and �u ϕ respectively
say that ϕ holds in one or all positions in the path from the current position to the
root of the ST. Their downward counterparts are more interesting: they consider all
positions in the current right-hand-side and its subtrees, starting from the current po-
sition. 3d ϕ says thatϕ holds in at least one of such positions, and�d ϕ in all of them.
E.g., if �d(¬pA) holds in a call, it means that pA never holds in its whole function
body, which is the subtree rooted next to the call.

We anticipate that preventing downward paths from crossing the boundaries of
the current subtrees, and conversely imposing upward ones to exit them without en-
tering any inner ones are the features of POTL that allow its overcoming OPTL.

8.2 POTL on ω-Words
Since applications in model checking usually require temporal logics on in�nite words,
we now extend POTL to ω-words.

To de�ne OP ω-words, it su�ces to replace the �nite set of positions U with the
set of natural numbers N in the de�nition of OP words. Then, the formal semantics
of all POTL operators remains the same as in Section 8.1. The only di�erence in the
intuitive meaning of operators occurs in ω-words with open chains. In fact, chain
next operators (χdF and χuF ) do not hold on the left contexts of open chains, as the
χ relation is unde�ned on them. The same can be said for downward hierarchical
operators, when evaluated on left contexts of open chains.

Also recall that property 4 of the χ relation does not hold if a position i is the left
context of an open chain. In this case, there may be positions j1 < j2 < · · · < jn
such that χ(i, jp) and il jp for all 1 ≤ p ≤ n, but no position k such that χ(i, k) and
im k or i .= k.

8.3 Motivating Examples
POTL can express many useful requirements of procedural programs. To emphasize
the potential practical applications in automatic veri�cation, we supply a few exam-
ples of typical program properties expressed as POTL formulas.

Let �ψ be the LTL globally operator, which can be expressed in POTL as in Sec-
tion 8.4.1. POTL can express Hoare-style pre/post-conditions with formulas such as
�(call ∧ ρ =⇒ χdF (ret ∧ θ)), where ρ is the pre-condition, and θ is the post-
condition.

Unlike NWTL, POTL can easily express properties related to exception handling
and interrupt management. E.g., the shortcut

CallThr(ψ) := #u(exc ∧ ψ) ∨ χuF (exc ∧ ψ),
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evaluated in a call, states that the procedure currently started is terminated by an
exc in which ψ holds. So, �(call ∧ ρ ∧ CallThr(>) =⇒ CallThr(θ)) means
that if precondition ρ holds when a procedure is called, then postcondition θ must
hold if that procedure is terminated by an exception. In object oriented programming
languages, if ρ ≡ θ is a class invariant asserting that a class instance’s state is valid,
this formula expresses weak (or basic) exception safety [1], and strong exception safety
if ρ and θ express particular states of the class instance. The no-throw guarantee can
be stated with �(call ∧ pA =⇒ ¬CallThr(>)), meaning procedure pA is never
interrupted by an exception.

Stack inspection [76, 102], i.e. properties regarding the sequence of procedures
active in the program’s stack at a certain point of its execution, is an important class
of requirements that can be expressed with shortcut Scall(ϕ,ψ) := (call =⇒ ϕ)Sdχ
(call ∧ ψ), which subsumes the call since of CaRet, and works with exceptions too.
E.g., �

(
(call ∧ pB ∧ Scall(>,pA)) =⇒ CallThr(>)

)
means that whenever pB

is executed and at least one instance of pA is on the stack, pB is terminated by an
exception. The OPA of Figure 4.5 satis�es this formula, because pB is always called
by pA, and pC always throws. If the OPA was an ωOPBA, it would not satisfy such
formula because of computations where pC does not terminate.

8.4 Comparison with other logics
In this section, we brie�y compare POTL with some relevant temporal logics in the
state-of-the-art, namely LTL, logics on nested words, and OPTL.

8.4.1 Linear Temporal Logic (LTL)
As we already saw with OPTL, the main limitation of LTL is that the algebraic struc-
ture it is de�ned on only contains a linear order on word positions. Thus, it fails to
model systems that require an additional binary relation, such as the χ relation of
POTL. LTL is in fact expressively equivalent to the �rst-order fragment of regular
languages, and it cannot represent context-free languages, as POTL does.

On the other hand, POTL can express all LTL operators, so that POTL is strictly
more expressive than LTL. Any LTL next formula #ϕ is in fact equivalent to the
POTL formula #d ϕ′∨#u ϕ′, where ϕ′ is the translation of ϕ into POTL, and the LTL
back can be translated symmetrically.

The globally operator can be translated as �ψ := ¬3u(3d ¬ψ). This formula
contains an upward summary eventually followed by a downward one, and it can be
explained by thinking to a word’s ST. The upward eventually evaluates its argument
on all positions from the current one to the root. Its argument considers paths from
each one of such positions to all the leaves of the subtrees rooted at their right, in
the same rhs. Together, the two eventually operators consider paths from the current
position to all subsequent positions in the word. Thus, with the initial negation this
formula means that ¬ψ never holds in such positions, which is the meaning of the
LTL globally operator.

The translation for LTL until and since is much more involved. We need to de�ne
some shortcuts, that will be used again in Section 9.1.2.2. For any a ⊆ AP , σa :=∧

p∈a p∧∧q 6∈a ¬q holds in a position i i� a is the set of atomic propositions holding
in i. For any POTL formula γ, let χl

F γ :=
∨
a,b⊆AP, alb(σa ∧ χdF (σb ∧ γ)) be the

restriction of χdF γ to chains with contexts in the l PR; χm
P γ is analogous.
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The translation for ϕ U ψ follows, that for LTL since being symmetric:

ψ′ ∨
(
ϕ′ ∧ α(ϕ′)

)
Uuχ
(
ψ′ ∨ (ϕ′ ∧ β(ϕ′)) Udχ (ψ′ ∧ β(ϕ′))

)
where ϕ′ and ψ′ are the translations of ϕ and ψ into POTL, and

α(ϕ′) := χuF > =⇒ ¬
(
#d(> Udχ ¬ϕ′) ∨ χl

F (> Udχ ¬ϕ′)
)

β(ϕ′) := χdP > =⇒ ¬
(
�u(> Suχ ¬ϕ′) ∨ χm

P (> Suχ ¬ϕ′)
)

The main formula is the concatenation of a Upward Summary (US) until and a DS
until, and it can be explained similarly to the translation for LTL globally. Let i be the
word position in which the formula is evaluated, and j the last one of the linear path,
in which ψ′ holds. The outermost US until is witnessed by a path from i to a position
i′ which, in the ST, is part of the rhs which is the closest common ancestor of i and j.
In all positions i < k < i′ in this path, formula α(ϕ) holds. It means ϕ′ holds in all
positions contained in the subtree rooted at the non-terminal to the immediate right
of k (i.e., in the body of the chain whose left context is k).

Then, the DS until is witnessed by a downward path from i′ to j. Here β(ϕ) has a
role symmetric to α(ϕ). It forces ϕ′ to hold in all subtrees rooted at the non-terminal
to the left of positions in the DS path.

Thus, formulas α(ϕ) and β(ϕ) make sure ϕ′ holds in all chain bodies skipped by
the summary paths, and ψ′ holds in j.

8.4.2 Logics on Nested Words
The �rst temporal logics with explicit context-free aware modalities were based on
nested words (cf. Section 3.2.4).

CaRet was the �rst temporal logic on nested words to be introduced, and it fo-
cuses on expressing properties on procedural programs, which explains its choice of
modalities. One of its main limitations is that no CaRet operator allows pure down-
ward movement in the ST, which is needed to express properties limited to a single
subtree. While the LTL until can go downward, it can also go beyond the rightmost
leaf of a subtree, thus e�ectively jumping upwards. This seems to be the main expres-
sive limitation of CaRet, which is shared with OPTL, but not by POTL.

Such limitations were overcame with NWTL, which is FO-complete. Later on, in
Corollary 9.11, we will show that CaRet [8] ⊆ NWTL [12] ⊂ POTL.

8.4.3 Logics on OPLs
The only other logic based on OPLs is OPTL, whose limitations were highlighted in
Section 7.2. Here we show that POTL does not share such limitations.

As we saw in Section 7.2, the user can control whether OP-summary paths go up
or down in the ST only partially. On one hand, OPTL’s ϕ U .=m ψ is equivalent to
POTL’s ϕ Uuχ ψ, and ϕ Sl .= ψ to ϕ Sdχ ψ: both operators only go upwards in the ST.
On the other hand, however, there is no OPTL operator equivalent to POTL’s Udχ or
Suχ , which go downward.

The FOL formula α that we introduced in that section to show this limitation is
easily expressible in POTL as follows:

�(exc =⇒ χdP (han ∧3d pA)).
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Moreover, formula α′(x) from the same section can be expressed as χdF >∧3d pA
on OPM Mcall, and as χdF > ∧ (#d3d pA ∨ > UuH (3d pA)) in any other OPM.2

OPTL’s hierarchical operators have some limitations, too. The paths they are
based on do not start in the position where until and since operators are evaluated,
but always in a future position. Thus, it is not possible to concatenate them to express
complex properties on right (resp. left) contexts of chains sharing their left (resp. right)
context, such as several function calls issued by the same function, or multiple func-
tion calls terminated by the same exception. POTL has both hierarchical next/back
and until/since pairs which are composable, making it expressively complete on such
positions. For example, POTL formula

γ := �(call ∧ pA =⇒ (> SuH (call ∧ pB)) Sdχ (�d # ∨ χdP #))

means that whenever procedure pA is called, all procedures in the stack have previ-
ously invoked pB (possibly excluding the one directly calling pA). While Sdχ can be
replaced with OPTL’s Sl .=, POTL’s SuH cannot be easily translated. In fact, OPTL’s
hierarchical operators would only allow us to state that pB is invoked by the proce-
dures in the stack, but not necessarily before the call to pA.

2The reason for this di�erence is that with Mcall all right-hand-sides have at most two terminals, and
none of them can go on with another terminal after the right context of a chain. On a di�erent OPM, 3d

could go past such a right context, and we have to use a more complex formula which is explicitly limited
to a single subtree.

In [58], the proof of Theorem 7.9 is made directly with formula 3d pA, which is however harder to
express in FOL. For this reason, here we proved that theorem with α′(x).
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Chapter 9

POTL Expressive
Completeness

In this chapter, we prove that POTL is equivalent to FOL on OP words. The proof for
�nite OP words, reported in Section 9.1, is essentially based on syntactic translations,
while its extension to OP ω-words, in Section 9.2, employs more sophisticated model-
theoretic techniques.

9.1 First-Order Completeness on Finite Words

To show that POTL ⊆ FOL on �nite OP words, we give a direct translation of POTL
into FOL. Proving that FOL ⊆ POTL is more involved: we translate Xuntil [125], a
logic on trees, into POTL. Xuntil (de�ned in Section 9.1.2.2) is a logic on trees intro-
duced to prove the expressive completeness of Conditional XPath, and from its being
equivalent to FOL on trees [118, 126] we derive a FO-completeness result for POTL.

9.1.1 First-Order Semantics of POTL

We show that POTL can be expressed with FOL equipped with monadic relations for
atomic propositions, a total order on positions, and the chain relation between pairs
of positions. We de�ne below the translation function ν, such that for any POTL
formula ϕ, word w and position i, (w, i) |= νϕ(x) i� (w, i) |= ϕ. The translation for
propositional operators is trivial.

For temporal operators, we �rst need to de�ne a few auxiliary formulas. We de�ne
the successor relation as the FO formula

succ(x, y) := x < y ∧ ¬∃z(x < z ∧ z < y).

The PRs between positions can be expressed by means of propositional combinations
of monadic atomic relations only. Given a set of atomic propositions a ⊆ AP , we
de�ne formula σa(x), stating that all and only propositions in a hold in position x, as
follows:

σa(x) :=
∧
p∈a

p(x) ∧
∧

p∈AP\a
¬p(x) (9.1)
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For any pair of FO variables x, y and π ∈ {l, .=,m}, we can build formula

x π y :=
∨

a,b⊆AP |aπb
(σa(x) ∧ σb(y)).

The following translations employ the three FO variables x, y, z, only. This, in
addition to the FO-completeness result for POTL, proves that FOL on OP words retains
the three-variable property, which holds in regular words.

Next and Back Operators

ν#d ϕ(x) := ∃y
(

succ(x, y) ∧ (xl y ∨ x .
= y) ∧ ∃x

(
x = y ∧ νϕ(x)

))
ν�d ϕ(x) is de�ned similarly, and ν#u ϕ(x) and ν�u ϕ(x) by replacing l with m.

νχdF ϕ(x) := ∃y
(
χ(x, y) ∧ (xl y ∨ x .

= y) ∧ ∃x(x = y ∧ νϕ(x))
)

νχdP ϕ(x), νχuF ϕ(x) and νχuP ϕ(x) are de�ned similarly.

Downward/Upward Summary Until/Since The translation for the DS until op-
erator can be obtained by noting that, given two positions x and y, the DSP between
them, if it exists, is the one that skips all chain bodies entirely contained between
them, among those with contexts in the l or .

= relations. A position z being part of
such a path can be expressed with formula ¬γ(x, y, z) as follows:

γ(x, y, z) := γL(x, z) ∧ γR(y, z)

γL(x, z) := ∃y
(
x ≤ y ∧ y < z ∧ ∃x

(
z < x ∧ χ(y, x) ∧ (y l x ∨ y .

= x)
))

γR(y, z) := ∃x
(
z < x ∧ x ≤ y ∧ ∃y

(
y < z ∧ χ(y, x) ∧ (y l x ∨ y .

= x)
))

γ(x, y, z) is true i� z is not part of the DSP between x and y, while x ≤ z ≤ y. In
particular, γL(x, z) asserts that z is part of the body of a chain whose left context is
after x, and γR(y, z) states that z is part of the body of a chain whose right context
is before y. Since chain bodies cannot cross, either the two chain bodies are actually
the same one, or one of them is a sub-chain nested into the other. In both cases, z is
part of a chain body entirely contained between x and y, and is thus not part of the
path.

Moreover, for such a path to exist, each one of its positions must be in one of the
admitted PRs with the next one. Formula

δ(y, z) := ∃x
(
z < x∧x ≤ y∧ (zlx∨ z .=x)∧¬γ(z, y, x)∧ (succ(z, x)∨χ(z, x))

)
asserts this for position z, with the path ending in y. (Note that by exchanging x and
z in the de�nition of γ(x, y, z) above, one can obtain γ(z, y, x) without using any
additional variable.) Finally, ϕ Udχ ψ can be translated as follows:

νϕUdχψ(x) := ∃y
(
x ≤ y ∧ ∃x(x = y ∧ νψ(x))

∧ ∀z
(
x ≤ z ∧ z < y ∧ ¬γ(x, y, z)

=⇒ ∃x(x = z ∧ νϕ(x)) ∧ δ(y, z)
))
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The translation for the DS since operator is similar:

νϕSdχψ(x) := ∃y
(
y ≤ x ∧ ∃x(x = y ∧ νψ(x))

∧ ∀z
(
y < z ∧ z ≤ x ∧ ¬γ(y, x, z)

=⇒ ∃x(x = z ∧ νϕ(x)) ∧ δ(x, z)
))

νϕUuχψ(x) and νϕSuχψ(x) are de�ned as above, substituting m for l.

Hierarchical Operators Finally, below are the translations for two hierarchical
operators, the others being symmetric.

ν#uH ϕ(x) := ∃y
(
y < x ∧ χ(y, x) ∧ y l x∧

∃z
(
x < z ∧ χ(y, z) ∧ y l z ∧ ∃x(x = z ∧ νϕ(x))

∧ ∀y
(
x < y ∧ y < z =⇒ ∀z(χ(z, x) ∧ z l x =⇒ ¬χ(z, y))

)))

νϕUuHψ(x) := ∃z
(
z < x ∧ z l x ∧ χ(z, x)∧

∃y
(
x ≤ y ∧ χ(z, y) ∧ z l y ∧ ∃x(x = y ∧ νψ(x))∧
∀z
(
x ≤ z ∧ z < y ∧ ∃y(y < x ∧ y l x ∧ χ(y, x) ∧ χ(y, z))

=⇒ ∃x(x = z ∧ νϕ(x)))
)))

9.1.2 Expressing Xuntil in POTL
To translateXuntil to POTL, we give an isomorphism between OP words and (a subset
of) Unranked Ordered Tree (UOT), the structures on which Xuntil is de�ned. First,
we show how to translate OP words into UOTs, and then the reverse.

9.1.2.1 OPM-compatible Unranked Ordered Trees

De�nition 9.1 (Unranked Ordered Trees). A UOT is a tuple T = 〈S,R⇓, R⇒, L〉.
Each node is a sequence of child numbers, representing the path from the root to it. S
is a �nite set of �nite sequences of natural numbers closed under the pre�x operation,
and for any sequence s ∈ S, if s·k ∈ S, k ∈ N, then either k = 0 or s·(k−1) ∈ S (by ·
we denote concatenation). R⇓ and R⇒ are two binary relations called the descendant
and following sibling relation, respectively. For s, t ∈ S, sR⇓t i� t is any child of s
(t = s ·k, k ∈ N, i.e. t is the k-th child of s), and sR⇒t i� t is the immediate sibling to
the right of s (s = r · h and t = r · (h+ 1), for r ∈ S and h ∈ N). L : AP → P(S) is
a function that maps each atomic proposition to the set of nodes labeled with it. We
denote as T the set of all UOTs.

Given an OP word w = 〈U,<,MP(AP ), P 〉, it is possible to build a UOT Tw =
〈Sw, R⇓, R⇒, Lw〉 ∈ T with labels in P(AP ) isomorphic to w. To do so, we de�ne
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Figure 9.1: The UOT corresponding to the word of Figure 8.1, and the ST of Figure 8.2.
PRs between adjacent nodes are highlighted: l is blue and .

= is green. A dashed red
arrow connects each node to its Rc, if any.

a function τ : U → Sw , which maps positions of w into nodes of Tw . First, τ(0) = 0:
position 0 is the root node, and the last # is its rightmost child. Given any position
i ∈ U :

• if i .= i+ 1, then τ(i+ 1) = τ(i) · 0 is the only child of i;

• if im i+ 1, then i has no children;

• if il i+ 1, then the leftmost child of i is i+ 1 (τ(i+ 1) = τ(i) · 0). Moreover, if
j1 < j2 < · · · < jn is the largest set of positions such that χ(i, jk) and either
il jk or i .= jk for 1 ≤ k ≤ n, then τ(jk) = τ(i) · k.

In general, i is in the l relation with all of its children, except possibly the rightmost
one, with which i may be in the .

= relation (cf. property 4 of the χ relation).
This way, every position i in w appears in the UOT exactly once. Indeed, if either

(i− 1) l i or (i− 1)
.
= i, then i is a child of i− 1. Conversely, (i− 1) m i i� i is the

right context of at least one chain. Thus, consider j s.t. χ(j, i), and for no j′ < j we
have χ(j′, i): by property 3 of χ, either j .= i or j l i. So, i is a child of j by the third
rule above, and of no other node, because if (i− 1) m i, then no other rule applies.

Finally, τ(i) ∈ Lw(a) i� i ∈ P (a) for all a ∈ AP , so each node in Tw is labeled
with the set of atomic propositions that hold in the corresponding word position. We
denote as Tw = τ(w) the UOT obtained by applying τ to every position of an OP
word w. Figure 9.1 shows the translation of the word of Figure 8.1 into an UOT.

As for the other way of the isomorphism, notice that we are considering only a
subset of UOTs. In fact, we only consider UOTs whose node labels are compatible
with a given OPM MP(AP ). In order to de�ne the notion of OPM compatibility for
UOTs, we need to introduce the right context (Rc) of a node. Given a UOT T and a
node s ∈ T , the Rc of s is denoted Rc(s). If s has a child s′ such that s .

= s′, then
Rc(s) is unde�ned. Otherwise, if r is the leftmost right sibling of s, then Rc(s) = r; if
s has no right siblings, then Rc(s) = Rc(p), where p is the parent of s. In Figure 9.1,
nodes are linked to their Rc by a dashed red arrow.

In the following, for any nodes s, s′ and π ∈ {l, .=,m}, we write s π s′ meaning
that a π b, where a = {p | s ∈ L(p)}, and b = {p | s′ ∈ L(p)}.
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De�nition 9.2 (OPM-compatible UOTs). We denote the set of UOTs compatible with
an OPMM as TM . A UOT T is in TM i� the following properties hold. The root node
and its rightmost child are the only ones labeled with #. For any node s ∈ T , its
rightmost child r, if any, is such that either sl r or s .= r. For any other child s′ 6= r
of s, we have sl s′. If Rc(s) exists, then sm Rc(s).

Given a tree T ∈ TM with labels on P(AP ), it is possible to build an OP word wT
isomorphic to T . Indeed,

Lemma 9.3. Given an OP word w and the UOT Tw = τ(w), function τ is an isomor-
phism between positions of w and nodes of Tw .

Proof. We de�ne function τ−1
AP : S → P(AP )

+, which maps a UOT node to the
subword corresponding to the subtree rooted in it. For any node s ∈ T , let its label
a = {p | s ∈ L(p)}, and let c0, c1 . . . cn be its children, if any. τ−1

AP (s) is de�ned
as τ−1

AP (s) = a if s has no children, and τ−1
AP (s) = a · τ−1

AP (c0) · τ−1
AP (c1) · · · τ−1

AP (cn)
otherwise. We prove τ−1

AP (s) is an OP word.
We need to prove by induction on the tree structure that for any tree node s,

τ−1
AP (s) is of the form a0x0a1x1 . . . anxn, with n ≥ 0, and such that for 0 ≤ k < n,
ak

.
= ak+1 and either xk = ε or ak [xk]ak+1 . In the following, we denote as first(x)

the �rst position of a string x, and as last(x) the last one. Indeed, for each 0 ≤ i < n
we have a l first(τ−1

AP (ci)), and the rightmost leaf fi of the tree rooted in ci is such
that Rc(fi) = ci+1. Since fi = τ(last(τ−1

AP (ci))) and ci+1 = τ(first(τ−1
AP (ci+1))), we

have last(τ−1
AP (ci))m first(τ−1

AP (ci+1)). So, a[τ−1
AP (ci)]

first(τ−1
AP (ci+1)). As for τ−1

AP (cn),
if a l cn then τ−1

AP (s) = a0x0 (and a0 l first(x0)), with a0 = a and x0 = τ−1
AP (c0) ·

τ−1
AP (c1) · · · τ−1

AP (cn). If a .
= cn, consider that, by hypothesis, τ−1

AP (cn) is of the form
a1x1a2 . . . anxn. So τ−1

AP (s) = a0x0a1x1a2 . . . anxn, with a0 = a and x0 = τ−1
AP (c0)·

τ−1
AP (c1) · · · τ−1

AP (cn−1).
The root 0 of T and its rightmost child c# are labeled with #. So, τ−1

AP (c#) = #,
and τ−1

AP (0) = #x0#, with #[x0]#, which is a �nite OP word.
τ−1 : S → U can be derived from τ−1

AP . By construction, we have τ−1(τ(i)) = i
for any word w and position i.

From Lemma 9.3 follows:

Proposition 9.4. Let MAP be an OPM on P(AP ). For any FO formula ϕ(x) on OP
words compatible withMAP , there exists a FO formula ϕ′(x) on trees in TMAP

such that
for any OP word w and position i in it, w |= ϕ(i) i� Tw |= ϕ′(τ(i)), with Tw = τ(w).

9.1.2.2 POTL Translation of Xuntil

We now give the full translation of the logic Xuntil from [125] into POTL.
The syntax of Xuntil formulas is ϕ ::= a | > | ¬ϕ | ϕ∧ϕ | ρ(ϕ,ϕ), with a ∈ AP

and ρ ∈ {⇓,⇑,⇒,⇐}. The semantics of propositional operators is the usual one,
while ρ(ϕ,ϕ) is an until/since operator on the child and sibling relations. Let T ∈ T
be a UOT with nodes in S. For any r, s ∈ S, R⇑ and R⇐ are s.t. rR⇑s i� sR⇓r, and
rR⇐s i� sR⇒r. We denote asR+

ρ the transitive (but not re�exive) closure of relation
Rρ, and by R∗ρ its transitive and re�exive closure. For s ∈ S, (T, s) |= ρ(ϕ,ψ) i�
there exists a node t ∈ S s.t. sR+

ρ t and (T, t) |= ψ, and for any r ∈ S s.t. sR+
ρ r and

rR+
ρ t we have (T, r) |= ϕ. Notice that t 6= s and r 6= s, so s is not included in the

paths: we call this semantics strict. Conversely, in POTL paths always start from the
position where an until/since operator is evaluated.
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[118] proved the equivalence of Xuntil to the logic Conditional XPath, which was
proved equivalent to FOL on �nite UOTs in [126]. This result is valid for any labeling
of tree nodes, and so is on OPM-compatible UOTs.

Theorem 9.5 ([118, 126]). LetMAP be an OPM on AP . For any FO formula ϕ(x) on
trees in TMAP

, there exists a Xuntil formula ϕ′ such that, for any T ∈ TMAP
and node

t ∈ T , we have T |= ϕ(t) i� (T, t) |= ϕ′.

We de�ne function ιX , which translates anyXuntil formulaϕ into a POTL formula
s.t. ϕ holds on a UOT T i� ιX (ϕ) holds on the isomorphic word wT . ιX is de�ned
as the identity for the propositional operators, and with the equivalences below for
the other Xuntil operators. Recall from Section 8.4.1 that for any a ⊆ AP , σa :=∧

p∈a p∧∧q6∈a ¬q holds in a position i i� a is the set of atomic propositions holding
in i. For any POTL formula γ, let χl

F γ :=
∨
a,b⊆AP, alb(σa ∧ χdF (σb ∧ γ)) be the

restriction of χdF γ to chains with contexts in the l PR; operators χ
.
=
F γ, χl

P γ, χ
.
=
P γ,

#l γ, �l γ are de�ned analogously.
For any Xuntil formulas ϕ,ψ, let ϕ′ = ιX (ϕ) and ψ′ = ιX (ψ). We de�ne ιX as

follows:

ιX (⇓ (ϕ,ψ)) := #d(ϕ′ Udχ ψ′) ∨ χdF (ϕ′ Udχ ψ′) (9.2)
ιX (⇑ (ϕ,ψ)) := �d(ϕ′ Sdχ ψ′) ∨ χdP (ϕ′ Sdχ ψ′) (9.3)

ιX (⇒ (ϕ,ψ)) :=#uH(ϕ′ UuH ψ′) (9.4)

∨
(
¬#uH(> UuH ¬ϕ′) ∧ χl

P (χ
.
=
F ψ
′)
)

(9.5)

∨�l
(
χl
F

(
ψ′ ∧ ¬�uH(> SuH ¬ϕ′)

))
(9.6)

∨�l(χ
.
=
F ψ
′ ∧ ¬χl

F ¬ϕ′) (9.7)

ιX (⇐ (ϕ,ψ)) :=�uH(ϕ′ SuH ψ′) (9.8)

∨ χ
.
=
P

(
χl
F (¬#uH > ∧ ϕ′ SuH ψ′)

)
(9.9)

∨
(
χl
P (#l ψ′) ∧ ¬�uH(> SuH ¬ϕ′)

)
(9.10)

∨ χ
.
=
P (#l ψ′ ∧ ¬χl

F ¬ϕ′) (9.11)

We prove the correctness of this translation in the following lemmas.

Lemma 9.6. Given an OP alphabet (AP,MAP ), for every Xuntil formula ⇓ (ϕ,ψ),
and for any OP word w and position i in w, we have

(Tw, τ(i)) |=⇓ (ϕ,ψ) i� (w, i) |= ιX (⇓ (ϕ,ψ)).

Tw ∈ TMAP
is the UOT obtained by applying function τ to every position in w, such

that for any position i′ in w (Tw, τ(i′)) |= ϕ i� (w, i′) |= ιX (ϕ), and likewise for ψ.

Proof. Let ϕ′ = ιX (ϕ) and ψ′ = ιX (ψ).
[Only if] Suppose (Tw, τ(i)) |=⇓ (ϕ,ψ). Let r = τ(i), and s = τ(j) s.t. rR⇓s

and s is the �rst tree node of the path witnessing ⇓ (ϕ,ψ).
We inductively prove that ϕ′Udχψ′ holds in j. If s is the last node of the path, then

ψ′ holds in j and so does, trivially, ϕ′ Udχ ψ′. Otherwise, consider any node t = τ(k)
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in the path, except the last one, and suppose ϕ′ Udχ ψ′ holds in k′ s.t. t′ = τ(k′) is the
next node in the path. If t′ is the leftmost child of t, then k′ = k+ 1 and either kl k′

or k .
= k′: in both cases #d(ϕ′ Udχ ψ′) holds in k. If t′ is not the leftmost child, then

χ(k, k′) and k l k′ or k .
= k′: so χdF (ϕ′ Udχ ψ′) holds in k. Thus, by expansion law

ϕ′ Udχ ψ′ ≡ ψ′ ∨ (ϕ′ ∧ (#d(ϕ′ Udχ ψ′) ∨ χdF (ϕ′ Udχ ψ′))), ϕ′ Udχ ψ′ holds in k and, by
induction, also in j.

Suppose s is the leftmost child of r: j = i + 1, and either i l j or i .= j, so
#d(ϕ′ Udχ ψ′) holds in i. Otherwise, χ(i, j) and either i l j or i .= j. In both cases,
χdF (ϕ′ Udχ ψ′) holds in i.

[If] Suppose (9.2) holds in i. If #d(ϕ′ Udχ ψ′) holds in i, then ϕ′ Udχ ψ′ holds in
j = i + 1, and either i l j or i .= j: then s = τ(j) is the leftmost child of τ(i). If
χdF (ϕ′Udχψ′) holds in i, then ϕ′Udχψ′ holds in j s.t. χ(i, j) and ilj or i .=j: s = τ(j)
is a child of τ(i) in this case as well.

We prove that if ϕ′Udχψ′ holds in a position j s.t. τ(i)R⇓τ(j), then ⇓ (ϕ,ψ) holds
in τ(i). If ϕ′ Udχ ψ′ holds in j, then there exists a DSP of minimal length from j to
h > j s.t. (w, h) |= ψ′ and ϕ′ holds in all positions j ≤ k < h of the path, and
(Tw, τ(k)) |= ϕ. In any such k, ϕ′Udχψ′ ≡ ψ′∨ (ϕ′∧ (#d(ϕ′Udχψ′)∨χdF (ϕ′Udχψ′)))
holds. Since this DSP is the minimal one, ψ′ does not hold in k. Either #d(ϕ′ Udχ ψ′)
or χdF (ϕ′ Udχ ψ′) hold in it. Therefore, the next position in the path is k′ s.t. either
k′ = k+ 1 or χ(k, k′), and either klk′ or k .=k′, and (w, k′) |= ϕ′ Udχ ψ′. Therefore,
τ(k′) is a child of τ(k). So, there is a sequence of nodes s0, s1, . . . , sn in Tw s.t.
τ(i)R⇓s0, and siR⇓si+1 and (Tw, si) |= ϕ for 0 ≤ i < n, and (Tw, sn) |= ψ. This is
a path making ⇓ (ϕ,ψ) true in τ(i).

The proof for ιX (⇑ (ϕ,ψ)) (9.3) is analogous to Lemma 9.6, and is therefore omit-
ted.

Lemma 9.7. Given an OP alphabet (AP,MAP ), for every Xuntil formula⇒ (ϕ,ψ),
and for any OP word w and position i in w, we have

(Tw, τ(i)) |=⇒ (ϕ,ψ) i� (w, i) |= ιX (⇒ (ϕ,ψ)).

Tw ∈ TMAP
is the UOT obtained by applying function τ to every position in w, such

that for any position i′ in w (Tw, τ(i′)) |= ϕ i� (w, i′) |= ιX (ϕ), and likewise for ψ.

Proof. Let ϕ′ = ιX (ϕ) and ψ′ = ιX (ψ).
[Only if] Suppose⇒ (ϕ,ψ) holds in s = τ(i). Then, node r = τ(h) s.t. rR⇓s

has at least two children, and⇒ (ϕ,ψ) is witnessed by a path starting in t = τ(j) s.t.
sR⇒t, and ending in v = τ(k). We have the following cases:

1. s is not the leftmost child of r.

(a) hlk. By the construction of Tw , for any node t′ in the path, there exists a
position j′ ∈ w s.t. t′ = τ(j′), χ(h, j′) and hl j′. The path made by such
positions is a UHP, and ϕ′ UuH ψ′ is true in j. Since s is not the leftmost
child of r, we have χ(h, i), and hl i, so (9.4) holds in i.

(b) h .
= k, so v is the rightmost child of r. ϕ holds in all siblings between s

and v (excluded), and ϕ′ holds in the corresponding positions of w. All
such positions j, if any, are s.t. χ(h, j) and hl j, and they form a UHP, so
#uH(>UuH ¬ϕ′) never holds in i. Moreover, since ψ holds in v, ψ′ holds in
k. Note that χl

P in i uniquely identi�es position h, and χ
.
=
F evaluated in h

identi�es k. So, (9.5) holds in i.
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2. s is the leftmost child of r. In this case, we have i = h + 1 and h l i (if h .
= i,

then r would have only one child).

(a) hlk. �l evaluated in i identi�es position h. ψ′ holds in k, and�uH(>SuH
¬ϕ′) does not, because in all positions between i and k (excluded) corre-
sponding to children of r, ϕ′ holds. Note that all such positions form a
UHP, but i is not part of it (i = h+ 1, so ¬χ(h, i)), and is not considered
by > SuH ¬ϕ′. So, (9.6) holds in i.

(b) h .
= k, so v is the rightmost child of r. ψ holds in v, and ϕ holds in all

children of r, except possibly the �rst (s) and the last one (v). These are
exactly all positions s.t. χ(h, j) and h l j. Since ϕ′ holds in all of them
by hypothesis, ¬χl

F ¬ϕ′ holds in h. Since ψ holds in v, ψ′ holds in k, and
χ
.
=
F ψ
′ in h. So, (9.7) holds in i.

[If] We separately consider cases (9.4)–(9.7).
(9.4): #uH(ϕ′UuHψ′) holds in a position i inw. Then, there exists a positionh s.t.χ(h, i)
and hl i, and a position j s.t. χ(h, j) and hl j that is the hierarchical successor of i,
and ϕ′ UuH ψ′ holds in j. So, i and j are consecutive children of r = τ(h). Moreover,
there exists a UHP between j and a position k ≥ j. The tree nodes corresponding to
all positions in the path are consecutive children of r, so we fall in case 1a of the only
if part of the proof. In Tw , a path between t = τ(j) and v = τ(k) witnesses the truth
of⇒ (ϕ,ψ) in s.
(9.5): ¬#uH(>UuH ¬ϕ′∧χl

P (χ
.
=
F ψ
′)) holds in position i ∈ w (this corresponds to case

1b). If χl
P (χ

.
=
F ψ
′) holds in i, then there exists a position h s.t. χ(h, i) and hl i, and a

position k s.t. χ(h, k) and h .
= k, and ψ′ holds in k. v = τ(k) is the rightmost child of

r = τ(h), parent of s = τ(i). Moreover, if ¬#uH(> UuH ¬ϕ′) holds in i, then either:

• ¬#uH > holds, i.e. there is no position j > i s.t. χ(h, j) and h l j, so v is the
immediate right sibling of s. In this case⇒ (ϕ,ψ) holds in s because ψ holds
in v.

• ¬(>UuH ¬ϕ′) holds in j > i, the �rst position after i s.t. χ(h, j) and hl j. This
means ϕ′ holds in all positions j′ ≥ j s.t. χ(h, j′) and h l j′. Consequently,
the tree nodes corresponding to these positions plus v = τ(k) form a path
witnessing⇒ (ϕ,ψ), which holds in s = τ(i).

(9.6): �l
(
χl
F

(
ψ′ ∧ ¬�uH(> SuH ¬ϕ′)

))
holds in i. Let h = i − 1, with h l i (it

exists because �l is true). There exists a position k, χ(h, k) and h l k, in which ψ′
holds, so ψ does in v = τ(k), and �uH(> SuH ¬ϕ′) is false in it. If it is false because
¬�uH > holds, there is no position j < k s.t. χ(h, j) and hlj, so v is the second child
of r = τ(h), s = τ(i) being the �rst one. So, ⇒ (ϕ,ψ) trivially holds in s because
ψ holds in the next sibling. Otherwise, let j < k be the rightmost position lower
than k s.t. χ(h, j) and h l j. ¬(> SuH ¬ϕ′) holds in it, so ϕ′ holds in all positions j′
between i and k that are part of the hierarchical path, i.e. s.t. χ(h, j′) and hl j′. The
corresponding tree nodes form a path ending in v = τ(k) that witnesses the truth of
⇒ (ϕ,ψ) in s (case 2a).
(9.7): �l(χ

.
=
F ψ
′ ∧¬χl

F ¬ϕ′) holds in i. Then let h = i− 1, hl i, and s = τ(i) is the
leftmost child of r = τ(h). Sinceχ

.
=
F ψ
′ holds in h, there exists a position k, s.t.χ(h, k)

and h .
=k, in which ψ′ holds. So, ψ holds in v = τ(k), which is the rightmost child of

r, by construction. Moreover, ϕ′ holds in all positions s.t. χ(h, j) and h l j. Hence,
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ϕ holds in all corresponding nodes t = τ(j), which are all nodes between s and v,
excluded. This, together with ψ holding in v, makes a path that veri�es⇒ (ϕ,ψ) in
s (case 2b).

Lemma 9.8. Given an OP alphabet (AP,MAP ), for every Xuntil formula⇐ (ϕ,ψ),
and for any OP word w and position i in w, we have

(Tw, τ(i)) |=⇐ (ϕ,ψ) i� (w, i) |= ιX (⇐ (ϕ,ψ)).

Tw ∈ TMAP
is the UOT obtained by applying function τ to every position in w, such

that for any position i′ in w (Tw, τ(i′)) |= ϕ i� (w, i′) |= ιX (ϕ), and likewise for ψ.

Proof. Let ϕ′ = ιX (ϕ) and ψ′ = ιX (ψ).
[Only if] Suppose ⇐ (ϕ,ψ) holds in s = τ(i). Then node r = τ(h) s.t. rR⇓s

has at least two children, and⇐ (ϕ,ψ) is true because of a path starting in v = τ(k),
s.t. rR⇓v and (Tw, v) |= ψ and ending in t = τ(j) s.t. tR⇒s. We distinguish between
the following cases:

1. v is not the leftmost child of r.

(a) hli. By construction, all nodes in the path correspond to positions j′ ∈ w
s.t. χ(h, j′) and h l j′, so they form a UHP. Hence, ϕ′ SuH ψ′ holds in j,
and (9.8) holds in i.

(b) h .
= i. In this case, s is the rightmost child of r, and χ(h, i). The path

made of positions between k and j corresponding to nodes between v
and t (included) is a UHP. So ϕ′ SuH ψ′ holds in j, which is the rightmost
position of any possible such UHP: so¬#uH > also holds in j. Hence, (9.9)
holds in i.

2. v is the leftmost child of r.

(a) hl i. In this case, k = h+ 1 and ψ′ holds in k. So, #l ψ′ holds in h, and
χl
P (#l ψ′) holds in i. Moreover, in all word positions j′ with k < j′ < j

corresponding to children of r, ϕ′ holds. Such positions form a UHP. So
¬�uH(>SuH ¬ϕ′) holds in i. Note that this is true even if s is the �rst right
sibling of v. Thus, (9.10) holds in i.

(b) h .
= i. ψ′ holds in k = h+ 1, so #l ψ′ holds in h. Since χ(h, i) and h .

= i,
χ
.
=
P (#l ψ′) holds in i. Moreover, ϕ holds in all children of r except the

�rst and last one, so ϕ′ holds in all positions j′ s.t. χ(h, j′) and hl j′. So
¬χl

F ¬ϕ′ holds in h, and (9.11) in i.

[If] We separately consider cases (9.8)–(9.11).
(9.8): �uH(ϕ′ SuH ψ′) holds in i. Then, there exists a position h s.t. χ(h, i) and h l i,
and a position j < i s.t. χ(h, j) and h l j. Since j 6= h + 1, the corresponding tree
node is not the leftmost one. So, this corresponds to case 1a, and⇐ (ϕ,ψ) holds in
s = τ(i).
(9.9): χ

.
=
P

(
χl
F (¬#uH > ∧ ϕ′ SuH ψ′)

)
holds in i. Then, there exists a position h s.t.

χ(h, i) and h .
= i. Moreover, at least a position j′ s.t. χ(h, j′) and h l j′ exists. Let

j be the rightmost one, i.e. the only one in which ¬#uH > holds. The corresponding
tree node t = τ(j) is s.t. tR⇒s, with s = τ(i). Since ϕ′ SuH ψ′ holds in j, a UHP starts
from it, and ψ and ϕ hold in the tree nodes corresponding to, respectively, the �rst
and all other positions in the path. This is case 1b, and⇐ (ϕ,ψ) holds in s.
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(9.10): χl
P (#l ψ′) ∧ ¬�uH(> SuH ¬ϕ′) holds in i. Then, there exists a position h s.t.

χ(h, i) and hl i. ψ′ holds in k = h+ 1, so ψ holds in the leftmost child of r = τ(h).
Moreover, ϕ′ holds in all positions j′ < i s.t. χ(h, j′) and h l j′, so ϕ holds in all
children of r between v = τ(k) and s = τ(i), excluded. This is case 2a, and⇐ (ϕ,ψ)
holds in s.
(9.11): χ

.
=
P (#l ψ′ ∧ ¬χl

F ¬ϕ′) holds in i. Then, there exists a position h s.t. χ(h, i)
and h .

= i. #l ψ′ holds in h, so ψ holds in node v = τ(h + 1), which is the leftmost
child of r = τ(h). Since ¬χl

F ¬ϕ′ holds in h, ψ′ holds in all positions j′ s.t. χ(h, j′)
and h l j. So, ψ holds in all children of r except (possibly) the leftmost (v) and the
rightmost (s = τ(i)) ones. This is case 2b, and⇐ (ϕ,ψ) holds in s.

It is possible to express all POTL operators in FOL, as per Section 9.1.1. From this,
and Lemmas 9.6, 9.7, and 9.8 together with Theorem 9.5, we derive

Theorem 9.9. POTL = FOL with one free variable on �nite OP words.

Corollary 9.10. The propositional operators plus#d,�d, χdF , χ
d
P , Udχ , Sdχ ,#uH ,�uH ,

UuH , SuH are expressively complete on OP words.

Corollary 9.11. NWTL ⊂ OPTL ⊂ POTL over �nite OP words.

Corollary 9.12. Every FO formula with at most one free variable is equivalent to one
using at most three distinct variables on �nite OP words.

Corollary 9.10 follows from the de�nition of ιX and Theorem 9.9 (note that all
other operators are shortcuts for formulas expressible with those listed). In Corol-
lary 9.11, NWTL ⊂ OPTL was proved in [54], and OPTL ⊆ POTL comes from Theo-
rem 9.9 and the semantics of OPTL being expressible in FOL similarly to POTL, while
OPTL ( POTL comes from Theorem 7.9. Corollary 9.12, stating that OP words have
the three-variable property, follows from the FOL semantics of POTL being express-
ible with just three variables.

9.2 First-Order Completeness on ω-Words
To prove the FO-completeness of the translation of Xuntil into POTL also on OP ω-
words, we must prove that Xuntil is FO-complete on the OPM-compatible UOTs re-
sulting from ω-words. In Section 9.2.1 we show that in�nite OPM-compatible UOTs
can be divided in two classes, depending on their shape. Then, after recalling some
notation in Section 9.2.2, we show how to translate a given FO formula into Xuntil

separately for each UOT class in Sections 9.2.3 and 9.2.4, and how such translations
can be combined to work on any in�nite OPM-compatible UOT in Section 9.2.5. Our
proofs exploit composition arguments on trees from [91, 117, 132] but introduce new
techniques to deal with the peculiarities of UOTs derived from ωOPLs.

9.2.1 OPM-compatible ω-UOTs
The application of function τ from Section 9.1 to OP ω-words results in two classes of
in�nite UOTs, depending on the shape of the underlying ST. In both cases, in the UOT
the rightmost child of the root is not labeled with #, and nodes in the rightmost branch
do not have a right context. τ−1, which can be de�ned in the same way, converts such
UOTs into words with open chains.
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Figure 9.2: ST (left) and UOT (right) of the RR OP ω-word # call han exc ret call
call ret call call call . . . on OPM Mcall (Figure 4.2).
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Figure 9.3: ST (left) and UOT (right) of the LR OP ω-word # call ret call call ret
call ret call han ret call ret . . . on OPM Mcall (Figure 4.2).

If a word w reaches in�nity through right recursion, then it contains an in�nite
number of chains that have a left context, which we call a pending position, but no
right context. AnωOPBA reading such a word does an in�nite number of push moves,
and its stack grows to in�nity. The corresponding UOT Tw = τ(w) presents a single
in�nite branch, made of the rightmost nodes of each level. Such nodes, which we call
pending, are in the l PR when they correspond to a right recursion step, and in the
.
= PR when they are siblings in the ST. Pending nodes may have left non-terminal
(dot) siblings, which correspond to bodies of inner chains between two consecutive
right-recursion steps. So, ω-words in which left and right recursion are alternated
also fall into this class, which we call Right-Recursive (RR) UOTs (Figure 9.2).

Ifw reaches in�nity by left recursion, then it contains an in�nite number of chains
sharing the same left context. An ωOPBA reading w performs an in�nite sequence of
pop moves, each one followed by a push, and its stack size is “ultimately bounded”,
i.e., the stack symbol related to such a left context remains in the stack inde�nitely,
and other symbols are repeatedly pushed on top of it, and popped. Thus, the stack
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reaches the same size in�nitely many times. The rightmost branch of Tw = τ(w)
ends with a node r∞ with an in�nite number of children (cf. Figure 9.3). Node r∞ is
in the l relation with all of its children, otherwise it would violate property 3 of the
χ relation. This is the Left-Recursive (LR) class of UOTs.

An exception to the above classi�cation may occur if the OPM is such that the
transitive closure of the .

= relation is re�exive —in other words the OPM contains .=-
circularities—. In this case the ST may contain just one node with an in�nite number
of children, all in the .

= PR. As a result, such nodes form a unique in�nite branch in
the corresponding UOT whose nodes are in the .

= relation unlilke the case of Figure
9.2. This is the distinguishing feature of RR UOTs, despite the fact that in this case the
stack of the ωOPBA remains “ultimately bounded” as in the case of LR UOTs. Thus,
this exceptional case is attributed to the RR class.

In the following, by RR (resp. LR) word or ST we mean an OP ω-word or ST that
translates to a RR (resp. LR) UOT. Next, we separately give a translation of FOL into
Xuntil for RR and LR UOTs, and then show how to combine them to obtain complete-
ness.
Remark 9.13. There cannot be RR UOTs containing a node with in�nitely many chil-
dren, or LR UOTs where more than one node has in�nite children. If this was the case,
then the in�nite children would appear as consecutive in�nite subsets of positions in
the OP ω-word isomorphic to the UOT. But this is impossible, because the set of word
positions is N, which is not dense and does not contain dense subsets.
Remark 9.14. The FO-completeness proof of the logic NWTL [12] is also based on a
translation of Nested Words to UOTs. However, Nested Words result in only one kind
of UOT, because VPL grammars can be transformed so that words grow in only one
direction. Thus, that proof does not deal with the issue of combining two separate
translations.

9.2.2 Notation
Throughout the rest of this section, we use the model theoretic notions and notation
that we introduced in Chapter 5.

We refer to the syntax and semantics of Xuntil presented in Section 9.1.2.2. The
semantics of the until and since operators is strict, i.e. the position where they are
evaluated is not part of their paths, which start with the next one. Thus, next and back
operators are not needed, but we de�ne them as shortcuts, for any Xuntil formula ϕ:

#⇓ ϕ := ⇓ (¬>, ϕ) #⇑ ϕ := ⇑ (¬>, ϕ)

#⇒ ϕ :=⇒ (¬>, ϕ) #⇐ ϕ :=⇐ (¬>, ϕ)

We also use LTL, but with strict semantics, which is slightly di�erent from what
we presented in Chapter 2. Hence, we re-de�ne it formally below. We call the struc-
ture 〈U,<, P 〉 a �nite LTL word if U ⊆ N is �nite, and an LTL ω-word if U = N. < is
a linear order on U , and P : AP → P(U) is a labeling function. The syntax of an LTL
formula ϕ is, for a ∈ AP , ϕ ::= a | ¬ϕ | ϕ ∨ ϕ | ϕ U ϕ | ϕ S ϕ, where propositional
operators have the usual meaning. Given an LTL word w, and a position i in it,

• (w, i) |= a i� i ∈ P (a);

• (w, i) |= ψ U θ i� there is j > i s.t. (w, j) |= θ and for any i < j′ < j we have
(w, j′) |= ψ;
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Figure 9.4: Parts in which we divide a RR UOT for Lemma 9.16 (right) and Lemma 9.17
(left).

• (w, i) |= ψ S θ i� there is j < i s.t. (w, j) |= θ and for any j < j′ < i we have
(w, j′) |= ψ.

A future LTL formula only contains the U modality, and a past one only contains S .

9.2.3 RR UOTs
We prove the following:

Lemma 9.15. Given a FO formula on UOTs ϕ̄(x) of quanti�er rank k ≥ 1, there exists
a Xuntil formula ϕR s.t. for any OP ω-word w s.t. Tw = τ(w) is a RR UOT, and for any
node n ∈ Tw we have (Tw, n) |= ϕ̄(x) i� (Tw, n) |= ϕR.

To prove Lemma 9.15, we show that ϕR can be built by combining formulas de-
scribing only parts of a UOT, as hinted in Figure 9.4. First, we prove that the rank-k
type of such parts determines the rank-k type of the whole tree (Lemma 9.16); then,
since such subdivision includes �nite subtrees, we show how to express their rank-k
types in Xuntil (Lemma 9.17); �nally we use such results to translate ϕ̄(x).

This part of the proof partially resembles the one for the FO-completeness of
NWTL in [12], because of the similarity between the shape of RR UOTs and those
resulting from nested ω-words. However, the two proofs diverge signi�cantly, be-
cause Nested Words are isomorphic to binary trees, while RR UOTs are unranked.

Consider the RR UOT Tw of the statement. We denote with sR0 , sR1 , . . . the in�-
nite sequence of pending nodes obtained by starting from the root of Tw , and always
descending through the rightmost child. We call tRw(sRp ) the �nite subtree obtained
by removing the rightmost child of sRp and its descendants from the subtree rooted in
sRp . If sRp has one single child, tRw(sRp ) is made of sRp only. Let n be any node in Tw ,
and let sRq be s.t. n is part of tRw(sRq ), and sRq = n if n is a pending node. Let Γk be
the (�nite) set of all rank-k types of �nite UOTs, and σRk (w, n) ∈ Γk be the rank-k
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type of tRw(sRq ). We de�ne←−v Rk (w, n) as a �nite LTL word of length q on alphabet Γk ,
s.t. each position p, 0 ≤ p ≤ q − 1, is labeled with σRk (w, sRp ). Also, let −→v Rk (w, n) be
a LTL ω-word on Γk having each position labeled with σRk (w, sRq+j+1) for all j ≥ 0.
We give the following composition argument:

Lemma 9.16. Let w1 and w2 be two OP ω-words, such that Tw1
= τ(w1) and Tw2

=
τ(w2) are two RR UOTs. Let i1 and i2 be two positions in, resp., w1 and w2, and let
s1 = τ(i1) and s2 = τ(i2). For any k ≥ 1, if

1. ←−v Rk (w1, s1) ≡k ←−v Rk (w2, s2),

2. −→v Rk (w1, s1) ≡k −→v Rk (w2, s2) and

3. σRk (w1, s1) = σRk (w2, s2),

then (Tw1 , s1) ≡k (Tw2 , s2).

Proof. By Theorem 5.11, equivalences 1–2–3 imply that the respective games have a
winning strategy; we refer to them by game 1, 2 and 3. We prove that (Tw1 , s1) ∼k
(Tw2 , s2), i.e. that ∃ has a winning strategy in the EF game on (Tw1 , s1) and (Tw2 , s2)
so that the thesis follows. In round 0 of the game, partial isomorphism is ensured
by s1 and s2 having the same labels, due to hypothesis 3. In any subsequent round,
suppose w.l.o.g. that ∀ picks a node s∀ from Tw1

(the converse is symmetric). Let sRq1
be the pending node s.t. s1 is part of tRw(sRq1), and sRq2 be the pending node s.t. s2 is
part of tRw(sRq2). We have the following cases:

• s∀ = sRq∀ is one of the pending nodes that are ancestors of sRq1 , and q∀ is the
corresponding position in ←−v Rk (w1, s1). Then, ∃ selects q∃ in ←−v Rk (w2, s2) in
response to q∀ according to her winning strategy for game 1. Her answer to s∀
is s∃ = sRq∃ (i.e. the pending node with the same index).

• s∀ is part of a subtree tRw1
(sRq∀) such that sRq∀ is an ancestor of sRq1 . Then ∃

chooses position q∃ in←−v Rk (w2, s2) as before. According to game 1, q∀ and q∃
must be labeled with the same rank-k type of a subtree (i.e. σRk (w1, s

R
q∀) =

σRk (w2, s
R
q∃)). Hence, game tRw1

(sRq∀) ∼k tRw2
(sRq∃) has a winning strategy,

which ∃ can use to pick s∃ in tRw2
(sRq∃).

• If the node picked by ∀ is the rightmost child of sRq1 or one of its descendants,
then ∃ proceeds symmetrically, but using her winning strategy on game 2.

• Finally, if ∀ picks a node in tRw1
(sRq1), then by 3 we have tRw1

(sRq1) ∼k tRw2
(sRq2),

and ∃ answers according to her winning strategy in this game.

This strategy preserves the partial isomorphism w.r.t. the child and sibling rela-
tions and monadic predicates, as a direct consequence of rank-k type equivalences in
the hypotheses.

Lemma 9.16 shows that the rank-k type of an RR OPM-compatible UOT is deter-
mined by the rank-k types of the parts in which we divide it. Given FO formula ϕ̄(x),
consider the set of all tuples made of 1. the rank-k type of ←−v Rk (w, s), 2. the rank-k
type of−→v Rk (w, s), and 3. the type σRk (w, s), such that (Tw, s) |= ϕ̄(x) for any RR UOT
Tw and s ∈ Tw . This set is �nite, because there are only �nitely many rank-k types
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of each component. So we can translate the Hintikka formulas expressing the types
in each tuple into Xuntil separately, and combine them to obtain one for the whole
tree. Then, Xuntil formula ϕ is a disjunction of the resulting translated formulas, one
for each tuple, similarly to Lemma 5.8.

Before proceeding with our translation, we need to show how to express inXuntil

the rank-k type of a �nite UOT such as tRw(sRp ), for some w and p, in the context of
Tw . Since the rank-k type of tRw(sRp ) only contains information about that subtree, we
need to restrict the formula expressing it to such nodes. In the following lemma we
show how to do this, thanks to a formula α∗ which holds in the root of the subtree
(but may hold in other parts of Tw), and allows us to restrict Xuntil operators so that
they do not exit the subtree.

Lemma 9.17. Let σk(t), with k ≥ 1, be the rank-k type of a �nite OPM-compatible
UOT t. Let r be a node of a RR or LR OPM-compatible UOT Tw with a �nite number of
children. Let α∗ be a Xuntil formula that holds in r, and does not hold in subtrees rooted
at children of r, except possibly the rightmost one. Then, there exists a Xuntil formula
β(t) that, if evaluated in r, is true i� r is the root of a subtree of Tw with rank-k type
σk(t), from which the subtree rooted in r’s rightmost child has been erased in case α∗

holds in that child.

Proof. Let tw be the subtree rooted at r, excluding r’s rightmost child and its descen-
dants, if α∗ holds in it. We provide a formula β(t) that holds in r i� tw ≡k t. If t
has only one node s with no children, which can be determined with a FO formula
with one quanti�er, then β(t) := βAP (s) ∧ ¬#⇓(¬α∗), where βAP (s) is a Boolean
combination of the atomic propositions holding in s.

Otherwise, the rank-k type of t is fully determined by

1. the propositional symbols holding in its root s;

2. the rank-k type of the �nite LTL word vt, whose positions 0 ≤ p ≤ m are
labeled with the rank-k types of the subtrees tup rooted at the children up of s
(including the rightmost one).

This can be proved with a simple composition argument.
Thus, we de�ne

β(t) := #⇓(¬#⇐> ∧ β′(t)) ∧ βAP (s),

where βAP (s) is a Boolean combination of the atomic propositions holding in s, and
β′(t) characterizes tu0

, . . . , tum . By this we mean that β′(t) is such that when β(t)
holds on r, its children (except the rightmost one if α∗ holds in it) must be roots
of subtrees isomorphic to tu0 , . . . , tum . Note that formula β′(t) is enforced in the
leftmost child (where #⇐> is false) of the node where β(t) is evaluated.

We now show how to obtain β′(t). Due to Kamp’s Theorem [106] and the separa-
tion property of LTL [86], there exists a future LTL formula β′′(t) that, evaluated in
the �rst position of vt, completely determines its rank-k type (it can be obtained by
translating into LTL the Hintikka formula equivalent to the rank-k type of vt).

We now show how to express the rank-k types of the subtrees tup . Since they
are �nite, by Marx’s Theorem [126], there exists a Xuntil formula γp that, evaluated
in up, fully determines the rank-k type of tup (γp can be obtained by translating the
Hintikka formula for the rank-k type of tup intoXuntil ). Unfortunately, the separation
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property does not hold for Xuntil [24], and γp may contain ⇑ operators that, in the
context of Tw , consider nodes that are not part of tup .

There is, however, a way of syntactically transforming γp so that, if evaluated on
a child r′ of r, its paths remain constrained to tr′ , the subtree rooted in r′. Given a
Xuntil formula ψ, it can be written as a Boolean combination of atomic propositions
and until/since operators (possibly nested). We denote by ψ⇓ the formula obtained by
replacing all subformulas of the form ⇑ (ϕ,ϕ′), ⇒ (ϕ,ϕ′) and⇐ (ϕ,ϕ′) at the top-
most level with ¬>. If γp is evaluated in the root of tup outside of t, all such operators
evaluate to false. So, γ⇓p in r′ agrees with γp in the root of tup on such subformulas.
Now, take γ⇓p , and recursively replace all subformulas of the form ⇑ (ϕ,ϕ′) with the
following:

⇑
(
ϕ ∧ ¬#⇑ α∗, (¬#⇑ α∗ ∧ ϕ′) ∨ (#⇑ α∗ ∧ ϕ′⇓)

)
.

We call γ′p the obtained formula. Note that, since α∗ holds in r and at most in its
rightmost child, #⇑ α∗ only holds in nodes up, 0 ≤ p ≤ m. This way, we can prove
that ⇑ paths in γ′p cannot continue past up, and those ending in up depend on a for-
mula that does not consider nodes outside the subtree rooted at up. Thus, when γ′p is
evaluated in up in the context of Tw , all its until/since operators consider exactly the
same positions as the corresponding ones in γp evaluated outside of Tw . Hence, the
two formulas are equivalent in their respective contexts, and γ′p is true in positions
that are the root of a subtree equivalent to tup .

We now show that such transformations do not change the formula’s meaning in
unwanted ways. Let t1 be a UOT, and let t2 be a subtree of a larger UOT T , such that
t1 and t2 are identical, and α∗ holds in the parent of r2, the root of t2. We prove that
γ′p holds on r2 i� γp holds on r1, the root of t1. For any subformula ψ of γp not at
the topmost nesting level, let ψ′ be the corresponding subformula in γ′p. Then, we
prove by structural induction on ψ that, for any node s 6= r1 in t1 and t2, we have
(t1, s) |= ψ i� (T, s) |= ψ′.

The base case, where ψ is an atomic proposition, is trivial. The composition by
Boolean operators is also straightforward.

Paths considered by formulas of the form⇒ (ϕ1, ϕ2),⇐ (ϕ1, ϕ2), and ⇓ (ϕ1, ϕ2)
cannot get out of t2, when evaluated in one of its nodes that is not r2. Thus, we
have e.g. (t1, s) |= ⇒ (ϕ1, ϕ2) i� (T, s) |= ⇒ (ϕ′1, ϕ

′
2) directly from the fact that

(t1, s
′) |= ϕ1 i� (T, s′) |= ϕ′1 for any s′ ∈ t1 (and the same for ϕ2).

Finally, let ψ = ⇑ (ϕ1, ϕ2). Suppose ψ is witnessed by a path in t1 that does not
include its root r1. Then, ¬#⇑ α∗ holds in all positions in such path inside t2, and
ψ′ is satis�ed by the same path, thanks to the inductive hypothesis. Otherwise, ψ
may be witnessed by a path ending in r1. In this case, ¬#⇑ α∗ holds in all positions
in the corresponding path in t2 except the last one. There, (#⇑ α∗ ∧ ϕ′⇓) holds. In
fact, ϕ holds in the root of t1 where any ⇑,⇒ and⇐ operator are false, so they can
correctly be replaced with ¬> in ϕ′⇓. Moreover, ⇓ operators are strict, so they must
be witnessed by paths completely contained in t1, excluding its root. Hence, by the
inductive hypothesis they witness the corresponding operators in ϕ′⇓. Conversely,
any path that witnesses ψ′ in s ∈ t2 must be, by construction, entirely inside t2, so
it witnesses ψ in t1 as well. Finally, γ′p holding on r2 can be justi�ed by an argument
similar to the one for ϕ′⇓.

Now, we can go on with the de�nition of β(t): we set β′(t) := ¬α∗ ∧ β′′′(t),
where β′′′(t) is obtained from β′′(t) by

• recursively replacing all subformulas ϕ U ϕ′ with⇒ (¬α∗ ∧ ϕ,¬α∗ ∧ ϕ′);
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• replacing all labels, which are rank-k types of UOTs tup , with their correspond-
ing γ′p.

Thus, β′(t) is a Xuntil formula that characterizes children of r, without considering
the one where α∗ holds (if any).

Lemma 9.17 allows us to express in Xuntil the rank-k type of any subtree t =
tRw(sRp ), for any pending node sRp in Tw . The root of t is a pending node, and so is its
rightmost child sRp+1, which is not part of t. So, we use αR∞ := ¬⇑ (>,#⇒>), which
is true in pending nodes, where the path from the current node to the root is made of
rightmost nodes only. Thus, formula β(t) from Lemma 9.17 is true in a pending node
i� it is the root of a subtree equivalent to t, excluding its rightmost child.

Let n be the node where the translated formula is evaluated (i.e. the one corre-
sponding to the free variable in the FO formula ϕ̄(x) to be translated). Let sRpn be its
closest pending ancestor. According to Lemma 9.16, we need to express the rank-k
types of tRw(sRpn), −→v Rk (w, n), and←−v Rk (w, n).

For tRw(sRpn), simply take formula β(tRw(sRpn)).
By Kamp’s Theorem and the separation property of LTL, the rank-k type of word

−→v Rk (w, n) can be expressed by a future LTL formula
−→
ψ to be evaluated in its �rst

position. First, we recursively take the conjunction of all subformulas of
−→
ψ with αR∞.

Then, we recursively substitute each LTL operator ϕ U ϕ′ with ⇓ (ϕ,ϕ′), obtaining
a Xuntil formula

−→
ψ ′ that evaluates its paths only on pending positions in Tw . We

can prove that equivalence is kept despite such transformations by induction on the
formula’s structure, as we did in Lemma 9.17. Since −→v Rk (w, n) is labeled with rank-
k types of UOTs, we substitute any such atomic proposition σk(t) in

−→
ψ ′ with β(t),

obtaining formula
−→
ψ ′′, that captures the part of the tree rooted at the rightmost child

of sRpn .
A formula

←−
ψ ′′ for←−v Rk (w, n) can be obtained similarly, but using a past LTL for-

mula. The Since modality can be replaced with ⇑, while other transformations remain
the same.

All formulas we built so far are meant to be evaluated in a pending node. If we have
n = sRpn , then we are done. Otherwise, we evaluate in n an appropriate ⇑ formula,
that can only be witnessed by a path ending in sRpn . Thus, the �nal translation is

ϕR := (αR∞ ∧ ϕ′R) ∨ ⇑
(
¬αR∞, αR∞ ∧ ϕ′R

)
where

ϕ′R := β(tRw(sRpn)) ∧#⇓(¬#⇒> ∧
−→
ψ ′′) ∧#⇑

←−
ψ ′′.

This concludes the proof of Lemma 9.15.

9.2.4 LR UOTs
Letw be an OPω-word, andTw = τ(w) a LR UOT. We name r∞ the node with in�nite
children, and denote as tf (w) the �nite UOT obtained by removing all children of r∞
from Tw . We prove the following:

Lemma 9.18. Given a FO formula on UOTs ϕ̄(x) of quanti�er rank k ≥ 1, there are
two Xuntil formulas ϕL1 and ϕL2 s.t. for any OP ω-word s.t. Tw = τ(w) is a LR UOT,
and for any node n ∈ Tw we have
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r∞

sL(w, 0)

tL(w, 0)

. . . sL(w, ν(n) − 1)

tL(w, ν(n) − 1)

sL(w, ν(n))

tL(w, ν(n))

n

sL(w, ν(n) + 1)

tL(w, ν(n) + 1)

. . .

tf

←−v L
k (w, n) −→v L

k (w, n)

Figure 9.5: Parts in which we divide a LR UOT for Lemma 9.19.

• (Tw, n) |= ϕ̄(x) i� (Tw, n) |= ϕL1 when n 6∈ tf (w), and

• (Tw, n) |= ϕ̄(x) i� (Tw, n) |= ϕL2 when n ∈ tf (w).

The proof is structured in a way similar to that of Lemma 9.15, but di�ers in the
parts in which we divide the tree. In fact, we divide a LR UOT into its �nite part, and
two LTL words which make up the in�nite children of r∞ (see Figure 9.5).

We name sL(w, 0), sL(w, 1), . . . the children of r∞, and we denote as tL(w, 0),
tL(w, 1), . . . the �nite subtrees rooted at, resp., sL(w, 0), sL(w, 1), . . . , and σLk (w, 0),
σLk (w, 1), . . . their rank-k types. For all p ≥ 0, for any node m in tL(w, p), we de�ne
the map ν so that ν(m) = p. Now, let n be any node in Tw . We de�ne −→v Lk (w, n) as
the LTL ω-word on the alphabet of rank-k types of �nite OPM-compatible UOTs, such
that each of its positions iq , q ≥ 0, is labeled with σLk (w, ν(n) + q + 1) if n 6∈ tf (w).
If n is in tf (w), then each position iq is labeled with σLk (w, q). We further de�ne←−v Lk (w, n) as the �nite LTL word of length ν(n) on the same alphabet, such that each
of its positions iq , 0 ≤ q ≤ ν(n)−1, is labeled with σLk (w, q). If ν(n) = 0, or n is part
of tf (w), then←−v Lk (w, n) is the empty word. We now prove the following composition
argument:

Lemma 9.19. Let w1 and w2 be two OP ω-words, such that Tw1 = τ(w1) and Tw2 =
τ(w2) are two LR UOTs, and r1

∞ and r2
∞ are their nodes with in�nitely many children.

Let i1 and i2 be two positions in w1 and w2, such that, by letting n1 = τ(i1) and
n2 = τ(i2), n1 ∈ tf (w1) i� n2 ∈ tf (w2). If

1. (tf (w1), n1) ≡k (tf (w2), n2) if n1 ∈ tf (w1); (tf (w1), r1
∞) ≡k (tf (w2), r2

∞)
otherwise;

2. ←−v Lk (w1, n1) ≡k ←−v Lk (w2, n2);

3. −→v Lk (w1, n1) ≡k −→v Lk (w2, n2);

4. n1 6∈ tf (w1) implies tL(w1, ν(n1)) ≡k tL(w2, ν(n2))

then (Tw1
, n1) ≡k (Tw2

, n2).

Proof. The proof is carried out by means of a standard composition argument. We give
a winning strategy for ∃ in the k-round EF game between (Tw1

, n1) and (Tw2
, n2).

Suppose w.l.o.g. that ∀ picks a node n∀ from Tw1
. n∀ may be part of, either, tf (w1)

or a subtree tL(w1, ν(n∀)). In the former case, ∃ answers with a node in tf (w2),
according to her winning strategy in game 1. For the latter case, let us �rst suppose
n1 and n2 are not in, resp., tf (w1) and tf (w2). Then, ∃ proceeds as follows:
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(a) ν(n∀) < ν(n1). In this case, ∃ plays her game 2 as if ∀ had picked position
ν(n∀) in ←−v Lk (w1, n1). Let q∃ be the position in ←−v Lk (w2, n2) chosen accord-
ing to such strategy. Since ←−v Lk (w1, n1) ≡k ←−v Lk (w2, n2) and k ≥ 1, ν(n∀)
and q∃ must have the same label, so we have σLk (w1, ν(n∀)) = σLk (w2, q

∃).
So, tL(w1, ν(n∀)) ≡k tL(w2, q

∃), and ∃ may pick a node n∃ in tL(w2, q
∃) ac-

cording to her winning strategy for the k-round game on tL(w1, ν(n∀)) and
tL(w2, q

∃), considering n∀ as ∀’s move.

(b) ν(n∀) = ν(n1). In this case, ∃ picks n∃ in Tw2
according to her winning strat-

egy on the EF game for equivalence 4.

(c) ν(n∀) > ν(n1). ∃ may proceed as in case (a), but picking q∃ from −→v Lk (w2, n2)
according to her winning strategy on game 3.

If, instead, n1 and n2 are in tf (w1) and tf (w2), then word −→v Lk (w1, n1) (resp.−→v Lk (w2, n2)) represents all of the in�nite siblings in Tw1 (resp. Tw2 ), and←−v Lk (w1, n1)
and←−v Lk (w2, n2) are the empty word. So, ∃may proceed as in case (a), but picking q∃
from −→v Lk (w2, n2) according to her winning strategy on game 3.

We now show how to express a FO formula with one free variable with a Xuntil

formula equivalent to it on a LR UOT. As in the RR case, we show how to represent in
Xuntil the rank-k types of all parts in which we divide the tree in Lemma 9.19. Let n
be the node in which the Xuntil formula is evaluated. We need to distinguish whether
n ∈ tf (w) or not. This is more conveniently done while also discerning such cases
from the RR one. Thus, we now treat the two LR cases separately, and show how to
combine them with the RR case in Section 9.2.5.

Suppose n 6∈ tf (w). Let sn = sL(w, ν(n)) be the root of the subtree tn =
tL(w, ν(n)) containing n. Children of r∞ can be identi�ed by the Xuntil formula
αL∞ := #⇒> ∧ ¬⇒ (>,¬#⇒>), saying that no right sibling without right sib-
lings is reachable from the current node (i.e. there exists no rightmost sibling). By
Lemma 9.17 with α∗ = αL∞, there exists a Xuntil formula β(tn) that fully identi�es
the rank-k type of tn if evaluated in sn.

Moreover,←−v Lk (w, n) and −→v Lk (w, n) can be expressed similarly to←−v Rk (w, n) and−→v Rk (w, n) for RR UOTs. By Kamp’s Theorem, there exists a future LTL formula−→
ψ k(w, n) that, evaluated in the �rst position of −→v Lk (w, n), fully identi�es its rank-k
type. Recursively substitute ϕU ϕ′ subformulas with⇒ (ϕ,ϕ′) in

−→
ψ k(w, n), obtain-

ing
−→
ψ ′k(w, n). Then, replace all rank-k types of UOTs in

−→
ψ ′k(w, n) with the respective

formulas obtained from Lemma 9.17, with α∗ = αL∞, thus obtaining
−→
ψ ′′k(w, n). Now,

#⇒
−→
ψ ′′k(w, n), evaluated in sn, fully describes the rank-k type of all right siblings of

sn, and of the subtrees rooted in them.
Formula #⇐

←−
ψ ′′k(w, n), which describes left siblings of sn if evaluated in it, can

be obtained symmetrically, but replacing S with⇐ in the LTL formula.
Finally, we need to describe the rank-k type of tf (w). By Marx’s Theorem, there

exists a formula ψf1 that, evaluated in r∞, describes the rank-k type of tf (w). Take
the conjunction of each subformula of ψf1 with ¬αL∞, and call the obtained formula
ψ′f1. Thus, the rank-k type of tf (w) is described by #⇑ ψ′f1, evaluated in sn. Finally,
the rank-k type of the whole tree is described by the following formula, evaluated in
n:

ϕL1 := (αL∞ ∧ ϕ′L1) ∨ ⇑
(
¬αL∞, αL∞ ∧ ϕ′L1

)
,
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where the ⇑ operator is needed to reach sn from n if sn 6= n, and

ϕ′L1 := #⇑ ψ′f1 ∧#⇐
←−
ψ ′′k(w, n) ∧#⇒

−→
ψ ′′k(w, n) ∧ β(tn).

Suppose, instead, n ∈ tf (w). Then, we express the rank-k type of tf (w) by means
of a Xuntil formula ψf2, evaluated in n, which exists by Marx’s Theorem. In it, we
recursively take the conjunction of subformulas with ¬αL∞, thus obtaining ψ′f2.

Next, we need to describe the rank-k type of word −→v Lk (w, sL(w, 0)) (recall that←−v Lk (w, sL(w, 0)) is the empty word). This can be done as in case n 6∈ tf (w), thus
obtaining formula

−→
ψ ′′k(w, sL(w, 0)) which, evaluated in sL(w, 0), fully identi�es the

children of r∞. The latter can be identi�ed by formula #⇓ αL∞. Thus, to describe its
children from n, we use formula

ϕ′L2 := ⇑
(
>,¬#⇑> ∧ ⇓

(
¬#⇒>,#⇓

(
αL∞ ∧ ¬#⇐> ∧

−→
ψ ′′k(w, sL(w, 0))

)))
,

where the outermost ⇑ reaches the root of Tw (identi�ed by ¬#⇑>), the inner ⇓
reaches r∞ (identi�ed by #⇓ αL∞) by descending through rightmost children (r∞ is
the left context of an open chain, hence a pending position), and ¬#⇐> identi�es
sL(w, 0). The �nal formula is

ϕL2 := ϕ′L2 ∧ ψ′f2.

This concludes the proof of Lemma 9.18.

9.2.5 Synthesis
To �nish the proof, we must combine the previous cases to obtain a single Xuntil

formula. First, note that it is possible to discern the type of UOT by means of FO
formulas of quanti�er rank at most 5. The following formula identi�es RR UOTs:

γR := ∀x[(0R∗⇓x ∧ ∀y(0R∗⇓y ∧ yR∗⇓x) =⇒ µ(y)) =⇒ ∃y(xR⇓y ∧ µ(y))],

where µ(y) := ¬∃z(yR⇒z). γR means that any node x which is on the rightmost
branch from the root must have a rightmost child, i.e. the rightmost branch has no
end. LR UOTs are identi�ed by the following formulas:

γL1(n) := ∃x[xR+
⇓n ∧ ∃y(xR⇓y) ∧ ∀y(xR⇓y =⇒ ∃z(yR⇒z))]

γL2(n) := ∃x[¬(xR+
⇓n) ∧ ∃y(xR⇓y) ∧ ∀y(xR⇓y =⇒ ∃z(yR⇒z))]

Both γL1(n) and γL2(n) say there exists a node x = r∞ that has in�nite children,
but γL2(n) is true i� the free variable n is in tf (w), while γL1(n) is true otherwise.

Given a FO formula of quanti�er rank m with one free variable ϕ̄(x), let k =
max(m, 5). We use Lemma 5.8 to express ϕ̄(x). Consider the �nite set

Γk = {σk(Tw, n) | (Tw, n) |= ϕ̄(x), n ∈ Tw}
of the rank-k types of OPM-compatible UOTs satisfying ϕ̄(x), with n as a distin-
guished node. For each one of them, we take the corresponding Hintikka formula
Hk(w, n). Since k ≥ 5, and the UOT type is distinguishable by formulas of quanti�er
rank at most 5, for each σk(Tw, n) it is possible to tell whether it describes RR or LR
UOTs. For each type, by Lemmas 9.15 and 9.18, it is possible to express Hk(w, n)
through formulas describing the rank-k types of the substructures given by the com-
position arguments, and translate them into Xuntil accordingly. Then, the translated
formula ϕ is the XOR of one of the following formulas, for each type σk(Tw, n) ∈ Γk .
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• If Tw is RR, then ξR ∧ ϕR(σk(Tw, n)).

• If Tw is LR, and n 6∈ tf (w): ξL ∧ (αL∞ ∨ ⇑
(
>, αL∞

)
) ∧ ϕL1(σk(Tw, n)), where

we assert one of the in�nite siblings is reachable going upwards form n, and so
n is not in tf (w).

• If Tw is LR, and n ∈ tf (w): ξL ∧ ¬(αL∞ ∨ ⇑
(
>, αL∞

)
) ∧ ϕL2(σk(Tw, n)).

In the above formulas, ϕR(σk(Tw, n)), ϕL1(σk(Tw, n)), and ϕL2(σk(Tw, n)) are the
formulas expressing σk(Tw, n), obtained as described in the previous paragraphs.
Moreover, we have

ξR := ⇑ (>,¬#⇑> ∧ ¬⇓ (¬#⇒>,¬#⇒> ∧ ¬#⇓>)),

ξL := ⇑
(
>,¬#⇑> ∧ ⇓

(
¬#⇒>,¬#⇒> ∧#⇓ αL∞

))
.

ξR identi�es RR UOTs. In it, the outermost ⇑ reaches the root of the tree, and the
inner ⇓ imposes that the rightmost branch has no end. ξL identi�es LR UOTs. The
outermost ⇑ also reaches the root of the tree, and the inner ⇓ is veri�ed by a path in
which all nodes are on the rightmost branch, except the last one, which is one of the
in�nite siblings.

Boolean queries can be expressed as Boolean combinations of formulas of the form
ϕ̄ := ∃x(ϕ̄′(x)). Then, it is possible to translate ϕ̄′(x) as above, to obtain Xuntil

formula ϕ′, and ⇓ (>, ϕ′) is such that (Tw, 0) |= ⇓ (>, ϕ′) i� Tw |= ϕ̄, for any OPM-
compatible UOT Tw .

Thus, we can state

Theorem 9.20. Xuntil = FOL with one free variable on OPM-compatible ω-UOTs.

Thanks to Theorem 9.20, we can extend the results entailed by the translation of
Section 9.1.2.2 to ω-words.

Theorem 9.21. POTL = FOL with one free variable on OP ω-words.

Corollary 9.22. The propositional operators plus#d,�d, χdF , χ
d
P , Udχ , Sdχ ,#uH ,�uH ,

UuH , SuH are expressively complete on OP ω-words.

The containment relations in Corollary 9.11 are easily extended to ω-words:

Corollary 9.23. NWTL ⊂ OPTL ⊂ POTL over OP ω-words.

Moreover,

Corollary 9.24. Every FO formula with at most one free variable is equivalent to one
using at most three distinct variables on OP ω-words.
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Part III

Model Checking
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In this part, we study model checking for OPLs. In Chapter 10, we describe the
model checking procedure for POTL, which we choose instead of that for OPTL be-
cause of the greater expressiveness of the former. In Chapter 11, we report on its
implementation and on the experimental results of its evaluation.

The model checking construction for POTL and its implementation were pre-
sented in [56], and partially in [140].
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Chapter 10

Model Checking Construction

The model checking procedure we give for POTL follows the automata-theoretic ap-
proach we presented for LTL in Chapter 2, adapting it to work with OPA for the �nite-
word case, and ωOPBA for the in�nite-word case. Thus, we de�ne a construction for
automata that accept models of an arbitrary POTL formula, and prove its correctness.
This construction is signi�cantly more involved than the one for LTL, although the
�nal size of the automaton is still singly exponential in formula length.

We �rst treat the �nite-word construction in Section 10.1, and then we adapt it to
ω-words in Section 10.2.

10.1 Finite-Word Model Checking
We present an automata-theoretic model checking procedure for POTL based on OPA.
Given an OP alphabet (P(AP ),MAP ), where AP is a �nite set of atomic proposi-
tions, and a formulaϕ, letAϕ = 〈P(AP ),MAP , Q, I, F, δ〉 be an OPA. The construc-
tion of Aϕ resembles the classical one for LTL and the ones for NWTL and OPTL,
diverging from them signi�cantly when dealing with temporal obligations involving
positions in the χ relation.

We �rst introduce Cl(ϕ), the closure of ϕ, containing all subformulas of ϕ, plus a
few auxiliary operators. Initially, Cl(ϕ) is the smallest set such that

1. ϕ ∈ Cl(ϕ),

2. AP ⊆ Cl(ϕ),

3. if ψ ∈ Cl(ϕ) and ψ 6= ¬θ, then ¬ψ ∈ Cl(ϕ) (we identify ¬¬ψ with ψ);

4. if ¬ψ ∈ Cl(ϕ), then ψ ∈ Cl(ϕ);

5. if any of ψ ∧ θ or ψ ∨ θ is in Cl(ϕ), then ψ ∈ Cl(ϕ) and θ ∈ Cl(ϕ);

6. if any of the unary temporal operators (such as #d, χdF , ...) is in Cl(ϕ), and ψ
is its argument, then ψ ∈ Cl(ϕ);

7. if any of the until- and since-like operators is in Cl(ϕ), and ψ and θ are its
operands, then ψ, θ ∈ Cl(ϕ).

The set Atoms(ϕ) contains all consistent subsets of Cl(ϕ), i.e. all Φ ⊆ Cl(ϕ) s.t.
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1. for every ψ ∈ Cl(ϕ), ψ ∈ Φ i� ¬ψ /∈ Φ;

2. ψ ∧ θ ∈ Φ, i� ψ ∈ Φ and θ ∈ Φ;

3. ψ ∨ θ ∈ Φ, i� ψ ∈ Φ or θ ∈ Φ, or both.

The consistency constraints on Atoms(ϕ) will be augmented incrementally in the
following, for each operator.

The set of states ofAϕ isQ = Atoms(ϕ)2, and its elements, which we denote with
Greek capital letters, are of the form Φ = (Φc,Φp), where Φc, called the current part
of Φ, is the set of formulas that hold in the current position, and Φp, or the pending
part of Φ, is the set of temporal obligations. The latter keep track of arguments of
temporal operators that must be satis�ed after a chain body, skipping it. The way
they do so depends on the transition relation δ, which we also de�ne incrementally.
Each automaton state is associated to word positions. So, for (Φ, a,Ψ) ∈ δpush/shift ,
with Φ ∈ Atoms(ϕ)2 and a ∈ P(AP ), we have Φc ∩ AP = a (by Φc ∩ AP we
mean the set of atomic propositions in Φc). Pop moves do not read input symbols,
and the automaton remains stuck at the same position when performing them: for
any (Φ,Θ,Ψ) ∈ δpop we impose Φc = Ψc. The initial set I contains states of the
form (Φc,Φp), with ϕ ∈ Φc, and the �nal set F states of the form (Ψc,Ψp), s.t.
Ψc ∩ AP = {#} and Ψc contains no future operators. Φp and Ψc may contain only
operators according to rules explicitly stated in the following.

10.1.1 Next/Back Operators
Let #d ψ ∈ Cl(ϕ): then ψ ∈ Cl(ϕ). Let (Φ, a,Ψ) ∈ δshift ∪ δpush , with Φ,Ψ ∈
Atoms(ϕ)2, a ∈ P(AP ), and let b = Ψc ∩ AP : we have #d ψ ∈ Φc i� ψ ∈ Ψc and
either al b or a .

= b. The constraints introduced for the �d operator are symmetric,
and for their upward counterparts it su�ces to replace l with m.

10.1.2 Chain Next Operators
Operators χπF , χπP , with π ∈ {l, .=}, restrict their downward counterparts to a single
PR. Their semantics can be de�ned as follows: given an OP word w and a position i,
we have (w, i) |= χπF ψ i� there exists a position j > i such that χ(i, j) and i π j, and
(w, j) |= ψ. Since they are needed for model-checking hierarchical operators, we in-
clude them in the construction. We also use them to model check downward/upward
chain next and back operators.

If χdF ψ ∈ Cl(ϕ), we add χl
F ψ, χ

.
=
F ψ ∈ Cl(ϕ), and for each Φ ∈ Atoms(ϕ)2 we

impose that χdF ψ ∈ Φc, i� χl
F ψ ∈ Φc or χ

.
=
F ψ ∈ Φc. To model check χuF ψ, we

add the consistency constraint that, for any Φ ∈ Atoms(ϕ), χuF ψ ∈ Φc i� either
χ
.
=
F ψ ∈ Φc, χm

F ψ ∈ Φc, or both.
Moreover, we add into Cl(ϕ) the auxiliary symbol χL, which forces the current

position to be the �rst one of a chain body. Let the current state of the OPA be Φ ∈
Atoms(ϕ)2: χL ∈ Φp i� the next transition (i.e. the one reading the current position)
is a push. Formally, if (Φ, a,Ψ) ∈ δshift or (Φ,Θ,Ψ) ∈ δpop , for any Φ,Θ,Ψ and a,
then χL 6∈ Φp. If (Φ, a,Ψ) ∈ δpush , then χL ∈ Φp. For any initial state (Φc,Φp) ∈ I ,
we have χL ∈ Φp i� # 6∈ Φc.

If χ
.
=
F ψ ∈ Cl(ϕ), its satisfaction is ensured by the following constraints on δ.

1. Let (Φ, a,Ψ) ∈ δpush/shift : then χ
.
=
F ψ ∈ Φc i� χ

.
=
F ψ, χL ∈ Ψp;
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input state stack PR move

1 call hanexc ret#
Φ0
c = {call, χdF ret, χ

.
=
F ret},

Φ0
p = {χL}

⊥ # l call push

2 hanexc ret# Φ1 = ({han}, {χ .=F ret, χL}) [call,Φ0]⊥ calll han push
3 exc ret# Φ2 = ({exc}, ∅) [han,Φ1][call,Φ0]⊥ han

.
= exc shift

4 ret# Φ3 = ({ret}, ∅) [exc,Φ1][call,Φ0]⊥ excm ret pop
5 ret# Φ4 = ({ret}, {χ .=F ret}) [call,Φ0]⊥ call

.
= ret shift

6 # Φ5 = ({#}, ∅) [ret,Φ0]⊥ retm # pop
7 # Φ5 = ({#}, ∅) ⊥ – –

Figure 10.1: Example accepting run of the automaton for χdF ret.

2. let (Φ,Θ,Ψ) ∈ δpop : then χ
.
=
F ψ 6∈ Φp, and χ

.
=
F ψ ∈ Θp i� χ

.
=
F ψ ∈ Ψp;

3. let (Φ, a,Ψ) ∈ δshift : then χ
.
=
F ψ ∈ Φp i� ψ ∈ Φc.

If χl
F ψ ∈ Cl(ϕ), χl

F ψ is allowed in the pending part of initial states, and we add the
following constraints.

4. Let (Φ, a,Ψ) ∈ δpush/shift : then χl
F ψ ∈ Φc i� χl

F ψ, χL ∈ Ψp;

5. let (Φ,Θ,Ψ) ∈ δpop : then χl
F ψ ∈ Θp i� χL ∈ Ψp, and either (a) χl

F ψ ∈ Ψp

or (b) ψ ∈ Φc.

The rules for χm
F ψ only di�er in ψ being enforced by a pop transition, triggered by

the m relation between the left and right contexts of the chain on which χm
F ψ holds.

Thus, if χm
F ψ ∈ Cl(ϕ) we have:

6. Let (Φ, a,Ψ) ∈ δpush/shift : then χm
F ψ ∈ Φc i� χm

F ψ, χL ∈ Ψp;

7. let (Φ,Θ,Ψ) ∈ δpop: χm
F ψ ∈ Θp i� χm

F ψ ∈ Ψp, and χm
F ψ ∈ Φp i� ψ ∈ Φc;

8. let (Φ, a,Ψ) ∈ δshift : then χm
F ψ 6∈ Φp.

We illustrate how the construction works for χ
.
=
F with the example of Figure 10.1.

The OPA starts in state Φ0, with χdF ret ∈ Φ0
c , and guesses that χdF will be ful�lled

by χ
.
=
F , so χ

.
=
F ret ∈ Φ0

c . call is read by a push move, resulting in state Φ1. The OPA
guesses the next move will be a push, so χL ∈ Φ1

p. By rule 1, we have χ
.
=
F ret ∈ Φ1

p.
The last guess is immediately veri�ed by the next push (step 2-3). Thus, the pending
obligation for χ

.
=
F ret is stored onto the stack in Φ1. The OPA, then, reads exc with

a shift, and pops the stack symbol containing Φ1 (step 4-5). By rule 2, the temporal
obligation is resumed in the next state Φ4, so χ

.
=
F ret ∈ Φ4

p. Finally, ret is read by
a shift which, by rule 3, may occur only if ret ∈ Φ4

c . Rule 3 veri�es the guess that
χ
.
=
F ret holds in Φ0, and ful�lls the temporal obligation contained in Φ4

p, by preventing
computations in which ret 6∈ Φ4

c from continuing. Had the next transition been a pop
(e.g. because there was no ret and call m #), the run would have been blocked by
rule 2, preventing the OPA from reaching an accepting state, and from emptying the
stack.

We now prove the correctness of this construction. For each operator, we show
that in all accepting computations it appears in an OPA state i� it holds in the corre-
sponding word position. While doing so, we assume that the construction is correct
for the operands of each operator. This allows us to prove the correctness of the whole
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Figure 10.2: The two possible STs of a generic OP wordw = xyz (top), and its �at rep-
resentation with chains (bottom). Wavy lines are placeholders for subtree frontiers.
We have either a .=d (top left), or amd (top right). In both trees, albk for 1 ≤ k ≤ n,
and the corresponding word positions are in the chain relation. For 1 ≤ k ≤ n, uk
is the word generated by the right part of the rhs whose �rst terminal is bk . So, ei-
ther bk [uk]bk+1 , or uk is of the form vk0c

k
0v
k
1c
k
1 . . . c

k
mk
vkmk+1, where ckp

.
= ckp+1 for

0 ≤ p < mk , bk
.
= ck0 , and resp. ckmk m bk+1 and cnmn m d (cf. Figure 10.3). Moreover,

for each 0 ≤ p < mk , either vkp+1 = ε or c
k
p [vkp+1]c

k
p+1 ; either vk0 = ε or bk [vk0 ]c

k
0 , and

either vkmk+1 = ε or c
k
mk [vkmk+1]bk+1 (resp. cnmn [vnmn+1]d). u0 has this latter form,

except v0
0 = ε and al c00. In the bottom representation, the πks are placeholders for

precedence relations, that depend on the surrounding characters.
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·

·

... bk · ck0 · ck1 . . .

. . .

ckmk
·

bk+1

vk0 vk1 vkmk

uk+1

. . . m bk l vk0 m ck0 l vk1 m ck1 . . . c
k
mk

l vkmk m bk+1 �k+1 uk+1

ibk ibk+1

.
=

.
= ml

l

Figure 10.3: The structure of uk in the word of Figure 10.2.

construction inductively on the formula’s structure, in Section 10.1.6. In the follow-
ing, we we denote as first(w) the �rst position of a word w. We also use Figure 10.3,
which represents the generic structure of any composed chain.

Lemma 10.1. Given a �nite set of atomic propositions AP , an OP alphabet (P(AP ),
MAP ), a word w = #xyz# on it, and a position i = |x|+ 1 in w, we have

(w, i) |= χ
.
=
F ψ

if and only if all accepting computations of an OPA satisfying rules 1-3 bring it from
a con�guration 〈yz,Φ, αγ〉 with χ .=F ψ ∈ Φc to a con�guration 〈z,Φ′, α′γ〉 such that
χ
.
=
F ψ 6∈ Φ′p, |α| = 1 and |α′| = 1 if first(y) is read by a shift move, |α′| = 2 if it is

read by a push move. If χ
.
=
F ψ 6∈ Φp and it is not in the pending part of the state in α,

then it is not in the pending parts of states in α′. If no other rules constrain the transition
relation, at least one computation is accepting.

Proof. In the following, we denote by Φa the state of the automaton before reading
symbol a, so Φa ∩AP = a, for any a ⊆ AP .

[⇒] Suppose χ
.
=
F ψ holds in position i, corresponding to terminal symbol a. In all

accepting computations, the OPA reaches con�guration 〈a . . . z,Φa, [f,Φf ]γ〉, where
α = [f,Φf ], and guesses that χ

.
=
F ψ holds in i, so χ

.
=
F ψ ∈ Φac . We show later in

the proof that all accepting computations must make this guess. a is read by either
a push or a shift transition, leading the OPA to con�guration 〈c00 . . . z,Φc

0
0 , δ〉, with

either δ = [a,Φa][f,Φf ]γ or δ = [a,Φf ]γ, respectively. Moreover, χ
.
=
F ψ ∈ Φ

c00
p and

χL ∈ Φ
c00
p due to rule (1). Since χ

.
=
F ψ holds in i, a is the left context of a chain, so the

next transition is a push, satisfying the requirement for χL. This also meansw has the
form of Figure 10.2, possibly with n = 0 (cf. the caption for notation). Any accepting
computation must go through the support for this chain. The next con�guration is
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〈v0
1 . . . z,Φ

v01 , [c00,Φ
c00 ]δ〉, withχ

.
=
F ψ ∈ Φ

c00
p . Then, the computation goes on normally.

Note that, when reading an inner chain body such as v0
1 , the automaton does not touch

the stack symbol containing Φc
0
0 , and other symbols in the body of the same simple

chain, i.e. c01, c02 . . . , are read with shift moves that update the topmost stack symbol
with the new terminal, leaving state Φc

0
0 untouched.

If a is the left context of more than one chain (i.e.n > 0 in the �gure), the OPA then
reaches con�guration 〈b1 . . . z,Φb1 , [c0m0

,Φc
0
0 ]δ〉. Since c0m0

m b1, the next transition
is a pop. χ

.
=
F ψ ∈ Φc

0
0 , so by rule (2), the automaton reaches con�guration 〈b1 . . . z,

Φ′b1 , δ〉 with χ
.
=
F ψ ∈ Φ′b1p . Then, since a is contained in the topmost stack symbol

and al b1, the next move is a push, leading to 〈v1
0 . . . z,Φ

v10 , [b1,Φ
′b1 ]δ〉. Notice how

χ
.
=
F ψ is again stored as a pending obligation in the topmost stack symbol. The OPA

run goes on in the same way for each terminal bp, 1 ≤ p ≤ n, until the automaton
reaches con�guration 〈d . . . z,Φd, [cnmn ,Φbn ]δ〉 with χ

.
=
F ψ ∈ Φbnp . If a was the left

context of one chain only, this is the con�guration reached after reading the body of
such chain, with n = 0. Since cnmn m d, a pop transition leads to 〈d . . . z,Φ′d, δ〉, with
χ
.
=
F ψ ∈ Φ′dp , by rule (2). Note that there exists a computation in which χ

.
=
F ψ 6∈ Φdp,

so rule (2) applies. The fact that a computation with χ
.
=
F ψ 6∈ Φdp is blocked by rule (2)

is correct, because this implies χ
.
=
F ψ holds in the position preceding d. This would be

wrong, because such a position is in the m relation with d, and it cannot be the left
context of a chain, so χ

.
=
F ψ must be false in it. Then, if χ

.
=
F ψ holds in i, since a is the

terminal in the topmost stack symbol, we must have a .=d. So d is read by a shift move,
leading to 〈z,Φz, α′γ〉 with α′ = [d,Φa][f,Φf ] or α′ = [d,Φf ], depending on which
kind of move previously read a. Note that if χ

.
=
F ψ 6∈ Φap,Φ

f
p , the claim about states

in α′ is satis�ed. Since χ
.
=
F ψ holds in i, ψ holds in j (the position corresponding to

d), and ψ ∈ Φ′dc , because we assume the correctness of the construction for all other
operators. This satis�es rule (3), and veri�es the initial guess that χ

.
=
F ψ holds in i. By

rule (3), any computation in which ψ holds in j must have χ
.
=
F ψ ∈ Φ′dp , which is only

the case if the OPA makes such initial guess. Finally, there exists a computation in
which χ

.
=
F ψ 6∈ Φz , satisfying the thesis statement. Note that all computations of this

form may then proceed normally until acceptance, if they are not blocked by rules
other than 1-3.

[⇐] Suppose that an accepting computation starts from con�guration 〈a . . . z,Φa,
[f,Φf ]γ〉, with χ

.
=
F ψ ∈ Φac , α = [f,Φf ], and f l a (the case f .

= a is analogous). a is
read by a push move in this case, which leads the OPA to con�guration 〈c00 . . . z,Φc

0
0 ,

[a,Φa][f,Φf ]γ〉, with χ
.
=
F ψ, χL ∈ Φ

c00
p . Since χL ∈ Φ

c00
p , the next transition must be a

push, so al c00, a is the left context of a chain and w is of the form of Figure 10.2. The
push move brings the OPA to con�guration 〈v0

0 . . . z,Φ
v00 , [c00,Φ

c00 ][a,Φa][f,Φf ]γ〉.
Notice that the stack size is now |γ| + 3. By the thesis, the automaton eventually
reaches a con�guration in which the stack size is |γ| + 2. This can be achieved if
[c00,Φ

c00 ] is popped, so α′ = [a,Φa][f,Φf ]. In a generic word such as the one of
Figure 10.2, this happens only before reading bp, 1 ≤ i ≤ n, or d.

In both cases, let [ckmk ,Φ
bk ] be the popped stack symbol. We have χ

.
=
F ψ ∈ Φbkp .

By rule (2), if Φ′ is the destination state of the pop move, χ
.
=
F ψ ∈ Φ′p, which does not

satisfy the thesis statement. If the next move is a push (such as when reading any bp,
1 ≤ p ≤ n), the stack length increases again, which also does not satisfy the thesis.
If the next move is a pop, rule (2) blocks the computation. So, the next move must be
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a shift, updating symbol [a,Φa] to [d,Φa], where d is the just-read terminal symbol.
This means the OPA reached the right context of the chain whose left context is i (i.e.
a), and the two positions are in the .

= relation. By rule (3), ψ is part of the starting
state of this move, so ψ holds in this position, satisfying χ

.
=
F ψ in i. The state resulting

from the shift move may not contain χ
.
=
F ψ as a pending obligation, thus satisfying

the thesis.

The proof for χm
F is very similar to Lemma 10.1, and is therefore omitted.

Lemma 10.2. Given a �nite set of atomic propositions AP , an OP alphabet (P(AP ),
MAP ), a word w = #xyz# on it, and a position i = |x|+ 1 in w, we have

(w, i) |= χl
F ψ

if and only if all accepting computations of an OPA satisfying rules 4-5 bring it from
con�guration 〈yz,Φ, αγ〉 with χl

F ψ ∈ Φc to a con�guration 〈z,Φ′, α′γ〉 such that
χl
F ψ 6∈ Φ′p, |α| = 1 and |α′| = 1 if first(y) is read by a shift move, |α′| = 2 if it is

read by a push move. If χl
F ψ 6∈ Φp and it is not in the pending part of the state in α,

then it is not in the pending parts of states in α′. If no other rules constrain the transition
relation, at least one computation is accepting.

Proof. [⇒] Suppose χl
F ψ holds in position i, corresponding to terminal a. Then, a

must be the left context of more than one chain (by property 4 of the χ relation),
and the word being read is of the form of Figure 10.2, with n ≥ 1. Let us call bp,
1 ≤ p ≤ n, the right contexts of those of these chains that are s.t. albp (i.e., all except
the rightmost context of i). There exists an index q, 1 ≤ q ≤ n, such thatψ holds in ibq ,
the word position labeled with bq . All accepting computations reach a con�guration
〈a . . . z,Φa, [f,Φf ]γ〉, where α = [f,Φf ], and χl

F ψ ∈ Φac , because the OPA guesses
that χl

F ψ holds in i. a is read by a shift or a push transition, which leads the OPA
to con�guration 〈c00 . . . z,Φc

0
0 , δ〉, with δ = α′γ, and either α′ = [a,Φa][f,Φf ] or

α′ = [a,Φf ], respectively. The claim on the pending part of states in α′ is trivially
satis�ed. Due to rule (4), we have χl

F ψ ∈ Φ
c00
p and χL ∈ Φ

c00
p . As a result, the next

move must be a push, consistently with the hypothesis implying a is the left context of
a chain. Then, starting with c00, the OPA reads the body of the innermost chain whose
left context is a, until it reaches its right context b1. In this process, the topmost
stack symbol [c00,Φ

c00 ] may be updated by shift transitions reading other terminals c0p,
1 ≤ p ≤ m0, that are part of the same simple chain as c00. However, it is never popped
until b1 is reached, since subchains cause the OPA to only push, pop and update new
stack symbols, but not existing ones. So, the OPA reaches con�guration 〈b1 . . . z,Φb1 ,
[c0m0

,Φc
0
0 ]δ〉, with χl

F ψ ∈ Φ
c00
p .

Suppose q 6= 1, soψ does not hold in b1. Since c0m0
mb1, the next transition is a pop.

Due to rule (5), it leads the OPA to con�guration 〈b1 . . . z,Φ′b1 , δ〉 with χl
F ψ ∈ Φ′b1p

and χL ∈ Φ′b1p . The presence of χL implies the next move is a push, a requirement
that is satis�ed because alb1. So, the OPA transitions to con�guration 〈v1

0 . . . z,Φ
v10 ,

[b1,Φ
′b1 ]δ〉. The computation, then, goes on in the same way for each bp, 1 ≤ p < q.

Before bq is read, (and possibly q = 1), the OPA is in con�guration 〈bq . . . z,Φbq ,
[cq−1
mq−1,Φ

bq−1 ]δ〉, with χl
F ψ ∈ Φ

bq−1
p . Since cq−1

mq−1 m bq , a pop transition brings
the OPA to 〈bq . . . z,Φ′bq , δ〉. Since by hypothesis ψ ∈ Φ

bq
c , by rule (5) we just have

χL ∈ Φ
′bq
p , and the initial guess is veri�ed. Since the topmost stack symbol contains
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a, and albq , the next transition is a push, which satis�es the requirement of χL. Note
that χl

F ψ 6∈ Φ
′bq
p , and the current stack is δ, which satis�es the thesis statement, also

ensuring that a computation of this form may be �nally accepting.
[⇐] Suppose that during an accepting computation the OPA reaches con�guration

〈a . . . z,Φa, [f,Φf ]γ〉, with χl
F ψ ∈ Φac . Again, a must be read by either a push or a

shift move. Since χL is inserted as a pending requirement into the state resulting from
this move, the next transition must be a push, so a is the left context of at least a chain.
This chain has the form of Figure 10.2. By rule (4), the OPA reaches con�guration
〈c00 . . . z,Φc

0
0 , δ〉, with χl

F ψ, χL ∈ Φ
c00
p , and δ as in the [⇒] part after reading a. Let

[c00,Φ
c00 ] be the stack symbol pushed with c00. The stack size at this time is greater by

one w.r.t. what is required by the thesis statement, so [c00,Φ
c00 ] must be popped.

This happens when the OPA reaches a symbol e s.t. the terminal symbol in the
topmost stack symbol takes precedence from e. e must be s.t. a l e (and e = b1 in
Figure 10.2). Otherwise, suppose by contradiction that a m e or a .

= e (so e = d in
Figure 10.2, in which n = 0 and c0m0

precedes d). In this case, after popping [c0m0
,Φc

0
0 ],

the automaton reaches con�guration 〈dz,Φ′d, δ′〉. Since χl
F ψ ∈ Φ

c00
p , by rule (5)

we have χl
F ψ ∈ Φ′dp , so this con�guration does not satisfy the thesis statement.

Moreover, χL ∈ Φ′dp , which requires the next transition to be a push. But a .
= d or

a m d, and a is the topmost stack symbol, so such a computation is blocked by χL,
never reaching a con�guration complying with the thesis statement.

So, e = b1, and the OPA reaches con�guration 〈b1 . . . z,Φb1 , [c0m0
,Φc

0
0 ]δ〉. The

subsequent pop move leads to 〈b1 . . . z,Φ′b1 , δ〉. Suppose ψ ∈ Φb1c . Then, by rule (5)
we only have χL ∈ Φ′b1p , and χl

F ψ 6∈ Φ′b1p . This con�guration satis�es the thesis
statement, and since al b1, a and b1 are the context of a chain, and ψ holds in b1, we
can conclude that χl

F ψ holds in a.
Otherwise, if ψ 6∈ Φb1c , by rule (5) we have χl

F ψ, χL ∈ Φ′b1p . The next transition
will therefore push the symbol [b1,Φ

′b1 ] onto the stack, again with χl
F ψ as a pending

obligation in it. Then, the same reasoning done with [c00,Φ
c00 ] (and its subsequent

updates) can be repeated. The only way the thesis statement can be satis�ed is by
reading a position bq , s.t. a l bq , the terminal in the topmost stack symbol takes
precedence from bq (so a and bq are the context of a chain), and ψ ∈ Φ

bq
c , so ψ holds

in bq . This implies χl
F ψ holds in a.

10.1.3 Chain Back Operators

We now give the construction for the chain back operators, and their proofs.
To model check the χdP ψ and χuP ψ operators, we employ the auxiliary operator

χπP ψ, with π ∈ {l, .=,m}. Given an OP word w and a position i in it, we have
(w, i) |= χπP ψ i� there exists a position j < i such that χ(j, i) and j π i, and
(w, j) |= ψ. For any Φ ∈ Atoms(ϕ), we have χdP ψ ∈ Φc i� either χ

.
=
P ψ ∈ Φc,

χl
P ψ ∈ Φc, or both; χuP ψ ∈ Φc i� either χ

.
=
P ψ ∈ Φc, χm

P ψ ∈ Φc, or both.
We add symbol χR, which lets the computation go on only if the previous transi-

tion was a pop, and the position associated with the current state is the right con-
text of a chain. So, for any (Φ, a,Ψ) ∈ δpush/shift , we have χR 6∈ Ψp; for any
(Φ,Θ,Ψ) ∈ δpop , we have χR ∈ Ψp. χR is allowed in the pending part of �nal
states.

If χ
.
=
P ψ ∈ Cl(ϕ), we add the following constraints on the transition relation.
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9. Let (Φ, a,Ψ) ∈ δshift : then χ
.
=
P ψ ∈ Φc i� χ

.
=
P ψ, χR ∈ Φp;

10. let (Φ, a,Ψ) ∈ δpush : then χ
.
=
P ψ 6∈ Φc;

11. let (Φ,Θ,Ψ) ∈ δpop : then χ
.
=
P ψ ∈ Ψp i� χ

.
=
P ψ ∈ Θp;

12. let (Φ, a,Ψ) ∈ δpush/shift : then χ
.
=
P ψ ∈ Ψp i� ψ ∈ Φc.

The constraints added if χl
P ψ ∈ Cl(ϕ) now follow.

13. Let (Φ, a,Ψ) ∈ δpush : then χl
P ψ ∈ Φc i� χl

P ψ, χR ∈ Φp;

14. let (Φ, a,Ψ) ∈ δshift : then χl
P ψ 6∈ Φc;

15. let (Φ,Θ,Ψ) ∈ δpop : then χl
P ψ ∈ Ψp i� χl

P ψ ∈ Θp;

16. let (Φ, a,Ψ) ∈ δpush/shift : then χl
P ψ ∈ Ψp i� ψ ∈ Φc.

Finally, when χm
P ψ ∈ Cl(ϕ), we add symbol χ .=, which appears in a state i� the next

transition will be a shift: for any (Φ, a,Ψ) ∈ δpush and (Φ,Θ,Ψ) ∈ δpop , χ .= 6∈ Φp,
and for any (Φ, a,Ψ) ∈ δshift , χ .= ∈ Φp. χm

P ψ and χ .= are allowed in the pending
part of �nal states. We also add the constraints below.
Let (Φ, a,Ψ) ∈ δpush/shift :

17. χm
P ψ 6∈ Ψp;

18. χm
P ψ ∈ Φc i� χm

P ψ, χR ∈ Φp;

let (Φ,Θ,Ψ) ∈ δpop :

19. if (χL ∈ Ψp or χ .= ∈ Ψp), then χm
P ψ ∈ Ψp i� χm

P ψ ∈ Φp;

20. if χL, χ .= 6∈ Ψp, then χm
P ψ ∈ Ψp i� either χl

P ψ ∨�d ψ ∈ Θc or χm
P ψ ∈ Φp.

We proceed by proving the correctness of the construction for each operator, as
we did for their future counterparts.

Lemma 10.3. Given a �nite set of atomic propositions AP , an OP alphabet (P(AP ),
MAP ), a word w = #xyz# on it, and a position j = |xy| in w, we have

(w, j) |= χ
.
=
P ψ

if and only if all accepting computations of an OPA satisfying rules 9-12 bring it from
con�guration 〈yz,Φ, αγ〉 to a con�guration 〈z,Φ′, α′γ〉 such that |α| = 1, |α′| = 1 if
first(y) is read by a shift move, |α′| = 2 if it is read by a push move, and χ

.
=
P ψ ∈ Φjc,

where Φj is the state of the OPA before reading j, the last position of y. If no other rules
constrain the transition relation, at least one computation is accepting.

Proof. [⇒] Suppose χ
.
=
P ψ holds in position i, corresponding to terminal symbol a.

Then, there exists a position j, labeled with terminal d, s.t. χ(i, j), a .= d, and ψ holds
in i. Since a and d are the context of a chain, the input word must have the form
of Figure 10.2. All accepting computations of the OPA reach con�guration 〈a . . . z,
Φa, [f,Φf ]γ〉 before reading a. By the inductive assumption, we have ψ ∈ Φa. a is
read by a shift or a push move, bringing the OPA to 〈c00 . . . z,Φc

0
0 , δ〉, with δ = α′γ,

and either α′ = [a,Φa][f,Φf ] or α′ = [a,Φf ], respectively. Due to rule (12), we
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have χ
.
=
P ψ ∈ Φ

c00
p . After reading c00, the OPA reaches con�guration 〈v0

0 . . . z,Φ
v00 ,

[c00,Φ
c00 ]δ〉. Then, the automaton proceeds to read the rest of the body of chain χ(i, j).

If i is the left context of multiple chains, the stack symbol [c00,Φ
c00 ], containing χ

.
=
P ψ

as a pending obligation, is popped before reaching d. Let bp, 1 ≤ p ≤ n, be all
labels of positions ibp s.t. χ(i, ibp) and a l bp. It can be proved inductively that,
before reading any of such positions, the OPA is in a con�guration 〈bp . . . z,Φbp ,
[cp−1
mp−1

,Φbp−1 ]δ〉, with χ
.
=
P ψ ∈ Φbp−1 . Since cp−1

mp−1
m bp, the next move is a pop,

leading to a con�guration 〈bp . . . z,Φ′bp , δ〉, with χ
.
=
P ψ ∈ Φ

′bp
p , due to rule (11). Then,

bp is read by a push move because a l bp, so χ
.
=
P ψ is again stored in the topmost

stack symbol as a pending obligation, in a con�guration 〈vp0 . . . z,Φv
p
1 , [bp,Φ

′bp ]δ〉.
The stack symbol containing χ

.
=
P ψ is only popped in positions bp, or when reaching

d, since subchains only cause the OPA to push and pop new symbols.
So, con�guration 〈dz,Φd, [cnmn ,Φ′bn ]δ〉 is reached, with χ

.
=
P ψ ∈ Φ′bn (note that d

labels the last position of y). Due to rule (11), a pop move leads the OPA to 〈dz,Φ′d, δ〉,
with χ

.
=
P ψ ∈ Φ′dp . Then, since by hypothesis a .= d, and a is contained in the topmost

stack symbol, d is read by a shift move. Since this transition is preceded by a pop, we
have a computation in whichχR ∈ Φ′dp . So, by rule (9), sinceχ

.
=
P ψ, χR ∈ Φ′dp , we have

χ
.
=
P ψ ∈ Φ′dc , with the stack equal to δ, satisfying the thesis statement. Computations

of this form can proceed until acceptance, if not blocked by rules other than 1-3.
[⇐] Suppose that, while reading w, an accepting computation of the OPA arrives

at a con�guration 〈dz,Φ′d, δ〉, where d is the last character of y, and χ
.
=
P ψ ∈ Φ′dc . By

rule (9), we have χ
.
=
P ψ, χR ∈ Φ′dp . χR ∈ Φdp requires the previous transition to be a

pop, so d is the right context of a chain. Let a be its left context. By hypothesis, the
computation proceeds reading d, and by rule (10) it must be read by a shift transition.
So, we have a .

= d, and w must be of the form of Figure 10.2. Going back to 〈dz,Φ′d,
δ〉, consider the pop move leading to this con�guration. It starts from con�guration
〈dz,Φd, [cnmn ,Φbn ]δ〉, and by rule (11) we have χ

.
=
P ψ ∈ Φbnp .

Consider the move that pushed Φbn onto the stack. Suppose it was preceded by a
pop move. Since Φbn is the target state of this transition, and χ

.
=
P ψ ∈ Φbnp , by rule (11)

χ
.
=
P ψ must be contained as a pending obligation in the popped state as well. So, this

obligation is propagated backwards every time the automaton encounters a position
that is the left context of a chain, i.e. positions bp, 1 ≤ p ≤ n, in Figure 10.2. In order to
stop the propagation, a push of a state with χ

.
=
P ψ as a pending obligation, preceded by

another push or shift move must be encountered. Such a transition pushes or updates
the stack symbol under the one containing χ

.
=
P ψ, which means the left context a

s.t. a .
= d of a chain whose right context is d has been reached. In both cases, the

target state of the push/shift transitions contains χ
.
=
P ψ as a pending obligation, so by

rule (12) we have ψ ∈ Φac . Hence, by the inductive assumption, ψ holds in position i
(corresponding to a), we have i .= j and χ(i, j), which implies χ

.
=
P ψ holds in j.

The proof of the model checking rules of χl
P ψ is similar to the one of Lemma 10.3,

and is therefore omitted.

Lemma 10.4. Given a �nite set of atomic propositions AP , an OP alphabet (P(AP ),
MAP ), a word w = #xyz# on it, and a position j = |xy| in w, we have

(w, j) |= χm
P ψ
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Figure 10.4: The two possible STs of a generic OP word w = xyz (top) expanded on
the rightmost non-terminal, and its �at representation with chains (bottom). Wavy
lines are placeholders for subtree frontiers. We have either a .

= d (top left) or a l d
(top right), and bkmd for 1 ≤ k ≤ n. For 1 ≤ k ≤ n, we either have bk+1 [uk]bk , or uk
is of the form vk0c

k
0v
k
1c
k
1 . . . c

k
mk
vkmk+1, where ckp

.
= ckp+1 for 0 ≤ p < mk , ckmk

.
= bk ,

and resp. a l cn0 and bk+1 l ck0 . Moreover, for each 0 ≤ p < mk , either vkp+1 = ε

or c
k
p [vkp+1]c

k
p+1 ; either vkmk+1 = ε or c

k
mk [vkmk+1]bk , and either vk0 = ε or bk+1 [vk0 ]c

k
0

(resp. a[vn0 ]c
n
0 ). u0 has the same form, except v0

m0
= ε and c0m0

m d. The πis are
placeholders for precedence relations, and they vary depending on the surrounding
terminal characters.
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if and only if all accepting computations of an OPA satisfying rules 17-20 bring it from
con�guration 〈yz,Φ, αγ〉 to a con�guration 〈z,Φ′, α′γ〉 such that |α| = 1, |α′| = 1 if
first(y) is read by a shift move, |α′| = 2 if it is read by a push move, and χm

P ψ ∈ Φjc,
where Φj is the state of the OPA before reading j, the last position of y. If no other rules
constrain the transition relation, at least one computation is accepting.

Proof. [⇒] Suppose χm
P ψ holds in position j. Then, j is the right context of at least

two chains, and the word w has the form of Figure 10.4, with i being the left context
of the outermost chain whose right context is j. Let positions ibp , labeled with bp,
1 ≤ p ≤ n, be all other left contexts of chains sharing j as their right context. There
exists a value q, ≤ q ≤ n, s.t. ψ holds in ibq .

During an accepting run, the OPA reads w normally, until it reaches bq , with con-
�guration

〈bq . . . z,Φbq , [cqmq ,Φc
q
0 ][bq+1,Φ

cq+1
0 ] . . . δ〉,

with ψ ∈ Φ
bq
c , δ = α′γ, and either α′ = [a,Φa][f,Φf ], if a (the label of i) was read

by a push move, or α′ = [a,Φf ] if it was read by a shift. Note that if bq is the only
character in its simple chain body (uq = ε in Figure 10.4) [cqmq ,Φ

cq0 ] is not present
on the stack. In this case, bq is read by a push move instead of a shift. Suppose bq is
the left context of one or more chains, besides the one whose right context is j. In
Figure 10.4, this means vq−1

0 6= ε. Consider the right context of the outermost of such
chains: w.l.o.g. we call it cq−1

0 (it may as well be bq−1). Since ψ holds in ibq , χm
P ψ

holds in cq−1
0 . If, instead, vq−1

0 = ε, then cq−1
0 is the successor of bq , and �l ψ holds

in it. In both cases, χl
P ψ ∨�l ψ holds in cq−1

0 . Since bq l cn−1
0 , the latter is read by

a push transition, pushing stack symbol [cq−1
0 ,Φc

q−1
0 ], with χl

P ψ ∨ �l ψ ∈ Φ
cq−1
0
c .

This symbol remains on stack until d is reached, although its terminal symbol may be
updated. The computation then proceeds normally, until con�guration 〈dz,Φ(q−2)d,

[bq−1,Φ
cq−1
0 ] . . . δ〉 is reached.

Since χl
P ψ ∨ �l ψ ∈ Φ

cq−1
0
c , by rule (20), the OPA transitions to con�guration

〈dz,Φ(q)d, [bq,Φ
cq0 ] . . . δ〉with χm

P ψ ∈ Φ
(q)d
p and χL, χ .= 6∈ Φ

(q)d
p . (Note that the next

transition must be a pop, since the topmost stack symbol is bq , and bq m d.) Then, by
rule (20), all subsequent pop transitions propagate χm

P ψ as a pending obligation in
the OPA state, until con�guration 〈dz,Φ(n−1)d, δ〉, with χm

P ψ ∈ Φ
(n−1)d
p . Now, the

automaton guesses that this is the last pop move, and the next one will be a push or
a shift. So, it transitions to 〈dz,Φ(n)d, δ〉, with and χL ∈ Φ

(n)d
p or χ .= ∈ Φ

(n)d
p , and

χm
P ψ ∈ Φ

(n)d
p , according to rule (19). Also, χR ∈ Φ

(n)d
p , because the previous move

was a pop. At this point, d is read with either a shift or a push transition. According
to rule (18), χm

P ψ ∈ Φ
(n)d
c , which satis�es the thesis statement.

[⇐] Suppose the automaton reaches a state Φj = Φ(n)d s.t. χm
P ψ ∈ Φjc during an

accepting computation. j has to be read by either a push or a shift move, so either
χL ∈ Φjp orχ .= ∈ Φjp. By rule (18), for the computation to continue, we haveχR ∈ Φjp.
So, the transition leading to state Φjp must be a pop, and the related word position d
is the right context of a chain. Let Φ′j be the starting state of this transition. Since
χm
P ψ ∈ Φjp, by rule (19) we have χm

P ψ ∈ Φ′jp . By rule (17), this transition must be
preceded by another pop, so d is the right context of at least two chains, and the word
being read is of the form of Figure 10.4, with n ≥ 1.

So, before reading d, the OPA performs a pop transition for each inner chain hav-
ing d as a right context, i.e. those having bp, 1 ≤ p ≤ n, as left contexts in Figure 10.4,
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plus one for the outermost chain (whose left context is a). By rule (20), χm
P ψ is prop-

agated backwards through such transitions from the one before d is read, to one in
which χl

P ψ ∨�l ψ is contained into the popped state.
By rule (17), for the computation to reach such pop transitions, the propagation of

χm
P ψ as a pending obligation must stop. So, the OPA must reach a con�guration 〈dz,

Φ(q)d, [bq,Φ
cq0 ] . . . δ〉withχl

P ψ∨�l ψ ∈ Φ
cq0
c . Note that the following reasoning also

applies to the case in which, in Figure 10.4, uq = ε, by substituting bq to cq0. The top-
most stack symbol was pushed after con�guration 〈cq0 . . . z,Φc

q
0 , [bq−1,Φ

cq−1
0 ] . . . δ〉.

We have bq−1lcq0. If vq0 = ε, and cq0 is in the position next to bq−1,�l ψ holds, while
if vq0 6= ε, since bq−1 [vq0]c

q
0 is a chain, χl

P ψ holds. Therefore, ψ holds in bq−1. Since
bq−1 m d and χ(ibq−1 , j), χm

P ψ holds in j.

10.1.4 Summary Until and Since

The construction for these operators is based on their expansion laws. The rules for
until follow, those of since being symmetric. For any Φ ∈ Atoms(ϕ)2, we have ψ U t
θ ∈ Φc, with t ∈ {d, u} being a direction, i� either: 1. θ ∈ Φc, 2. #t(ψ U t θ), ψ ∈ Φc,
or 3. χtF (ψ U t θ), ψ ∈ Φc.

10.1.5 Hierarchical Operators

For the hierarchical operators, we do not give an explicit OPA construction, but we
rely on a translation into other POTL operands. For each hierarchical operator η in
ϕ, we add a propositional symbol q(η). The upward hierarchical operators consider
the right contexts of chains sharing the same left context. To distinguish such po-
sitions, we de�ne formula γL,η := χl

P

(
q(η) ∧ #(�¬q(η)) ∧ �(�¬q(η))

)
, where

�ψ := ¬(>Uuχ (> Udχ ¬ψ)), and� is symmetric. # and� are the LTL next and back
operators, for which model checking can be done as for #d and�d, but removing the
restrictions on PR. They could be replaced with #ψ := #d ψ ∨#u ψ, but this would
cause an exponential blowup in the following equivalences, which can be used for
model checking upwards hierarchical operators. γL,η , evaluated in one of the right
contexts, asserts that q(η) holds in the unique left context of the same chain, only.

#uH ψ := γL,#uH ψ ∧#
(
(¬χl

P q(#uH ψ)) Uuχ (χl
P q(#uH ψ) ∧ ψ)

)
(10.1)

�uH ψ := γL,�uH ψ ∧�
(
(¬χl

P q(�uH ψ)) Suχ (χl
P q(�uH ψ) ∧ ψ)

)
(10.2)

ψ UuH θ := γL,ψUuHθ ∧ (χl
P q(ψUuHθ) =⇒ ψ) Uuχ (χl

P q(ψUuHθ) ∧ θ) (10.3)
ψ SuH θ := γL,ψSuHθ ∧ (χl

P q(ψSuHθ) =⇒ ψ) Suχ (χl
P q(ψSuHθ) ∧ θ) (10.4)

We only prove equivalence (10.3), as the others are essentially analogous.

Lemma 10.5 (Equivalence (10.3)). Letw be an OP word based on an alphabet of atomic
propositions P(AP ), and i a position in w, and let q(ψUuHθ) 6∈ AP , ψ and θ being two
POTL formulas on AP . Let w′ be a word on alphabet P(AP ∪ {q(ψUuHθ)}) identical to
w, except q(ψUuHθ) holds in position h < i s.t. χ(h, i) and hl i.

Then, (w, i) |= ψ UuH θ i� (w′, i) |= Υ(ψ, θ), with

Υ(ψ, θ) := γL,ψUuHθ ∧ (χl
P q(ψUuHθ) =⇒ ψ) Uuχ (χl

P q(ψUuHθ) ∧ θ),
γL,η := χl

P

(
q(η) ∧#(�¬q(η)) ∧�(�¬q(η))

)
.
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Proof. [⇒] Suppose ψ UuH θ holds in position i in word w. Then, by its semantics,
there exists a UHP i = i0 < i1 < · · · < in, with n ≥ 0, and a position h < i s.t. for
each ip, 0 ≤ p ≤ n, we have χ(h, ip) and h l ip, and for 0 ≤ q < n, ψ holds in iq ,
and θ holds in in. We show that in Υ(ψ, θ) holds in i in w′. By construction, in w′,
q(ψUuHθ) holds in h only. So, q(ψUuHθ) ∧#(�¬q(ψUuHθ)) ∧�(�¬q(ψUuHθ)) holds in h,
and γL,ψUuHθ holds in i.

For (χl
P q(ψUuHθ) =⇒ ψ) Uuχ (χl

P q(ψUuHθ) ∧ θ) to hold in i, there must exist a
USP between i = i0 and in. Suppose, by contradiction, that no such path exists. This
implies there exist two positions r, s, with i ≤ r < s ≤ in, r l s, either s = r + 1
or χ(r, s), s.t. no USP can skip them. So, there exist no positions r′, s′ s.t. i ≤ r′ <
s < s′ ≤ in s.t. χ(r′, s′) and either r′ .= s′ or r′ m s′. Since r l s, r is the left context
of a chain. Let k be the maximal (i.e. rightmost) position s.t. χ(r, k). There are three
cases:

• k > in. In this case, in is part of the body of the chain χ(r, k). However, by
hypothesis, χ(h, in), and h < i ≤ r < in < k. These two chains cross each
other, which is impossible by the de�nition of chain.

• k = in. If r .=in or rmin, then in is reachable by the USP. Otherwise, we would
have χ(h, in) and χ(r, in), h l in and r l in with h 6= r, which is impossible
because of property (3) of Lemma 6.3.

• k < in. If r .
= k or r m k, then r and k can be part of an USP reaching in. If

r l k, then k is the �rst position of the body of another chain having r as its
left context, which contradicts the assumption that k is maximal.

By hypothesis, q(ψUuHθ) holds in h, so χl
P q(ψUuHθ) holds in all positions ip, 0 ≤

p ≤ n, in the UHP. Since θ holds in in, χl
P q(ψUuHθ) ∧ θ holds in it. Moreover, since

ψ holds in all iq , 0 ≤ q ≤ n, χl
P q(ψUuHθ) =⇒ ψ holds in all positions in the USP

between i0 and in.
[⇐] Suppose (w′, i) |= Υ(ψ, θ). Then, γL,ψUuHθ holds in i. This implies there

exists a position h s.t. χ(h, i) and hl i, which is unique by Lemma 6.3. By γL,ψUuHθ ,
q(ψUuHθ) holds in h and in no other position. Moreover, (χl

P q(ψUuHθ) =⇒ ψ) Uuχ
(χl
P q(ψUuHθ) ∧ θ) holds in i, so there exists an USP i = j0 < j1 < · · · < jm. We

show that there exists a sequence of indices 0 = p0 < p1 < · · · < pn = m s.t.
jp0 , jp1 , . . . , jpn is a UHP satisfying ψ UuH θ in i in w.

First, note that θ holds in jpn , and since h is the only position in which q(ψUuHθ)
holds, we have χ(h, jpn) and h l jpn . So, jpn is the last position of a UHP starting
in i. For each position j s.t. i < j < jpn , χ(h, j) and h l j, there exists an index
1 ≤ q ≤ n − 1 s.t. jpq = j. Since all such positions j are between j0 and jm, the
USP could skip them only if they were part of the body of a chain, i.e. if there exist
two positions j0 ≤ r < s ≤ jm s.t. χ(j0, jm) and either r .= s or r m s. Such a chain
would, however, cross with χ(h, j), which contradicts the de�nition of chain.

Because q(ψUuHθ) only holds in h, the fact that χl
P q(ψUuHθ) =⇒ ψ holds in all

positions j0, j1, . . . , jm−1 implies ψ holds in all of jp0 , jp1 , . . . , jpn−1
. So, by con-

struction of w′, jp0 , jp1 , . . . , jpn is a UHP satisfying ψ UuH θ in position i in w.

We now give the equivalences for downward hierarchical operators. The follow-
ing formula, when evaluated in the left context of a chain, forces symbol pη in the
right context. Note that if the left context is in the m relation with the right one, the
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latter is uniquely identi�ed.

γR,η := χm
F

(
q(η) ∧#(�¬q(η)) ∧�(�¬q(η))

)
#dH ψ := γR,#dH ψ ∧#

(
(¬χm

F q(#dH ψ)) Udχ (χm
F q(#dH ψ) ∧ ψ)

)
(10.5)

�dH ψ := γR,�dH ψ ∧�
(
(¬χm

F q(�dH ψ)) Sdχ (χm
F q(�dH ψ) ∧ ψ)

)
(10.6)

ψ UdH θ := γR,ψUdHθ ∧ (χm
F q(ψUdHθ) =⇒ ψ) Udχ (χm

F q(ψUdHθ) ∧ θ) (10.7)

ψ SdH θ := γR,ψSdHθ ∧ (χm
F q(ψSdHθ) =⇒ ψ) Sdχ (χm

F q(ψSdHθ) ∧ θ) (10.8)

10.1.6 Concluding Proof
Theorem 10.6 (Correctness of Finite Model Checking.). Given a �nite set of atomic
propositionsAP , an OP alphabet (P(AP ),MAP ), a wordw on it, and an POTL formula
ϕ, the automaton built according to the procedure in this section is such that we have

(w, 1) |= ϕ

if and only if it performs at least one accepting computation on a word w′ equal to w,
except for the presence of one more propositional symbol for each hierarchical operator
in ϕ.

Proof. We proved that all chain next/back operators hold in a position in w i� in all
accepting computations, after reading a subword of w, the OPA is left in a state not
containing any pending obligation related to that instance of the operator (cf. Lem-
mas 10.1, 10.2, 10.3, 10.4). While the correctness of the upward/downward next/back
operators is trivial, that of summary until/since operators is due to the correctness of
the respective expansion laws, proved in Lemma 8.4. Moreover, in Lemma 10.5 we
proved the correctness of the equivalences for the hierarchical operators.

The results above allow us to prove that, by structural induction on the syntax
of ϕ, if ϕ holds in position 1 of w, there exists a word w′ identical to w, except for
the propositional symbols needed for the hierarchical operators, such that the OPA
performs at least a computation reaching the end of w in a state containing no future
operators and no temporal obligations. By the de�nition of the set of �nal states F ,
such a computation is accepting.

Conversely, suppose there exists a word w′ with the described features on which
the OPA performs at least one accepting computation starting from a state containing
ϕ. Then ϕ holds in the �rst position of a word w built by removing the propositio-
nal symbols introduced by equivalence formulas for hierarchical operators. Indeed,
such a computation ends with an empty stack, and a state containing no future oper-
ators or temporal obligations which, by the lemmas listed above, implies all temporal
obligations have been satis�ed, and w is a model for ϕ.

Complexity The set Cl(ϕ) is linear in |ϕ|, the length of ϕ. Atoms(ϕ) has size at
most 2|Cl(ϕ)| = 2O(|ϕ|), and the size of the set of states is the square of that. Moreover,
the use of the equivalences for the hierarchical operators causes only a linear increase
in the length of ϕ. Therefore,

Theorem 10.7. Given a POTL formula ϕ, it is possible to build an OPA Aϕ accepting
the language denoted by ϕ with at most 2O(|ϕ|) states.
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Aϕ can then be intersected with an OPA modeling a program (e.g. Figure 4.5), and
emptiness can be decided with polynomial-time reachability algorithms that we will
present in Section 11.1.

Since it is possible to linearly translate NWTL into POTL in a way similar to what
we did with OPTL in Section 7.1, we can exploit the same lower bounds for decision
problems:

Theorem 10.8. POTL model checking and satis�ability on �nite OP words are EXP-
TIME-complete.

Therefore, POTL does not have a worse computational complexity than NWTL
and OPTL, despite its greater expressiveness.

10.2 ω-Word Model Checking
To perform model checking of an OPTL formula ϕ on OP ω-words, we use the same
approach as in [54]. We build a generalized ωOPBA (cf. De�nition 4.17)

Aωϕ = 〈P(AP ),MAP , Qω, I,F, δ〉,

where Qω = Atoms(ϕ)×Atoms(ϕ)× P(Clstack (ϕ)).
In �nite words, the stack is empty at the end of every accepting computation,

which implies the satisfaction of all temporal constraints tracked by the pending part
of stack symbols. In ωOPBAs, the stack may never be empty, and symbols with a non-
empty pending part may remain in it inde�nitely, never enforcing the satisfaction of
the respective formulas. To overcome this issue, we use Atoms(ϕ) × Atoms(ϕ) ×
P(Clstack (ϕ)), with Clstack (ϕ) ⊆ Cl(ϕ), as the state set of the ωOPBA. Such states
have the form Φ = (Φc,Φp,Φs), where Φc and Φp have the same role as in the �nite-
word case, and Φs is the in-stack part of Φ. All rules de�ned in Section 10.1 for Φc
and Φp remain the same. Φs contains elements of Clstack (ϕ) contained in any symbol
currently on the stack. Clstack (ϕ) contains formulas in Cl(ϕ) that use the stack to
ensure the satisfaction of future temporal requirements, namely all χπF ψ ∈ Cl(ϕ),
with π ∈ {l, .=,m}. Thus, pending temporal obligations are moved from the stack
to the ωOPBA state, and they can be considered by the Büchi acceptance condition.

Suppose we want to model check χ
.
=
F ψ. Formula χ

.
=
F ψ must be inserted in the in-

stack part of the current state whenever a stack symbol containing it in its pending
part is pushed. It must kept in the in-stack part of the current state until the last
stack symbol containing it in its pending part is popped, marking the satisfaction of
its temporal requirement. Then, it is possible to de�ne an acceptance set F

χ
.
=
F ψ
∈ F,

as the set of states not containing χ
.
=
F ψ in any part.

This construction is formalized as follows. Let ψ ∈ Clstack (ϕ). We add a few
constraints on the transition relations. For any Φ,Θ,Ψ ∈ Qω and a ∈ P(AP ), let
(Φ, a,Θ) ∈ δpush :

21. if ψ ∈ Φp, then ψ ∈ Θs;

let (Φ, a,Θ) ∈ δpush or (Φ, a,Θ) ∈ δshift :

22. if ψ ∈ Φs, then ψ ∈ Θs;

let (Φ,Θ,Ψ) ∈ δpop :
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23. if ψ ∈ Φs and ψ ∈ Θs, then ψ ∈ Ψs.

Thus, we can state the following:

Lemma 10.9. Let AP be a �nite set of atomic propositions, (P(AP ),MAP ) an OP
alphabet, ψ ∈ Clstack (ϕ), and A an ωOPBA satisfying rules 21-23 above. For any ω-
word w = #xy on (P(AP ),MAP ), let 〈y,Φ, γ〉 be A’s con�guration after reading
x.

If there exists a stack symbol [a,Θ] ∈ γ such that ψ ∈ Θp, then ψ ∈ Φs.

We omit the proof, as it is substantially equivalent to the one of Lemma 6.1 in [54].
The only operators needing to be in Clstack (ϕ) are χπF ψ, with π ∈ {l, .=,m},

since the satisfaction of all other future operators depends on them.

Lemma 10.10. Given a �nite set of atomic propositions AP , an OP alphabet (P(AP ),
MAP ), an ω-wordw = #xy on it, a position i = |x|+1 inw, and a PR π ∈ {l, .=,m},
we have

(w, i) |= χπF ψ

if and only if an OPA satisfying rules 1-8 and 21-23 performs an accepting computation
passing through a con�guration 〈y,Φ, γ〉 with χπF ψ ∈ Φc.

Proof. [⇒] Suppose χπF ψ does not appear in any pending part of the states in γ, and
χπF ψ 6∈ Φp. Then, by Lemmas 10.1-10.2, after reading the body of the chain after
i, the OPA arrives to a con�guration 〈z,Φ′, γ′〉 where χπF ψ does not appear in any
pending part of the states in γ′. Hence, by Lemma 10.9, χπF ψ 6∈ Φ′s. Thus, even if
χπF ψ holds in�nitely often in w, accepting states in which it does not appear in the
in-stack part occur in�nitely often.

If χπF ψ was present in any pending part of the states in γ, or χπF ψ ∈ Φp, then a
pending instance of χπF ψ appeared previously in the computation. If such instance is
the result of a wrong guess, then a computation without such guess exists. Otherwise,
χπF ψ holds in a position i′ of x, and the above reasoning can be applied to it, proving
that an accepting state is �nally reached.

[⇐] If an accepting computation exists, then a state Φ′ with χπF ψ 6∈ Φ′s occurs
in�nitely often. By Lemma 10.9, in such con�gurationsχπF ψ is not present in pending
parts of stack states. Thus, the stack symbol pushed after reading i, which by rules 1,
4 and 6 contains χπF ψ in its pending part, is �nally popped. Thus, the right part of
the implications of Lemmas 10.1-10.2 applies, and χπF ψ holds in i.

An acceptance condition for summary until operators is also needed. For ψUdχ θ ∈
Cl(ϕ), we add an acceptance set FψUdχθ such that for any Φ in it we have χl

F (ψ Udχ
θ), χ

.
=
F (ψ Udχ θ) 6∈ Φs, and either ψ Udχ θ 6∈ Φc or θ ∈ Φc. The condition for ψ Uuχ θ is

symmetric.
We can now conclude the proof:

Theorem10.11 (Correctness ofωModel Checking). Given a �nite set of atomic propo-
sitions AP , an OP alphabet (P(AP ),MAP ), an ω- word w on it, and an POTL formula
ϕ, the automaton built according to the procedure in this section is such that we have

(w, 1) |= ϕ

if and only if it performs at least one accepting computation on a word w′ equal to w,
except for the presence of one more propositional symbol for each hierarchical operator
in ϕ.
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Proof. The claim follows from Theorem 10.6 for past operators, and from Lemma 10.10
for the future ones.

Complexity The complexity claims made for �nite-word model checking can be
easily extended to the in�nite case, as the presence of the in-stack part of states does
not cause a further blow-up of their amount.

Theorem 10.12. Given a POTL formula ϕ, it is possible to build an ωOPBAAϕ accept-
ing the language denoted by ϕ with at most 2O(|ϕ|) states.

Again, we exploit the complexity lower bounds for NWTL to claim

Theorem 10.13. POTL model checking and satis�ability on OP ω-words are EXPTIME-
complete.
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Chapter 11

Experimental Evaluation

11.1 Implementation
We implemented the OPA and ωOPBA constructions of Chapter 10 in an explicit-
state model checking tool called POMC [55]. The tool is written in Haskell [124], a
purely functional, statically typed programming language with lazy evaluation. The
declarative nature of Haskell makes it easier to code the numerous rules required by
the construction. Lazy evaluation is exploited to only evaluate rules that are actually
needed, depending on operators in the closure, and to generate OPA states on-the-�y.

Given a POTL speci�cation ϕ and an OPA (resp. ωOPBA)A to be checked, POMC
executes the reachability algorithm, generating the product between A and the OPA
(resp. ωOPBA) for ¬ϕ on-the-�y.

POMC checks OPA for emptiness by checking the reachability of an accepting con-
�guration, by means of a modi�ed DFS of the transition relation. Emptiness checking
for ωOPBA is signi�cantly more involved, since fairness cycles must be found in the
transition relation. This is done by means of graph theoretic techniques. Such algo-
rithms are similar to the ones in [10].

11.1.1 OPA Emptiness Checking
The reachability algorithm we use exploits the fact that all transitions only consider
the topmost stack symbol, so reachability is actually computed only for semi-con�gu-
rations made of one stack symbol and one state. Each time a chain support is explored,
its ending semi-con�guration is saved and associated with the starting one, so the next
time the latter is reached, the support does not have to be re-explored. This allows
the algorithm to exploit the cyclicities of OPA to terminate after having explored the
whole transition relation.

Given an OP alphabet (Σ,MΣ), where Σ is a �nite input alphabet, let A = 〈Σ,
MΣ, Q, I, F, δ〉 be an OPA. Let Γ = Σ×Q ∪ {⊥} be the set of stack symbols.

De�nition 11.1. A semi-con�guration of A is an element of C = Q× Γ.

Algorithm 1 solves the reachability problem for OPA, by adapting a DFS to the use
of summaries. Function Reach receives as its arguments a state q ∈ Q, a stack symbol
g ∈ Γ, a character c ∈ Σ, and a look-ahead ` ∈ Σ ∪ {∗}. If ` = ∗, then any character
in Σ may be used as a look-ahead. The algorithm searches the transition graph of the
OPA, and it stops when it �nds out that a semi-con�guration (q, g) is reachable. To
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solve the emptiness problem, it su�ces to pose QR = F and ΓR = {⊥}, and to call
Reach(q,⊥,#, ∗) for each q ∈ I , as shown in Algorithm 2.

The algorithm stores the OPA’s semi-con�guration whenever it enters or exits a
chain support, respectively in SupportStarts and SupportEnds . Thus, whenever it
�nds the beginning of a support in a semi-con�guration that has already been visited,
it just uses this pre-computed information to jump to the corresponding pop move
directly. We can see this as the insertion of additional edges in the OPA’s transition
graph, which we call summary edges. This is not just a performance optimization, but
it is essential for the algorithm’s correctness. In fact, due to the context-free nature
of OPLs, an OPA may have to go through nested chain supports that start with the
same semi-con�guration.

Suppose one of such supports starts with a push transition (q, b, p), coming from
semi-con�guration (q, g). When Reach meets this move a second time, it returns false
to avoid an in�nite loop. However, this stops the exploration of the chain support.
Thus, (q, g) is saved in SupportStarts . If an accepting run containing (q, g) exists,
then it must eventually lead to a chain support that is not cyclic, so that the run
terminates. When such a chain support is visited, the resulting pop transition �nds
(q, g) in SupportStarts and resumes the initial computation.

On the other hand, the algorithm may reach the same support again while read-
ing a di�erent character from the same semi-con�guration. To prevent it from stop-
ping because a semi-con�guration in the support has already been visited, pop tran-
sitions are saved in SupportEnds when they are encountered, so that when a semi-
con�guration leading to them is found, the exploration jumps directly to the end of
the support.

Complexity Each call to Reach has worst-case time complexity O(|δ||δpush |2|Σ|)
and space complexity O(|δ||δpush ||Σ|). Note that only transitions and states that are
actually visited contribute to the complexity, so the above bounds are reached only if
the whole OPA is visited. Also, if Σ contains sets of atomic propositions, we consider
only those on which the OPM is de�ned. E.g., with Mcall we use only elements of
Σcall as look-aheads, and |Σcall| is a small constant.

11.1.2 ωOPBA Emptiness Checking
The algorithm for checking emptiness of an ωOPBA has been developed in [139].
Due to the Büchi acceptance condition, to check whether an ωOPBA has an accept-
ing run we need to check for reachable cycles containing �nal states. In NBAs this
is done with a nested DFS, but adapting this algorithm to ωOPBAs is sub-optimal
[10], because the dynamic discovery of summary edges may add cycles in parts of the
transition graph that have already been explored. Thus, we use an on-line algorithm
to incrementally compute Strongly Connected Components (SCCs) while summary
edges are discovered.

We use the path-based algorithm by H.N. Gabow [87], which is well-suited for
early-termination, because it is based on a DFS. This algorithm works by exploring
the graph with a DFS, and contracting SCCs as it �nds back-edges. It �nds all SCCs
in a graph in linear time, by using simple data structures such as arrays and stacks.

We use it in an algorithm that works by alternating two phases:

• a search phase, in which the transition graph of the ωOPBA is explored without
following summary edges (or chain supports), which are stored in a set;
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Algorithm 1 OPA semi-con�guration reachability
1: function Reach(q, g, c, `)
2: if (q, g, `) ∈ V ∨ (q, g, ∗) ∈ V then return false
3: V := V ∪ (q, g, `)
4: if q ∈ QR ∧ g ∈ ΓR then return true
5: a := smb(g)
6: for all (q, b, p) ∈ δpush s.t. al b ∧ (b = ` ∨ ` = ∗) do
7: SupportStarts := SupportStarts ∪ {(q, g, c)}
8: if Reach(p, [b, q], b, ∗) then return true
9: for all (s, q, c′, `′) ∈ SupportEnds s.t. al c′ do

10: if Reach(s, g, c, `′) then return true
11: if g 6= ⊥ then
12: [a, r] := g
13: for all (q, b, p) ∈ δshift s.t. a .

= b ∧ (b = ` ∨ ` = ∗) do
14: if Reach(p, [b, r], c, ∗) then return true
15: for all (q, r, p) ∈ δpop , b ∈ Σ ∪ {#} s.t. am b ∧ (b = ` ∨ ` = ∗) do
16: SupportEnds := SupportEnds ∪ {(p, r, c, b)}
17: for all (r, g′, c′) ∈ SupportStarts s.t. smb(g′) l c do
18: if Reach(p, g′, c′, b) then return true
19: return false

Algorithm 2 OPA emptiness check
1: function IsEmpty(A)
2: (Σ,MΣ, Q, I, F, (δpush , δshift , δpop)) := A
3: V := SupportStarts := SupportEnds := ∅
4: QR = F
5: ΓR = {⊥}
6: for all q ∈ I do
7: if Reach(q,⊥,#, ∗) then return false
8: return true
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PROGRAM = [DECLS] FUNCTION [FUNCTION ...]

DECLS = var IDENTIFIER [, IDENTIFIER ...] ;

FUNCTION = IDENTIFIER () { STMT; [STMT; ...] }

STMT = IDENTIFIER := BEXPR

| while (BEXPR) { [STMT; ...] }

| if (BEXPR) { [STMT; ...] } else { [STMT; ...] }

| try { [STMT; ...] } catch { [STMT; ...] }

| IDENTIFIER()

| throw

BEXPR = BEXPR && BDISJ | BDISJ

BDISJ = BDISJ || BTERM | BTERM

BTERM = !BTERM | (BEXPR) | IDENTIFIER | true | false

program:

var foo;

pa() {

foo = false;

try { pb(); }

catch { pc(); }

}

pb() {

if (foo) { throw; }

else {}

}

pc() { }

Figure 11.1: MiniProc syntax (left) and a MiniProc program (right). Non-terminals are
uppercase, and keywords lowercase. Parts in square brackets are optional, and ellipses
mean that the enclosing group can be repeated zero or more times. An IDENTIFIER

is any sequence of letters, numbers, or characters ‘.’, ‘:’ and ‘_’, starting with a letter
or an underscore.

• a collapse phase, where summary edges collected in the search phase are added
to the graph and the resulting new SCCs are collapsed, if any.

After the collapse phase, a new search phase is launched starting from semi-con�g-
urations reached by summary edges, and so on. If a SCC containing �nal states is
detected during any of the two phases, the algorithm terminates, as an accepting run
has been found. Otherwise, the algorithm terminates once no more summary edges
are found, which means the ωOPBA is empty.

Complexity This algorithm has a worst-case time complexity ofO(k|δ||δpush |3|Σ|)
and space complexity O(|δ||δpush |2|Σ|), where k is the number of SCCs found. We
can make the same considerations on the size of Σ as in Section 11.1.1.

11.1.3 Modeling Procedural Programs

We use a simple procedural programming language with exceptions called MiniProc,
which only admits Boolean variables. Its syntax is shown in Figure 11.1.

A program starts with a variable declaration, which must include all variables
used in the program. Then, a sequence of functions are de�ned, the �rst one be-
ing the entry-point to the program. Function bodies consist of semicolon-separated
statements. Assignments, while loops and ifs have the usual semantics. The try-catch
statement executes the catch block whenever an exception is thrown by any state-
ment in the try block (or any function it calls). Exceptions are thrown by the throw

statement, and they are not typed (i.e., there is no way to distinguish di�erent kinds of
exceptions). Functions can be called by prepending their name to the () token (they
do not admit arguments, as all variables are global). Since all variables are Boolean,
expressions can be composed with the logical and (&&), or (||) and negation (!) op-
erators.

OPA andωOPBA semantically equivalent to a MiniProc program can be generated
automatically, both based on OPM Mcall. We illustrate their construction through
examples. First, an extended OPA is generated, in which every state corresponds to
some program state, and transitions can be labeled with Boolean expression guards
that must be true for them to be performed, or variable assignments. Figure 11.2
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M0 A0 A1 A2 B0 B1 B2 A3 C0 C1

B3 B4 A4 A5 A6 A7

B5 B6

M1

call

pA

stm foo:=true

A0 han

call
pB

foo

A2 exc A1 call

pC

ret

pC

A3call pB
¬foo

ret

pB

A2 exc

dummy
A1 ret

pA

M0

exc M0

M0

M1

A0 A2 A3 B0 B1 B2 A4 C0 C1

A5A6M2A1

call
pA

foo

call

pA

stm

stm
foo

A0,A1 han

foo

call
pB

foo

A3 exc

foo

A2
call
pC

foo

ret
pC

foo

A3ret
pA

foo

M0,M1

Figure 11.2: Extended OPA (top) and OPA (bottom) generated from the code of Fig-
ure 11.1.

shows the extended OPA from the code in Figure 11.1. The stack semantics of the
two models coincide: a symbol is pushed for every function call, and popped after the
corresponding return (or exception). Handlers are paired to the exception they catch
by a shift move updating the same symbol; a dummy exception is placed after the try
body to uninstall the handler. The model-checking procedures of the previous sec-
tions do not take guards into account, so the extended OPA must be transformed into
a normal one. This is done by enumerating all possible Boolean variable assignments
for each state, leaving only those that are actually reachable. The resulting OPA for
our example is in Figure 11.2.

The last part of the OPA generation leads to a worst-case model size exponential
in the number of variables. However, it performs well in most practical cases, since
only feasible states are generated.

When an OPA is generated, the set of �nal states only contains the last state of the
“main” module (M2) in the example. When an ωOPBA is generated, all entry states of
functions and loops are marked as �nal. If the MiniProc programs contains an actual
in�nite loop, this will result in an accepting loop in the ωOPBA. A stuttering state is
also added at the end of the ωOPBA, so that �nite behaviors can be modeled too.

11.2 Experimental Evaluation

We checked with POMC several requirements on three case studies which we mod-
eled both manually as OPA and in MiniProc. We report the results on the former in
Table 11.1, and on the latter in Table 11.2. Some additional formulas we checked on a
MiniProc program are in Table 11.4. Since POMC can generate both OPA and ωOPBA
from MiniProc, we repeated the experiments from Table 11.4 for the ω-word case and
we report them respectively in Table 11.5. We also checked a MiniProc benchmark
targeted at ωOPBA, and its results are in Table 11.3. The results from Table 11.1 can
be reproduced through a publicly available artifact [57].

All experiments except those in Table 11.3 were executed on a laptop with a 2.2
GHz Intel processor and 15 GiB of RAM, running Ubuntu GNU/Linux 20.04. Those in
Table 11.3 were run on a server with a 2.0 GHz AMD CPU and 500 GiB of RAM. In
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Table 11.1: Results of the evaluation of hand-made OPAs. ‘# states’ refers to the OPA
to be veri�ed.

# Benchmark name # states Time Memory (KiB) Result
(ms) Total MC only

1 generic (Fig. 4.5) 12 1,009 73,632 6,096 True
2 generic medium 24 707 73,671 1,911 False
3 gen. larger (Fig. 11.3) 30 1,214 73,633 9,104 True
4 Jensen 42 289 71,504 1,756 True
5 unsafe stack 63 1,332 71,482 21,095 False
6 safe stack 77 596 71,480 3,979 True
7 unsafe stack neutrality 63 4,821 209,981 83,850 True
8 safe stack neutrality 77 787 71,486 8,864 True

Table 11.2: Results of the evaluation of MiniProc programs, automatically transformed
into OPAs. ‘# states’ refers to the OPA to be veri�ed.

# Benchmark name # states Time Memory (KiB) Result
(ms) Total MC only

1 generic (Fig. 4.5) 19 1,028 71,493 7,009 True
2 generic medium 31 743 71,490 2,138 False
3 gen. larger (Fig. 11.3) 44 1,315 71,487 8,125 True
4 Jensen 1236 1,839 71,489 17,571 True
5 unsafe stack 162 2,869 88,394 33,990 False
6 safe stack 340 11,572 523,531 207,545 True
7 unsafe stack neutrality 162 12,670 468,025 197,892 True
8 safe stack neutrality 340 18,474 760,313 312,682 True
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main() {

pa();

try {

pa();

pb();

} catch {

perr();

}

}

pa() {

pc();

pd();

if (*) {

pa();

} else {}

}

pb() {

try {

pe();

} catch {

perr();

}

}

pc() {

if (*) {

pa();

} else {

pe();

}

}

pd() {

pc();

pa();

}

pe() {

if (*) {

throw;

} else {}

}

perr() {}

Figure 11.3: “Generic larger” MiniProc program.

the tables, by “Total” memory we mean the maximum resident memory including the
Haskell runtime (which allocates 70 MiB by default), and by “MC only” the maximum
memory used by model checking as reported by the runtime. Since model checking
is polynomial in OPA size and exponential in formula length, we focus on checking a
variety of requirements, rather than large OPA.

Generic procedural program We checked formula

�
(
(call ∧ pB ∧ Scall(>,pA)) =⇒ CallThr(>)

)
from Section 8.3 on the OPA of Figure 4.5 (benchmark 1), and also against two larger
OPA (2, where the property does not hold, and 3, where it holds).

We also checked the largest of such MiniProc programs, shown in Figure 11.3,
against a set of formulas devised with the purpose of testing all POTL operators. The
results are reported in Table 11.4 for the �nite-word case, and in Table 11.5 for the
ω-word case.

Stack Inspection The security framework of the Java Development Kit (JDK) is
based on stack inspection, i.e. the analysis of the contents of the program’s stack dur-
ing the execution. The JDK provides method checkPermission(perm) from class
AccessController, which searches the stack for frames of functions that have not
been granted permission perm. If any are found, an exception is thrown. Such per-
mission checks prevent the execution of privileged code by unauthorized parts of
the program, but they must be placed in sensitive points manually. Failure to place
them appropriately may cause the unauthorized execution of privileged code. An au-
tomated tool to check that no code can escape such checks is thus desirable. Any
such tool would need the ability to model exceptions, as they are used to avoid code
execution in case of security violations.

[102] explains such needs by providing an example Java program for managing a
bank account. It allows the user to check the account balance, and to withdraw money.
To perform such tasks, the invoking program must have been granted permissions
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CanPay and Debit, respectively. We modeled such program as an OPA (4), and proved
that the program enforces such security measures e�ectively by checking it against
the formula

�(call ∧ read =⇒ ¬(> Sdχ (call ∧ ¬CanPay ∧ ¬read)))

meaning that the account balance cannot be read if some function in the stack lacks
the CanPay permission (a similar formula checks the Debit permission).

Exception Safety [153] is a tutorial on how to make exception-safe generic con-
tainers in C++. It presents two implementations of a generic stack data structure,
parametric on the element type T. The �rst one is not exception-safe: if the construc-
tor of T throws an exception during a pop action, the topmost element is removed, but
it is not returned, and it is lost. This violates the strong exception safety requirement
that each operation is rolled back if an exception is thrown. The second version of
the data structure instead satis�es such requirement.

While exception safety is, in general, undecidable, we can prove the stronger re-
quirement that each modi�cation to the data structure is only committed once no
more exceptions can be thrown. We modeled both versions as OPA, and checked
such requirement with the following formula:

�(exc =⇒
¬((�u modified ∨ χuP modified) ∧ χuP (Stack :: push ∨ Stack :: pop)))

POMC successfully found a counterexample for the �rst implementation (5), and
proved the safety of the second one (6).

Additionally, we proved that both implementations are exception neutral (7, 8), i.e.
Stack functions do not block exceptions thrown by the underlying type T. This was
accomplished by checking the following formula:

�(exc ∧�u T ∧ χdP (han ∧ χdP Stack) =⇒ χdP χ
d
P χ

u
F exc).

QuickSort To test the ω-word model checking algorithms in particular, we adapted
a benchmark from the suite packaged with Moped [74, 107], a tool for LTL model
checking of PDS’s and Boolean programs. This benchmark consists of an implemen-
tation of the QuickSort sorting algorithm [96] in Java, which we adapted to excep-
tions. The QuickSort procedure qs() receives an array of objects to be sorted in
input, which may contain null references. If one of them is read by the procedure, it
throws a NullPointerException, potentially terminating the program. Thus, we
modi�ed this benchmark as follows: procedure qs() is �rst called in a try-catch

block. If it throws an exception, an input-sanitizing procedure named parseList()

is called, which removes null references from the array. Then, qs() is called on the
new array.

We checked several properties, and we report the results in Table 11.3.

• Property Q.1 states that the algorithm always terminates normally and Q.2 that
the array is correctly sorted at the end. They are false because qs() might
throw other kinds of exceptions even after null references have been removed,
so the program may terminate exceptionally before the array is sorted.
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Table 11.3: Results of veri�cation of the QuickSort benchmark (188456ωOPBA states).
The abbreviations are: R = Results, T = True, F = False.

# Formula Time (s) R
Q.1 χuF (ret ∧main) 289 F
Q.2 χuF (¬(aleftGTaright) 277 F
Q.3 �((call ∧main) =⇒ ¬(#u exc ∨ χuF exc)) 246 F
Q.4 �((call ∧ qs) =⇒ ¬(#u exc ∨ χuF exc)) 247 F

Q.5
(#u exc ∨ χuF exc) =⇒

(#u exc ∧ hasParsed) ∨ (χuF exc ∧ hasParsed)
19,617 T

Q.6
(#u exc ∨ χuF exc) =⇒

(#u exc ∧ ¬aleftGTaright) ∨ (χuF exc ∧ ¬aleftGTaright)
387 F

Q.7 �((call ∧ accessValues) =⇒ hasParsed ∨ (> Sdχ han)) 446 T
Q.8 (3(ret ∧main)) ∨ (χuF (exc ∧ hasParsed)) 1,124 T
Q.9 (χuF (ret ∧main)) ∨ (χuF (exc ∧ hasParsed)) 12,809 T
Q.10 (3(�¬aleftGTaright)) ∨ (χuF (exc ∧ hasParsed)) 1,615 T
Q.11 (χuF (¬aleftGTaright)) ∨ (χuF (exc ∧ hasParsed)) 12,736 T
Q.12 (3(ret ∧main ∧ ¬aleftGTaright)) ∨ (χuF (exc ∧ hasParsed) 2,247 T

• Q.3 and Q.4 check whether the main and qs() functions satisfy the no-throw
guarantee, and POMC correctly �nds out that they might be terminated by ex-
ceptions.

• Q.5 veri�es that the program can be terminated by an exception only if the
second call to qs() throws, which means that the array has been sanitized and
the exception is not a NullPointerException.

• Q.6 veri�es whether the array is sorted if the program is terminated by an excep-
tion, which is false because if qs() throws, it might not have �nished sorting
the array.

• Q.7 is a stack-inspection property that veri�es that whenever an exception is
thrown, either there is a handler in the stack (so we are in the �rst call to qs()),
or parseList() has already been called (so we are in the second call), and
hence the exception is, again, not a NullPointerException.

• Q.8 and Q.9 check in two equivalent ways that the program always terminates,
either normally or by an exception from the second call to qs().

• Similarly, Q.10 and Q.11 check that the only reason for the array not to be sorted
when the program terminates is an exception thrown by the second call to qs().

• Finally, Q.12 veri�es Q.10 and Q.12 together.

These—and more—results have been published in [140].

11.2.1 Discussion
We ran POMC on several case studies and examples. Model checking on hand-made
OPAs runs in at most a few seconds, and with a modest memory occupancy, as shown
in Table 11.1. In Table 11.2, when checking the same case studies by using automat-
ically-generated OPAs as models, the execution times increase signi�cantly due to
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the larger size of generated OPAs, which is consistent with the reachability algorithm
having a super-linear (but still polynomial) computational complexity. The time and
memory requirements remain, however, reasonable. The same can be said about the
numerous formulas that we check in Table 11.4, most of which take less than one
second, except a few outliers, which highlight the fact that the process is exponential
in formula length.

Finally, in Table 11.5 we saw the behavior of the ωOPBA emptiness algorithms on
the same formulas as in Table 11.4. In this case, the execution times increase signi�-
cantly, due to the higher complexity of �nding SCCs instead of just checking reach-
ability. However, the time taken by most formulas remains of at most a few seconds,
and the same can be said for memory occupancy. There are a few outliers, this time
more than in the �nite-word case, and one of them even runs out of memory. Again,
this is a symptom of the worst-case complexity of the problem, which manifests itself
with longer formulas and with hierarchical operators in particular. We did not try the
case studies from Table 11.2 as ωOPBA, because the properties we check do not make
sense in the ω-word case.

In conclusion, we can state that the results are promising also in practice, and this
opens the way to the use of these techniques for checking more complex systems,
such as possibly real-world programs, or parts thereof.
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Table 11.4: Results of the additional experiments on a MiniProc program equivalent
to OPA “generic larger”. The program has been automatically translated into an OPA
with 44 states. The abbreviations are: M. T. = Total Memory, M. MC = Memory for
Model Checking only, R = Results, T = True, F = False.

Formula Time M. T. M. MC R
(ms) (MiB) (KiB)

χdF pErr 0.9 70 160 F
#d(#d(call ∧ χuF exc)) 25.9 70 870 F
#d(han ∧ (χdF (exc ∧ χuP call))) 45.6 70 1,354 F
�(exc =⇒ χuP call) 12.1 70 599 T
> Udχ exc 2.0 70 141 F
#d(#d(> Udχ exc)) 4.4 70 119 F
�((call ∧ pA ∧ (¬ret Udχ WRx)) =⇒ χuF exc) 5,388.9 121 49,135 T
#d(#u call) 0.5 70 105 F
#d(#d(#d(�u call))) 3.2 70 145 F
χdF (#d(�u call)) 1.4 70 148 F
�((call ∧ pA ∧ CallThr(>)) =⇒ CallThr(eB)) 13,119.2 200 80,975 F
3(#dH pB) 2.4 70 120 F
3(�dH pB) 3.4 70 120 F
3(pA ∧ (call UdH pC)) 599.0 70 16,547 T
3(pC ∧ (call SdH pA)) 778.6 70 17,305 T
�((pC ∧ χuF exc) =⇒ (¬pA SdH pB)) 134,494.0 5,920 2,641,030 F
�(call ∧ pB =⇒ ¬pC UuH pErr ) 175.8 70 7,226 T
3(#uH pErr ) 1.3 70 125 F
3(�uH pErr ) 1.4 70 124 F
3(pA ∧ (call UuH pB)) 11.2 70 117 F
3(pB ∧ (call SuH pA)) 11.9 70 117 F
�(call =⇒ χdF ret) 3.5 70 115 F
�(call =⇒ ¬#u exc) 2.5 70 115 F
�(call ∧ pA =⇒ ¬CallThr(>)) 150.0 70 2,997 F
�(exc =⇒ ¬(�u(call ∧ pA) ∨ χuP (call ∧ pA))) 30.7 70 119 F
�((call ∧ pB ∧ (call Sdχ (call ∧ pA)))

=⇒ CallThr(>)
1,242.5 70 8,143 T

�(han =⇒ χuF ret) 20.4 70 659 T
> Uuχ exc 7.0 70 137 T
#d(#d(> Uuχ exc)) 57.2 70 1,380 T
#d(#d(#d(> Uuχ exc))) 196.1 70 2,939 T
�(call ∧ pC =⇒ (> Uuχ exc ∧ χdP han)) 103.7 70 863 F
call Udχ (ret ∧ pErr ) 1.8 70 117 F
χdF (call ∧ ((call ∨ exc) Suχ pB)) 9.9 70 116 F
#d(#d((call ∨ exc) Uuχ ret)) 6.2 70 116 F
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Table 11.5: Results of the additional experiments on the same MiniProc program of
Table 11.4, but interpreted as a continuously running program. The program has been
automatically translated into an ωOPBA with 44 states. The abbreviations are: M. T.
= Total Memory, M. MC = Memory for Model Checking only, R = Results, T = True, F
= False, O = Out of memory.

Formula Time M. T. M. MC R
(ms) (MiB) (KiB)

χdF pErr 31.7 71 3,717 F
#d(#d(call ∧ χuF exc)) 125.0 71 7,471 F
#d(han ∧ (χdF (exc ∧ χuP call))) 231.0 71 16,722 F
�(exc =⇒ χuP call) 8.5 71 864 T
> Udχ exc 10.6 71 1,050 F
#d(#d(> Udχ exc)) 23.0 71 1,590 F
�((call ∧ pA ∧ (¬ret Udχ WRx)) =⇒ χuF exc) 39,307.0 2,540 862,164 T
#d(#u call) 2.1 71 156 F
#d(#d(#d(�u call))) 12.9 71 907 F
χdF (#d(�u call)) 46.2 72 2,682 F
�((call ∧ pA ∧ CallThr(>)) =⇒ CallThr(eB)) 91,806.6 4,137 1,416,790 T
3(#dH pB) 26.4 71 3,005 F
3(�dH pB) 22.2 71 2,692 F
3(pA ∧ (call UdH pC)) 3,794.6 490 227,858 F
3(pC ∧ (call SdH pA)) 3,692.4 415 192,171 F
�((pC ∧ χuF exc) =⇒ (¬pA SdH pB)) – – – O
�(call ∧ pB =⇒ ¬pC UuH pErr ) 142.1 71 11,833 T
3(#uH pErr ) 5.2 71 167 F
3(�uH pErr ) 14.3 71 992 F
3(pA ∧ (call UuH pB)) 29.6 72 2,675 F
3(pB ∧ (call SuH pA)) 72.8 72 5,043 F
�(call =⇒ χdF ret) 58.5 72 4,215 F
�(call =⇒ ¬#u exc) 6.9 71 116 T
�(call ∧ pA =⇒ ¬CallThr(>)) 409.9 71 18,125 T
�(exc =⇒ ¬(�u(call ∧ pA) ∨ χuP (call ∧ pA))) 32.2 72 1,800 T
�((call ∧ pB ∧ (call Sdχ (call ∧ pA)))

=⇒ CallThr(>)
1,917.7 130 42,035 T

�(han =⇒ χuF ret) 42.6 71 3,260 T
> Uuχ exc 40.2 72 3,190 F
#d(#d(> Uuχ exc)) 260.5 72 11,556 F
#d(#d(#d(> Uuχ exc))) 826.6 94 40,479 F
�(call ∧ pC =⇒ (> Uuχ exc ∧ χdP han)) 937.7 71 27,683 F
call Udχ (ret ∧ pErr ) 25.9 71 2,555 F
χdF (call ∧ ((call ∨ exc) Suχ pB)) 179.8 71 10,056 F
#d(#d((call ∨ exc) Uuχ ret)) 397.7 72 17,557 F
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Chapter 12

Conclusions and Future Work

12.1 Discussion and Contributions

Temporal logic was identi�ed in the 1980s as the formalism of choice for expressing
system speci�cations and requirements with the aim of automated veri�cation. The
main advantage of temporal logic is the good balance between expressiveness and
e�ciency of veri�cation algorithms. Indeed, logics such as LTL and CTL formalize
naturally concepts related to the �ow of time and events, as well as the evolution of a
system as a succession of discrete states. Also, they admit relatively e�cient veri�ca-
tion algorithms, as we saw in Chapter 2. However, the increasing variety of systems
and environments in which veri�cation has been applied have often highlighted the
expressive limitations of those logics, motivating e�orts aimed at de�ning more ex-
pressive versions of them. The work presented in this thesis is part of such an e�ort,
and it is mainly motivated by the veri�cation of procedural programs.

As we highlighted in Chapter 3, the fact that procedures are managed by means
of a stack causes programs to present inherently context-free behaviors. The need
of specifying complex properties that take into account the nesting structure of pro-
cedure calls and returns was tackled by logics on VPLs and nested words, namely
CaRet and NWTL. However, nested words only o�er a one-to-one matching relation,
which is not enough to model behaviors of certain programming constructs, such as
exceptions, that are considerably widespread in modern programming languages, and
that create the need for specifying requirements that rule out some of their unwanted
side-e�ects.

We closed this gap by presenting temporal logics featuring temporal modalities
that explicitly consider such context-free behaviors, and by basing their semantic on
OPLs, a subclass of DCFLs as robust as VPLs, but of much wider expressiveness.

OPTL The �rst logic that we introduced is OPTL. OPTL is capable of express-
ing, among others, requirements on total and partial correctness (i.e., Hoare-style
pre- and post-conditions), exception safety, and stack inspection in the presence of
exceptions—thus, stating requirements that forbid or enforce exceptions when cer-
tain procedures are active. Moreover, we proved that OPTL is strictly more expressive
than logics on VPLs such as NWTL thanks to its being based on OPLs.

However, the motivations for introducing OPTL were not only related to its pos-
sible practical applications, but also to the more theoretical question of how far it
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is possible to push temporal logics in terms of expressive power with respect to the
Chomsky hierarchy. When it comes to measuring the expressiveness of temporal
logics, the most conventional yardstick is “classical” logics such as FOL and MSOL.
Unfortunately, when investigating the stance of OPTL against FOL, we found out that
OPTL is strictly less expressive: there are FO-expressible properties on OP words that
cannot be expressed by means of an OPTL formula. This might seem surprising, as
we proved that OPTL can express all properties that can be stated in NWTL, which in
turn is FO-complete. Indeed, this is another symptom of the greater expressive power
of OPLs with respect to VPLs, and consequently of OP words with respect to nested
words. Thus, OPTL is expressive enough to represent all FO-expressible properties
on nested words, but not enough to tackle the greater generality of OPLs.

This is one of the reasons why we decided to present OPTL in this thesis, as we
consider it an important step towards the development of expressively complete logics
for OPLs. The other reason is its incompleteness proof. Indeed, most proofs concern-
ing the expressiveness of temporal logics that appear in the literature usually state
their equivalence to FOL, MSOL or a fragment thereof—see e.g. the seminal [106],
and also [12, 24, 132]. Ours is instead a proof that no formula expressible in OPTL is
equivalent to a speci�c one in FOL. This is a non-trivial endeavor when it comes to
logics with a more complex syntax. In fact, the same question regarding the relation-
ship between CaRet and NWTL has yet to be answered, although CaRet is conjectured
not to be as expressive as FOL on nested words [12]. Our proof uses a novel technique,
based on a Pumping Lemma for temporal logics, which may be general enough to be
applicable to other contexts, such as the aforementioned CaRet vs. NWTL issue.

POTL We introduced POTL with the main intent of having a FO-complete temporal
logic based on OPLs. We reached this goal, and the resulting proof is non-trivial, as
it uses rather sophisticated techniques from model theory. The complexity of this
proof further highlights the generality of OPLs, because it stems from the need for
combining the various shapes that OP ω-words can exhibit, which we achieved in
a non-trivial way. As a corollary, we proved that OP words and ω-words have the
three-variable property.

Note that the very fact that POTL is based on OPLs makes this FO-completeness
result even more important than the analogous one for LTL [106]. Indeed, the FO-
de�nable subset of OPLs is equivalent to non-counting or aperiodic OPLs [122, 123],
as well as the FO-de�nable subset of regular languages is equivalent to their non-
counting subset [129]. The de�nition of aperiodicity for OPLs excludes languages
that pose counting requirements on the nesting structure of words. In the context of
program veri�cation, this would result in the inexpressibility of requirements such as
“procedure A must be present on the stack in an even number of instances”, which
however seem to be of scarce practical interest. On the contrary, many FSAs formalize
counting devices.

POTL’s greater expressiveness is, nonetheless, not only theoretical, but also arises
when trying to express requirements. POTL is in fact capable of expressing all OPTL-
expressible properties, often in an easier and more natural way. In particular, the abil-
ity of its operators to constrain their semantics to a single subtree in a word’s syntax
tree—i.e., on a single function frame in the program veri�cation context—enables the
speci�cation of many requirements in which OPTL fails. For example, function-local
requirements are easily expressible in POTL and, as an exercise, we also succeeded in
giving a direct POTL translation of LTL.
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Model Checking We studied POTL model checking both theoretically and prac-
tically. We developed an automata-theoretic model checking procedure for POTL,
which involves the construction of automata that accept models of POTL formulas.
Such a construction is much more involved than that of simpler logics such as LTL,
mainly because of the higher complexity of the underlying automata: OPAs have a
stack, which must be used carefully to keep track of temporal obligations. From this,
we derive bounds on the computational complexity of POTL model checking and sat-
is�ability, which are both EXPTIME-complete. While such bounds are higher than
that of LTL model checking, which is PSPACE-complete, they match those of NWTL
[12]. Thus, POTL does not pay its greater expressiveness with higher computational
complexity. Overall, the model checking algorithm has time exponential in formula
length, and polynomial in model size, just like LTL. The only drawback comes from
the more complex modeling formalism. While model checking on transition systems
can be linear in model size, when using pushdown automata such as OPAs, NWAs or
RSMs the complexity of the emptiness-checking algorithms becomes cubic in (parts
of) model size.

To see how such algorithms behave in practice, we implemented a POTL model
checker, called POMC. We ran it on several case studies, checking interesting prop-
erties for real-world scenarios on models of varying size, both hand-made and au-
tomatically generated from a simpli�ed programming language. Most formulas are
checked in just a few seconds, with only a few outliers. The presence of such outliers
was mostly related to formula length, and not to the model to be checked. This is un-
surprising, considering the worst-case complexity of the procedure. We tried model
checking both on �nite and ω-words, �nding out that the increased overhead of the
more complex emptiness-checking algorithms for the in�nite-word case is in most
cases acceptable or negligible. Overall, we can state that the results we obtained are
promising, and pave the way for further applications of POTL model checking.

12.2 Future Work Directions
Here we survey some of the directions for future research that are opened by the work
in this thesis.

Application domains Throughout this thesis, we mostly focused on the veri�ca-
tion of procedural programs with exceptions, both in the examples we used to illus-
trate the concepts we introduced, and in the experimental part. However, the gen-
erality of OPLs and POTL is much greater: it is possible to de�ne a virtually in�nite
number of veri�cation frameworks by simply picking a di�erent choice of the OPM.
Thus, POTL could be used to specify requirements in the presence of other program-
ming constructs, such as continuations. Moreover, any system involving a stack may
exhibit context-free behaviors that may bene�t from the use of POTL for formal veri�-
cation. Just to give some examples, we mention system interrupts, log-based systems
such as databases, and version control systems.

Better program modeling In Chapter 11, we modeled programs both by hand
and by generating them from a very simple programming language. In both cases, we
only admitted Boolean variables. Of course, however, real-world programs come with
much richer type systems and data representations. Thus, to automatically verify real-
world programs more sophisticated techniques are needed. One possibility would
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be to apply already-existing abstraction techniques that have already been applied
successfully to software model checking. We could employ predicate abstraction [103,
104] and related abstraction re�nement techniques [62], and possibly adapt them for
the kind of requirements expressible by POTL.

More e�cient model representation While explicit-state model checking has its
own merits, it su�ers from the state-space explosion problem [17], which in our case
is exacerbated by the non-linear complexity of emptiness-checking algorithms for
pushdown-based systems. In the context of model checking logics such as LTL, this
problem has been tackled by introducing more compact and e�cient model represen-
tations, such as binary decision diagrams [105]. The resulting veri�cation technique
is called symbolic model checking [43]. Thus, the development of similar techniques
could be explored for OPAs and other stack-based automata, although the presence
of the stack could make this rather di�cult.

Bounded Model Checking Bounded model checking [26] is an e�cient model
checking technique that exploits the recent advances in SAT and SMT solvers. It
consists in encoding the model checking problem as formulas in propositional logic
(in the SAT case) possibly enriched with decidable theories (in the SMT case), and then
using an e�cient solver to check satis�ability of the resulting formula. This approach
has the drawback that properties can be checked only up to a certain temporal bound
(although this is not always the case [15]), but its notable e�ciency has determined
its success. A propositional or SMT-based encoding of OP words could be attempted,
to investigate the possible bene�ts of this approach to POTL model checking.

User-Friendliness Even if we extensively illustrated POTL’s capabilities in terms
of ease of expressing requirements, we admit that its full comprehension requires a
somewhat solid mathematical background, which is not always common in end-users,
and could discourage its adoption. We note, however, that this issue is not restricted to
POTL in particular, but it is shared with temporal logics and formal methods in general
[120], including LTL [14] and NWTL. One way to tackle this problem would be to
o�er simple, graphical-based frameworks for expressing domain-speci�c properties,
possibly based on UML [81]. An orthogonal solution would be to gather a catalog
of useful requirements for a speci�c domain (e.g., as we did up to a limited extent in
Sections 6.4 and 8.3), that use POTL formulas only as a backend.

Extensions Although we argue that the FO-expressible fragment of OPLs is enough
for most applications, several ways of further extending POTL’s expressive power
could be investigated.

A logic capturing the whole OPLs could be devised by embedding regular-expres-
sion-like constructs in it, as was done with LTL [148] and logics on VPLs [33]. In this
respect, a variant of regular expressions for OPLs has been recently introduced [122].

Timed or metric variants of POTL could be devised, following the steps already
done for VPL logics [37]. Weighted variants could also be an option, fostered by the
recent introduction of weighted OPLs [70].

Finally, ways of modeling and checking concurrent procedural programs could be
investigated. This would most likely require multi-stack automata for model check-
ing. While multi-pushdown automata tend to have decidability issues [144], model
checking has been studied for stack-bounded variants [20, 41, 46, 141, 157].

164



Bibliography

[1] David Abrahams. Exception-safety in generic components. In Generic Pro-
gramming, volume 1766 of LNCS, pages 69–79. Springer, 1998. doi:10.1007/3-
540-39953-4_6.

[2] Rajeev Alur. Marrying words and trees. In PODS ’07, pages 233–242. ACM,
2007. doi:10.1145/1265530.1265564.

[3] Rajeev Alur and Dana Fisman. Colored nested words. In LATA 2016, volume
9618 of LNCS, pages 143–155. Springer, 2016. doi:10.1007/978-3-319-30000-9_11.

[4] Rajeev Alur and Parthasarathy Madhusudan. Visibly pushdown languages. In
STOC ’04, pages 202–211. ACM, 2004. doi:10.1145/1007352.1007390.

[5] Rajeev Alur and Parthasarathy Madhusudan. Adding nesting structure to
words. J. ACM, 56(3), 2009. doi:10.1145/1516512.1516518.

[6] Rajeev Alur and Mihalis Yannakakis. Model checking of hierarchical
state machines. ACM Trans. Program. Lang. Syst., 23(3):273–303, 2001.
doi:10.1145/503502.503503.

[7] Rajeev Alur, Kousha Etessami, and Mihalis Yannakakis. Analysis of recursive
state machines. In CAV ’01, volume 2102 of LNCS, pages 207–220. Springer,
2001. doi:10.1007/3-540-44585-4_18.

[8] Rajeev Alur, Kousha Etessami, and P. Madhusudan. A temporal logic of nested
calls and returns. In TACAS ’04, volume 2988 of LNCS, pages 467–481. Springer,
2004. doi:10.1007/978-3-540-24730-2_35.

[9] Rajeev Alur, Michael Benedikt, Kousha Etessami, Patrice Godefroid, Thomas
Reps, and Mihalis Yannakakis. Analysis of recursive state machines. ACM
Trans. Program. Lang. Syst., 27(4):786–818, 2005. doi:10.1145/1075382.1075387.

[10] Rajeev Alur, Swarat Chaudhuri, Kousha Etessami, and Parthasarathy Madhusu-
dan. On-the-�y reachability and cycle detection for recursive state machines. In
TACAS ’05, volume 3440 of LNCS, pages 61–76. Springer, 2005. doi:10.1007/978-
3-540-31980-1_5.

[11] Rajeev Alur, Viraj Kumar, P. Madhusudan, and Mahesh Viswanathan. Congru-
ences for visibly pushdown languages. In ICALP ’05, volume 3580 of LNCS,
pages 1102–1114. Springer, 2005. doi:10.1007/11523468_89.

165

https://doi.org/10.1007/3-540-39953-4_6
https://doi.org/10.1007/3-540-39953-4_6
https://doi.org/10.1145/1265530.1265564
https://doi.org/10.1007/978-3-319-30000-9_11
https://doi.org/10.1145/1007352.1007390
https://doi.org/10.1145/1516512.1516518
https://doi.org/10.1145/503502.503503
https://doi.org/10.1007/3-540-44585-4_18
https://doi.org/10.1007/978-3-540-24730-2_35
https://doi.org/10.1145/1075382.1075387
https://doi.org/10.1007/978-3-540-31980-1_5
https://doi.org/10.1007/978-3-540-31980-1_5
https://doi.org/10.1007/11523468_89


[12] Rajeev Alur, Marcelo Arenas, Pablo Barceló, Kousha Etessami, Neil Immerman,
and Leonid Libkin. First-order and temporal logics for nested words. LMCS, 4
(4), 2008. doi:10.2168/LMCS-4(4:11)2008.

[13] Rajeev Alur, Swarat Chaudhuri, and Parthasarathy Madhusudan. Software
model checking using languages of nested trees. ACM Trans. Program. Lang.
Syst., 33(5):15:1–15:45, 2011. doi:10.1145/2039346.2039347.

[14] Mehrnoosh Askarpour and Marcello M. Bersani. Teaching formal methods: An
experience report. In FISEE 2019, volume 12271 of LNCS, pages 3–18. Springer,
2019. doi:10.1007/978-3-030-57663-9_1.

[15] Mohammad Awedh and Fabio Somenzi. Termination criteria for bounded
model checking: Extensions and comparison. In BMC ’05, volume 144(1) of
ENTCS, pages 51–66. Elsevier, 2006. doi:10.1016/j.entcs.2005.07.019.

[16] Jos C. M. Baeten, Jan A. Bergstra, and Jan Willem Klop. Decidability of bisim-
ulation equivalence for processes generating context-free languages. J. ACM,
40(3):653–682, 1993. doi:10.1145/174130.174141.

[17] Christel Baier and Joost-Pieter Katoen. Principles of Model Checking. MIT Press,
2008. ISBN 978-0-262-02649-9.

[18] Thomas Ball and Sriram K. Rajamani. Bebop: A symbolic model checker for
Boolean programs. In SPIN 2000, volume 1885 of LNCS, pages 113–130. Springer,
2000. doi:10.1007/10722468_7.

[19] Thomas Ball and Sriram K. Rajamani. The SLAM toolkit. In CAV ’01, volume
2102 of LNCS, pages 260–264. Springer, 2001. doi:10.1007/3-540-44585-4_25.

[20] Kshitij Bansal and Stéphane Demri. Model-checking bounded multi-pushdown
systems. In CSR ’13, volume 7913 of LNCS, pages 405–417. Springer, 2013.
doi:10.1007/978-3-642-38536-0_35.

[21] Alessandro Barenghi, Stefano Crespi Reghizzi, Dino Mandrioli, Federica
Panella, and Matteo Pradella. Parallel parsing made practical. Sci. Comput.
Program., 112:195–226, 2015. doi:10.1016/j.scico.2015.09.002.

[22] Gérard Basler, Daniel Kroening, and Georg Weissenbacher. SAT-based sum-
marization for Boolean programs. In SPIN ’07, volume 4595 of LNCS, pages
131–148. Springer, 2007. doi:10.1007/978-3-540-73370-6_10.

[23] Mordechai Ben-Ari. Mathematical Logic for Computer Science, 3rd Edition.
Springer, London, UK, 2012. ISBN 978-1-4471-4129-7. doi:10.1007/978-1-4471-
4129-7.

[24] Michael Benedikt and Clemens Ley. Limiting until in ordered tree query lan-
guages. ACM Trans. Comput. Log., 17(2):14:1–14:34, 2016. doi:10.1145/2856104.

[25] Jan A. Bergstra and Jan Willem Klop. Process algebra for synchronous commu-
nication. Inf. Control., 60(1-3):109–137, 1984. doi:10.1016/S0019-9958(84)80025-
X.

166

https://doi.org/10.2168/LMCS-4(4:11)2008
https://doi.org/10.1145/2039346.2039347
https://doi.org/10.1007/978-3-030-57663-9_1
https://doi.org/10.1016/j.entcs.2005.07.019
https://doi.org/10.1145/174130.174141
https://doi.org/10.1007/10722468_7
https://doi.org/10.1007/3-540-44585-4_25
https://doi.org/10.1007/978-3-642-38536-0_35
https://doi.org/10.1016/j.scico.2015.09.002
https://doi.org/10.1007/978-3-540-73370-6_10
https://doi.org/10.1007/978-1-4471-4129-7
https://doi.org/10.1007/978-1-4471-4129-7
https://doi.org/10.1145/2856104
https://doi.org/10.1016/S0019-9958(84)80025-X
https://doi.org/10.1016/S0019-9958(84)80025-X


[26] Armin Biere, Alessandro Cimatti, Edmund M. Clarke, and Yunshan Zhu. Sym-
bolic model checking without BDDs. In TACAS ’99, volume 1579 of LNCS, pages
193–207. Springer, 1999. doi:10.1007/3-540-49059-0_14.

[27] Ahmed Bouajjani and Peter Habermehl. Constrained properties, semilinear
systems, and Petri nets. In CONCUR ’96, volume 1119 of LNCS, pages 481–497.
Springer, 1996. doi:10.1007/3-540-61604-7_71.

[28] Ahmed Bouajjani, Rachid Echahed, and Peter Habermehl. On the veri�cation
problem of nonregular properties for nonregular processes. In LICS ’95, pages
123–133. IEEE Computer Society, 1995. doi:10.1109/LICS.1995.523250.

[29] Ahmed Bouajjani, Rachid Echahed, and Peter Habermehl. Verifying in�nite
state processes with sequential and parallel composition. In POPL ’95, pages
95–106. ACM Press, 1995. doi:10.1145/199448.199470.

[30] Ahmed Bouajjani, Javier Esparza, and Oded Maler. Reachability analysis of
pushdown automata: application to model-checking. In CONCUR ’97, volume
1243 of LNCS, pages 135–150. Springer, 1997. doi:10.1007/3-540-63141-0_10.

[31] Laura Bozzelli. Alternating automata and a temporal �xpoint calculus for visi-
bly pushdown languages. InCONCUR ’07, volume 4703 of LNCS, pages 476–491.
Springer, 2007. doi:10.1007/978-3-540-74407-8_32.

[32] Laura Bozzelli and César Sánchez. Visibly rational expressions. Acta Informat-
ica, 51(1):25–49, 2014. doi:10.1007/s00236-013-0190-6.

[33] Laura Bozzelli and César Sánchez. Visibly linear temporal logic. J. Autom.
Reason., 60(2):177–220, 2018. doi:10.1007/s10817-017-9410-z.

[34] Laura Bozzelli, Salvatore La Torre, and Adriano Peron. Veri�cation of well-
formed communicating recursive state machines. Theor. Comput. Sci., 403(2-3):
382–405, 2008. doi:10.1016/j.tcs.2008.06.012.

[35] Laura Bozzelli, Aniello Murano, and Adriano Peron. Pushdown module check-
ing. Formal Methods Syst. Des., 36(1):65–95, 2010. doi:10.1007/s10703-010-0093-
x.

[36] Laura Bozzelli, Aniello Murano, and Adriano Peron. Event-clock nested au-
tomata. In LATA ’18, volume 10792 of LNCS, pages 80–92. Springer, 2018.
doi:10.1007/978-3-319-77313-1_6.

[37] Laura Bozzelli, Aniello Murano, and Adriano Peron. Timed context-free tem-
poral logics. In GandALF ’18, volume 277 of EPTCS, pages 235–249. Open Pub-
lishing Association, 2018. doi:10.4204/EPTCS.277.17.

[38] Laura Bozzelli, Angelo Montanari, and Adriano Peron. Interval temporal
logic for visibly pushdown systems. In FSTTCS ’19, volume 150 of LIPIcs,
pages 33:1–33:14. Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2019.
doi:10.4230/LIPIcs.FSTTCS.2019.33.

[39] Julian C. Brad�eld and Colin Stirling. Modal mu-calculi. In Handbook of Modal
Logic, volume 3 of Studies in logic and practical reasoning, pages 721–756. North-
Holland, 2007. doi:10.1016/s1570-2464(07)80015-2.

167

https://doi.org/10.1007/3-540-49059-0_14
https://doi.org/10.1007/3-540-61604-7_71
https://doi.org/10.1109/LICS.1995.523250
https://doi.org/10.1145/199448.199470
https://doi.org/10.1007/3-540-63141-0_10
https://doi.org/10.1007/978-3-540-74407-8_32
https://doi.org/10.1007/s00236-013-0190-6
https://doi.org/10.1007/s10817-017-9410-z
https://doi.org/10.1016/j.tcs.2008.06.012
https://doi.org/10.1007/s10703-010-0093-x
https://doi.org/10.1007/s10703-010-0093-x
https://doi.org/10.1007/978-3-319-77313-1_6
https://doi.org/10.4204/EPTCS.277.17
https://doi.org/10.4230/LIPIcs.FSTTCS.2019.33
https://doi.org/10.1016/s1570-2464(07)80015-2


[40] Julian C. Brad�eld and Igor Walukiewicz. The mu-calculus and model checking.
InHandbook of Model Checking, pages 871–919. Springer, 2018. doi:10.1007/978-
3-319-10575-8_26.

[41] Luca Breveglieri, Alessandra Cherubini, Claudio Citrini, and Stefano Crespi-
Reghizzi. Multi-push-down languages and grammars. Int. J. Found. Comput.
Sci., 7(3):253–292, 1996. doi:10.1142/S0129054196000191.

[42] J. Richard Büchi. On a decision method in restricted second order arithmetic.
In Proceedings of the 1960 International Congress on Logic, Methodology and Phi-
losophy of Science (LMPS ’60), pages 1–11. Stanford University Press, 1962.

[43] Jerry R. Burch, Edmund M. Clarke, Kenneth L. McMillan, David L. Dill, and L. J.
Hwang. Symbolic model checking: 10ˆ20 states and beyond. Inf. Comput., 98
(2):142–170, 1992. doi:10.1016/0890-5401(92)90017-A.

[44] Olaf Burkart and Bernhard Ste�en. Model checking for context-free pro-
cesses. In CONCUR ’92, volume 630 of LNCS, pages 123–137. Springer, 1992.
doi:10.1007/BFb0084787.

[45] Olaf Burkart and Bernhard Ste�en. Model checking the full modal mu-calculus
for in�nite sequential processes. Theor. Comput. Sci., 221(1-2):251–270, 1999.
doi:10.1016/S0304-3975(99)00034-1.

[46] Dario Carotenuto, Aniello Murano, and Adriano Peron. Ordered multi-
stack visibly pushdown automata. Theor. Comput. Sci., 656:1–26, 2016.
doi:10.1016/j.tcs.2016.08.012.

[47] Didier Caucal and Roland Monfort. On the transition graphs of automata and
grammars. In WG ’90, volume 484 of LNCS, pages 311–337. Springer, 1990.
doi:10.1007/3-540-53832-1_51.

[48] Krishnendu Chatterjee, Di Ma, Rupak Majumdar, Tian Zhao, Thomas A. Hen-
zinger, and Jens Palsberg. Stack size analysis for interrupt-driven programs.
Inf. Comput., 194(2):144–174, 2004. doi:10.1016/j.ic.2004.06.001.

[49] Swarat Chaudhuri and Rajeev Alur. Instrumenting C programs with nested
word monitors. In SPIN ’07, volume 4595 of LNCS, pages 279–283. Springer,
2007. doi:10.1007/978-3-540-73370-6_20.

[50] Feng Chen and Grigore Rosu. Java-MOP: A monitoring oriented programming
environment for Java. In TACAS ’05, volume 3440 of LNCS, pages 546–550.
Springer, 2005. doi:10.1007/978-3-540-31980-1_36.

[51] Patrick Chervet and Igor Walukiewicz. Minimizing variants of visibly push-
down automata. In MFCS ’07, volume 4708 of LNCS, pages 135–146. Springer,
2007. doi:10.1007/978-3-540-74456-6_14.

[52] Michele Chiari. Temporal logic and model checking for operator precedence
words. Master’s thesis, Politecnico di Milano, 2018. URL http://hdl.

handle.net/10589/142923.

168

https://doi.org/10.1007/978-3-319-10575-8_26
https://doi.org/10.1007/978-3-319-10575-8_26
https://doi.org/10.1142/S0129054196000191
https://doi.org/10.1016/0890-5401(92)90017-A
https://doi.org/10.1007/BFb0084787
https://doi.org/10.1016/S0304-3975(99)00034-1
https://doi.org/10.1016/j.tcs.2016.08.012
https://doi.org/10.1007/3-540-53832-1_51
https://doi.org/10.1016/j.ic.2004.06.001
https://doi.org/10.1007/978-3-540-73370-6_20
https://doi.org/10.1007/978-3-540-31980-1_36
https://doi.org/10.1007/978-3-540-74456-6_14
http://hdl.handle.net/10589/142923
http://hdl.handle.net/10589/142923


[53] Michele Chiari, Dino Mandrioli, and Matteo Pradella. Temporal logic and
model checking for operator precedence languages. In GandALF 2018,
volume 277 of EPTCS, pages 161–175. Open Publishing Association, 2018.
doi:10.4204/EPTCS.277.12.

[54] Michele Chiari, Dino Mandrioli, and Matteo Pradella. Operator precedence
temporal logic and model checking. Theor. Comput. Sci., 848:47–81, 2020.
doi:10.1016/j.tcs.2020.08.034.

[55] Michele Chiari, Davide Bergamaschi, and Francesco Pontiggia. POMC, 2021.
URL https://github.com/michiari/POMC.

[56] Michele Chiari, Dino Mandrioli, and Matteo Pradella. Model-checking struc-
tured context-free languages. In CAV ’21, volume 12760 of LNCS, page 387–410.
Springer, 2021. doi:10.1007/978-3-030-81688-9_18.

[57] Michele Chiari, Dino Mandrioli, and Matteo Pradella. Model-checking struc-
tured context-free languages (artifact), 2021. URL https://doi.org/10.

5281/zenodo.4723740.

[58] Michele Chiari, Dino Mandrioli, and Matteo Pradella. A �rst-order complete
temporal logic for structured context-free languages. CoRR, abs/2105.10740,
2021. URL https://arxiv.org/abs/2105.10740.

[59] Edmund M. Clarke and E. Allen Emerson. Design and synthesis of synchro-
nization skeletons using branching-time temporal logic. In Logics of Programs,
volume 131 of LNCS, pages 52–71. Springer, 1981. doi:10.1007/BFb0025774.

[60] Edmund M. Clarke, E. Allen Emerson, and A. Prasad Sistla. Automatic veri-
�cation of �nite-state concurrent systems using temporal logic speci�cations.
ACM Trans. Program. Lang. Syst., 8(2):244–263, 1986. doi:10.1145/5397.5399.

[61] Edmund M. Clarke, Orna Grumberg, Somesh Jha, Yuan Lu, and Helmut Veith.
Counterexample-guided abstraction re�nement. In CAV 2000, volume 1855 of
LNCS, pages 154–169. Springer, 2000. doi:10.1007/10722167_15.

[62] Edmund M. Clarke, Robert P. Kurshan, and Helmut Veith. The localization
reduction and counterexample-guided abstraction re�nement. In Time for Ver-
i�cation, Essays in Memory of Amir Pnueli, volume 6200 of LNCS, pages 61–71.
Springer, 2010. doi:10.1007/978-3-642-13754-9_4.

[63] Edmund M. Clarke, Thomas A. Henzinger, Helmut Veith, and Roderick Bloem,
editors. Handbook of Model Checking. Springer, 2018. ISBN 978-3-319-10574-1.
doi:10.1007/978-3-319-10575-8.

[64] Stefano Crespi Reghizzi and Dino Mandrioli. Operator precedence and the
visibly pushdown property. J. Comput. Syst. Sci., 78(6):1837–1867, 2012.
doi:10.1016/j.jcss.2011.12.006.

[65] Stefano Crespi Reghizzi, Michel A. Melkano�, and Larry Lichten. The use of
grammatical inference for designing programming languages. Commun. ACM,
16(2):83–90, 1973. doi:10.1145/361952.361958.

169

https://doi.org/10.4204/EPTCS.277.12
https://doi.org/10.1016/j.tcs.2020.08.034
https://github.com/michiari/POMC
https://doi.org/10.1007/978-3-030-81688-9_18
https://doi.org/10.5281/zenodo.4723740
https://doi.org/10.5281/zenodo.4723740
https://arxiv.org/abs/2105.10740
https://doi.org/10.1007/BFb0025774
https://doi.org/10.1145/5397.5399
https://doi.org/10.1007/10722167_15
https://doi.org/10.1007/978-3-642-13754-9_4
https://doi.org/10.1007/978-3-319-10575-8
https://doi.org/10.1016/j.jcss.2011.12.006
https://doi.org/10.1145/361952.361958


[66] Stefano Crespi Reghizzi, Dino Mandrioli, and Daniel F. Martin. Algebraic prop-
erties of operator precedence languages. Information and Control, 37(2):115–
133, 1978. doi:10.1016/S0019-9958(78)90474-6.

[67] Mads Dam. CTL* and ECTL* as fragments of the modal mu-calculus. Theor.
Comput. Sci., 126(1):77–96, 1994. doi:10.1016/0304-3975(94)90269-0.

[68] Loris D’Antoni. A symbolic automata library, 2014. URL https://github.

com/lorisdanto/symbolicautomata.

[69] Evan Driscoll, Aditya V. Thakur, and Thomas W. Reps. OpenNWA: A nested-
word automaton library. In CAV ’12, volume 7358 of LNCS, pages 665–671.
Springer, 2012.

[70] Manfred Droste, Stefan Dück, Dino Mandrioli, and Matteo Pradella.
Weighted operator precedence languages. Inf. Comput., page 104658, 2020.
doi:10.1016/j.ic.2020.104658.

[71] Andrzej Ehrenfeucht. An application of games to the completeness problem for
formalized theories. Fund. Math., 49:129–141, 1961. doi:10.4064/fm-49-2-129-
141.

[72] E. Allen Emerson and Joseph Y. Halpern. Decision procedures and expressive-
ness in the temporal logic of branching time. J. Comput. Syst. Sci., 30(1):1–24,
1985. doi:10.1016/0022-0000(85)90001-7.

[73] E. Allen Emerson and Charanjit S. Jutla. The complexity of tree au-
tomata and logics of programs. SIAM J. Comput., 29(1):132–158, 1999.
doi:10.1137/S0097539793304741.

[74] Javier Esparza and Stefan Schwoon. A BDD-based model checker for recursive
programs. In CAV ’01, volume 2102 of LNCS, pages 324–336. Springer, 2001.
doi:10.1007/3-540-44585-4_30.

[75] Javier Esparza, David Hansel, Peter Rossmanith, and Stefan Schwoon. E�cient
algorithms for model checking pushdown systems. In CAV 2000, volume 1855
of LNCS, pages 232–247. Springer, 2000. doi:10.1007/10722167_20.

[76] Javier Esparza, Antonín Kučera, and Stefan Schwoon. Model checking LTL
with regular valuations for pushdown systems. Information and Computation,
186(2):355–376, 2003. doi:10.1016/S0890-5401(03)00139-1.

[77] Kousha Etessami, Moshe Y. Vardi, and Thomas Wilke. First-order logic with
two variables and unary temporal logic. Inf. Comput., 179(2):279–295, 2002.
doi:10.1006/inco.2001.2953.

[78] Alain Finkel, Bernard Willems, and Pierre Wolper. A direct symbolic approach
to model checking pushdown systems. In In�nity ’97, volume 9 of ENTCS, pages
27–37. Elsevier, 1997. doi:10.1016/S1571-0661(05)80426-8.

[79] Michael J. Fischer. Some properties of precedence languages. In STOC ’69, pages
181–190. ACM, 1969. doi:10.1145/800169.805432.

[80] Robert W. Floyd. Syntactic analysis and operator precedence. J. ACM, 10(3):
316–333, 1963. doi:10.1145/321172.321179.

170

https://doi.org/10.1016/S0019-9958(78)90474-6
https://doi.org/10.1016/0304-3975(94)90269-0
https://github.com/lorisdanto/symbolicautomata
https://github.com/lorisdanto/symbolicautomata
https://doi.org/10.1016/j.ic.2020.104658
https://doi.org/10.4064/fm-49-2-129-141
https://doi.org/10.4064/fm-49-2-129-141
https://doi.org/10.1016/0022-0000(85)90001-7
https://doi.org/10.1137/S0097539793304741
https://doi.org/10.1007/3-540-44585-4_30
https://doi.org/10.1007/10722167_20
https://doi.org/10.1016/S0890-5401(03)00139-1
https://doi.org/10.1006/inco.2001.2953
https://doi.org/10.1016/S1571-0661(05)80426-8
https://doi.org/10.1145/800169.805432
https://doi.org/10.1145/321172.321179


[81] International Organization for Standardization. ISO/IEC 19501:2005, Infor-
mation technology—Open Distributed Processing—Uni�ed Modeling Language
(UML) version 1.4.2, 2005. URL https://www.iso.org/standard/32620.

html.

[82] Roland Fraïssé. Sur quelques classi�cations des systèmes de relations. Publ. Sci.
Univ. Alger, A(1):35–182, 1954.

[83] Markus Frick and Martin Grohe. The complexity of �rst-order and monadic
second-order logic revisited. Ann. Pure Appl. Log., 130(1-3):3–31, 2004.
doi:10.1016/j.apal.2004.01.007.

[84] Dov M. Gabbay. Expressive functional completeness in tense logic. In Aspects
of Philosophical Logic, pages 91–117. Springer, 1981. doi:10.1007/978-94-009-
8384-7_4.

[85] Dov M. Gabbay, Amir Pnueli, Saharon Shelah, and Jonathan Stavi. On the
temporal analysis of fairness. In POPL ’80, pages 163–173. ACM Press, 1980.
doi:10.1145/567446.567462.

[86] Dov M. Gabbay, Ian Hodkinson, and Mark Reynolds. Temporal Logic: Math-
ematical Foundations and Computational Aspects, volume 1. Clarendon Press,
Oxford, UK, 1994. ISBN 0-19-853769-7.

[87] Harold N. Gabow. Path-based depth-�rst search for strong and biconnected
components. Inf. Process. Lett., 74(3-4):107–114, 2000. doi:10.1016/S0020-
0190(00)00051-X.

[88] Olivier Gauwin, Anca Muscholl, and Michael Raskin. Minimization of visibly
pushdown automata is NP-complete. LMCS, 16(1), 2020. doi:10.23638/LMCS-
16(1:14)2020.

[89] Patrice Godefroid and Mihalis Yannakakis. Analysis of Boolean pro-
grams. In TACAS ’13, volume 7795 of LNCS, pages 214–229. Springer, 2013.
doi:10.1007/978-3-642-36742-7_16.

[90] Erich Grädel, Phokion G. Kolaitis, Leonid Libkin, Maarten Marx, Joel Spencer,
Moshe Y. Vardi, Yde Venema, and Scott Weinstein. Finite Model Theory and its
applications. Springer, 2007. doi:10.1007/3-540-68804-8.

[91] Thilo Hafer and Wolfgang Thomas. Computation tree logic CTL* and path
quanti�ers in the monadic theory of the binary tree. In Thomas Ottmann, ed-
itor, Automata, Languages and Programming, pages 269–279. Springer, 1987.
ISBN 978-3-540-47747-1.

[92] David Harel, Dexter Kozen, and Jerzy Tiuryn. Dynamic Logic, pages 99–217.
Springer, 2002. ISBN 978-94-017-0456-4. doi:10.1007/978-94-017-0456-4_2.

[93] Michael A. Harrison. Introduction to Formal Language Theory. Addison Wesley,
1978.

[94] Thomas A. Henzinger, Ranjit Jhala, Rupak Majumdar, and Grégoire Sutre. Soft-
ware veri�cation with BLAST. In SPIN 2003, volume 2648 of LNCS, pages 235–
239. Springer, 2003. doi:10.1007/3-540-44829-2_17.

171

https://www.iso.org/standard/32620.html
https://www.iso.org/standard/32620.html
https://doi.org/10.1016/j.apal.2004.01.007
https://doi.org/10.1007/978-94-009-8384-7_4
https://doi.org/10.1007/978-94-009-8384-7_4
https://doi.org/10.1145/567446.567462
https://doi.org/10.1016/S0020-0190(00)00051-X
https://doi.org/10.1016/S0020-0190(00)00051-X
https://doi.org/10.23638/LMCS-16(1:14)2020
https://doi.org/10.23638/LMCS-16(1:14)2020
https://doi.org/10.1007/978-3-642-36742-7_16
https://doi.org/10.1007/3-540-68804-8
https://doi.org/10.1007/978-94-017-0456-4_2
https://doi.org/10.1007/3-540-44829-2_17


[95] Jaakko Hintikka. Distributive normal forms in the calculus of predicates. Acta
Philosophica Fennica, 6:71, 1953.

[96] C. A. R. Hoare. Algorithm 64: Quicksort. Commun. ACM, 4(7):321, 1961.
doi:10.1145/366622.366644.

[97] C. A. R. Hoare. An axiomatic basis for computer programming. Commun. ACM,
12(10):576–580, 1969. doi:10.1145/363235.363259.

[98] Wilfrid Hodges. Model Theory. Encyclopedia of Mathematics and
its Applications. Cambridge University Press, Cambridge, UK, 1993.
doi:10.1017/CBO9780511551574.

[99] John E. Hopcroft and Je�rey D. Ullman. Introduction to Automata and Formal
Languages. Addison-Wesley, Reading, MA, 1979.

[100] Hardi Hungar and Bernhard Ste�en. Local model checking for context-free
processes. In ICALP ’93, volume 700 of LNCS, pages 593–605. Springer, 1993.
doi:10.1007/3-540-56939-1_105.

[101] Neil Immerman. Descriptive complexity. Graduate texts in computer science.
Springer, 1999. ISBN 978-1-4612-6809-3. doi:10.1007/978-1-4612-0539-5.

[102] Thomas Jensen, Daniel Le Metayer, and Tommy Thorn. Veri�cation of control
�ow based security properties. In Proc. ’99 IEEE Symp. on Security and Privacy,
pages 89–103, 1999. doi:10.1109/SECPRI.1999.766902.

[103] Ranjit Jhala and Rupak Majumdar. Software model checking. ACM Comput.
Surv., 41(4):21:1–21:54, 2009. doi:10.1145/1592434.1592438.

[104] Ranjit Jhala, Andreas Podelski, and Andrey Rybalchenko. Predicate abstrac-
tion for program veri�cation. In Handbook of Model Checking, pages 447–491.
Springer, 2018. doi:10.1007/978-3-319-10575-8_15.

[105] Sheldon B. Akers Jr. Binary decision diagrams. IEEE Trans. Computers, 27(6):
509–516, 1978. doi:10.1109/TC.1978.1675141.

[106] Hans Kamp. Tense logic and the theory of linear order. PhD thesis, University of
California, Los Angeles, 1968.

[107] Stefan Kiefer, Stefan Schwoon, and Dejvuth Suwimonteerabuth. Moped, ver-
sion 1.0.16, 2010. URL http://www2.informatik.uni-stuttgart.de/

fmi/szs/tools/moped/.

[108] Donald E. Knuth. On the translation of languages from left to right. Inf. Control.,
8(6):607–639, 1965. doi:10.1016/S0019-9958(65)90426-2.

[109] Dexter Kozen. Results on the propositional mu-calculus. Theor. Comput. Sci.,
27:333–354, 1983. doi:10.1016/0304-3975(82)90125-6.

[110] Viraj Kumar, Parthasarathy Madhusudan, and Mahesh Viswanathan. Min-
imization, learning, and conformance testing of Boolean programs. In
CONCUR ’06, volume 4137 of LNCS, pages 203–217. Springer, 2006.
doi:10.1007/11817949_14.

172

https://doi.org/10.1145/366622.366644
https://doi.org/10.1145/363235.363259
https://doi.org/10.1017/CBO9780511551574
https://doi.org/10.1007/3-540-56939-1_105
https://doi.org/10.1007/978-1-4612-0539-5
https://doi.org/10.1109/SECPRI.1999.766902
https://doi.org/10.1145/1592434.1592438
https://doi.org/10.1007/978-3-319-10575-8_15
https://doi.org/10.1109/TC.1978.1675141
http://www2.informatik.uni-stuttgart.de/fmi/szs/tools/moped/
http://www2.informatik.uni-stuttgart.de/fmi/szs/tools/moped/
https://doi.org/10.1016/S0019-9958(65)90426-2
https://doi.org/10.1016/0304-3975(82)90125-6
https://doi.org/10.1007/11817949_14


[111] Orna Kupferman. Automata theory and model checking. In Handbook of Model
Checking, pages 107–151. Springer, 2018. doi:10.1007/978-3-319-10575-8_4.

[112] Orna Kupferman and Moshe Y. Vardi. An automata-theoretic approach to rea-
soning about in�nite-state systems. In CAV 2000, volume 1855 of LNCS, pages
36–52. Springer, 2000. doi:10.1007/10722167_7.

[113] Orna Kupferman, Nir Piterman, and Moshe Y. Vardi. Model checking linear
properties of pre�x-recognizable systems. In CAV ’02, volume 2404 of LNCS,
pages 371–385. Springer, 2002. doi:10.1007/3-540-45657-0_31.

[114] Orna Kupferman, Nir Piterman, and Moshe Y. Vardi. Pushdown speci�cations.
In LPAR ’02, volume 2514 of LNCS, pages 262–277. Springer, 2002. doi:10.1007/3-
540-36078-6_18.

[115] Clemens Lautemann, Thomas Schwentick, and Denis Thérien. Log-
ics for context-free languages. In CSL ’94, pages 205–216, 1994.
doi:10.1007/BFb0022257.

[116] K. Rustan M. Leino. A SAT characterization of Boolean-program correctness.
In SPIN ’03, volume 2648 of LNCS, pages 104–120. Springer, 2003. doi:10.1007/3-
540-44829-2_7.

[117] Leonid Libkin. The �nite model theory toolbox of a database theoretician. In
PODS ’09, pages 65–76. ACM, 2009. doi:10.1145/1559795.1559807.

[118] Leonid Libkin and Cristina Sirangelo. Reasoning about XML with temporal log-
ics and automata. J. Appl. Log., 8(2):210–232, 2010. doi:10.1016/j.jal.2009.09.005.

[119] Violetta Lonati, Dino Mandrioli, Federica Panella, and Matteo Pradella. Opera-
tor precedence languages: Their automata-theoretic and logic characterization.
SIAM J. Comput., 44(4):1026–1088, 2015. doi:10.1137/140978818.

[120] Dino Mandrioli. On the heroism of really pursuing formal meth-
ods. In FormaliSE ’15, pages 1–5. IEEE Computer Society, 2015.
doi:10.1109/FormaliSE.2015.8.

[121] Dino Mandrioli and Matteo Pradella. Generalizing input-driven languages:
Theoretical and practical bene�ts. Computer Science Review, 27:61–87, 2018.
doi:10.1016/j.cosrev.2017.12.001.

[122] Dino Mandrioli, Matteo Pradella, and Stefano Crespi Reghizzi. Star-freeness,
�rst-order de�nability and aperiodicity of structured context-free languages.
In ICTAC ’20, volume 12545, pages 161–180. Springer, 2020. doi:10.1007/978-3-
030-64276-1_9.

[123] Dino Mandrioli, Matteo Pradella, and Stefano Crespi Reghizzi. Aperiodicity,
star-freeness, and �rst-order de�nability of structured context-free languages.
CoRR, abs/2006.01236, 2020. URL https://arxiv.org/abs/2006.01236.

[124] Simon Marlow. Haskell 2010 language report, 2010. URL https://www.

haskell.org/onlinereport/haskell2010/.

[125] Maarten Marx. Conditional XPath, the �rst order complete XPath dialect. In
PODS ’04, page 13. ACM Press, 2004. doi:10.1145/1055558.1055562.

173

https://doi.org/10.1007/978-3-319-10575-8_4
https://doi.org/10.1007/10722167_7
https://doi.org/10.1007/3-540-45657-0_31
https://doi.org/10.1007/3-540-36078-6_18
https://doi.org/10.1007/3-540-36078-6_18
https://doi.org/10.1007/BFb0022257
https://doi.org/10.1007/3-540-44829-2_7
https://doi.org/10.1007/3-540-44829-2_7
https://doi.org/10.1145/1559795.1559807
https://doi.org/10.1016/j.jal.2009.09.005
https://doi.org/10.1137/140978818
https://doi.org/10.1109/FormaliSE.2015.8
https://doi.org/10.1016/j.cosrev.2017.12.001
https://doi.org/10.1007/978-3-030-64276-1_9
https://doi.org/10.1007/978-3-030-64276-1_9
https://arxiv.org/abs/2006.01236
https://www.haskell.org/onlinereport/haskell2010/
https://www.haskell.org/onlinereport/haskell2010/
https://doi.org/10.1145/1055558.1055562


[126] Maarten Marx. Conditional XPath. ACM Trans. Database Syst., 30(4):929–959,
2005. doi:10.1145/1114244.1114247.

[127] Christian Mathissen. Weighted logics for nested words and algebraic formal
power series. LMCS, 6(1), 2010. doi:10.2168/LMCS-6(1:5)2010.

[128] Robert McNaughton. Parenthesis grammars. J. ACM, 14(3):490–500, 1967.
doi:10.1145/321406.321411.

[129] Robert McNaughton and Seymour Papert. Counter-free Automata. MIT Press,
Cambridge, USA, 1971. ISBN 9780262130769.

[130] Kurt Mehlhorn. Pebbling mountain ranges and its application of DCFL-
recognition. In ICALP ’80, volume 85 of LNCS, pages 422–435, 1980.
doi:10.1007/3-540-10003-2_89.

[131] Albert R. Meyer. Weak monadic second order theory of successor is not
elementary-recursive. In Boston Logic Colloquium, volume 453 of LNM, pages
132–154. Springer, 1975. doi:10.1007/BFb0064872.

[132] Faron Moller and Alexander Moshe Rabinovich. On the expressive power
of CTL*. In LICS ’99, pages 360–368. IEEE Computer Society, 1999.
doi:10.1109/LICS.1999.782631.

[133] Ha Nguyen. Visibly pushdown automata library, 2006.

[134] Huu-Vu Nguyen and Tayssir Touili. CARET model checking for malware de-
tection. In SPIN 2017, pages 152–161. ACM, 2017. doi:10.1145/3092282.3092301.

[135] Huu-Vu Nguyen and Tayssir Touili. CARET model checking for pushdown sys-
tems. In SAC 2017, pages 1393–1400. ACM, 2017. doi:10.1145/3019612.3019829.

[136] Damian Niwinski. Fixed points vs. in�nite generation. In LICS ’88, pages 402–
409. IEEE Computer Society, 1988. doi:10.1109/LICS.1988.5137.

[137] Nir Piterman and Moshe Y. Vardi. Global model-checking of in�nite-state
systems. In CAV ’04, volume 3114 of LNCS, pages 387–400. Springer, 2004.
doi:10.1007/978-3-540-27813-9_30.

[138] Amir Pnueli. The temporal logic of programs. In FOCS ’77, pages 46–57. IEEE
Computer Society, 1977. doi:10.1109/SFCS.1977.32.

[139] Francesco Pontiggia. POMC. A model checking tool for operator precedence
languages on omega-words. Master’s thesis, Politecnico di Milano, 2021. URL
http://hdl.handle.net/10589/176028.

[140] Francesco Pontiggia, Michele Chiari, and Matteo Pradella. Veri�cation of pro-
grams with exceptions through operator-precedence automata. In SEFM ’21,
LNCS. Springer, 2021. To appear.

[141] Shaz Qadeer and Jakob Rehof. Context-bounded model checking of concurrent
software. In TACAS ’05, volume 3440 of LNCS, pages 93–107. Springer, 2005.
doi:10.1007/978-3-540-31980-1_7.

174

https://doi.org/10.1145/1114244.1114247
https://doi.org/10.2168/LMCS-6(1:5)2010
https://doi.org/10.1145/321406.321411
https://doi.org/10.1007/3-540-10003-2_89
https://doi.org/10.1007/BFb0064872
https://doi.org/10.1109/LICS.1999.782631
https://doi.org/10.1145/3092282.3092301
https://doi.org/10.1145/3019612.3019829
https://doi.org/10.1109/LICS.1988.5137
https://doi.org/10.1007/978-3-540-27813-9_30
https://doi.org/10.1109/SFCS.1977.32
http://hdl.handle.net/10589/176028
https://doi.org/10.1007/978-3-540-31980-1_7


[142] Jean-Pierre Queille and Joseph Sifakis. Speci�cation and veri�cation of con-
current systems in CESAR. In International Symposium on Programming, 5th
Colloquium, volume 137 of LNCS, pages 337–351. Springer, 1982. doi:10.1007/3-
540-11494-7_22.

[143] Alexander Rabinovich. A proof of Kamp’s theorem. Log. Methods Comput. Sci.,
10(1), 2014. doi:10.2168/LMCS-10(1:14)2014.

[144] Ganesan Ramalingam. Context-sensitive synchronization-sensitive analy-
sis is undecidable. ACM Trans. Program. Lang. Syst., 22(2):416–430, 2000.
doi:10.1145/349214.349241.

[145] Joseph G. Rosenstein. Linear Orderings. Number 98 in Pure and Applied Math-
ematics. Academic Press, 1982.

[146] Grigore Rosu, Feng Chen, and Thomas Ball. Synthesizing monitors for safety
properties: This time with calls and returns. In RV ’08, volume 5289 of LNCS,
pages 51–68. Springer, 2008. doi:10.1007/978-3-540-89247-2_4.

[147] Arto K. Salomaa. Formal Languages. Academic Press, New York, NY, 1973.

[148] César Sánchez and Martin Leucker. Regular linear temporal logic with
past. In VMCAI ’10, volume 5944 of LNCS, pages 295–311. Springer, 2010.
doi:10.1007/978-3-642-11319-2_22.

[149] Saharon Shelah. The monadic theory of order. Ann. Math., 102(3):379–419,
1975. doi:10.2307/1971037.

[150] A. Prasad Sistla and Edmund M. Clarke. The complexity of propositional linear
temporal logics. J. ACM, 32(3):733–749, 1985. doi:10.1145/3828.3837.

[151] Larry J. Stockmeyer. The polynomial-time hierarchy. Theor. Comput. Sci., 3(1):
1–22, 1976. doi:10.1016/0304-3975(76)90061-X.

[152] Larry J. Stockmeyer and Albert R. Meyer. Word problems requiring ex-
ponential time: Preliminary report. In STOC ’73, pages 1–9. ACM, 1973.
doi:10.1145/800125.804029.

[153] Herb Sutter. Exception-safe generic containers. C++ Report, 1997. URL
https://ptgmedia.pearsoncmg.com/imprint_downloads/informit/

aw/meyerscddemo/DEMO/MAGAZINE/SU_FRAME.HTM.

[154] Nguyen Van Tang and Hitoshi Ohsaki. Checking on-the-�y univer-
sality and inclusion problems of visibly pushdown automata. IEICE
Trans. Fundam. Electron. Commun. Comput. Sci., 94-A(12):2794–2801, 2011.
doi:10.1587/transfun.E94.A.2794.

[155] Wolfgang Thomas. Automata on in�nite objects. In Jan van Leeuwen, editor,
Handbook of theoretical computer science (vol. B), pages 133–191. MIT Press,
Cambridge, MA, USA, 1991. ISBN 0-444-88074-7.

[156] Wolfgang Thomas. Ehrenfeucht games, the composition method, and the
monadic theory of ordinal words. In Structures in Logic and Computer Science, A
Selection of Essays in Honor of Andrzej Ehrenfeucht, volume 1261 of LNCS, pages
118–143. Springer, 1997. doi:10.1007/3-540-63246-8_8.

175

https://doi.org/10.1007/3-540-11494-7_22
https://doi.org/10.1007/3-540-11494-7_22
https://doi.org/10.2168/LMCS-10(1:14)2014
https://doi.org/10.1145/349214.349241
https://doi.org/10.1007/978-3-540-89247-2_4
https://doi.org/10.1007/978-3-642-11319-2_22
https://doi.org/10.2307/1971037
https://doi.org/10.1145/3828.3837
https://doi.org/10.1016/0304-3975(76)90061-X
https://doi.org/10.1145/800125.804029
https://ptgmedia.pearsoncmg.com/imprint_downloads/informit/aw/meyerscddemo/DEMO/MAGAZINE/SU_FRAME.HTM
https://ptgmedia.pearsoncmg.com/imprint_downloads/informit/aw/meyerscddemo/DEMO/MAGAZINE/SU_FRAME.HTM
https://doi.org/10.1587/transfun.E94.A.2794
https://doi.org/10.1007/3-540-63246-8_8


[157] Salvatore La Torre, Parthasarathy Madhusudan, and Gennaro Parlato. A robust
class of context-sensitive languages. In LICS ’07, pages 161–170. IEEE Computer
Society, 2007. doi:10.1109/LICS.2007.9.

[158] Moshe Y. Vardi and Pierre Wolper. An automata-theoretic approach to auto-
matic program veri�cation (preliminary report). In LICS ’86, pages 332–344.
IEEE Computer Society, 1986.

[159] Igor Walukiewicz. Pushdown processes: Games and model-checking. Inf. Com-
put., 164(2):234–263, 2001. doi:10.1006/inco.2000.2894.

176

https://doi.org/10.1109/LICS.2007.9
https://doi.org/10.1006/inco.2000.2894


Index of Acronyms

ACP Algebra of Communicating Processes

AP Atomic Proposition

BDD Boolean Decision Diagram

BPA Basic Process Algebra

CEGAR Counterexample-Guided Abstraction Re�nement

CFG Context-Free Grammar

CFL Context-Free Language

CPU Central Processing Unit

CTL Computation Tree Logic

DCFL Deterministic Context-Free Language

DFS Depth-First Search

DHP Downward Hierarchical Path

DSP Downward Summary Path

DS Downward Summary

EF Ehrenfeucht-Fraïssé

FOL First-Order Logic

FO First-Order

FSA Finite-State Automaton

JDK Java Development Kit

lhs left-hand side

LIFO Last In First Out

LR Left-Recursive

LTL Linear Temporal Logic

MC Model Checking

177



MSOL Monadic Second-Order Logic

MSO Monadic Second-Order

NBA Nondeterministic Büchi Automaton

NWA Nested Words Automaton

NWTL Nested Words Temporal Logic

OPA Operator Precedence Automaton

OPG Operator Precedence Grammar

OPL Operator Precedence Language

OPM Operator Precedence Matrix

OPTL Operator Precedence Temporal Logic

OP Operator Precedence

PDS Pushdown System

POMC Precedence Oriented Model Checker

POTL Precedence Oriented Temporal Logic

PR Precedence Relation

RAM Random-Access Memory

rhs right-hand side

RR Right-Recursive

RSM Recursive State Machine

SAT Satis�ability

SCC Strongly Connected Component

SMT Satis�ability Modulo Theories

ST Syntax Tree

UHP Upward Hierarchical Path

UML Uni�ed Modeling Language

UOT Unranked Ordered Tree

USP Upward Summary Path

US Upward Summary

VLTL Visibly Linear Temporal Logic

VPA Visibly Pushdown Automaton

VPL Visibly Pushdown Language

ωOPL Operator Precedence ω-Language

ωOPBA Operator Precedence Büchi Automaton

178



List of Figures

1.1 Time models of LTL, Nested Words and OP Words. . . . . . . . . . . 12

2.1 A program and the transition system modeling it. . . . . . . . . . . . 23
2.2 Execution traces of runs ρfin and ρinf from Example 2.4 as words. . . 25
2.3 Generalized NBA built for formula 3 end. . . . . . . . . . . . . . . . 32

4.1 Syntax tree of word wex according to grammar Gcall. . . . . . . . . . 48
4.2 The OPM Mcall. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.3 The sequence of bottom-up reductions during the parsing of wex . . . 50
4.4 The ST corresponding to word wex . . . . . . . . . . . . . . . . . . . . 51
4.5 Example procedural program and the derived OPA. . . . . . . . . . . 59

5.1 A play of game G3(A,B) won by ∃. . . . . . . . . . . . . . . . . . . . 64
5.2 A play of game G3(A,B) won by ∀. . . . . . . . . . . . . . . . . . . . 65

6.1 The example word wex from Chapter 4 as an OP word. . . . . . . . . 74
6.2 The ST of word wex , with position numbers. . . . . . . . . . . . . . . 75

7.1 The OPM MNW . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
7.2 A nested word and its translation into an OP word. . . . . . . . . . . 84
7.3 Example OP word on OPM Mcall, represented as a syntax tree. . . . . 88
7.4 Structure of a word in Lcall. . . . . . . . . . . . . . . . . . . . . . . . 89

8.1 The example word wex from Chapter 4 as an OP word. . . . . . . . . 93
8.2 The ST of word wex , with position numbers. . . . . . . . . . . . . . . 94

9.1 The UOT corresponding to the word of Figure 8.1. . . . . . . . . . . . 106
9.2 ST and UOT of a RR OP ω-word. . . . . . . . . . . . . . . . . . . . . . 113
9.3 ST and UOT of a LR OP ω-word. . . . . . . . . . . . . . . . . . . . . . 113
9.4 Parts in which we divide a RR UOT for Lemmas 9.16 and 9.17. . . . . 115
9.5 Parts in which we divide a LR UOT for Lemma 9.19. . . . . . . . . . . 120

10.1 Example accepting run of the automaton for χdF ret. . . . . . . . . . 131
10.2 The two possible STs of a generic OP word, and its �at representation. 132
10.3 The structure of uk in the word of Figure 10.2. . . . . . . . . . . . . . 133
10.4 The two possible STs of a generic OP word, and its �at representation. 139

11.1 MiniProc syntax and a MiniProc program. . . . . . . . . . . . . . . . 150
11.2 Extended OPA and OPA generated from the code of Figure 11.1. . . . 151

179



11.3 “Generic larger” MiniProc program. . . . . . . . . . . . . . . . . . . . 153

180



List of Tables

11.1 Results of the evaluation of hand-made OPAs. . . . . . . . . . . . . . 152
11.2 Results of the evaluation of MiniProc programs, automatically trans-

formed into OPAs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
11.3 Results of veri�cation of the QuickSort benchmark. . . . . . . . . . . 155
11.4 Results of the additional experiments on a MiniProc program equiva-

lent to OPA “generic larger”. . . . . . . . . . . . . . . . . . . . . . . . 157
11.5 Results of the additional experiments on the same MiniProc program

of Table 11.4, interpreted as a continuously running program. . . . . 158

181


	Contents
	1 Introduction
	1.1 Summary of Contributions
	1.2 Structure of the Thesis

	I Background
	2 Temporal Logic and Model Checking
	2.1 Transition Systems
	2.2 Linear Temporal Logic
	2.2.1 Expressive Completeness
	2.2.2 LTL Model Checking
	2.2.2.1 Büchi Automata
	2.2.2.2 NBA Construction
	2.2.2.3 Wrap-Up


	2.3 Branching-Time Logics and Model Checking

	3 Context-Free Model Checking
	3.1 Context-free models and regular specifications
	3.1.1 Pushdown Systems
	3.1.2 Recursive State Machines
	3.1.3 Boolean Programs

	3.2 Context-free models and context-free specifications
	3.2.1 Process Algebra
	3.2.2 Approaches that specify properties on stack contents
	3.2.3 Other Approaches
	3.2.4 Visibly Pushdown Languages and Nested Words
	3.2.4.1 CaRet
	3.2.4.2 Visibly Pushdown Languages
	3.2.4.3 Nested Words
	3.2.4.4 Nested Words Temporal Logic and Expressive Completeness
	3.2.4.5 More developments on VPLs and Nested Words
	3.2.4.6 Tools



	4 Operator Precedence Languages
	4.1 Operator Precedence Languages on finite words
	4.2 Operator Precedence Omega-Languages
	4.3 Modeling Programs with OPA

	5 Model-Theoretic Background
	5.1 Elementary equivalence and its characterizations
	5.2 Ehrenfeucht-Fraïssé Games
	5.3 Composition Arguments


	II Temporal Logic
	6 OPTL Syntax and Semantics
	6.1 Operator Precedence Words
	6.2 Syntax and Informal Semantics
	6.3 Formal Semantics
	6.3.1 OPTL on Omega-Words

	6.4 Examples
	6.5 Model Checking and Satisfiability

	7 OPTL Expressiveness
	7.1 Relationship with Nested Words
	7.2 Relationship with First-Order Logic
	7.2.1 OPTL's Limitations
	7.2.2 OPTL is not expressively complete


	8 POTL Syntax and Semantics
	8.1 Syntax and Formal Semantics
	8.1.1 Equivalences
	8.1.1.1 Expansion Laws
	8.1.1.2 Shortcuts


	8.2 POTL on Omega-Words
	8.3 Motivating Examples
	8.4 Comparison with other logics
	8.4.1 Linear Temporal Logic (LTL)
	8.4.2 Logics on Nested Words
	8.4.3 Logics on OPLs


	9 POTL Expressive Completeness
	9.1 First-Order Completeness on Finite Words
	9.1.1 First-Order Semantics of POTL
	9.1.2 Expressing Xuntil in POTL
	9.1.2.1 OPM-compatible Unranked Ordered Trees
	9.1.2.2 POTL Translation of Xuntil


	9.2 First-Order Completeness on Omega-Words
	9.2.1 OPM-compatible omega-UOTs
	9.2.2 Notation
	9.2.3 RR UOTs
	9.2.4 LR UOTs
	9.2.5 Synthesis



	III Model Checking
	10 Model Checking Construction
	10.1 Finite-Word Model Checking
	10.1.1 Next/Back Operators
	10.1.2 Chain Next Operators
	10.1.3 Chain Back Operators
	10.1.4 Summary Until and Since
	10.1.5 Hierarchical Operators
	10.1.6 Concluding Proof

	10.2 Omega-Word Model Checking

	11 Experimental Evaluation
	11.1 Implementation
	11.1.1 OPA Emptiness Checking
	11.1.2 Omega-OPBA Emptiness Checking
	11.1.3 Modeling Procedural Programs

	11.2 Experimental Evaluation
	11.2.1 Discussion



	IV Epilogue
	12 Conclusions and Future Work
	12.1 Discussion and Contributions
	12.2 Future Work Directions

	Bibliography
	Index of Acronyms
	List of Figures
	List of Tables


