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1. Introduction
The objective of the research is to investigate re-
cent developments in the field of deep learning to
perform real-time guidance of low-thrust space-
craft. The methods based on deep learning meet
the requirements for designing optimal trajecto-
ries on-board. In particular, the methods are
suitable for the implementation on spacecraft
computers given the limited computing power
available. Thus, the ultimate goal of the re-
search is to take a small step forward in the de-
velopment of spacecraft capable of exploring the
Solar System autonomously.
The study is based on physics-informed neural
networks, a particular architecture developed to
solve partial differential equations [7]. The pur-
pose of physics-informed neural networks is to
increase the reliability and to overcome the data
dependence of standard networks by exploiting
the physics behind the problem in the training
process of the networks.
The work focuses on how the Hamilton-Jacobi-
Bellman theory of optimal control can be ex-
ploited to build physics-informed neural net-
works. The end goal is to design a neurocon-
troller, i.e., a neural network-based controller,

capable to guide the spacecraft to its final desti-
nation with reliability while minimizing specific
performance indices, such as the mass of propel-
lant required.

2. Problem Statement
The problem considered is a low-thrust transfer
between two planets in the Solar System. The
orbits of the planets are assumed to be circular
and coplanar. The spacecraft is modeled as a
point mass and is subject to the gravitational
attraction of the Sun and to the thrust force
determined by its propulsion system.
The state of the spacecraft at a given time in-
stant is denoted x(t) ∈ R5 and can be expressed
in polar coordinates as follows:

x(t) = [r(t), ϕ(t), vr(t), vϕ(t),m(t)]T (1)

where r(t) ∈ R>0 is the radial position, ϕ(t) ∈ R
is the angular position, vr(t), vϕ(t) ∈ R are re-
spectively the radial and tangential components
of the velocity and m(t) ∈ R>0 is the mass. The
motion of the spacecraft, in dimensionless form,
is described by the following system of ordinary
differential equations:
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ṙ(t) = vr(t)

ϕ̇(t) =
vϕ(t)

r(t)

v̇r(t) =
v2ϕ(t)

r(t)
− a3

1

r2(t)
+ a1

u(t)αr(t)

m(t)

v̇ϕ(t) = −
vr(t) vϕ(t)

r(t)
+ a1

u(t)αϕ(t)

m(t)

ṁ(t) = −a2 u(t)

(2)

where u(t) ∈ [0, 1] is the thrust throttle factor
and α(t) ∈ A ⊂ R2 is the thrust direction, with
A := {v ∈ R2 | ∥v∥2 = 1}, and the notation
α(t) = [αr(t), αϕ(t)]

T is used. The dimension-
less coefficients in the dynamics are defined as:

a1 =
Tmax T

2
C

mi LC
, a2 =

Tmax TC
Isp g0 mi

, a3 = µ
T 2
C

L3
C

(3)

where µ is the Sun gravitational parameter, LC

and TC are the characteristic length and time of
the problem, Tmax, Isp and mi are the maximum
thrust, the specific impulse and the initial mass
of the spacecraft and g0 is the standard gravita-
tional acceleration. The control applied to the
spacecraft will be also referred as c(t) ∈ C ⊂ R3,
where c(t) = [u(t), αr(t), αϕ(t)]

T and clearly
C := {(u, v, w) ∈ R3 |u ∈ [0, 1] ∧ (v, w) ∈ A}.
Therefore, the dynamics of the spacecraft can
be expressed compactly as ẋ(t) = f(x(t), c(t)),
where f := R5×C → R5. The initial conditions
of the spacecraft are:

x(ti) =

�
ri, ϕi, 0,

r
a3
ri
, mi

�T
(4)

where ti ∈ R is the initial time while ri ∈ R>0

and ϕi ∈ R are the orbital radius and the angu-
lar position of the departure planet, respectively.
The final state of the spacecraft must respect the
condition ψ(x(tf )) = 0, with ψ := R5 → R4:

ψ(x(tf )) =

266666664

r(tf )− rf

ϕ(tf )− ϕf

vr(tf )

vϕ(tf )−
r
a3
rf

377777775
(5)

where tf ∈ R is the final time and rf ∈ R>0 and
ϕf ∈ R are the orbital radius and the angular
position of the arrival planet, respectively. In
summary, the final radial and angular positions

and final radial and tangential velocities of the
spacecraft are fixed, while the final mass is free.
Note that the final time is left free and must be
obtained by solving the optimal control problem,
so the problem can be classified as a free-time
partially fixed endpoint control problem.

2.1. Optimal Control Problem

The optimal control problem addressed in the
research can be formalized as follows:

min
c(�)2C

J(c(·)) = a2

Z tf

ti

L(c(t)) dt

subject to ẋ(t) = f(x(t), c(t)),

x(ti) = xi

ψ(x(tf )) = 0.

(6a)

(6b)
(6c)
(6d)

with C := {c := [ti, tf ] → C}. In particular, the
running cost, L := C → R, is defined as:

L(c(t)) = u(t)− ϵ log [u(t)(1− u(t))] (7)

where ϵ ∈ R�0 is the homotopy coefficient in-
troduced to smooth the problem. Note that
if ϵ = 0, the cost functional, J := C → R,
then quantifies the propellant mass required for
the transfer and the resulting problem is called
fuel-optimal. The Hamiltonian of the problem,
H := R5 × C × R5 → R, is defined as:

H(p, q, r) = λ0a2L(q) + ⟨r, f(p, q)⟩ (8)

where λ0 ∈ R>0 is the newly introduced costate
normalization factor [5]. The necessary condi-
tions to minimize the cost functional, called the
Euler-Lagrange equations, take the form:(

ẋ(t) = ∂rH(x(t), c(t), λ(t))

λ̇(t) = −∂pH(x(t), c(t), λ(t))

(9a)

(9b)

where λ(t) ∈ R5 is the costate of the spacecraft:

λ(t) = [λr(t), λϕ(t), λvr(t), λv�(t), λm(t)]T (10)

The optimal control is evaluated by applying
Pontryagin’s Maximum Principle. To this aim,
the auxiliary function Q := R5 × R5 → R3 is
introduced:

Q(p, r) = argmin
c̄2C

H(p, c̄, r) (11)
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The optimal control is then obtained by evalu-
ating the previous expression on the state and
costate of the spacecraft:

c� (t) = Q(x(t); � (t)) (12)

In detail, for the problem under consideration,
the following holds [1]:

Q(x(t); � (t)) =
2

6
6
6
6
6
6
6
4

2�

2� + S(x(t); � (t)) +
p

4� 2 + S(x(t); � (t))2

�
� v r (t)

k� v (t)k

�
� v � (t)
k� v (t)k

3

7
7
7
7
7
7
7
5

(13)

(14)

where the notation � v(t) = [ � vr (t); � v� (t)]T is
used. Note that the function introduced in the
previous expression,S := R5 � R5 ! R, is called
switching function and takes the form:

S(x(t); � (t)) = 1 �
� m (t)

� 0
�

a1

a2

k� v(t)k
� 0m(t)

(15)

To conclude the formulation of the optimal con-
trol problem, the transversality condition, which
can be derived from the application of the Euler-
Lagrange theorem, dictates that the Hamilto-
nian and the mass costate evaluated at the �nal
time must be zero, i.eH (x(t f ); c� (t f ); � (t f ) = 0
and � m (t f ) = 0 .
The problem presented can be reformulated as
a two-point boundary value problem and solved
with shooting methodologies. In this regard,
note that the only unknowns of the problem are
the initial costate, � i 2 Rn , such that � (t i ) = � i ,
the costate normalization factor and the �nal
time. If these variables are know the dynami-
cal evolution of the state of the spacecraft can
be obtained by integrating Equations (9) with
the control evaluated with Equation (12). To
determine the unknowns variables, the shooting
function, 
 := R5 � R � R> 0 ! R, is introduced:


 (� i ; t f ; � 0) =

2

6
6
6
6
4

 (x(t f ))

H (x(t f ); c(t f ); � (t f ))

� m (t f )
p

h� i ; � i i + � 2
0 � 1

3

7
7
7
7
5

(16)

Note that the last condition is introduced to de-
termine the costate normalization factor. To

solve the optimal control problem, it is neces-
sary to �nd the zeros of the shooting function
and in particular, this task can be accomplished
with root �nding algorithms. In detail, in this
research, a modi�cation of the Powell hybrid
method, as implemented in the SciPy library
of Python, is exploited with a tolerance set to
xtol = 10 � 12.

2.2. Hamilton-Jacobi-Bellman Theory

The cost functional of the problem can be inter-
preted in a more general sense as a function of
the the initial state as well, i.e J : R5�C ! R. In
this regard, it is possible to introduce the value
function, � : R5 ! R, which represents the op-
timal cost of the transfer if the spacecraft starts
from a given initial state:

� (X ) = min
c(�)2 C

J (X; c(�)) (17)

Note that the value function is time indepen-
dent due to the properties of the problem. The
value function must satisfy the Hamilton-Jacobi-
Bellman partial di�erential equation [2]:

8
<

:

min
�c2 C

H (X; �c; @X � (X )) = 0 X 2 R5

� (X ) = 0 8X 2 R5 :  (X ) = 0

(18a)

(18b)

In particular, from the previous discussion, the
minimizer can be evaluated as:

�c = Q(X; @X � (X )) (18c)

It must be emphasized that the knowledge of
the value function is su�cient to evaluate the
optimal control given the state of the spacecraft:

c� (t) = Q(x(t); @X � (x(t))) (19)

Therefore, by exploiting this relation, the space-
craft can be controlled with a feedback control
law. In addition, considering Equation (12), it
is evident that the following must hold along an
optimal trajectory:

� (t) = @X � (x(t)) (20)

Thus, a link is established between the costate
introduced in the Euler-Lagrange equations and
the value function de�ned in the Hamilton-
Jacobi-Bellman theory.
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3. Backward Generation Method

The �rst step to design a neurocontroller con-
sists in constructing a database of optimal tra-
jectories which can be exploited to train the neu-
ral networks. In this regard, the straightforward
approach would be to perturb the initial state
of the nominal trajectory and to solve the cor-
responding optimal control problem character-
ized by the new set of initial conditions, thus
generating a new optimal trajectory. This ap-
proach scales very poorly because of the compu-
tational di�culties associated with solving two-
points boundary value problems. Therefore, in
order to generate such a database, thebackward
generation method, introduced by Izzo et Öztürk
[4], is exploited. It should be noted that the
method was originally presented for a transfer
between two orbits and in this work it is ex-
tended to the rendezvous problem discussed in
the previous sections.
The �rst step of the method consists in perturb-
ing the components of the �nal state and costate
of the spacecraft of the nominal trajectory. The
perturbations cannot be arbitrary because the
following conditions must be respected:

� The �nal radial and angular positions and
the �nal radial and tangential velocities of
the spacecraft must coincide with the ar-
rival planet ones.

� The mass costate must be zero due to the
transversality condition.

Therefore, these components cannot be per-
turbed and are kept constant while the remain-
ing free components are perturbed as follows:

� new
i (t f ) = � old

i (t f ) + � i i = 1 ; :::; nf ree (21)

where� i (t f ) represents a generic free component
and � i 2 R is the associated perturbation:

� i = �v i (22)

where � 2 R> 0 is the perturbation size and the
coe�cient vi is sampled from a uniform distribu-
tion U(� 1; 1). There is still a constraint which
must be considered: the Hamiltonian, evaluated
at the �nal time, must be zero. In order to meet
this constraint all the free components are per-
turbed, except one denoted� old

j (t f ) and referred
asunknown variable, so � new

j (t f ) = � old
j (t f ) + � j

is still to be determined. Let us de�ne the aux-
iliary function, g : R ! R, as follows:

g(� j ) = H (xnew (t f ); c� (t f ); � new (t f )) (23)

The perturbation of the unknown variable is
then evaluated by solving the root-�nding prob-
lem: g(� j ) = 0 . The perturbed �nal state
and costate can then be numerically propagated
backward in time to obtain an optimal trajec-
tory. Note that in this procedure the costate
normalization factor is kept constant, so it is
common to all the back-propagated trajectories.

3.1. Trust Band

The optimal trajectories generated by exploiting
the backward generation method could be very
di�erent in nature with respect to the nominal
trajectory. Nevertheless, it is desirable to gener-
ate trajectories close to the nominal one so that
the neural networks can focus on learning pat-
terns over a limited region of space, and thus
smaller databases and simpler networks can be
adopted in the training process. To this aim,
the perturbation size in Equation (22) is �nely
tuned so that the initial positions of the back-
propagated trajectories lie within a circle cen-
tered on the departure planet, the radius of the
circle being referred asmaximum distance. The
result is a beam of trajectories which presents a
thickness constantly decreasing going from the
departure planet to the arrival planet, indeed it
is worth remembering that all the trajectories
converge to the same �nal position. The region
de�ned by the beam of trajectories, from which
the database samples are obtained, will be re-
ferred astrust band. To clarify the concept, con-
sider as example the transfer between the �cti-
tious planets Helicon and Terminus1. An ex-
ample of the e�ect of the perturbation size is
reported in Figure 1 where high, medium and
low perturbation sizes are used to generated the
optimal trajectories. Note that the concept of
trust band can be clearly appreciated in the
last �gure. It must be noticed that the neu-
ral networks are trained on samples belonging
to the trust band, so the neurocontroller is ex-
pected to be e�ective in driving the spacecraft
from any position (and overall meaningful space-
craft state) within the trust band to the target
planet. Therefore, the goal is to keep the space-
craft within the trust band as much as possible
to increase the probability of reaching the target

1 Isaac Asimov, Foundation Series.
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Figure 1: E�ects of the perturbation size.

planet. It should be noted, however, that as soon
as the spacecraft approaches the arrival planet,
the trust band narrows, and thus, if the guid-
ance is not perfect, there is a high probability of
leaving this region and thus the neurocontroller
may experience a drop in performance because
over generalization capabilities are requested to
the neural networks.

4. Neural Networks

The second step in designing a neurocontroller
encapsulates every aspect related to the creation
and the training process of neural networks.
Therefore, in this section, the neural networks
are introduced and the models exploited in the
research are presented. Note that the numerical
implementation of neural networks is based on
the TensorFlow 2 library of Python.
The neural networks generally consist of an in-
put layer, a number of hidden layers and an out-
put layer. The mathematical function represent-
ing a neural network, N (� j � ) := Rm ! Rn , can
be de�ned from the maps of the layers as:

N (x j � ) = ( g[l � 1] � ::: � g[1])(x) (24)

where � 2 Rp are the trainable parameters and
l denotes the total number of layers. The map
of a generic layer,g[i ](� j � [i ]) := Rm i ! Rn i , can
be de�ned as:

g[i ](x j � [i ]) = � [i ](W [i ]x + b[i ]) (25)

where the vector of the parameters of the layer,
� [i ] 2 R(n i m i + n i ) , is composed of the entries of
the weights matrix, W [i ] 2 Rn i � m i , rearranged
in vector form, and the components of the bi-
ases vector,b[i ] 2 Rn i . Note that ni denotes the
number of computational units, called neurons,

presents in the layer. The layer activation func-
tion, � [i ] := Rn i ! Rn i , is simply:

� [i ](x) = [ � [i ]
1 (x); :::; � [i ]

n i
(x)]T (26)

where the generic� [i ]
j := R ! R is a nonlinear

function called the neuron activation function.
With regards to the training process, in this
study, neural networks are trained with super-
vised learning. In supervised learning, a labelled
database, i.e a collection of inputs and the cor-
responding correct outputs, is exploited. The
training can be then decomposed in a sequence
of phases. In the �rst phase, the inputs con-
tained in the database are fed to the network
which in turn predicts the corresponding out-
puts. In the second phase, the predicted outputs
are compared with the correct outputs trough
an evaluation metric called the loss function.
Finally, the network adjusts the parameters to
minimize the loss function, i.e to �nd the best
�t of the data included in the database.

4.1. Models

In order to address the spacecraft guidance
problem, standard neural networks and physics-
informed neural networks are considered. The
main di�erence between them is the way the
costate is predicted from the information about
the spacecraft state. In particular, standard
neural networks directly predict the costate,
thus, the neural network function is de�ned
as: N (� j � ) : R5 ! R5. In contrast, physics-
informed neural networks try to �nd the best
approximation of the value function, namely
� (�) � N (�; � ), where N (� j � ) : R5 ! R and the
costate is obtained as the gradient of the net-
work function. In the study, four di�erent model
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of neural networks are investigated. The �rst
model is a standard neural network denotedS
while the remaining models are physics-informed
networks denotedP1, P2 and P3. Note that the
database is common to all networks and it is de-
�ned as D = f (x(i )

� ; � (i )
� ; � (i )

� ; u(i )
� ; � (i )

� )gm
i =1 , and

collects the states, costates, transfers costs and
controls sampled from the optimal trajectories.
The loss functions used to trained the standard
network is de�ned as:

lS(� j D ) =
1

5m

mX

i =1

k� (i )
� � N (x(i )

� j � )k2
2 (27)

In contrast, the composite loss functions used to
train the physics-informed networks are:

lP1 (� j D ) = l � (� j D ) + � � l � (� j D )

lP2 (� j D ) = l � (� j D ) + � H lH (� j D )

lP3 (� j D ) = lP1 (� j D ) + � H lH (� j D )

(28)

(29)

(30)

where � � ; � H 2 R are the weights introduced to
balance the di�erent terms, in particular these
parameters are set to� � = 10 and � H = 1 .
The individual terms in the previous relations
are de�ned as follows:

l � (� j D ) =
1
m

mX

i =1

[� ( i )
� � N (x ( i )

� j � )]2

lH (� j D ) =
1
m

mX

i =1

[H (x ( i )
� ; Q(x ( i )

� ; � ( i )
N ); � ( i )

N )]2

l � (� j D ) =
1

5m

mX

i =1

k� ( i )
� � � ( i )

N k2
2

(31)

(32)

(33)

where � (i )
N = @x N (x(i )

� j � ), i.e the costate is
computed as the gradient of the neural net-
work function evaluated at the given state of the
database. Note that the term in Equation (32)
imposes the structure of the Hamilton-Jacobi-
Bellman equation on a �nite number of collo-
cation points while the term in Equation (33)
leverages the fact that the gradient of the value
function must correspond to the costate intro-
duced in the Euler-Lagrange equations along an
optimal trajectory.

4.2. Architectures

The hyperbolic tangent function is selected as
neuron activation function for all neural net-
works models. The reason is that, at the prelim-
inary stage, this function proved to be superior

to other activation functions such as the sigmoid
and the softplus. The hyperbolic tangent func-
tion, tanh := R ! [� 1; 1] is de�ned as:

tanh(x) =
e2x � 1
e2x + 1

(34)

In particular, in the neural networks the adap-
tive version of the function is implemented:

tanhadaptive (x) = tanh(� � x ) (35)

where the parameter� 2 R is referred as slope
and is adjusted during training, exactly like the
other trainable parameters, while� 2 [1; + 1 ) is
a �xed scale factor which is used to accelerates
the convergence towards the global minima. In
detail, the scale factor is set to� = 10 while the
initial value of the slope is selected as� = 1=10
such that �� = 1 , as suggested by the authors of
the adaptive functions. To conclude, the possi-
ble architectures for all neural networks models
are selected by considering between4 and 8 hid-
den layers and 32 and 64 neurons per hidden
layer.

4.3. Training

In the analysis, the database is divided into
training, validation and test datasets with the
proportions 60%� 20%� 20%. The standard
neural network is trained with ADAM with a
learning rate of 1 � 10� 4 for a maximum num-
ber of iterations set to 20000while the physics-
informed networks are trained for1000iterations
with ADAM with a learning rate of 5 � 10� 4,
and then with L-BFGS for a maximum number
of iterations of 2000. The remaining settings of
ADAM and L-BFGS are kept at their default
values, except for the number of correction pairs
to approximate the Hessian matrix, which is set
to 50. In training physics-informed networks,
ADAM is used to properly initialize the search
for minima because L-BFGS tends to stop in the
early phase on local minima. In order to avoid
the over�tting of the training dataset the train-
ing is stopped after the loss function has not
decreased by at least1 � 10� 7 in the last 100 it-
erations on the validation dataset. The adoption
of this technique is particularly useful for com-
paring di�erent neural network models. In fact,
the goal is to obtain the best performance for
each network, and depending on the model, this
may require more or fewer iterations. Therefore,
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the methodology is exploited to avoid setting a
predetermined number of iterations while still
getting the most out of the training process.

4.4. Metrics

The best architecture for each model is selected
based on the following metric evaluated on the
validation dataset:

� u� � =
p

� u � � (36)

where the individual components of this metric
are de�ned as follows:

� u =
1
m

mX

i =1

ju(i )
� � u(i )

N j

� � =
1
m

mX

i =1

arccos(h� (i )
� ; � (i )

N i )

(37a)

(37b)

and u(i )
N and � (i )

N denote the controls evaluated
with the predictions of the costate by the net-
works, i.e c(i )

N = Q(x(i )
� ; � (i )

N ). The physics-
informed neural networks can be tested also on
the ability to predict the transfer cost from a
given state of the spacecraft, and so the follow-
ing metric is introduced for this purpose:

� � =
1
m

mX

i =1

j� (i )
� � N (x(i )

� j � )j (38)

With regard to the neurocontroller, it is eval-
uated on the trajectories included in the test
dataset, in particular, it is asked to propagate
the initial states of these trajectories. The re-
sulting trajectory is referred as neural trajectory
for simplicity. Note that the �nal integration
time of the neural trajectory is selected to coin-
cide with the time of �ight of the corresponding
test trajectory. To evaluate the performance of
the neurocontroller three metrics are introduced.
The �rst metric, � r , is the average �nal distance
to the target planet (considering all neural tra-
jectories) and similarly, the second metric,� v ,
is the average euclidean norm of the di�erence
between the spacecraft �nal velocity and the tar-
get planet velocity. The last metric, � J , instead
is the mean absolute error between the optimal
cost of the transfer and the one obtained consid-
ering the neurocontroller.

5. Case Studies

The physical constants adopted for the case
studies are given in Table 1. To formulate

Table 1: Physical constants.

Quantity Value

Astronomical Unit (AU) 1:496� 108 km
Sun Gravitational Parameter 1:327� 1011 km3=s2

Standard Gravitational Acceleration 9:807� 10� 3 km=s2

Sun-Earth Distance 1:000 AU
Sun-Venus Distance 0:723 AU
Sun-Mars Distance 1:524 AU

the equations of motion in dimensionless form,
the astronomical unit is chosen as characteris-
tic length and the characteristic time is selected
so that the Sun's dimensionless gravitational pa-
rameter, i.e. the coe�cient a3 in Equations (3),
is unitary. The spacecraft considered in the
cases studies is characterized byTmax = 0 :30 N,
I sp = 3000 s and mi = 1500 kg.

6. Earth-Venus

The �rst case study is an optimal transfer from
Earth to Venus, considering the homotopy coef-
�cient set to � = 1 and an angular separation be-
tween the planets of180 deg. The nominal tra-
jectory is characterized by a total time of �ight
of t f = 1 :1755 yr and a propellant mass con-
sumption of 256:78 kg. To generate the database
of optimal trajectories the maximum distance
to the departure planet is set to 5 � 106 km,
the perturbation size is selected as10� 3 and
the unknown variable is selected to bem(t f ).
The database is composed by100 optimal tra-
jectories each sampled at100 random time in-
stants. The small number of trajectories is se-
lected to speed up the training but the limited
amount of data can be theoretically overcome
with physics. In fact, the physical constraints
imposed during the training virtually enrich the
database as neural networks exploit the data-
points to understand the physics of the problem.
The positions where the datapoints are sampled
along the optimal trajectories are displayed in
Figure 2, note that only a fraction of the posi-
tions is reported. In particular, the positions are
highlighted according to the thrust throttle fac-
tor value of the corresponding datapoint. It can
be noticed that the thrust bands presents a de-
creasing thickness in the transition from Earth
to Venus. The best architecture for each model
is selected based on the metric de�ned in Equa-
tion (36) and the models are then evaluated on
the ability to predict the optimal controls and
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Figure 2: Earth-Venus: datapoints.

the transfers costs from the states included the
test dataset. The values of the metrics defined
in Equation (37) and in Equation (38) are re-
ported in Table 2. It can be noticed that the
models are accurate in the predictions with the
only exception of P2.

Table 2: Earth-Venus: models predictions.

∆u [−] ∆α [deg] ∆ν [kg]

S [8/64]* 7.7× 10�4 0.230 -
P1 [4/64] 5.9× 10�4 0.140 0.08
P2 [4/32] 8.6× 10�2 16.050 0.61
P3 [4/64] 5.8× 10�4 0.136 0.04

* indicates the best model architecture

The models are implemented in the neurocon-
troller to guide the spacecraft in closed loop and
the position, velocity and optimality errors as
defined in the previous sections are reported in
Table 3.

Table 3: Earth-Venus: neurocontrollers errors.

∆r [km] ∆v [km s�1] ∆J [kg]

S [8/64]* 1.62× 105 1.69× 10�2 0.05
P1 [4/64] 1.46× 105 1.59× 10�2 0.04
P2 [4/32] 1.11× 107 2.64 13.31
P3 [4/64] 1.57× 105 1.60× 10�2 0.04

* indicates the best model architecture

It can be seen that the final errors are not negli-
gible and a corrective maneuver would be needed
to close the gap to rendezvous with the target
planet. It is evident that the accumulation of
small inaccuracies in the predicted controls leads
to significant final position and velocity errors.

In this regard, it must be emphasized that the
optimality error does not give a complete pic-
ture because the cost of the additional maneu-
ver should be considered. In particular, it can
be noticed that physics-informed networks per-
form slightly better than the standard network.
The neurocontroller based on P2[4/32] presents
the worst performance: it seems that the net-
work is unable to replicate the optimal controls.
The problem is not necessarily due to the way
the loss function is conceptually conceived, but
it could be the way the function is mathemati-
cally formulated. In other words, the issue may
be the minimization of this type of loss function.
To try to shed light on this, the loss landscape
around the point of convergence for P2[4/32]
is compared with that of P3[4/64]. It should
be emphasized that the loss landscape is a lo-
cal visualization of the loss function. The loss
function is indeed a high-dimensional function,
but by applying dimensionality reduction tech-
niques it is possible to obtain a representation
that provides useful information about the out-
come of the neural network training process [6].
To cross-check the consistency of the analysis,
three different landscapes are evaluated for each
model and the results are reported in Figure 3.
It is evident that the loss landscape of P2[4/32] is
jagged and presents more than one depression, in
contrast to the loss landscape of P3[4/64] which
appears regular and shows a single minimum.
The conformation of the landscape of P2[4/32]
can be the main obstacle to the minimization
of the associated loss function: it is reasonable
to assume that the optimizer may get stuck on
local minima. To overcome this difficulty, the
first possibility might be to consider a more so-
phisticated type of neural network to capture
the complexity of the Hamilton-Jacobi-Bellman
equation. The second alternative could be to
change the way the partial differential equation
is exploited to formulate the loss function. It can
be pointed out in this regard how the term based
on the relationship between the two optimality
principles integrates well in the construction of
the loss function while at the same time increas-
ing the reliability of the network.

7. Earth-Mars
The second case study is an optimal transfer
from Earth to Venus, considering ϵ = 10�5 and
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(a) P2[4=32].

(b) P3[4=64]

Figure 3: Earth-Venus: loss landscapes.

an angular separation between the planets of
90 deg. Note that the homotopy coefficient is
sufficiently small so that the problem can be
considered a fuel-optimal transfer. The nominal
trajectory is characterized by a time of flight of
tf = 1.5662 yr with a propellant mass consump-
tion of 260.92 kg. To generate the database of
optimal trajectories the maximum distance to
the initial position is set to 5× 106 km, the per-
turbation size is selected as 10�4 and the un-
known variable is selected to be λϕ(tf ). Also
in this case study, the database consists of 100
trajectories each sampled at 100 random time
instants. The database can be visualized in Fig-
ure 4. Note in particular the evolution of the
thickness of the trust band, which shows a bulge
in the central portion of the transfer. In fuel-

Figure 4: Earth-Mars: datapoints.

optimal problems, it turned out to be challeng-
ing to control the spread of trajectories, as even
small perturbation sizes lead to trajectories very
different from the nominal one. In this regard,

the main cause could be the structure of the
equations in the formulation of the fuel-optimal
problem. The best architectures for each model
are evaluated on the ability to predict the con-
trols on the test dataset and in addition, the
physics-informed networks are asked to predict
the propellant mass consumption. The results
of this analysis are reported in Table 4.

Table 4: Earth-Mars: models predictions.

∆u [−] ∆α [deg] ∆ν [kg]

S [8/64]* 0.169 0.053 -
P1 [4/64] 0.038 0.044 0.12
P2 [8/64] 0.311 2.974 0.09
P3 [8/64] 0.024 0.045 0.06

* indicates the best model architecture

It can be seen that the networks present good
prediction capabilities and in particular physics-
informed networks can estimate the transfer
costs with high accuracy. Therefore, this type of
networks may also be useful in the preliminary
design of missions to obtain a rough estimate of
the required mass associated to different transfer
options. With regard to the model P2[8/64], the
same considerations made for the previous case
study apply. The performance of the neurocon-
trollers based on the various models is reported
in Table Table 5. It can be seen that the final
errors are even more pronounced than in the pre-
vious case study. Nevertheless, it is interesting
to note that the neurocontrollers based on the
physics-informed network P1[4/64] and P3[4/64]
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