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Abstract

Computational models are a promising complementary tool to clinical trials in medicine,

as they allow testing of hypotheses that may be di�cult to control in real-life scenarios,

or which may pose risks to the patient. For a computational model to be valid, it

should be capable of reproducing signi�cant biomarkers matching experimental medical

data. This requires a detailed mechanistic mathematical model of the underlying patho-

physiological processes. Cardiac electromechanics, driven by the excitation-contraction

coupling, is regulated by a complex interplay of physical processes at di�erent scales.

One of the features we are interested in is the so-called mechano-calcium feedback, that

is, the e�ect of the mechanical deformation on the calcium-troponin bu�ering rate. This

thesis aims at presenting two bidirectionally coupled cellular electromechanical models,

by introducing a feedback from a force generation model to a ionic model. The proposed

cellular electromechanical models are validated on experimental data. The mechano-

calcium feedback is then integrated into a multiscale left-ventricular electromechanics

model in order to simulate a heartbeat.

Keywords: cardiac electromechanics, mechano-calcium feedback, cellular electrome-

chanics, model validation, left ventricle
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Abstract in lingua italiana

I modelli computazionali sono un promettente strumento complementare alla sperimen-

tazione clinica nella medicina, siccome permettono di veri�care ipotesi che potrebbero

essere di�cili da controllare nella vita reale, oppure che possono porre il paziente a ri-

schio. A�nch �e un modello computazionale sia valido, deve essere in grado di riprodurre

biomarker signi�cativi replicando dati medici sperimentali. Questo richiede un modello

meccanicistico e dettagliato dei processi �siopatologici sottostanti. L'elettromeccanica

cardiaca, guidata dall'accoppiamento eccitazione-contrazione�e regolata da un'intera-

zione complessa di processi �sici attraverso varie scale. Una delle caratteristiche a cui

siamo interessati�e il cosidetto mechano-calcium feedback, cio�e, l'e�etto che la deforma-

zione meccanica induce sulla capacit�a della troponina di legarsi al calcio. Lo scopo di

questa tesi �e introdurre due modelli bidirezionalmente accoppiati di elettromeccanica

a livello cellulare tramite l'introduzione del feedback da un modello di generazione di

forza a un modello ionico. I modelli di elettromeccanica cellulare proposti sono validati

rispetto a dati sperimentali. Il mechano-calcium feedback�e inserito in un modello di

elettromeccanica del ventricolo sinistro multiscala con l'obiettivo di simulare un battito.

Parole chiave: elettromeccanica cardiaca, mechano-calcium feedback, elettromeccani-

ca cellulare, validazione del modello, ventricolo sinistro
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Introduction

The primary trigger of the rhythmic contraction of the heart is the electrical signal,

which is generated at the microscopic level and initiates a series of events which end

with the cardiac muscle contracting, and it is an example of cardiac electromechanical

coupling, taking the name of excitation-contraction coupling. As the primary regulator

for contraction, irregular electrical activity of the heart may cause the onset ofcardiac

arrhythmia, which is an abnormal, either too fast, too slow, or uncoordinated beating

of the heart. In the case of ventricular �brillation, the electrical signal propagates

chaotically, debilitating the heart to contract properly, and ultimately causing death

[35, 40].

However, all the possible causes for abnormal electrical activities have not yet been

completely elucidated [57, 84]. Experiments both on animal [77] and human [63, 74]

cardiac tissue have shown the possibility of stretch-induced arrhythmia, and, since

mechanical load changes are not tied to the cardiac electrical system per se, yet are

capable of manifesting electrical abnormalities, the key for understanding these types of

phenomena are the mechano-electric feedbacks, which describe the e�ect of the cardiac

mechanical function on its electrical properties [20, 38, 62, 70, 78, 79]. As a matter of

fact, the cardiac function is controlled by the mechano-electric regulatory loop, and it

shows that neither the electrical activity nor the mechanical activity are independent

of each other.

Mechano-electric coupling may present itself in various forms and across di�erent scales.

At subcellular and cellular level the mechano-electric feedback may manifest as the

stretch directly opening a family of stretch-activated ion channels, or locally weakened

muscles may display a surge of intracellular calcium during relaxation, which may a�ect

other cellular electrophysiological properties [39]. Yet, the contraction itself was caused

by a prior excitation, and so it appears again that none of these phenomena exists one

without the other.

Mathematical models, and in a way in silico experiments, o�er a way to separate and

formally describe the underlying events, which in turn allows for a model to have
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complete control and observability of the system, a feature that is di�cult to achieve

in in vitro and in vivo experiments.

Mathematical models are useful in understanding the phenomena observed in nature.

They cannot represent the absolute truth, as they are limited to the human interpreta-

tion of what is true, they are limited by the human capability to provide detail to what

was observed, and they are limited by the richness of the language used to describe

them, mathematics. When proposing a mathematical model, a degree of abstraction

is necessary, as no single organism is really the same, and as not every detail has the

same descriptive importance. The model aims at describing either a single, or a limited

group, of phenomena arising in particular conditions. Complex systems may be divided

into multiple interacting subsystems, each describing di�erent physical properties of the

system.

Mathematical modeling has found its place in cardiology, o�ering a non-invasive way to

carry out clinical trials or test out di�erent hypotheses [22, 46, 50], with mathematical

models used to describe a range of biophysical processes, for example the cellular-

level electric activity [2, 11, 52, 75, 76, 80], the microscopic dynamics of the contractile

elements [41, 65, 66], or the blood �ow in the vascular system [61]. The cardiac function

is then represented by integrating the aforementioned models [8, 16, 68], where the

dependence of one physical phenomenon on another (e.g. excitation and contraction),

as well as their respective feedbacks, are modeled by suitable coupling conditions.

In this thesis, we propose two bidirectionally coupled cellular electromechanics mod-

els, obtained by introducing the mechano-calcium feedback from a force generation

model [66] to two di�erent ionic models [76, 80]. We propose a numerical scheme to

discretize the fully coupled cellular electromechanical models, and subsequently vali-

date the coupled models on available experimental data. A cellular electromechanical

model is integrated into a multiscale electromechanical model, yielding a fully coupled

left-ventricular electromechanics model. Moreover, we use a proposed cellular elec-

tromechanical model to reproduce phenomena in nonphysiological conditions such as

cellular remodeling due to pathology or response to drug action.

This thesis is organized as follows:

ˆ In Chapter 1 we introduce some notions of cardiac anatomy and physiology useful

for the comprehension of the phenomena discussed in what follows;

ˆ In Chapter 2 we derive the bidirectionally coupled cellular electromechanical

model and discuss its integration into a multiscale cardiac electromechanics model;
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ˆ In Chapter 3 we introduce a numerical scheme for the solution of the cellular

electromechanics model and perform its numerical veri�cation;

ˆ In Chapter 4 we validate the proposed cellular models on available experimental

data;

ˆ In Chapter 5 we propose a numerical scheme for the solution of the fully coupled

left ventricular electromechanics model;

ˆ Chapter 6 concerns the remodeling of a bidirectionally coupled cellular electrome-

chanics model to simulate pathology and response to pharmaceutical intervention;

ˆ The thesis concludes with Chapter 7, where some �nal remarks and further devel-

opments are presented.
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1| Cardiac anatomy and

physiology

In this chapter we overview the main characteristics of human cardiac anatomy and

physiology relevant to this work. For more detail, we refer to [21, 27, 35, 81].

The heart functions as a pump that enables the transport of matter throughout the hu-

man body. The contraction of the myocardium (cardiac muscle) is enabled by processes

starting at the cellular level.

In Section 1.1 we will review the anatomy of the cardiac organ, ranging from gross

anatomy to the microscopic scale, with its main functions, while in Section 1.2 special

attention will be given to cellular electrophysiology.

1.1. Heart anatomy

The human heart is located in the thoracic cavity and is comprised of four chambers

(Figure 1.1): the left ventricle and the left atrium, separated by the mitral valve, form

together what is referred to as the left heart, and the right ventricle and the right

atrium, separated by the tricuspid valve, form the right heart.
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Figure 1.1: Gross anatomy of the heart. The blue color represents deoxygenated blood,

whereas the red color represents oxygenated blood. Taken from [27].

The left heart is responsible for the circulation of oxygenated blood, which enters from

the pulmonary circulation to the left atrium through the pulmonary veins and ex-

its through the aorta, which is separated from the left ventricle by the aortic valve.

Deoxygenated blood �ows through the right heart, which, coming from the systemic

circulation enters the right atrium through the superior and inferior venae cavae, and

exits the right ventricle through the pulmonary valve, and enters the pulmonary circula-

tion through the pulmonary artery on the way to the lungs in order to be re-oxygenated.

Oxygen supply to the heart is provided by the coronary circulation. Maintaining vital

functions requires a continuous supply of oxygen, which is achieved by a coordinated

contraction of the four cardiac chambers.

The cardiac cycle for the left heart can be brie�y summarized as follows:

1. Isovolumic contraction. As the ventricle starts to contract, the increased ventric-

ular pressure causes the mitral valve to close. The muscle continues to contract

with a constant blood volume, until it reaches the aortic pressure.
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2. Ventricular ejection. As the blood in the ventricle reaches the pressure in the

aorta, the aortic valve opens and and blood �ows from the ventricle to the aorta.

As the blood decelerates, the retrograde �ow closes the aortic valve.

3. Isovolumic relaxation. The valves remain closed as the ventricle relaxes. Mean-

while the atria are �lled. This lasts while the intraventricular pressure exceeds

the atrial pressure. This phase ends with the mitral valve opening.

4. Ventricular �lling. As blood keeps �owing to the atria, the atrial pressure in-

creases causing the mitral valve to open, and allowing for the passive �lling of the

ventricles. Finally, the atria contract ejecting more blood into the ventricles.

The heart contracts thanks to its muscular composition. The heart is surrounded by a

membrane called the pericardial sac. The heart wall (Figure 1.2) consists of three layers,

the epicardium, which is the outermost layer, the myocardium, and the endocardium,

which is the innermost layer.

Figure 1.2: Structure of the heart wall. Taken from [81].

The myocardium is composed ofcardiomyocytes, a type of striated muscle cell, and

connective tissue. A single cardiomyocyte is connected mechanically to other cardiomy-

ocytes through intercalated discs, junctions orthogonal to the longitudinal axis of the

cell. Located on the intercalated discs are thegap junctions, which allow free ion trans-
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port between neighbouring cells, contributing to the electrical signal propagation and

coordination of the cardiac muscle contraction.

Figure 1.3: Cardiomyocytes connected by the intercalated discs. Taken from [81].

The cardiomyocyte contains myo�brils, cylindrical structures delimited by the sar-

coplasmic reticulum. The sarcoplasmic reticulum is an organelle which consists of the

sarcotubular network and the subsarcolemmal cisternae. It is responsible for calcium

handling inside the cell, as the sarcotubular network contains pumps that remove free

calcium from the cytosol into the sarcoplasmic reticulum. Conversely, the subsarcolem-

mal cisternae contain channels which release calcium stored inside the sarcoplasmic

reticulum into the dyad, the space located between the sarcoplasmic reticulum and the

T-tubules, inwardly protruding extensions of the sarcolemma. The myo�bril is formed

by multiple longitudinally stacked sarcomeres, Figures 1.5 and 1.4. The sarcomere is

the simplest contracting unit of the cell. It is made of thick myosin and thin actin

�laments, see Figure 1.5.



1| Cardiac anatomy and physiology 9

Figure 1.4: The sarcomere as part of the larger cellular structure. Taken from [35].

Figure 1.5: The structure of the sarcomere as part of the myo�bril. Taken from [27].

According to the sliding �laments theory [31, 32], the muscle contraction is caused by

the binding of myosin heads to the active binding sites on the actin �lament, causing

the �laments to slide with respect to one another and the sarcomere to shorten.
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1.1.1. Excitation-contraction coupling

The signal for the contraction of a cardiac cell is the presence of calcium cycles.

Troponin-C is a protein located on the actin �lament, which is sensitive to a rise

in cytosolic calcium. In resting conditions, tropomyosin blocks binding sites on actin.

However, when a calcium ion binds to troponin-C, this causes a conformational change

in nearby proteins, causing in turn tropomyosin to shift position and reveal active bind-

ing sites for the myosin heads to bind to. Thus, the contraction is driven by intracellular

calcium concentration. However, for the fast onset of a contraction and for the active

tension to reach high enough levels in order to contract the whole cardiac organ, there

are two other notable mechanisms in place. Cooperativity is a mechanism by which

for a molecule with multiple binding sites binding a�nity is a�ected if another ligand

is already bound to a binding site. This makes the active tension extremely sensitive

to intracellular calcium concentration. The second mechanism is thecalcium-induced

calcium release. Calcium entry from the extracellular space into the dyadic subspace

activates ryanodine receptors, calcium channels located on the subsarcolemmal cister-

nae, which allow for rapid e�ux of calcium into the dyadic subspace, rapidly increasing

intracellular calcium concentration in the bulk cytosol by di�usion from the dyadic

subspace. These two mechanisms allow for a rapid onset of an active tension su�cient

to drive contraction.

1.2. Cellular electrophysiology

The change in cytosolic calcium is mediated by the action potential, a change in polar-

isation of the cellular membrane. The electrical activity is caused by ion �ux through

the cellular membrane. The polarisation of the membrane is caused by di�erent con-

centrations of ionic species across the membrane which are not at electrochemical equi-

librium, since the cellular membrane is only selectively permeable to di�erent species

of ions through ion channels. Ion channels can be regarded as pores in the membrane,

which are selectively permeable to di�erent kinds of ionic species. An example of ion

channel is the gap junction, located on the intercalated discs between two myocytes.

Ion channels can su�er conformational changes which may a�ect its permeability, i.e.

cause them to open and/or close. Examples would be sodium voltage-gated channels,

Figure 1.6, where a change in the membrane potential causes the opening of the chan-

nel. As a self-regulatory mechanism, the change in the membrane potential causes the

inactivation gate to close as well, albeit with a slower dynamics, allowing the initial �ux

of ions to occur. In order for the channel to recover and a successive sodium signal to
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pass, the inactivation gate must reopen.

Figure 1.6: At resting state the inactivation gate is open and the activation gate is closed

(left). After an increase of membrane polarization the activation gate opens quickly

allowing the �ux of ions, concurrently the inactivation gate closes slowly (middle).

When the inactivation gate is closed no �ux is possible (right). Taken from [27].

1.2.1. Cellular electrical activity

The cardiac cycle is maintained by the periodic depolarization of cardiomyocytes. The

signal is propagated through neighboring cardiomyocytes by way of the gap junctions.

However, the signal is initiated in a type of self-excitable, pacemaker cell, in the sinoa-

trial node. These types of cells do not have a natural resting state, and are permeable

to sodium and calcium, leading to a rhythmic depolarization. The initiated signal

travels from the sinoatrial node, and when it reaches the atrioventricular node it is

slightly delayed, allowing for a delay between atrial and ventricular contraction. After

the delay in the atrioventricular node, where cells are slow conducting, the signal passes

to the atrioventricular bundle and bundle branches, ending in Purkinje �bers, a fast

conduction system which penetrates the endocardium and whose ends are connected to

working myocytes. From thereon, the signal propagates to the rest of the tissue through

gap junctions.
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Figure 1.7: Electric conduction network of the heart. From [27].

The cardiac action potential

Figure 1.8: Representative image of cardiac action potntial with its phases: resting (0),

depolarization (1), notch (2), plateau (3), repolarization (4). From [35].

0. Resting potential. While at rest the ventricular cardiomyocyte's transmembrane

potential is at about � 85mV. As the ionic species are not at electrochemical equilib-

rium, sodium and calcium ions tend to move into the membrane, while potassium ions

tend to leak out. The ionic concentrations are therefore maintained constant by the
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ionic pumps, namely the sodium-potassium pump and the sodium-calcium exchanger.

The inwardly rectifying potassium current helps keep the membrane at rest.

1. Depolarization. If a signal (passed through the gap junctions) disrupts the

membrane resting potential up to its threshold potential, the voltage-gated sodium

channels are activated after which there is a in�ux of sodium ions, causing the rapid

depolarization of the membrane up to about+20mV . The depolarization causes the

closure of the inactivation gate of these sodium channels. Other voltage-gated channels

that open are the slow L-type calcium channels.

2. Notch. The depolarization causes a family of rapidly activating and deactivating

voltage-gated potassium channels to open facilitating potassium e�ux. This, in addition

to the voltage-gated sodium closing rapidly and the L-type calcium channels opening

slowly, causes the slight repolarization of the membrane.

3. Plateau. During the plateau phase of the action potential there is an almost

constant transmembrane potential, due to the L-type calcium channels and an exiting

voltage-activated delayed recti�er potassium current concurrently transporting positive

charges across the membrane. The increased intracellular calcium concentration acti-

vates to the ryanodine receptors, intracellular ionic channels, which release the calcium

stored in the sarcoplasmic reticulum, an event known ascalcium-induced calcium release

(CICR). This event is crucial for the force generation process.

4. Repolarization. As the L-type calcium channels close, and the recti�er currents

are still active, and the potential becomes hyperpolarized, as it is below the rest-

ing membrane potential. During this time the inactivation gate for the voltage-gated

sodium channels participating in membrane depolarization are opened once again. This

concludes theabsolute refractory period for the cell, making repolarization once again

possible. The inwardly rectifying potassium current is activated and membrane returns

to its resting potential.

1.2.2. Mathematical models of cellular electrophysiology

A single cardiomyocyte is an extremely complex system, whose functioning hinges on

multiple series of chemical reactions, some of whose exact mechanisms are not yet

completely understood. Even if the mechanistic knowledge of single-cell functioning

was complete, a model that would take into account all of the metabolic processes

taking place would be too complex for applications.

Thus, to describe the excitability of cardiomyocytes, we make use of thecell membrane
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model. Cell membrane models are spatially reduced models that describe the cellular

membrane as a capacitor in parallel to a resistor, as in Figure 1.9, separating the

intracellular and extracellular charges, according to the equation:

Cm
du
dt

+ I ion (u; www) = I app(t); (1.1)

Figure 1.9: Electrical circuit model of

cell membrane. From [37].

where u is the transmembrane potential, I ion

is the current describing ion movement across

the membrane, and I app is the applied cur-

rent, which can be associated to the ion �ux

through the gap junctions. The variables

www are the ionic variables associated to the

model, which may consist of gating variables

or intracellular ion concentrations.

There are di�erent types of mathematical

models describing the subcellular electrical

activity with various degree of detail. Phe-

nomenological models, such as the FitzHugh-

Nagumo [17] and the Aliev-Pan�lov [2], are able to correctly capture the action poten-

tial morphology. However, for a biophysically faithful model that captures the cellular

excitation-contraction coupling a minimal level of detail regarding the intracellular cal-

cium dynamics has to be considered. In this work we take into consideration the TTP06

(ten Tusscher-Pan�lov) [75, 76] and the ToR-ORd (Tomek-Rodriguez � O'Hara-Rudy)

[52, 80] models, whose calcium dynamics are schematically represented in Figures 1.10

and 1.11.
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Figure 1.10: Schematic representation of the calcium dynamics in the TTP06 model,

with localization of the L-type calcium current in the dyad (dyadic subspace, marked

SS). Taken and adapted from [76].

Figure 1.11: Schematic representation of the cytosol calcium dynamics in the ToR-ORd

model. Taken and adapted from [80]. Depicted compartments are the dyadic subspace

(SS), the junctional sarcoplasmic reticulum (JSR), the network sarcoplasmic reticulum

(NSR) and the bulk cytosol. In black are the calcium currents associated to the cytosolic

calcium concentration.
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Both the TTP06 and the ToR-ORd model are examples of compartmental ionic models,

in that they contain a reduced spatial representation of the intracellular space. As seen

in Figures 1.10 and 1.11, the intracellular space is subdivided into the cytosol, the dyad

and the sarcoplasmic reticulum. In Figure 1.11, we see that in the ToR-ORd model the

sarcoplasmic reticulum is further subdivided into the junctional sarcoplasmic reticulum

(corresponding to the sarcolemmal cisternae, where the ryanodine receptors are located)

and the network sarcoplasmic reticulum (where the SERCA pump for the reuptake of

calcium from the cytosol is located). Moreover, the L-type calcium channels are located

both within the dyad and the bulk cytosol. The subdivision of the intracellular spaces

into compartments replaces the role of what would be spatial gradients of the ionic

concentrations in a realistic model.
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2| Weakly and strongly coupled

models of cardiac

electromechanics

In this chapter we discuss the derivation of a bidirectionally coupled excitation-contraction

model.

As discussed in the previous chapter, the macroscopic heart function is enabled by

e�ects originating at the microscale, where the electric signal causes the mechanical

contraction. However, no truly one-way interaction exists, as the heart function is self-

regulated by various feedbacks which can occur between di�erent scales. Biologically,

this means that at the cellular level there are electrical properties which are in�uenced

by mechanical properties, such as tissue stretch. An example would be the presence of

stretch-activated channels, which are activated by mechanical muscle stretch, directly

a�ect cellular electrophysiology by allowing a greater in�ux of ions. From a mathe-

matical point of view, this means that, if separate models are considered for di�erent

physical phenomena concerning the heart function, they must be appropriately cou-

pled, and these couplings are not one-way [16, 59]. However, for model simplicity, not

all interactions are given the same weight and are always considered in computational

models, as discussed below.

It has been observed [3, 77] that a locally inhomogeneous stretch may cause propagation

of calcium waves throughout the cardiac tissue. This e�ect may be explained by the

mechano-calcium feedbacks [3, 69, 77] reported Figure 2.1. Indeed, the change in the

active force present in the tissue may be a�ected by a sudden mechanical change to

the tissue, causing the rate of calcium binding to troponin-C to change. All of these

processes occur within a single cardiomyocyte, so the calcium released from troponin-C

into the cytosol can have direct consequences on the subsequent electrical activity.
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Figure 2.1: A partial representation of cardiac electromechanics from the microscopic

level, to the macroscopic level (whole muscle contraction). The arrows pointing right

are classically "forward" interactions, as there is a principal direction of propagation of

information (i.e. the active force cannot be generated if there is no calcium present),

whereas a leftward arrow is an interaction classically regarded as a "feedback". The

mechano-calcium feedback is highlighted in black.

We assume to deal with separate mathematical models which together describe the

excitation-contraction coupling. For the ionic activity, we will use either the TTP06

[76] or the ToR-ORd [80] model, while for the microscopic active force generation we

consider the RDQ20MF [66] model.

In Section 2.1 we will derive the Michaelis-Menten equation under the assumption of

instantaneous equilibrium for a simple chemical reaction, and in Section 2.2 we will

introduce the bidirectional coupling between the ionic and force generation models.

2.1. Michaelis-Menten equation under instantaneous

equilibrium

Let us consider a model of a one-step chemical reaction, where substances A and B bind

to form C:

A + B k�! C: (2.1)

In order for this to happen, the two reactants must collide and the collision must be

su�ciently energetic for it to overcome the activation energy. The macroscopic reaction

rate depends on the reactants' concentrations and the temperature of the solution

(which is representative of kinetic energies associated to the solutes) [37]:

d[C]
dt

= k[A][B ]: (2.2)
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Expression (2.2) is deemed thelaw of mass action, where therate constant k encodes the

dependence of the reaction rate on the temperature and the geometry of the interacting

substances.

Let us now consider a solute where a calcium ionCa2+ can bind to its bu�er Buf to

form a complex Bufc:

Buf + Ca 2+ k+� *) �
k�

Bufc (2.3)

An example of this type of equation can be a calcium ion binding to and unbinding

from troponin-C. Moreover, the complex may spontaneously disassociate. The rate of

the forward and backward reactions can, thanks to the law of mass action (2.2), be

stated as:
d[Bufc]

dt
= k+ [Ca2+ ][Buf] � k� [Bufc] (2.4a)

d[Buf]
dt

= k� [Bufc] � k+ [Ca2+ ][Buf]: (2.4b)

As we can see from expressions (2.4), since the right-hand-sides of (2.4a) and (2.4b)

sum to zero, the quantity [Bufc] + [Buf] is conserved in time:

[Bufc] + [Buf] = [Buf c]max ; (2.5)

where [Bufc]max is the maximal cellular calcium-bu�er complex concentration. If we

consider, for example, the bu�er as troponin-C present in the cardiomyocyte, the maxi-

mal concentration of the calcium-bu�er complex is bound by the structural composition

of the myocyte.

Assuming instantaneous equilibrium for the reaction, (implying that the process of

calcium binding to its bu�er to be much faster than the time scale on which the

intracellular calcium concentration changes, i.e. due to the in�ux), the expression

(2.4a) becomes:

k+ [Ca2+ ][Buf] = k� [Bufc]; (2.6)

and by combining it with expression (2.5), we get the concentration of the calcium-bu�er

complex in dependence of the calcium concentration, expressed by the Michaelis-Menten

equation:

[Bufc] =
[Ca2+ ][Bufc]max

[Ca2+ ] + K Buf c

: (2.7)

The constant K Buf c , whose algebraic expression isK Buf c = k�

k+
, is the half-maximal

concentration (or half-saturation constant) i.e. it is the concentration of calcium at
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which half of the maximal calcium-bu�er complex concentration is reached.

2.2. Bidirectional coupling

To achieve the bidirectional excitation-contraction coupling at the cellular level, we

consider the total calcium concentration in the bulk cytosol. We are interested in the

feedback from the force generation model to the ionic model through the rate of change

of the calcium-bound troponin concentration, provided by the force generation model.

Calcium in the cytosol may either be free, or bound to calcium bu�ers, thus the total

calcium concentration [Ca2+ ]tot can be expressed as:

[Ca2+ ]tot = [Ca 2+ ]i + [Ca 2+ ]Buf + [Ca 2+ ]TRPN ; (2.8)

where[Ca2+ ]i is the free intracellular calcium concentration, [Ca2+ ]TRPN is the troponin-

bound calcium concentration and [Ca2+ ]Buf is the concentration of calcium bound to

other types of bu�ers. Assuming that the algebraic relation (2.7) holds for the generic

bu�er Buf , by incorporating it in the place of [Ca2+ ]Buf into expression (2.8), we get:

[Ca2+ ]tot =
�

1 +
[Bufc]max

[Ca2+ ]i + K Buf c

�
[Ca2+ ]i + [Ca 2+ ]TRPN : (2.9)

We proceed by deriving equation (2.9) in time, which yields:

d[Ca2+ ]tot

dt
=

 

1 +
[Bufc]maxK Buf c�

[Ca2+ ]i + K Buf c

� 2

!
d[Ca2+ ]i

dt
+

d[Ca2+ ]TRPN

dt
: (2.10)

Finally, by rearranging the terms appearing in equation (2.10), we obtain:

d[Ca2+ ]i
dt

=
1

1 + [Buf c ]max K Buf c

( [Ca2+ ]i + K Buf c )
2

�
d[Ca2+ ]tot

dt
�

d[Ca2+ ]TRPN

dt

�
; (2.11)

which replaces the original ODE for [Ca2+ ]i in the corresponding ionic model, given by

d[Ca2+ ]i
dt

= � i

�
�

I CaL;i + I bCa + I pCa � 2I NaCa

2VcF
+

Vsr

Vc
(I leak � I up) + I xfer

�
;

where
� i = � i

�
[Ca2+ ]i

�
=

1

1 + [Buf c ]max K Buf c

( [Ca2+ ]i + K Buf c )
2

;
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for the TTP06 model, and by

d[Ca2+ ]i
dt

= � i

�
�

Acap

2Fvmyo
(I Cab + I pCa � 2I NaCa;i) � Jup

vnsr

vmyo
+ Jdi� ;Ca

vnsr

vmyo

�
;

where
� i = � i

�
[Ca2+ ]i

�
=

1

1 + [CMDN] K CMDN

( [Ca2+ ]i + K CMDN )2 + [TRPN] K TRPN

( [Ca2+ ]i + K TRPN )2

;

for the ToR-ORd model [52, 75, 76, 80].

The bu�er description found in the cytosol depends on the ionic model taken into

consideration. In the TTP06 model there is no distinction between cytosolic bu�ers,

all the cytosolic bu�ers are assigned the same bulk half-saturation constant, and the

maximal concentration refers to the concentration of a generic calcium-bu�er complex

[76]. The ToR-ORd model makes a distinction between calmodulin and troponin [80].

In Table 2.1 we report the constants used for the cytosolic bu�er descriptions in the

TTP06 and ToR-ORd models [52, 75, 76, 80].

Parameter Description TTP06 ToR-ORd

[CMDN]
Maximal calmodulin-bound

calcium concentration
- 0.05 mM

[TRPN]
Maximal troponin-bound

calcium concentration
- 0.07 mM

Buf c
Maximal cytosolic bu�er-bound

calcium concentration
0.2 mM -

K CMDN
Intracellular calcium half-saturation

constant for calmodulin
- 0.00238mM

K TRPN
Intracellular calcium half-saturation

constant for troponin
- 0.0005mM

K Buf c

Intracellular calcium half-saturation
constant for cytoplasmic bu�ers

0.001mM -

Table 2.1: Calcium bu�ering kinetics constants for the TTP06 and the ToR-ORd

models, taken from [52, 76].

For a description of the calcium-troponin-C kinetics in the TTP06 model we need to

separate its cytosolic bu�ers into troponin and other bu�ers. One of the possible routes

is to use parameters based on the ToR-ORd model. We remark that the parameters

for the cytosolic bu�er concentrations in the ToR-ORd model were taken from the

Hund-Decker-Rudy [12, 30] model, a canine left ventricular cardiomyocyte model, due

to human data unavailability, as reported by the authors [52, 72].



22 2| Weakly and strongly coupled models of cardiac electromechanics

We proceed by taking the cytosolic troponin bu�er concentration for the TTP06 model

to be TRPN c = 0 :02mM, and the relative half-saturation constant to be equal to the

bulk half-maximal concentration K Buf c . This choice implies that the kinetics for the

calcium-troponin bu�ering to be equal to that of other bu�ers, and is di�erent to what

are the choices for the ToR-ORd model. With this choice troponin makes out10% of

the total cytosolic bu�er concentration, while for the ToR-ORd model it makes up for

about 58:3%. The ratios of concentration of calcium-bound troponin and intracellular

free calcium depends with the free cytosolic calcium concentration as

[Ca2+ ]TRPN

TRPN c
�

[Ca2+ ]i
[Ca2+ ]i + K Buf c

;
[Ca2+ ]TRPN

[TRPN]
�

[Ca2+ ]i
[Ca2+ ]i + K TRPN

;

so seeing asK Buf c = 2K TRPN , the fraction of occupied troponin units behave in the

same way in function of the intracellular calcium, up to a scaling factor of 2.

For the TTP06 model, let us consider the equation governing the evolution of the total

cytoplasmic calcium concentration [76]:

d[Ca2+ ]tot

dt
= �

I bCa + I pCa � 2I NaCa

2VcF
+

Vsr

Vc
(I leak � I up) + I xfer ; (2.12)

and by incorporating expression (2.12) into (2.11), we get the following equation:

d[Ca2+ ]i
dt

= ~� i

�
�

I bCa + I pCa � 2I NaCa

2VcF
+

Vsr

Vc
(I leak � I up) + I xfer �

d[Ca2+ ]TRPN

dt

�
;

where
~� i = ~� i

�
[Ca2+ ]i

�
=

1

1 + (Buf c � TRPN c)K Buf c

( [Ca2+ ]i + K Buf c )
2

;

The evolution of the total calcium concentration in the cytosol for the ToR-ORd model

[52, 80] is:

d[Ca2+ ]tot

dt
= �

Acap

2Fvmyo
(I Cab + I pCa � 2I NaCa;i) � Jup

vnsr

vmyo
+ Jdi� ;Ca

vnsr

vmyo
; (2.13)

and by the same procedure as above, by combining equations (2.13) and (2.11) we
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obtain the following expression:

d[Ca2+ ]i
dt

= ~� i

 

�
Acap

2Fvmyo
(I CaL;i + I Cab + I pCa � 2I NaCa;i)

� Jup
vnsr

vmyo
+ Jdi� ;Ca

vnsr

vmyo
�

d[Ca2+ ]TRPN

dt

!

;

where
~� i = ~� i

�
[Ca2+ ]i

�
=

1

1 + [CMDN] K CMDN

( [Ca2+ ]i + K CMDN )2

:

Let us denote with the vector www 2 RM the unknowns relative to the ionic model

(the gating variables and the ion concentrations), in particular with wCa being the

intracellular calcium concentration, and let the vector yyy 2 RN represent the state

variables of the force generation model, withydCaTRPN representing d[Ca2+ ]TRPN
dt . Then,

the bidirectionally coupled cellular electromechanics model can be synthetically written

as: 8
>>>>>><

>>>>>>:

dwww
dt

= ggg(u; www; ydCaTRPN ) in (0; T];

dyyy
dt

= hhh
�

yyy; wCa; SL;
dSL
dt

�
in (0; T];

Cm
du
dt

+ I ion (u; www) = I app(t) in (0; T]:

(2.14a)

(2.14b)

(2.14c)

In the system (2.14), equation (2.14a) represents the ionic model modi�ed by taking into

consideration the mechano-calcium feedback as in equation (2.11), (2.14b) is the force

generation model,SL represents the sarcomere length, and equation (2.14c) describes

the evolution of the transmembrane potential u [13, 59]. We remark how, for the

RDQ20MF [68] model, the other state variables do not depend directly onydCaTRPN , and

thus the calcium-troponin binding rate may be written, with slight abuse of notation,

as:

ydCaTRPN = ydCaTRPN

�
yyy; SL;

dSL
dt

�
; (2.15)

whereyyy is the vector of the force generation model state variables not includingydCaTRPN .

We would like to remark on the assumption of instantaneous equilibrium of reaction

(2.3). In a myocyte, even though the process of a calcium ion binding to its bu�er does

not present intermediate slow steps, the spatial distribution may play a role. Indeed,

the bu�ers may not be proximal to the calcium in�ux or e�ux sites causing a delay

between the change in intracellular calcium and bu�ered calcium concentration, and

the bu�ers themselves may be mobile within the cytosol [37].
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2.3. Multiscale bidirectionally coupled model of the

left ventricle electromechanics

In this section we recall the integrated cardiac electromechanics model, as proposed in

[16, 55, 68]. Indeed, introducing the bidirectionally coupled cellular electromechanical

model in the framework of [16, 55, 68] amounts to introducing a feedback between the

ionic and force generation models, Figure 2.2, as discussed in Section 2.2.

Figure 2.2: Sketch of the cardiac electromechanics problem with its main physical

models, as in [16].

For simplicity we will consider the domain 
 0 to constitute only of the conductive

myocardium, representative of a single region or cardiac chamber, e.g. the left ventricle.

The full cardiac electromechanics problem gives rise to a coupled system of di�erential

equations. The ODEs that describe the ionic and force generation models, which, using

the notation used in Section 2.2, are:

@www
@t

= ggg(u; www; ydCaTRPN ) ; in 
 0 � (0; T]; (2.16)

for the ionic model, and:

@yyy
@t

= hhh
�

yyy; wCa; SL;
@SL
@t

�
; in 
 0 � (0; T]; (2.17)

for the force generation model. The ionic dynamics (2.16) and the force generation

(2.17) models are coupled through the calcium dynamics and the dynamic troponin

e�ect. The force generation model (2.17) is instead in�uenced by the sarcomere length

and sarcomere stretch rate, which in turn depend on the unknown displacement from

the mechanics problem. The variableswww and yyy are now functions of space and time. The
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electrical circuit model (2.14c) used to describe the transmembrane potential evolution

for a single-cell 0D model is replaced by the monodomain equation [21]:

J� m

�
Cm

@u
@t

+ I ion (u; www)
�

� r �
�
J F � 1DF � T r u

�

= J� mI app(t); in 
 0 � (0; T]:
(2.18)

The monodomain equation is obtained by upscaling and homogenization of the simple

electrical circuit model [21], by assuming proportional intracellular and extracellular

conductivities, and it replaces the e�ect of the propagation of the electrical signal

through the gap junctions, which at the microscopic level would be modeled as resis-

tances, while the applied current term I app simulates the e�ect of the initiation of the

action potential through the ends of the Purkinje �bers [21, 59].

As the myocardium moves during contraction, the monodomain equation (2.18) is recast

in the reference con�guration, taken to be equal to the unloaded con�guration
 0, while

J = det( F) and F are the Jacobian determinant and Jacobian matrix, respectively, of

the transformation which maps the reference con�guration into the current, deformed,

con�guration. The di�usion tensor in the current con�guration takes the form of:

DDD = � f
Ff 0 
 Ff 0

jjFf 0jj 2
+ � s

Fs0 
 Fs0

jjFs0jj 2
+ � n

Fn 0 
 Fn 0

jjFn 0jj 2
; (2.19)

and it prescribes three di�erent conductivities along the muscle �ber, cross-�ber and

sheet normal directions (see [54, 55, 68] for more detail). This formulation makes

evident the feedback from the mechanics problem to the electrical activity.

The mechanics problem for the unknown displacementd is given by the momentum

conservation equation [51, 59, 68]:

� s
@2d
@t2

� r � P(d; Ta) = 0; in 
 0 � (0; T]; (2.20)

where, assuming the cardiac muscle tissue to be a hyperelastic material the Piola�Kirchho�

stress tensorP is made of its active and passive components,

P =
@W(F)

@F
+ Ta

Ff 0 
 f0p
Ff 0 � Ff 0

;

with the active component Ta being determined by the force generation model (2.17),

Ta = Ta(yyy; SL;
@SL
@t

);
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which we assume to be acting only along the �bers direction [16, 68], andW is the strain

energy density function which determines the constitutive law used for the passive me-

chanics. The mechanics problem (2.20) is coupled with a 0D lumped-parameter model

which approximates the distal parts of the circulatory system and feeds appropriate

boundary conditions to the 3D model [19, 55, 59, 61, 68, 85]. For simplicity, we assume

the 0D model to be the two-element Windkessel model [85].

The two-element Windkessel model [85] describes the evolution of the pressure and the

volume according to the equation:

8
><

>:

CWK
dp
dt

= �
p(t)
RWK

�
dV
dt

; t 2 (tAVO ; tAVC ];

p(tAVO ) = pAVO ;

(2.21a)

(2.21b)

where CWK , RWK , pAVO are model parameters which represent the compliance and

resistance of the distal regions, and the pressure at which the aortic valve opens,

respectively.

The mechanics problem (2.20) for the four di�erent phases of the cardiac cycle (see

Section 1.1) is closed as follows [24, 67]:

1. Isovolumic contraction. Starting from an assigned pressure,pED , the mechanics

problem (2.20) is solved with an additional constraint with a Lagrange multiplier

based approach, as in [67]. This phase lasts until the pressure for the opening of

the aortic valve is reached.

2. Ventricular ejection. The mechanics problem (2.20) is coupled with the two-

element Windkessel afterload model (2.21), wheretAVC is determined such that it

is the �rst time for which dV
dt > 0, i.e. the �ux becomes negative.

3. Isovolumic relaxation. Modeled as the isovolumic contraction, where it lasts until

a preassigned pressure for the opening of the mitral valve,pMVO , is reached.

4. Passive �lling. Either the pressure is linearly increased frompMVO to pED , or the

volume is linearly increased fromVMVO to vED .
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Figure 2.3: Zygote Solid 3D left ventricle [33] coupled with a two-element Windkessel

afterload model [85].

Equations (2.16),(2.18),(2.17),(2.20) are coupled with suitable initial conditions, with

equations (2.18),(2.20) requiring boundary conditions as well. The boundary conditions

for the monodomain equation (2.18) are given by a homogeneous Neumann condition

[68],
�
J F � 1DF � T r u

�
� N = 0 ; on @
 0 � (0; T];

which indicates a non-conducting boundary, while for the mechanics problem the bound-

ary conditions depend on the boundary region. Assuming to be working on a truncated

left ventricle geometry, as in Figure 2.3, generalized Robin boundary conditions are im-

posed on the epicardium, simulating the elastic interaction with the surrounding tissue

[16, 68],

P(d; Ta)N + K epid + Cepi @d
@t

= 0; on � epi
0 � (0; T];

where K epi and Cepi are the sti�ness and viscosity tensors, respectively. The following

boundary condition is imposed on the base [64, 67, 68]:

P(d; Ta)N = pLV (t)jJ F � T N jv base; on � base
0 � (0; T];
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where

v base =

R
� endo

0
J F � T N d � 0

R
� base

0
jJ F � T N jd � 0

;

and pLV (t) comes from the lumped-parameter model. On the endocardial boundary the

Neumann boundary condition [68]

P(d; Ta)N = � pLV (t)J F � T N ; on � endo
0 � (0; T];

is imposed.



29

3| Numerical approximation and

veri�cation of the coupled

excitation-contraction model

In this chapter we discuss the numerical approximation for the cellular electromechanical

model (2.14).

Let us consider a uniform subdivision of the time interval (0; T] into equal intervals

of width � t, and let us further subdivide each subinterval of type [t; t + � t] into N

smaller intervals of width � . To deal with the mechano-calcium feedback we propose a

partitioned staggered scheme, schematically depicted in Figure 3.1. For the time dis-

cretization of system (2.14) we employ a backward di�erentiation formula (BDF) scheme

[58], such that �rst the electrophysiology (equations (2.14a) and (2.14c)) is solved with

an Implicit-Explicit scheme [16, 55, 68] with an extrapolation of the dynamic troponin

e�ect from the previous timesteps, and then the force generation model is solved with

an Implicit-Explicit scheme as proposed in [64, 66], with the calcium concentration from

the previously solved ionic model as input.

Following a time discretization, we get the following system of di�erence equations to

be solved at each timetn+1 :
8
>>>>>>><

>>>>>>>:

� BDF wwwn+1 � wwwn

� t
= ggg(un+1

EXT ; wwwn+1
EXT ; yn+1

dCaTRPN ;EXT ; wwwn+1 );

Cm
� BDF un+1 � un

� t
+ I ion(un+1

EXT ; wwwn+1 ) = I app(tn+1 ):

yyyn+1 + H
�

yyyn+1 ; yyyn ; wn+1
Ca ; SLn+1 ;

dSL
dt

n+1 �
= 0 ;

(3.1a)

(3.1b)

(3.1c)

where we have assumed an explicit treatment of the mechano-calcium feedback in

equation (3.1a). The sarcomere stretchSL(t) is known a priori, so that SLn+1 =

SL(tn+1 ) and the stretch-rate is approximated by a �rst-order �nite di�erence dSL
dt

n+1
=

SL n +1 � SL n

� t . Due to the sequential nature of the scheme, the subsystem made of equations
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(3.1b) and (3.1a) can be solved on a smaller timestep� before solving (3.1c), as depicted

in Figure 3.1. Due to the staggered nature of scheme (3.1), we extrapolate the value

Figure 3.1: Loosely-coupled scheme for the bidirectional coupling of cellular electro-

physiology and force generation mechanism. At each new time step we solve N steps of

electrophysiology, taking an extrapolation of the dynamic troponin e�ect ydCaTRPN . In

what is depicted we take a �rst-order extrapolation, i.e. ydCaTRPN (tn + m� ) � yn
dCaTRPN

for all 1 � m � N .

of ydCaTRPN on the subinterval (tn ; tn+1 ], which can be done in either one way of the

following:

ydCaTRPN (tn + m� ) �

8
><

>:

yn
dCaTRPN

; 1st order extrapolation

(1 + m
N )yn

dCaTRPN
� m

N yn� 1
dCaTRPN

; 2nd order extrapolation:
(3.2)

In Section 3.1 we will discuss some properties of the numerical scheme, and in Section

3.2 we will present some numerical tests for the proposed scheme.

3.1. Stability of the numerical scheme

In this section we will discuss the properties of the model (2.14) and its time-discrete

version (3.1).

As seen in Section 1.2.2, the electrical activity of a single cell is represented by a spatially

reduced mathematical model, where if any sort of detail on the spatial disposition of

the cell is replaced by suitable constants describing the geometry. The same can be

said of the force generation model [66], and the description of the time evolution of the

cellular electromechanical model (2.14) corresponds to a system of ODEs. However,
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the interpretation of the system (2.14) can be slightly richer than that of a system of

ordinary di�erential equations.

We can observe that, as a heartbeat is rhythmic and self-sustained, the cellular activity

during each heartbeat is periodic, and the cellular activity is stable with respect to

slight perturbations in its extracellular and intracellular environments. This makes

the cellular activity suitably described as a dynamical system. To analyse the cellular

electromechanical models, we will introduce some basic notions on dynamical systems,

in accordance to what is required to the end of this work.

The dynamical system related to the cellular electromechanical model (2.14) is de-

scribed by its state variables, (u; www; yyy), which describe the internal state of the cellular

electromechanical model, or rather, the unknowns of the system (2.14). We recall that

the applied current I app(t) models the ion transport from the neighbouring cells through

the gap junctions, which, due to the heartbeat periodicity, we may expect to be periodic

itself. We will now introduce the �rst property that encodes the periodicity of the cell

membrane depolarization.

De�nition 3.1. Given a periodic input signal I app(t), a cycle of (2.14) is any periodic

solution (u(t); www(t); yyy(t)) of (2.14) with the same period as I app(t).

We recall that the states www and yyy of the ionic and force generation models, although

containing variables necessary to capture the dynamics of the respective phenomena,

are not of phenomenological interest when examining the behaviour of the whole cell.

We will thus gradually restrict ourselves to a subset of the state variables, or their

functions, which we will call observed variables.

De�nition 3.1 captures the periodic behaviour of a single cell, however, as mentioned

above, the mathematical model needs to capture the homeostasis, in the form of stability

with respect to perturbations of the environment.

De�nition 3.2. Given a T-periodic signal I app(t) and an initial condition (u0; www0; yyy0),

let (u(t); www(t); yyy(t)) be a solution of the system(2.14). We will call the function

(û; ŵww; T̂a(ŷyy)) : [0; T] 7! RM +2 the (stable) limit cycle of the model (2.14), relative to

the input signal and initial conditions, if for the sequence
�

(u; www; Ta(yyy))m : [0; T] 7! RM +2 ; (u; www; Ta(yyy))m (t) = ( u; www; Ta(yyy))( mT + t)
	

m2 N

it holds that:

f (u; www; Ta(yyy))mgm2 N
C0 ([0;T ])
�����! (û; ŵww; T̂a(ŷyy)) ; as m �! + 1 : (3.3)
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De�nition 3.2 for a limit cycle pertains to the observed variables, not to the internal

state of the system (2.14). However, if the functionTa(yyy) is continuous with respect to

yyy, which is true for the model considered in this work [66], if(u; www; yyy) is a limit cycle

for the state variables, then (u; www; Ta(yyy)) is a limit cycle in the sense of De�nition 3.2.

We would like for the limit cycle to be unique and stable in the range of the physio-

logically feasible initial conditions. Issues such as existence, uniqueness and stability of

limit cycles may arise for the fully coupled problem (2.14). For further considerations

we refer to [21] and references therein.

For the time-discrete counterpart of De�nition 3.2, let us consider a time step � t such

that n� t = T for some n 2 N. A �nite-di�erence method applied to a system such

as (2.14) leads to a system of di�erence equations [73] of type (3.1), whose expression

depends on the exact scheme in question. In this way we obtain a discrete counterpart

of the continuous dynamical system (2.14).

Ideally, we would evaluate the model on the limit cycle of (2.14), assuming it exists.

However, in practice, this is not achievable for several reasons [47]:

1. Due to the �nite-di�erence scheme (3.1), the associated dynamical system is dis-

crete rather than continuous, it is not a given that their steady states (or limit

cycles) should coincide if both of them exist. Moreover, in general, the states

of the discrete dynamical system (3.1) and continuous dynamical system (2.14)

do not coincide in the discrete time instances chosen for the discretization. This

error is tied to the adopted time discretization scheme, and should tend to zero

as � t �! 0, for a convergent scheme [58].

2. Passing to the limit of (3.3) is not feasible in practice, as it would require running

an in�nitely long simulation, and the distance from the limit cycle after a given

number of iterations depends on the initial guess. This behaviour is tied to the

real-time simulation of long-time (asymptotic) phenomena. This problem can be

handled with suitable initial guesses and computationally light (fast) methods.

3. Error bounds may have a multiplicative constant that depends onT, the �nal

time taken into consideration. However, the constant may increase asT increases,

leading to decreased accuracy of the error bound.

These are issues that arise from the numerical approximation (2.14). However, the

limit cycles of the fully coupled problem also depend on whether the submodels taken

into consideration have limit cycles or steady states. It has been reported that ionic

models may su�er from drift of certain ionic species [21], and the ionic variableswww
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contain di�erent ionic species, some of which may not be conserved. Moreover, the

limit cycle vector in De�nition 3.2 features variables which may di�er by several orders

of magnitude. In this case, it is appropriate to limit the consideration on a few variables

of interest.

We notice that, due to the discrete-in-time nature of (3.1), the limit cycle would be a

function whose domain is a discrete set, i.e. givenn the number of subdomains of the

period T, the limit cycle is given as (û; ŵww; T̂a(ŷyy))( t) : f 0; 1; :::; n � 1g 7! RM +2 , and we

can write (û; ŵww; T̂a(ŷyy))( k� t) := ( û; ŵww; T̂a(ŷyy))( k). With this notation, we see that a limit

cycle is identi�able with a vector in Rn� (M +2) .

De�nition 3.3. Let " > 0 and I app(t) be aT-periodic signal. Moreover, let us assume

the period T is divided into n subintervals so thatT = n� t. Let f (ui ; wwwi ; yyyi )gnk � 1
i =0 be

a sequence (comprised ofk � 2 cycles of lengthn) obtained by evolution of an initial

state (u0; www0; yyy0) according to the scheme(3.1), where (u0; www0; yyy0) = ( u0; www0; yyy0). We

say that the limit cycle for (3.1) has been reached up to a tolerance of" if:

jj (Ta(yyy(k� 1)n ); :::; Ta(yyykn � 1)) � (Ta(yyy(k� 2)n ); :::; Ta(yyy(k� 1)n� 1)) jj
jj (Ta(yyy(k� 2)n ); :::; Ta(yyy(k� 1)n� 1)) jj

< ";

and we approximate with(û; ŵww; T̂a(ŷyy))( m� t) := ( u(k� 1)n+ m ; www(k� 1)n ; Ta(yyy(k� 1)n+ m )) , where

m 2 0; 1; :::; n � 1, the limit cycle of (3.1).

In De�nition 3.3, since (Ta(yyy(k� 1)n ); :::; Ta(yyykn � 1)) 2 Rn , the norm can be taken as theRn

Euclidean norm. Otherwise, in the spirit of the uniform convergence in De�nition 3.2,

the absolute di�erence can be computed in the maximum norm, or maximum relative

variation as

max
0� m� n� 1

jTa(yyy(k� 2)n+ m ) � Ta(yyy(k� 1)n+ m )j
jTa(yyy(k� 2)n+ m )j

:

Given the high sensitivity of the active stress to the intracellular calcium concentration,

as described in Section 1.1.1, a control on the active stress would control the calcium

variations as well.

Remark 3.1. Given that the limit cycle may not exist, the tolerance " > 0 in De�nition

3.3 may not be chosen to be arbitrarily small. In such a case however, for an" � > 0

su�ciently large, if d(k; k + 1) is the di�erence between two consecutive cycles, we can

�nd k � 2 N such that " � > d (k � � 1; k � ) > d (k � ; k � +1) and d(k � ; k � +1) < d (k � +1 ; k � +1) .

This can be viewed as another criterion for having reached the limit cycle.

Remark 3.2. Remark 3.1 refers to local minima. However, there is no guarantee that
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below a threshold " � > 0 there are no other local minima for the distance between

consecutive cycles.

3.2. Numerical tests

All of the proposed models and numerical schemes were implemented in the software

library life x [1].

Assuming the heart to be in steady-state conditions, we are interested in evaluating the

proposed model (2.14) on a limit cycle of the discretized coupled problem (3.1). First,

however, we would like to inspect the stability of the of the numerical results in function

of the numerical scheme, in terms of discrepancy of the yielded limit cycles. Thus, we

proceed as follows:

1. We �x a prescribed tolerance for the limit cycle as in De�nition 3.3.

2. We perform several tests varying the coupling parameters. We take a "black box"

approach to the numerical schemes used to solve both the electrophysiology and

the force generation, and the schemes remain unvaried throughout the test cases.

3. We assess the e�ect of the scheme on the target variables, i.e. the transmembrane

potential u, the free intracellular calcium concentration [Ca2+ ]i , and the active

stressTa by evaluating the relative variations and e�ects on wave morphology.

This numerical veri�cation pertains only to the e�ect of the numerical discretization,

it does not refer to the meaningfulness of the proposed models. Thus, we do not use

available medical data from literature in order to assess the e�ectiveness of the scheme.

To this end, we compare the limit cycles obtained with di�erent extrapolation strategies

for the term ydCaTRPN and number of timesteps solved for the ionic model before solving

force generation model.

For the time step of the ionic model we take either0:01ms or 0:05ms, as typical time

constants used for cellular electrophysiology [16, 59]. The degree of staggering was

chosen in accordance with the time steps for the active force generation model in [64],

that is, up to a timestep of 0:001s. The di�erent choices for the extrapolation, as in

expression (3.2), were introduced in order to assess the sensitivity of the ionic model

with respect to variations in the mechano-calcium feedback. We report the cases'

numerical discretization parameters in Table 3.1. All limit cycles have been reached

up to tolerance " = 1 � 10� 4. All cases were paced with an applied current at1Hz

and amplitude of 25:71V=s for a duration of 2 � 10� 3s, with the RDQ20MF model
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parameters reported in Table A.1, third column.

Case � � tA Nsub mcf ext.

1 1 � 10� 5s 1 � 10� 5s 1 1

2 1 � 10� 5s 5 � 10� 5s 5 1

3 1 � 10� 5s 2 � 10� 4s 20 1

4 1 � 10� 5s 1 � 10� 5s 1 2

5 1 � 10� 5s 2 � 10� 4s 20 2

6 5 � 10� 5s 1 � 10� 3s 20 1

7 5 � 10� 5s 1 � 10� 3s 20 2

8 5 � 10� 5s 5 � 10� 5s 1 1

Table 3.1: Coupling scheme parameters for each case: timestep for the ionic model

(� ), timestep for the force generation model (� tA ), number of iterations of the ionic

model before the force generation model is solved (Nsub), extrapolation order for the

mechano-calcium feedback (mcf ext. ).

By comparing Cases 2, 3 and 4 with Case 1, we are able to qualitatively determine

the in�uence of the staggering of the force generation model on the results of the

bidirectionally coupled model. The comparison between Case 3 and Case 5 allows for,

in the case of a staggered scheme, the assessment of the impact of the mechano-calcium

feedback extrapolation on the numerical results. The comparison of Cases 6 and 7 with

Case 8 allows for the assessment of the impact of the staggering and mechano-calcium

feedback extrapolation orders for larger, less computationally demanding, timesteps.

The results are reported in Table 3.2 for the TTP06 model and in Table 3.4 for the

ToR-ORd model. The relative di�erences were computed in the EuclideanRn� (M +2)

norm.
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Case Comparison description Computed di�erence

2 Normalized error w.r.t. Case 1 0:0207

3 Normalized error w.r.t. Case 1 0:0207

4 Normalized error w.r.t. Case 1 8:3247� 10� 6

5 Normalized error w.r.t. Case 3 0

6 Normalized error w.r.t. Case 8 0:0042

7 Normalized error w.r.t. Case 8 0.0040

Table 3.2: Results obtained for the comparison of the di�erent cases in Table 3.1 for

the TTP06 model in terms of computed di�erence.

Case TTP06 ToR-ORd

1 369s 26s

2 359s 25s

3 359s 26s

4 369s 26s

5 359s 26s

6 370s 37s

7 370s 37s

8 370s 37s

Table 3.3: Time needed to reach the limit cycle for each case and for each ionic model

(TTP06 and ToR-ORd ), coupled with the RDQ20MF force generation model.
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Case Comparison description Computed di�erence

2 Normalized error w.r.t. Case 1 0:0041

3 Normalized error w.r.t. Case 1 0:0146

4 Normalized error w.r.t. Case 1 4:5719� 10� 5

5 Normalized error w.r.t. Case 3 0

6 Normalized error w.r.t. Case 8 0.0742

7 Normalized error w.r.t. Case 8 0.0713

Table 3.4: Results obtained for the comparison of the di�erent cases in Table 3.1 for

the ToR-ORd model in terms of computed di�erence.

The results suggest that the staggering and the extrapolation order ofydCaTRPN have

little e�ect on the apparent stability of the examined solution. In Figure 3.2 we plot

three quantities of interest for a few selected cases. The results highlight that the

gross limit cycle shape is the same. They show the ToR-ORd -RDQ20MF model to be

more sensitive to activation time step in the areas which require higher resolution (i.e.

active tension and calcium transient peaks, Figures 3.2e and 3.2f), which is important in

order to capture the correct active tension amplitude. Indeed, for larger timesteps the

calcium transient and active tension is overestimated with respect to the cases in which

a smaller time step is used. Instead, for the TTP06 -RDQ20MF model the discrepancy

in the calcium transient peaks and consequently active tension seems to be led more

by the time step used for the electrophysiology rather than the one for the activation.

We also see from the results in Table 3.3 that the time needed to reach the tolerance

threshold for limit cycles is not severely impacted by the coupling, but is highly model-

dependent. This is possibly partly due to the di�erent solvers used for the ionic models

in consideration.

Long-time behaviour

Model validation, biomarker measurements and responses to various physiological con-

ditions are simulated and examined on limit cycles. As discussed previously, this

de�nition is not rigorous in applications. However, in general it requires substantial

pre-pacing times, and when examining the response and adaptivity to change of pacing

rate or ion channel block, additional cycles after the physiological parameters have been

changed are performed [43, 46, 47, 80].

To this end, we qualitatively examine the robustness with respect to ion drift and mem-
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brane polarization of the coupled electromechanical models in long-time simulations.

In practice, charge conservation is generally preserved by choosing an appropriate ini-

tial condition and by assigning a ionic species as charge carrier (usuallyK+ ) for the

externally applied stimulus I app [21]. All models were paced at1Hz with a current of

amplitude 25:71V=s with impulse duration of 2ms, and the numerical parameters for

the discretization are the ones used for Cases 1 and 3, reported in Table 3.1. The plots

of selected variables for the limit cycle after600s, 800s, and 1200sof simulation time

are depicted in Figures 3.3 and 3.4.

As seen from Figures 3.3 and 3.4, the staggering of Case 3 does play a role in the

di�usiveness of the proposed schemes, however it is not as marked as the di�erences

highlighted in Figure 3.2.

On the choice of the criterion for the limit cycle

As discussed above, there could be multiple choices for the criterion by which a limit

cycle is said to have been reached, each of them with its drawbacks. Oftentimes a �xed

number of prepacings is chosen [16, 46]. As seen from the results above, it is di�cult

to know a priori the speed of convergence to a limit cycle for di�erent models, and such

analyses could not be of interest in the context of model application. Moreover, the

result of this approach would be dependent on the initial data and the pacing frequency.

On the other hand, a frequency-independent approach was presented above, as was in

[43], where a tolerance was �xed for the di�erence between two consecutive cycles for

some target variable. This criterion su�ers however from not knowing a priori what is a

reasonable tolerance in terms of computational time and number of iterations, as in our

case for the TTP06 -RDQ20MF model a tolerance lower than" = 5 � 10� 5 could not be

reached in less thant = 800s of simulation time. Moreover, such an approach would not

be suitable for studying phenomena with period doubling, which present themselves in

cellular action potential models [44].



3| Numerical approximation and veri�cation of the coupled
excitation-contraction model 39

(a) Action potential for the TTP06 model. (b) Calcium transient for the TTP06 model.

(c) Active stress for the TTP06 model. (d) Action potential for the ToR-ORd model.

(e) Calcium transient for the ToR-ORd model. (f) Active stress for the ToR-ORd model.

Figure 3.2: Plots of action potential, intracellular calcium transient and active tension

for the TTP06 and ToR-ORd models for selected cases from Table 3.1. The insets

represent the respective peaks, rescaled.
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(a) Action potential for the TTP06 model. (b) Calcium transient for the TTP06 model.

(c) Active stress for the TTP06 model. (d) Action potential for the ToR-ORd model.

(e) Calcium transient for the ToR-ORd model. (f) Active stress for the ToR-ORd model.

Figure 3.3: Plots of action potential, intracellular calcium transient and active tension

for the TTP06 and ToR-ORd models coupled with the RDQ20MF model for Cases 1

(coloured lines) and 3, indicated as "staggered" (black lines), Table 3.1. The insets are

the respective peaks, rescaled.
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(a) Intracellular sodium for the TTP06 model. (b) Intracellular sodium for the TTP06 model.

(c) Intracellular potassium for the ToR-ORd
model.

(d) Intracellular potassium for the ToR-ORd model.

Figure 3.4: Plots of intracellular sodium and potassium ion concentrations for the

TTP06 and ToR-ORd models coupled with the RDQ20MF model for Cases 1 (in blue)

and 3 (in red), with the electrophysiology-only models as reference (in black).
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In this chapter we seek to validate the proposed model both for the TTP06 and ToR-

ORd ionic models in standard conditions and examine the e�ect of the introduction of

the mechano-calcium feedback. Throughout this section validation was performed on

limit cycles up to tolerances of " = 1 � 10� 4, using time discretization parameters as

in Case 1, reported in Table 3.1. The resting membrane potential was computed as

membrane potential at the end of the cycle, immediately before the successive stimulus

was applied, rather than the mean of a number of measurements at the end of the cycle

as was done in [7].

In Section 4.1 we will examine the model action potential, in Section 4.2 we will examine

the impact of the mechano-calcium feedback on the intracellular calcium concentration.

In Section 4.2.1 we will examine the calcium-troponin bu�ering rate, and in Section 4.3

we will examine the active tension computed by the coupled models.

4.1. Action potential duration and morphology

The �rst validation of the AP curve is done on the biomarkers presented in [7], which

we report in Table 4.1. The biomarkers are computed as follows [7]:

1. Peak membrane potential.Peak value of transmembrane potential reached follow-

ing stimulus.

2. Time to peak. Elapsed time from the beginning of the stimulus to the peak

membrane potential.

3. APD 50=90: Action potential duration at 40/50/90% repolarization. It is the elapsed

time from the beginning of the stimulus to when the cell membrane is at 50/90%

repolarization, i.e. the action potential amplitude has decayed by 50/90%.
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4. Resting membrane potential. Mean membrane potential during end of pacing

cycle.

5. Action potential amplitude. Di�erence between peak and resting membrane po-

tential.

Biomarker Minimum value Maximum value

Peak membrane potential[mV] 7.3 39.6

Time to peak (ttp) [ms] 3.1 14.0

APD 50 [ms] 106.6 349.4

APD 90 [ms] 178.1 442.7

Resting membrane potential [mV] -94.4 -78.5

Table 4.1: Biomarker ranges for the action potential waveform as reported in [7] at1Hz

pacing. In [7] the APD 90 was reported to have mean� SEM (standard error of the

mean) of 293� 66ms, while for the time to peak was it reported to be 6:7 � 5:4ms. For

the resting membrane potential, peak membrane potential, and for theAPD 50 no data

on the variability inside of the experimental range were reported.

The biomarkers in Table 4.1 were computed on a dataset of previous action potential

recordings on human right ventricular tissue samples (trabeculae and papillary muscles),

perfused and paced at1Hz at 37� C, as further described in [34]. When using this dataset

we should take into consideration that tissue and single-cell measurements may di�er

in terms of action potential amplitude and duration, due to the intercellular coupling

present in tissue [9].

Additional data regarding the AP morphology can be found in [10]. This study aims

at characterising the electrophysiological properties of cardiomyocytes of patients with

Hypertrophic Cardiomyopathy. The data reported in Table 4.1 is the data for the

control measurements (i.e. patients without left ventricular hypertrophy and healthy

left systolic function). The samples were taken from left ventricular trabeculae and

processed in order to obtain single cardiomyocytes. The measurements were performed

at 35� 0:5� C.
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Biomarker 0:2Hz 0:5Hz 1:0Hz

Resting membrane potential [mV] � 80� 2 � 79� 3 � 79� 3

Action potential amplitude [mV] 113� 3 110� 4 110� 3

APD 50[ms] 372� 50 339� 36 257� 33

APD 90[ms] 508� 56 443� 40 363� 40

Table 4.2: Biomarkers for the action potential waveform as measured in [10] at di�erent

pacing frequencies. Data is reported as mean� SEM (standard error of the mean).

We compute the relevant biomarkers at1Hz pacing for the coupled ionic-force generation

models, comparing them them with electrophysiology-only models. The results are

reported in Table 4.3 and depicted in Figure 4.1, along with the experimental ranges.

Biomarker
TTP06

RDQ20MF

ToR-ORd

RDQ20MF
TTP06 ToR-ORd

Peak membrane potential[mV] 44.98 37.09 44.97 37.10

Resting membrane potential [mV] -85.32 -88.85 -85.33 -88.87

Action potential amplitude [mV] 130.3 125.94 130.30 125.98

Time to peak (ttp) [ms] 5.74 2.42 2.05 2.16

APD 50[ms] 274.47 210.07 271.29 208.06

APD 90[ms] 304.8 262.97 301.80 261.93

Table 4.3: Computed action potential biomarkers for the coupled ionic-force generation

models and for the electrophysiology-only models at1Hz pacing.
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(a) Action potential for the TTP06 model. (b) Action potential for the ToR-ORd model.

Figure 4.1: Plots of action potential for the coupled TTP06 -RDQ20MF and ToR-ORd

-RDQ20MF models: Experimental ranges from [7] for AP time to peak,APD 50 and

APD 90 are highlighted in green, and computed values are in black. In yellow are the

AP of electrophysiology-only models.

The values for the action potential duration at 1Hz remain in the experimental ranges

reported in Table 4.1 [7], and theAPD 90 is within a standard error from the reported

mean. The time to peak remains shorter than the one reported in [7], except for the

coupled TTP06 -RDQ20MF model, where the time to peak has doubled and now enters

the reported values. However, the results for the time to peak appear to be more

sensitive to the numerical scheme in question, as seen from Section 3.2.

4.2. Calcium transient waveform

For the calcium transient, the data is taken from what is reported in [10], and refers

to single-cell control measurements, as described in Section 4.1. Intracellular calcium

concentration ([Ca2+ ]i) was measured by �uorescence at35 � 0:5� C. In Table 4.4 we

report the data available for 1Hz pacing, while data is also available for0:2Hz. The

biomarkers taken into consideration were:

1. Diastolic [Ca2+ ]i . Intracellular calcium concentration at the end of the considered

cycle, i.e. in relaxed state, before another stimulus is applied.

2. [Ca2+ ]i amplitude. Di�erence between peak and diastolic intracellular calcium

concentration.

3. Time to peak. Elapsed time from the beginning of the stimulus to the peak
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