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Abstract

Molecular aggregates are organic materials usually composed of dye molecules held to-
gether by non-covalent forces. These aggregates exhibit unique photo-physical properties
that differ from isolated molecules, making them fundamental in natural light-harvesting
complexes and emerging technologies such as new generation sensors, magnets, and op-
toelectronics devices.

However, studying the spatial structure of molecular aggregates at the single molecule
level remains challenging due to the limitations of current optical investigation techniques.
Quantum computers offer a potential solution for simulating these systems thanks to their
advantage (speed-up) in studying quantum many-body systems. As an example in this
work, hybrid quantum-classical algorithms, including the Variational Quantum Eigen-
solver (VQE) and the Variational Quantum Deflation (VQD) algorithm, were employed
to compute, with both simulators and real IBM quantum processors, the excited energy
spectra of dimer (two molecules) and tetramer (four molecules) aggregate systems.

Limitations and perspectives of currently available Noisy Intermediate Scale Quantum
(NISQ) era resources were discussed, showing the necessity of further progress in the field
and the development of Fault Tolerant quantum devices.

Keywords: Varitational Quantum Eigensolver - Variational Quantum Deflation algo-
rithm - Molecular aggregates - Quantum computing - Excited Energy Spectra - Optical
properties





Abstract in lingua italiana

Gli aggregati molecolari sono materiali organici composti generalmente da molecole di
colorante tenute assieme da forze non-covalenti. Questi aggregati mostrano proprietà foto-
fisiche uniche, diverse dalle molecole isolate, le quali li rendono fondamentali in natura
nei complessi molecolari atti alla fotosintesi clorofiliana e in tecnologie emergenti come le
nuove generazioni di sensori, magneti e dispositivi optoelettronici.

Tuttavia, lo studio della struttura spaziale degli aggregati molecolari alla scala della sin-
gola molecola rimane una sfida a causa delle limitazioni delle attuali tecniche di indagine
ottica. I computer quantistici offrono una potenziale soluzione per simulare questi sistemi
grazie al loro vantaggio (velocizzazione) nello studio di sistemi quantistici "multy-body".
Come esempio in questo lavoro, sono stati impiegati algoritmi ibridi quantistico-classici,
tra cui il "Variational Quantum Eigensolver (VQE)" e l’algoritmo "Variational Quantum
Deflation (VQD)", per calcolare, sia con simulatori che con processori quantistici IBM, gli
spettri energetici eccitati dei sistemi aggregati dimero (due molecole) e tetramero (quattro
molecole).

Le limitazioni e le prospettive delle risorse disponibili nell’attuale "Noisy Intermediate
Scale Quantum (NISQ)" era sono state discusse, dimostrando la necessità di ulteriore
progresso del settore e lo sviluppo di dispositivi quantistici "Fault Tolerant".

Parole chiave: Varitational Quantum Eigensolver - Variational Quantum Deflation al-
gorithm - Aggregati molecolari - Computer quantistico - Spettri energetici eccitati - Pro-
prietà ottiche
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1| Introduction

In this this �rst chapter, an introduction on what quantum computers are, their his-

tory and the physics and technology behind them will be brie�y introduced, along with

an overview on general quantum computing simulations. Furthermore, an introduction

on molecular aggregates, the exciton theory behind their behaviour and their possible

applications, will also be provided.

1.1. Quantum computers overview

1.1.1. Quantum computing history

"Because nature isn't classical, dammit, and if you want to make a simulation of nature,

you'd better make it quantum mechanical"- Richard Feynman

This now famous phrase, part of the 1982 keynote speech at the California Institute

of Technology (Pasadena) by the renowned physicist Richard Feynman, is said to have

sparked the beginning of the modern quantum computation era [1]. What basically Feyn-

man suggested was to employ a new paradigm in the design of computing machines, which

exploited quantum physics for the user advantage. Speci�cally, the physicist envisioned

the natural use of such quantum machine would be the simulation of quantum systems,

something classical machines are not able to handle due to the high number of variables

involved [1].

Since then, multiple scientists contributed to the �eld. Starting from David Deutsch, who

�rstly described a "quantum generalization of the class of Turing machines" and suggested

the possibility quantum computers could provide an advantage over classical ones even for

solving problems unrelated to quantum mechanics [1, 2]. In the following decade Umesh

Vazirani, Ethan Bernstein and Daniel Simon started demonstrating the e�ective speed up

quantum computers could provide over classical ones when solving speci�cally engineered

problems [1, 3, 4]. Finally, one of the most important contributions to the quantum

computation �eld, came from Peter Shor. Most notably, the American mathematician



2 1| Introduction

developed the homonymous quantum algorithm for the factorization of large number as

well the �rst quantum error-correcting codes and fault-tolerant methods which allowed

quantum computations on noisy hardware [1, 5�7].

With the implications Shor work could have in the �eld of cryptography, due to the possi-

bility to employ the Shor factorization algorithm for cracking previously safe encryption,

quantum computing quickly become an hot topic. At the same time skepticism started

to be brought up by scientist in the community who questioned whether or not quantum

computers would eventually become a reality citing the e�ects of decoherence. Such term

refers to "leakages" of small amount of information from the quantum system leading to

the disruption of its fragile wave-function [1, 8]. Nonetheless in that same period, the �rst

proposals of employable solutions to perform quantum computations were proposed by

Cirac and Zoller who borrowed concepts from atomic physics and quantum optics [1, 9].

In the following years multiple physical phenomena and systems have been employed for

the development of quantum computers e.g. superconducting circuits, trapped ions sys-

tems, nuclear magnetic resonance systems etc. (more details in Chapter 1.1.4). Advances

in quantum hardware, as well as improvements in the e�ciency of error correcting codes

and the reduction of decoherence, sparked new interest in the quantum computing �eld.

Especially in the last ten to �ve years large investments coming from both public and pri-

vate entities have been poured into the quantum computing �eld thanks to its promises

to solve problems nowadays intractable in critical �elds such as pharmacology, logistics,

chemistry, material science and so on. The results of these investments are well embodied

by milestones like IBM allowing the greater public to access quantum resources through

the cloud in 2016 as well as their unveiling of the �rst commercially available quantum

resource, the IBM Q System One (Fig. 1.1a), in 2019.

(a) IBM Q System One. (b) Google' Sycamore chip.

Figure 1.1: IBM quantum computer and Google quantum processing unit (QPU)
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Worth mentioning from the same year is also the proof by Google AI Quantum group of

the so called "quantum supremacy" over classical machines [10]. The company researchers

were in fact able to perform in minutes a computation with a programmable quantum

chip (see Fig. 1.1b) that, although of no practical utility, would take a classical computer

days to conclude [1, 10]. Finally, more recently also other companies have started to

grant access to quantum computing resources, such as the service provided by Amazon

quantum computing service Braket, which allows the employment of quantum resources

from di�erent companies through the cloud [11].

Thanks to all the advancement cited above, the quantum computing �eld currently �nds

itself in the so-called Noisy Intermediate-Scale Quantum (NISQ) era. This term is drawn

from the characteristics of current quantum computers, which are still limited to low

number of qubits, but enough not to be practically simulated by any classical computer

("intermediate-scale"). But at the same time they are not error corrected and prone to

noise disruption ("noisy"). That said, today quantum computing resources are still not

able to provide revolutionary results in the practical �elds mentioned above, but could be

of relevant use for physicist trying to simulate small scale many-body quantum systems,

something which is not achievable with classical machines [1].

In the future, to ensure that quantum computers would be able to live up to their expec-

tations, full Quantum Error Correction (QEC) and Fault-Tolerant Quantum Computing

(FTQC) need to be achieved. This objective is still far from reality due to the high com-

putational cost in terms of number of qubits and logical gates needed such error correcting

codes [1].

1.1.2. Quantum �rmware and the quantum computing stack

Quantum computers are extremely complex systems which need a constantly controlled

and isolated environment in order to avoid outside noise from causing decoherence. This

usually means working at temperatures near absolute zero and radiation shielding. In

general, a quantum technology to be considered as quantum CPU (central processing

unit), has to provide certain conditions know as "DiVincenzo criteria":

1. being able to robustly represent quantum information,

2. perform a universal family of unitary transformations,

3. prepare a �ducial initial state,

4. measure the output result,
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5. scalable number of qubits.

To summarise, the quantum resource needs to reliably perform quantum operations, while

at the same time being controllable and measurable classically [1, 12]. This is allowed by

classically inspired full-stack quantum computing systems integrating together quantum

applications, high-level quantum programming languages and compilers, quantum instruc-

tion set architecture and related microarchitecture, control electronics and the quantum

processor itself.

(a) Full quantum computing stack. (b) Quantum �rmware.

Figure 1.2: Organisation of the quantum full-stack and of the quantum �rmware. [13]

Such architecture results in the possibility to describe in input quantum circuits with

high-level programming languages like Python which, by passing through the full sys-

tem stack, is translated into low level instructions understandable and executable by the

quantum processor [14]. Speci�cally, following the above graph, the input circuit pro-

vided in the high-level language is passed through quantum compilers which transform

it to allow compatibility with the constrains of the quantum hardware and maximise the

performance. The output of the compiler is then further translated into electromagnetic

pulses able to interact with the chip's qubits thanks to the contribution of the quantum

instruction set architectures, microarchitectures and control electronics layers making up

the quantum �rmware [13, 15].
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Fundamental to allow the connection between the higher level of the quantum system

stack and the chip, is the �eld of quantum control, a discipline concerned on how to gain

information about the dynamics of a quantum system through measurements [14]. This

discipline, derived from the NMR �eld [16], is at the core of the quantum �rmware. It

is indeed fundamental to allow the precisely engineer light-matter interactions needed

to control quantum hardware, while at the same time reducing the e�ect of hardware

imperfections and decoherence.

As shown in Fig. 1.2b, quantum �rmware performs several functions, typically including:

ˆ implement error-robust quantum logic operations supported by measurement-free

open-loop control;

ˆ closed-loop feedback stabilization through measurement at the hardware level;

ˆ allow calibration, noise identi�cation and Hamiltonian parameter estimation by

means of microscopic hardware characterization;

ˆ implement machine-learning approaches to atomise the above described points, es-

pecially for large systems.

Of crucial importance for the correct functioning of the quantum computers are both open-

loop and closed-loop control procedures performed by the quantum �rmware. For what

concerns open-loop control procedures, they manipulate instructions for the control of the

quantum hardware in such a way that their are still able to perform the same mathematical

transformation, but in a error-inducing noise resistant way. To achieve such result, the

control �elds used to interact with the quantum hardware are temporally modulated

through patterns obtained thanks to Hamiltonian models or machine learning techniques.

On the other hand instead closed-loop control is performed through measurements on the

system. Therefore, its implementation needs to be assisted by strategies designed to gain

enough information from the quantum system without destroying encoded information

necessary for the computation. The main example of such methods of closed loop feedback

control is the Quantum Error Correction (QEC) one, which makes use of ancillary qubits

to indirectly measure the system [13].

In any case, when implementing quantum control in the considered quantum computing

resource, the properties of the physical system used to implement qubits needs to be taken

into account. Once this is considered, the above described architecture, allows to stably

perform calculations with quantum computers of the current NISQ era, even though the

underlying qubits are still prone to considerable errors [13].
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1.1.3. NISQ systems qubit technologies

A multitude of physical systems have been introduced in the past decade as possible

candidates for the creation of qubits such as photons, trapped ions, nuclear magnetic

resonance, quantum dots and superconducting circuits. One of the main requirements the

employed technology must have, is the possibility to di�erentiate between two di�erent

states (j0i and j1i ) while isolating the system from the disruptive e�ect of the outside

environment. This is needed in order to reduce the decoherence of the quantum mechanical

wave describing it. That said, no system can be completely free of decoherence, which

leads to thermal equilibrium on a time scale known asT1 (time needed for the qubit to

decay from the excited state) due to random processes adding or subtracting energy from

the system. The quantum system may also `borrow' energy from the environment, thus

changing the oscillator's phase, causing its oscillations to damp on a timescale calledT2

[8].

Independently of the employed physical system, the chosen technology must respect the

DiVincenzo criteria described in the previous chapter. In particular when considering the

scalability requirement, speci�c physics and engineering metrics can be de�ned [12]:

ˆ Physics requirements:

� coherence time : this is used to de�ne how long the quantum state of the

qubit can remain coherent, allowing quantum computations to be performed

with less reliance on quantum correction techniques. This parameter needs to

be maximized in order for the Quantum Processing Unit (QPU) to be able to

perform more complex calculations

� gate latency : this parameters de�nes how long it takes to perform a single

quantum operation on the considered system. It needs to be minimized in

order to maximise the number of operations that can be performed before

decoherence occurs.

� gate �delity : it de�nes the probability of gate to be performed without error.

The more gates are needed for a computation the more opportunities for error

are introduced into the system, therefore the maximization of gate �delity is

fundamental.

� mobility : it indicates whether the considered qubits can be physically moved

or not. It in�uence how information is transferred between them and how

entanglement is created.
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ˆ Engineering requirements:

� topology : it de�nes the connectivity between qubits and it is greatly in�u-

enced by their mobility.

� maturity : this metric de�nes the development of a technology and the expe-

rience of the community building it.

� fabrication : needs to be simple and cost e�ective to allow mass production

once the technology reaches the market.

� control and integration : complex to optimize, especially for large systems,

due to the inherit elevated noise sensitivity of quantum systems which makes

di�cult the integration between control circuitry and the qubits themselves.

Worth mentioning in this introduction to qubits is also the distinction between physical

and logical ones. Physical qubits are basically approximate two level systems which can be

implemented with di�erent technologies which are going to be explained in more details in

the coming Subsections. On the other hand, logical qubits can be thought as an abstract

two level system as described by Eq. (1.1). In order to reduce the e�ect of decoherence,

due to the coupling of the quantum system with the environment, it is possible to encode

m logical qubits into n > m physical one, thanks to the employment of quantum error

correction (QEC) techniques [17].

Superconducting circuits

Figure 1.3: Example of superconducting circuit based QPU. a) Minimal circuit model

of superconducting qubits with Josephson junction noted by X. b-d) Potential energy

(red) and qubits energy levels (black) for charge (b), �ux (c) and phase (d) qubits. e-h)

Micrograph of superconducting qubits: charge qubit (e), transmon (f), �ux qubit (g) and

phase qubit (h) [8].
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This is currently one of the most used technologies for the implementation of qubits in

QPU and has been adopted by multiple companies the likes of IBM, Google, Microsoft

and Rigetti and is the one employed in this work. It takes advantage of of Josephson

junctions and electron Cooper pairs, which generate in superconductors at temperatures

close to 0 K and condensate into a zero-resistance current with well-de�ned phase.

To describe this technology it is instructive to make a comparison with the simpler

quantum-mechanical system of a single particle in a potential. First of all an LC-resonator

circuit provides a quantum harmonic oscillator. The magnetic �ux across the inductor�

and the charge on the capacitor plateQ are analogous to the position and momentum

of a single quantum particle, since also their commutator[� ; Q] = i } . The dynamics

of such system are de�ned by the 'potential'� 2=2L and 'kinetic' Q2=2C energies, which

give rise to the equidistantly quantized harmonic oscillator. But, in order to implement a

qubit, anharmonicity needs to be introduced into the system and that is where Josephson

junctions come into play. This speci�c type of junction is composed of a thin layer of insu-

lating material separating two portions of a superconductor. By quantizing the tunneling

charge across the junction a cosine term is introduced in the parabola of the potential

energy with amplitude given by the Josephson energyEJ , proportional to the critical

current. Two of the obtained quantized levels in the resulting anharmonic potential can

be used to de�ne a qubit.

Superconducting qubits can be mainly divided into three types, based on the ratioEJ =EC

(where EC = e2=2C is the kinetic term previously de�ned):

ˆ charge qubits : this is also de�ned as Cooper-pair box. The circuit de�ning this

qubit omits the inductance, generating no close superconducting loop and resulting

in a potential like the one shown in Fig. 1.3b. It relies on the quantization of charge

into individual Cooper pairs, which becomes a dominant e�ect when a su�ciently

small 'box' electrode is de�ned by a Josephson junction. Firstly developed in the

regimeEJ =EC � 1, these qubits have been later extended to theEJ =EC � 1 regime

and named 'quantronium' and the more common 'transmon'.

ˆ �ux qubits : also de�ned as persistent-current qubit, the circuit de�ning them is

designed to obtain a double well potential (Fig. 1.3 c.) where the two minima

correspond to persistent current going in opposite directions along the loop. For

this type of qubits the kinetic energy term is kept small, resulting inEJ =EC � 1

ˆ phase qubits : for this qubit type, the potential is biased at a di�erent point, as

shown in Fig. 1.3 d. Also in this caseEJ =EC � 1, allowing the phase qubit to use
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the two-lowest energy states in a single metastable anharmonnic potential well [8].

In order to implement two qubits gates in superconducting circuits, transmission-line-

based resonators exchanging microwave 'photons' have been used to couple them. Such

resonators have also allowed the implementation of algorithms and the measurement of

non-local quantum correlations between qubits. One of the main problems of this type of

technology still remains the decoherence time. Even though it has been increased from

the earliest attempts, still needs to be improved by removing any possible noise source.

Other technologies

(a) Photon based QPU. (b) Trapped-ions based

QPU.

(c) NMR based QPU. (d) Quantum dot based QPU.

Figure 1.4: Examples of other main technologies employed to build quantum processors.

Apart from superconducting qubits, other technologies have been developed to obtain

qubits. Let's brie�y discuss the main one below:
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ˆ Photonic based quantum processor: in this technology photons are employed to

carry the information through their polarization state, spatial or dual rail encoding

etc [8].

ˆ Trapped ions based quantum processor: this technology employs electromag-

netic �elds to suspend ions in free space in a trap. Their aggregate quantized move-

ment is responsible for the transport of quantum information thanks to Coulomb

interactions and laser induced coupling. Qubits are maintained in a stable state in

each ion's electronic state and can be photonically entangled together. The ion's

state can be modi�ed by placing phase shifter and beam splitter in between the

path of photons [18].

ˆ Nuclear magnetic resonance (NMR) based quantum processor: this type

of qubit technology employs the nuclear spin of molecular nuclei in liquid solutions

for the storing and manipulation of information. Speci�cally, by immersing the

above speci�ed system into a strong magnetic �eld, nuclear spins can be identi�ed

through their Larmor frequency. Such frequency in molecules vary from atom to

atom, due to shielding e�ects from electrons, and by irradiating the nuclei with

resonant radio-frequency pulses, generic one-qubit gates can be implemented [8].

ˆ Quantum dots based quantum processor: this technology is based on taking

advantage of 'arti�cial atoms'. Such structures are generated when a small semi-

conductor nanostructure, impurity or impurity complex binds one or more electrons

or holes (empty valence band states) into a localized potential with discrete energy

levels, analogously to an electron bound to an atomic nucleus. The two spin states

of such electrons can then be used to provide a qubit [8].

1.1.4. Quantum computing space

Qubit mathematical description

The whole quantum computational model is built on the concept of qubits, which represent

the quantum version of classical bits, the indivisible unit of classical information. They

allow to perform computations in the Hilbert spaceH = C2N
(where N is the number

of qubits), which must be equipped with a natural decomposition as a tensor product

of small subsystems, namely the qubits themselves [1]. This mathematical space, can

grow exponentially in dimensions without an exponential cost in resources (time, space

or energy) [8]. Speci�cally, the logical space potentially at hand in a quantum system

composed ofN qubits, is represented by a very large group, SU(2N ), which cannot be
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reached byN classical bits.

The main advantage qubits carry is the possibility to encode information in the classical

binary format, while at the same time taking advantage of quantum entanglement to

access the wide Hilbert space described above. This essentially means that the qubit can

be both in the j0i and j1i state simultaneously and can be mathematically described as

a vector in the complex Hilbert space, with two mutually orthogonal basis states labeled

j0i and j1i

j	 i = � j0i + � j1i (1.1)

where � , � 2 C and j0i =

"
1

0

#

, j1i =

"
0

1

#

where the two coe�cients � and � are referred as amplitudes [1, 12]. These amplitudes

are then used to determine the probability of measuring the qubit in thej0i or j1i state

in the following way

prob(0) = j� j2 (1.2)

prob(1) = j� j2 (1.3)

j� j2 + j� j2 = 1 (1.4)

In reality two complex numbers are not really needed to describe a qubit, just two real

values are enough. This is due to the fact that, by convention, the normalization of the

vector is always set to one and its global phase is irrelevant, since it is possible to measure

only the di�erence in phase between thej0i and j1i state. The vector can therefore be

multiplied for any complex number of module one without having any physical e�ect.

Therefore, the general state of a qubit can be written as

j (�; � )i = cos�=2j0i + ei� sin�=2j1i (1.5)

where 0 � � � �; 0 � � � 2�

By interpreting � and � as spherical coordinates, qubits states can be visualized by plotting

them on the surface of a sphere, the Bloch sphere.
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Figure 1.5: Example of the qubit statej+ i represented on the Bloch sphere. For this

example� = �= 2 and � = 0. [19]

In the case in which the basis states are orthogonal (e.g.j0i , j1i ), they can always be

distinguished with an appropriate measurement.

Lets now consider a multi-qubit system composed ofn qubits. Its state is described by a

2n -dimensional Hilbert space generated by computing the tensor product of the Hilbert

spaces of the single qubits. States of multi-qubit systems can be classi�ed as:

ˆ Product states : in this case the wave function of the considered system can be

decomposed as the tensor product of single/fewer qubits wave functions

e. g.
1

p
2

(j00i + j01i ) = j0i 

1

p
2

(j0i + j1i ) (1.6)

ˆ Entangled states : the wave function of such systems cannot be decomposed as

tensor product of single/fewer qubits [17]

e. g.
1

p
2

(j00i + j11i ) (1.7)

this e�ectively means that the states of the single qubits cannot be distinguished

anymore. The possibility to obtain these kind of states is a fundamental property

of quantum processors. Once a multiqubit system is in this state every action

performed on a single qubit between the entangled ones e�ects also the others.
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Quantum circuits

A quantum circuit is represented by a number of single and multi qubits gates acting

on the qubits themselves and usually terminate with a measurment in order to extract

information from the system. From a mathematical point of view, the gates can be

represented as unitary matrices. Among the most used single qubit gates there are:

ˆ Pauli gates

X =

"
0 1

1 0

#

; Y =

"
0 � i

i 0

#

; Z =

"
1 0

0 � 1

#

(1.8)

these fundamental gates basically represent 180° rotations around the respective

axis x; y and z of the Bloch sphere;

ˆ the Hadamard and T gates

H =
1

p
2

"
1 1

1 � 1

#

; T =

"
1 0

0 ei�= 4

#

(1.9)

where the Hadamard gate acts by transforming aj0i or j1i into a j+ i = 1p
2
(j0i + j1i )

or j�i = 1p
2
(j0i � j 1i ) state. Whereas the T gate acts by altering the phase of the

input qubit by a factor ei�= 4;

ˆ single qubit rotation gates

Rx (� ) = e� i�X= 2; Ry(� ) = e� i�Y= 2; Rz(� ) = e� i�Z= 2 (1.10)

these gates are equivalent to rotations of a� angle around the speci�ed axis in the

Bloch sphere.

For what concerns multi qubit gates, they are employed to entangle qubits together and

make possible to implement more complex algorithms. The most common of these gates

is the controlled-NOT (CNOT) gate, which is equivalent to the following matrix

CNOT =

2

6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

3

7
7
7
7
5

(1.11)



14 1| Introduction

If we consider two qubits, where one is the control (C) and the other the target (T), the

CNOT gate acts by basically �ipping the target qubit or not according to the state of the

control one, as shown in the below table.

Input ( T,C) Output ( T,C)

00 00

01 11

10 10

11 01

Table 1.1: E�ect of the application of a CNOT gate on a pair of qubits.

j+ i C 
 j 0i T =
1

p
2

(j0i C + j1i C ) 
 j 0i T
CNOT==== )

1
p

2
(j00i + j11i ) (1.12)

With only single-qubit operations and CNOT gates it is possible to accurately approxi-

mate any multi-qubit gate. This means that, in the circuit model of quantum computing,

all algorithms are decomposed into single and two-qubits gates [17]. Moreover, the CNOT

gate is essential to obtained entangled states as shown in Eq. 1.12, where the subscript

C refers to the control qubit and the subscriptT to the target one. As it is shown by

applying a CNOT gate to a control qubit in state j+ i and a target qubit in state j0i

entanglement between the two can be obtained.

As previously said, the information is extracted from the system by performing measure-

ment of an observableO, which is mathematically represented by an Hermitian matrix.

In practice, for a single qubit measurement, the state to be measuredj� i is prepared

multiple times and the outcome is classi�ed as +1 or -1, whether the measurement result

is a j0i or a j1i state. The result is �nally given by the mean of the classi�ed measurement

outcomes

O = h� j O j� i (1.13)

In the case the measurement needs to be performed in a di�erent basis from the com-

putational one Z , a set of single-qubit rotationsX or Y needs to be applied before the

measurement is performed. Finally, in the case of multiqubit operations, the measurement

outcome is obtained by calculating the product of single-qubit measurement outcomes in

the same circuit iteration. For example, the expectation value ofZ i X j could be obtained
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by preparing the statej� i , measuringZ i on qubit i and X j on qubit j , multiplying these

two outcomes together, and averaging the results over many iterations of this process.

These outcomes are typically correlated for entangled states.

The Pauli operators and identity matrix form a complete basis for any Hermitian single

or multiqubit operator. Consequently, any multiqubit observable can be rewritten as a

linear combination of strings of Pauli operators, the expectation values of which we can

measure e�ciently with a quantum computer [17].

1.2. Quantum chemistry simulations

As introduced in the previous paragraphs, quantum computers hold the promise of com-

pensating the shortcomings of classical machines when simulating quantum systems,

thanks to their inherited quantum behaviour. The possibility to span a much larger

mathematical space, allows to tackle realistic, computationally expensive models employ-

ing much less resources, resulting in a new understanding of the considered systems.

Thanks to the latest advancements in the quantum computing �eld, today di�erent ap-

proaches have been developed for simulating both physical [20] and chemical systems,

even though limited to small scale problems. These approaches can be mainly divided

into three groups:

ˆ Analogue simulations : these simulations focus on engineering the interactions of

a well de�ned quantum computing system in order to map it on the Hamiltonian

under analysis. The mapping of the system wave-functionj� (0)i onto the one of

the QPU j (0)i , can be performed through an operatorf which can work also

backwards throughf � 1. Since the simulator can only be able to reproduce partially

the dynamics of the analysed system, the mapping should be optimally selected

according to the purpose of the simulation. An important advantage of analogue

simulations is the fact they can provide reliable results even in the presence of a

certain degree of error [21]. That said, the simulation of quantum chemistry require

also the simulation of long distance interactions, such as the Coulombic one, which

as of today cannot be provided by any quantum computing system [22].

In short, analogue simulations show in general less �exibility and act as single-

purpose devices [23].

ˆ Digital simulations (or universal quantum simulations) : in this other type

of simulation, the wave function of the considered problem is encoded in the com-

putational basis of the quantum computer, meaning a superposition of binary bit

strings. By doing so, the limitations of the employed QPU can be outperformed,
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allowing the simulation of very di�erent quantum systems from the one employed

[23]. After the preparation of the initial state j	(0) i , a many-qubits unitary trans-

formation U composed of a sequence of single and two-qubits gates (Trotter-Suzuki

decomposition [23]), is applied toj	(0) i in order to evolve it into the state at time

t, j	( t)i , which is �nally measured. In principle any unitary operation U could

be decomposed in terms of universal quantum gates, unfortunately in reality not

every Hamiltonian can be e�ciently simulated (i.e. with polynomial resources) in

this way [21]. Moreover, the cited decomposition is just an approximation of the

desired unitary, which increased accuracy comes with an increase in the number of

employed gates. Due to the implementation of digital simulations involving the use

of numerous gates, this type of simulation is more prone to errors than the analogue

one but, at the same time, will be the only one employable to perform accurate

simulations of large chemical systems [17].

To summarise, the digital approach shows a high degree of �exibility and, through

error correction techniques, will �nally allow universality [23].

ˆ Digital-analog simulations : this is the most recent type of quantum computing

simulation and at the same time one of the most promising. It is based on the

employment of quantum devices composed of large analog blocks together with

digital steps, resulting in a good balance of scalability and �exibility. The result

is that this simulation route is particularly well posed to allow the achievement of

quantum advantage without the need to introduce quantum-correction protocols

[23].

Some of the case studies in which quantum simulations could become handy, by allow-

ing the quanti�cation of di�cult to estimate observable, are the estimation of dielectric

constant, proton mass and precise energy levels of molecular hydrogen, the study of su-

perconductivity, the test of novel nano-materials, and the design of new bio-molecules

among the many uses [24].

In the next section the focus will be shifted on a general introduction of molecular aggre-

gates and the main models used to describe them.
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1.3. The exciton model in molecular spectroscopy

1.3.1. Molecular aggregates

Molecular aggregates are a speci�c set of materials composed by groups of molecules,

usually dye molecules, held together by non-covalent forces, which can be both found

in nature or arti�cially made (Fig. 1.6). Examples of such structures are represented

by molecular crystals, as well as nanoscale self-assembled structures, molecular �lms and

light harvesting systems in photosynthesis reaction centers [25].

(a) Natural aggregate. (b) Arti�cial aggregate.

Figure 1.6: Natural and arti�cial molecular aggregate examples [25].

This class of material is characterised by peculiar optical proprieties which were �rstly

investigated by Michael Kasha et al. in the 1960s [26, 27]. Speci�cally, the aggregation

phenomena leads to a stark change in the absorption spectra from the one of the starting

monomer as a consequence of the interaction between molecular transition dipole mo-

ments. The result is a �rst aggregate classi�cation into two main groups: H aggregates

(Hypsochromic aggregate), characterised by a blue-shifted band in the absorption spec-

tra, and J aggregates (from Jelly who discovered them [28]), characterised instead by a

red-shifted band in the absorption spectra [25]. Such phenomena can be described �rst-

hand through the exciton model, which will be discussed in greater depth in the following

Subchapter.

For what concerns the self-aggregation process of organic dyes in itself, it can be driven

by di�erent phenomena and lead to the formation of di�erent structures. Examples are
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represented by the e�ect of electrostatic forces pushing molecules to adsorb on a surface

or water repelling the hydrophobic parts of the molecules to form tubular aggregates. The

structure of the aggregate can also be in�uenced by shape and charge of the molecules.

The result of this variability is the possibility to �nd 1D aggregates, 2D aggregates (e.g.

Langmuir-Blodgett �lms) and 3D ones also known as molecular crystals.

In nature, molecular aggregate can be found as functional units in light-harvesting com-

plexes acting in the photosynthesis process. They work by absorbing and/or transferring

energy thanks to the exciton transport phenomena to reaction centers where such energy

is converted into free charges for chemical reactions [25]. For what concerns arti�cial

aggregates instead, they have been employed for a multitude of applications encompass-

ing wavelength selective sensitizer in photography, colorants design, production of �exible

�uorescent �bers for thin-�lm optical and optoelectronic devices, as well as for sensing

applications.

1.3.2. The exciton model applied to molecular aggregates

The exciton model in its prime form is based on the seminal work by J. Frenkel who in the

1930s developed it to describe the process of light absorption in solids [29]. This model

revolve around the exciton quasi-particle, which is the currentless electronic excitation

resulting from the interaction of molecules with incoming radiation. It basically consist

in a bound state of an electron promoted to the conduction band and the corresponding

hole in the valance band, which are attracted to each others by electrostatic forces (Fig.

1.7).

Figure 1.7: Exciton representation as electron-hole pair in the band structure of a material.

The excitons in molecular aggregates allow the transfer of energy in a similar fashion
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to the propagation of light in metamaterials. The functioning mechanism is based on

the transfer of excitation while the electrons remain localized on the single molecule [25].

Such energy transfer can be both coherent, incoherent or a mixture of the two. The

�rst two cases can be considered limiting ones and represent respectively two opposing

situations. The situation in which the excitonic system is perfectly ordered, resulting

in a fully delocalized exciton wave-function over the entire aggregate, and the situation

in which the monomers might feel structural di�erences in its surroundings leading to a

static disorder of transition energies and a localization of the exciton wave-function. The

third one, being in between the two extremes, is actually the most realistic and common

of the three cases. In order to be able to di�erentiate between these di�erent regimes, it is

possible to compare the excitonic couplingV to the magnitude of the disorder, represented

by the dynamic shift of the average excitation energy� En in the following way [30]:

ˆ regime of strong coupling (j V
� E j � 1): this is the case in which the excitation is

delocalized over several subunits, resulting in a Frenkel exciton state, which allow a

coherent wavelike energy transfer over ultrafast time scales.

ˆ regime of weak coupling (j V
� E j � 1): this is the case in which the disorder leads

to a localization of the excitation energy on the individual monomer and an energy

transfer based on di�usive hopping-like mechanism (Föster limit) over longer time

scales.

ˆ regime of intermediate coupling : this is the regime in between the two limiting

ones.

Of high importance to the �eld, fundamental for the understanding the peculiar optical

properties of molecular aggregates, as well as the backbone of this work is the research of

Kasha et al. in the 1960s [26]. This simple, although highly e�ective model, is solely based

on the Coulomb coupling (electronic interactions) between �rst neighbour chromophores

(i.e. the part of a molecule responsible for its colour), deriving from the interaction

between molecular transition dipole moments associated to each monomer exciton [27].

To understand Kasha work and the insights it provides on the photophysical properties of

molecular aggregates, it is instructive to start by considering the simple case of a dimer.

Kasha's dimer model

In this basic physical system, all molecules remain electrically neutral both in the ground

and excited state, since excited electrons and their corresponding holes are localized on

the same molecule (Frenkel exciton) [31]. First of all, the ground state wave function of
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the dimer can be de�ned as

	 g =  1 2 (1.14)

where 1 and  2 are the ground state wave function of the two considered molecules. The

Hamiltonian operator for the dimer can then be written as

H = H1 + H2 + V12 (1.15)

where H1 and H2 are the Hamiltonian operators of the isolated molecules, whereasV12

is the transition dipole coupling (exciton coupling), a Coulombic potential approximated

as point-dipoles interaction. Since in the considered system the intermolecuar electron

overlap is small, the monomers are able to preserve their individuality andV12 can thus

be considered as a small perturbation. The following illustrated molecular exciton model

can therefore be equated to a perturbation theory [26].

From the Shrödinger equation it is possible to derive the ground state energy of the dimer

H 	 g = Eg	 g ! Eg = 	 �
gH 	 g

=
Z Z

 �
1 �

2(H ) 1 2d� 1� 2

= E1 + E2 +
Z Z

 �
1 �

2(V12) 1 2d� 1� 2

= E1 + E2 + Dg

(1.16)

In the last line, E1 andE2 represent the ground state energies of the two isolated molecules,

whereas the last termDg represent the Van der Walls interaction energy.Dg acts by

lowering (Dg < 0) the ground state energy of the dimer.

The dimer excited state wave-function, basically the exciton wave-function, can be written

as a linear combination of the situation in which molecule 1 is in the excited state and 2

in the ground state and vice versa

	 e = a y
1 2 + b 1 y

2 (1.17)

where y
1 and  y

2 are the wave-function of the excited state of the isolated molecule anda

and b coe�cients to be determined. The Shrödinger equation for the above de�ned state
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is therefore

H 	 e = Ee	 e ! H (a y
1 2 + b 1 y

2) = Ee(a y
1 2 + b 1 y

2) (1.18)

which, by multiplying each sides for y
1 2 ( 1 y

2) and integrating other the coordinates

for the two molecules 1 and 2, leads to the linear system

8
<

:
aH11 + bH12 = aEe

aH21 + bH22 = bEe

(1.19)

where the terms composing it are de�ned as

H11 = H22 =
Z Z

 y
1 2H y

1 2d� 1� 2 = Ee1 + Eg2 +  �y
1  �

2V12 
y
1 2

H12 = H y
21 =

Z Z
 y

1 2H 1 y
2d� 1� 2 =  �y

1  �
2V12 1 y

2

(1.20)

(1.21)

After grouping the coe�cients a and b, the determinant of the system matrix is set equal

to zero in order to �nd non-trivial solutions for the excited energy of the dimerEe

�
�
�
�
�
H11 � Ee H12

H21 H22 � Ee

�
�
�
�
�

= 0 ! (H11 � Ee)2 � H 2
12 = 0 (1.22)

Solving the above equation for the dimer excited energyEe results in two solutions

E +
e = H11 + H12 with 	 +

e =
1

p
2

( y
1 2 +  1 y

2)

E �
e = H11 � H12 with 	 �

e =
1

p
2

( y
1 2 �  1 y

2)

(1.23)

(1.24)

where, by substituting in Eq. 1.20, 1.21, the full expression forE +
e and E �

e can be

evaluated as

E +
e = Ee1 + Eg2 +

Z Z
 �y

1  �
2(V12) 

y
1 2d� 1� 2 +

Z Z
 �y

1  �
2(V12) 1 y

2d� 1� 2

= Ee1 + Eg2 + De + J (1.25)
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E �
e = Ee1 + Eg2 +

Z Z
 �y

1  �
2(V12) 

y
1 2d� 1� 2 �

Z Z
 �y

1  �
2(V12) 1 y

2d� 1� 2

= Ee1 + Eg2 + De � J (1.26)

The term De represents once again the energy lowering Van der Walls interaction between

the excited molecule 1 and the ground state 2, whereas the last termJ is the exciton

splitting term. The molecular exciton wave-functions considered in this formulation has

a similar form to the one of a molecular orbital wave-function, but the dagger in this case

refers to the excitation in the individual molecule. Therefore in this system, nodes are not

describing changes in the charge distribution, but rather changes in the phase relation of

transition dipoles.

By applying the point-dipole approximation J can be de�ned by the following expression

Figure 1.8: Representation of two interacting dipoles with the most relevant parameters

(angles between dipoles and distance).

J =
(�� 1 � �� 2)j �r12j2 � 3(�� 1 � �r12)(�� 2 � �r12)

j �r12j5
=

� 1� 2

r 3
12

� (�; � )

where � (�; � ) = ( �̂ 1 � �̂ 2) � 3(�̂ 1 � r̂12)( �̂ 2 � r̂12) = cos � � 3 cos2 �

�� = j� j � �̂; �r = jr j � r̂

(1.27)

According to Kasha theory, this term represents an interaction energy between two

molecules that results from the exchange of excitation energy. This interaction is re-

sponsible for the resonance splitting of the excited state energy levels in the dimer, which

are initially non-degenerate in each individual molecule or light-absorbing unit. Some

peculiarity which is possible to notice from this expression is the relationship between the

square of the transition dipole moment of the single molecules and the exciton energy

splitting. This highlight a direct proportionality between the intensity of light absorption
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by the monomer and the exciton band splitting itself. Moreover, it is evident the depen-

dence of the exciton splitting from the geometry of the system, in particular the distance

and the orientation between the two molecules.

By employing the results just obtained it is possible to analyse the main classi�cation of

molecular aggregates.

H aggregates

Figure 1.9: H aggregate energy and optical spectra.

In this type of aggregate, the transition dipole moments are parallel one to the other.

From the energy spectra it is possible to see that theE �
e energy level is placed lower

due to the out-of-phase dipole arrangement which corresponds to an attractive (negative)

interaction. The resulting dimer transition dipole is null due to the sum of the opposing

monomers dipoles. For this reason this energy level is forbidden and optically dark for

the system under analysis.

On the over hand, theE +
e energy level is moved higher with respect to the Van der

Walls shifted degenerate energy level as a consequence of in-phase dipole interaction

giving repulsion (positive), generating the so called H band. For what concerns the dimer

transition dipole, it is given by the sum of the individual transition dipole moments of the

isolated molecules. This means that for the upper excited energy level it is equal to two

times the monomer one. This is the allowed energy level for this kind of aggregate, which

will be optically bright once the system is exposed to radiation of the correct frequency.

Among the main consequences of this exciton splitting, there is the blue shifting of the

singlet-singlet electronic transition with respect to the monomer one, as well as the en-

hancement of the lowest triplet state excitation together with a quenching of the �uores-

cence. This last consequence is a result of the fact that, due to the out-of-phase alignment
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of transition dipoles for the lower excited energy level,E �
e has no direct radiative coupling

to the ground state and therefore shows a suppressed radiative decay rate [27, 32]. The

most common example of this kind of dimers are London-force dimers formed by planar

conjugated molecules.

J aggregates

Figure 1.10: J aggregate energy and optical spectra.

In J aggregates the transition dipole moments are positioned in-line with respect to one

another. For what concerns the two energy levels resulting from the splitting,E +
e and E �

e ,

they are still placed respectively above and below the Van der Walls shifted degenerate

energy level due to the alignment of monomer transition dipoles generating attractive

(+)/repulsive (-) interactions. For what concerns the dimer transition dipole instead, the

situation is opposite to the previous case. Therefore, for the upper excited level it is null

(forbidden energy level, optically dark), since the single monomers transition dipoles are

in out-of-phase alignment. Whereas for the lower excited state it is double the one of

the monomers (allowed energy level, optically bright) since they are characterised by an

in-phase alignment.

In contrast with the previous case, the exciton splitting leads to a red shift of the optical

spectra with respect to the monomer one, due to the formation of the J band at energy

E �
e . Moreover a radiative coupling of the lowest excited state to the ground state shows

up resulting in an enhanced radiative decay rate [32, 33].
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Oblique transition dipoles

Figure 1.11: Dimer with oblique transition dipoles energy and optical spectra.

In this case the two monomers transition dipoles are neither parallel nor in-line but

oriented one with respect to the other according to the two angles� and � . The result is

that the in-phase alignment of transition dipoles leads to a decrease in energy due to its

attractive character, whereas the out-of-phase arrangement results in an increase in the

excited energy level due to its repulsive nature. For what concerns the transition dipole

moments of the dimer they are, both for the lower and higher excited state, not null.

The resulting optical spectra in this case is characterised by the presence of two peaks,

shifted above and below the monomer one, corresponding to the two excited energy states

generated by the splitting. Being the dimer transition dipole moment not null for both

E +
e and E �

e the two corresponding states are both allowed (optically bright).

Co-planar transition dipoles

Figure 1.12: Dimer with co-planar transition dipoles.
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This cases covers the two previous J- and H- aggregates depending on the angle� and

the resulting alignment of the monomers transition dipole moments. Speci�cally, when�

= 90° the systems is equivalent to the previously described H aggregate whereas, when�

= 0°, the systems is equivalent to a J aggregate.

In this speci�c system the exciton interaction term is de�ned as

J =
j� j2

r 3
12

(1 � 3cos2(� )) (1.28)

By observing this expression it can be easily derived that for the angle 54.7° the value ofJ

is equal to zero and the exciton splitting is not present, independently from the monomer

distancer12.

Beyond Kasha's aggregate model

In the following decades from the publication of Kasha et al. paper, further models have

been developed to study this systems. These models were de�ned in order to account for

the short-comings of the Kasha one, which did not account for the exciton-vibrational cou-

pling, nearest-neighbor wave function overlap, the e�ect of the surrounding environment

and considered only the Coulombic coupling between monomers [25, 27, 34].

Fundamental in the evolution of the �eld has been the contribution of F. C. Spano. First

of all, the models introduced by Spano allowed to account for the vibronic progression

of molecular aggregate energy spectra caused by the electron-phonon coupling with the

carbon-bond stretching modes. According to such theory, in the regime of strong electron-

phonon coupling, a series of vibronic excitons are formed, meaning an ensemble of exciton

states dressed by intramolecular vibrations separated by vibrational energiesh� 0 (see Fig.

1.13a,c). The result is that the single electronic exciton manifold gets split intoN vibronic

exciton states, each characterized by a vibrational quantum number� . As in the Kasha

model, for H aggregates only the transition to the highest-energy vibronic exciton state

of each manifold are allowed. In addition, the transition to the highest energy exciton

level n in the � = 0 manifold is suppressed with respect to� > 0 manifold, resulting in

reduction of the lowest energy peak in the absorption spectra of H aggregate (Fig. 1.13b).

For the case of J aggregates the situation is opposite: the allowed transitions are only the

one in the lowest energy vibronic exciton state, moreover the transition into the� = 0

manifold is strongly enhanced (Fig. 1.13d).

The strength of this model stands in the easy distinction between H and J aggregates,

simply by considering the intensity ratio of the� = 0 and � > 0 which is directly linked
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to the electronic interaction [35, 36].

Figure 1.13: Exciton-vibrational coupling. a) Energy spectra of vibronic excitons for an H

aggregate and the corresponding absorption spectra in b). c) Energy spectra of vibronic

excitons for J aggregates and the corresponding absorption spectra in d). In a) and c) the

left graph represent the case of non-interacting monomers, whereas the right one shows

the progression of vibronic exciton bands separated in energy by the vibrational energy

h� 0 resulting from interacting monomers [35].

Spano and Hestand also identi�ed how for speci�c packing arrangements, like the� -stacks,

the monomers result close enough (distance� 4 Å) to allow a wave-function overlap and

the rise of short-range interactions which facilitate intermolecular charge-transfer. Such

short range interactions can also promote aggregation behaviour leading to the formation

of H and J aggregates and have comparable/exceeding magnitude with respect to Coulomb

interactions. Especially this last characteristic can lead to interference e�ects, which the

simple geometry classi�cation scheme of H and J aggregates cannot de�ne [34].
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Figure 1.14: Model perylene� -stack showing short-range charge-transfer (CT)-mediated

interactions, JCT , and long-range Coulomb interactions, for whichJCoul is the nearest-

neighbor [34].

This short range coupling change sign multiple times over shorter distances than the

Coulomb coupling, leading to multiple H and J aggregate interconversions which, by

interfering with the long-range coupling, results in new aggregate types like HH, HJ, JH

and JJ.

In the next Section the attention will be shifted to introduce the state of the art of the

quantum computing �eld necessary to understand how and which devices could be used

for solving quantum chemistry systems like molecular aggregates.

In the next chapter the main problematic related to the study of molecular aggregates

will be introduced along with quantum simulations methods employed in this work to

e�ectively tackle such systems.
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2| Di�culties in studying

molecular aggregates and

proposed solutions

In this second chapter, a short overview of the problematics encountered in studying

molecular aggregates properties, as well as the most recent methods to overcome such

di�culties will be given. The chapter will then continue with an overview of the VQE

and VQD methods employed in this work for the estimation of the energy spectra of

molecular aggregates, in an attempt to solve such problems.

2.1. Main problematics and recently proposed solu-

tions

As introduced in the sub-chapter 1.3.1, molecular aggregates are fundamental both in na-

ture, where they represent the backbone of photosynthetic light harvesting structures, as

well in man-made devices such as new generation molecular sensors and magnets. That

result in the need for deeper investigations into how this type of material works and

speci�cally its photophysical properties. Unfortunately, the current optical investigations

techniques, i.e. far-�eld and near-�eld optical spectroscopy, are not able to probe molec-

ular aggregates spatial structure down at the single molecule level. This makes it di�cult

to investigate the e�ect of disorder and noise on exciton transport mechanisms and related

photophysical properties [37]. It is also possible to compute such properties analytically,

as shown in the previous Chapter, even though with limitation to small systems. This

is due to the fact that the computational cost scales exponentially with the size of the

analysed system.

An interesting, recently proposed approach to solve these problems is the employment of

meta-materials able to simulate molecular aggregate behaviour. These meta-materials are

characterised by tunnable properties which can be freely introduced through the meta-
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molecules composing them. Since the meta-materials of electromagnetic type employed

for such simulations work in the micro-wave regime, it is much easier to fabricate them to

build the needed system, as well as to investigate the photopysical properties of molecular

aggregates at cm scale.

The employed meta-molecules for these simulations are based on the double split-ring

resonator design inserted, or not, into a metallic frame (Fig. 2.1a,b,c). Such design allows

to isolate the magnetic and electric components of the dipole moment in order to more

faithfully reproduce the behaviour of molecular aggregates. The two components are

aligned respectively longitudinally and perpendicularly to the meta-molecule chain axis

(Fig. 2.1d).

(a) Double ring meta-molecule. (b) Frame meta-molecule.

(c) Double ring + frame meta-molecule. (d) Meta-molecules chain.

Figure 2.1: Meta-molecules employed to simulate molecular aggregates. [37]

As shown in the above �gures, the recorded response of the three possible meta-molecules

when exposed to a near-�eld probe, highlight the presence of magnetic and electric single-

modes respectively for the isolated double-ring and frame (Fig. 2.1a,b). On the other

hand, the combined double ring + frame structure, shows both magnetic and electric

resonances but shifted with respect to the one of the isolated designs.

By aligning the above described meta-molecules at an intermolecular distance of� /20

(where � is the wavelength of the dielectric material composing them) and exposing the

obtained chain to a near-�eld probe, dispersion diagram for a certain set of frequencies
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