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1. Introduction

Networks are strongly non-Euclidean data object
and it is challenging to study differences in distri-
butions between two populations of networks relying
on hypothesis testing.

As reported by [2], the traditional approach refor-
mulates the problem in a multivariate data analy-
sis, considering a vector of graph summary indices
for each observation that, however, may not prop-
erly represent the graph structure in its complexity.
Other existing approaches focus only on labelled net-
works, i.e., graphs that share the same exact nodes.
Still, in the real world, there exist networks related
to the same phenomenon that are not defined on the
same set of nodes. Indeed, they may present different
number of nodes or inconsistent node labels. These
graphs are called unlabelled networks. Making infer-
ence on them is not trivial [1] and this also applies
to tests for populations of unlabelled networks.

In this work, we introduce a general method, in
which we consider a two-sample hypothesis testing
approach between two populations of unlabelled net-
works. Our method applies to any possible type or
structure of networks.

The novelty of our approach is based on the integra-
tion of the Graph Space framework [1] in network-
valued hypothesis testing, in order to properly han-
dle unlabelled networks. As in [2], we rely on permu-
tation tests with test statistics based on inter-point
distances between networks. We consider intrinsic
metrics in the Graph Space and, for this reason, we
refer to our method as Intrinsic Approach.

The Intrinsic Approach is implemented in the R
package nevada.

2. Statistical framework

A network is a data structure defined by a set of
nodes and a set of edges that specifies the connec-
tions among nodes. A network with n nodes is fully
represented by its n x n adjacency matrix A. Then,
Networks are represented in the space X = R™ of
flattened adjacency matrices.

Since unlabelled networks may have different labels,
it is not trivial to spot similarities or differences be-
tween them. As cited in [1], this problem is softened
by implicit or explicit matching of nodes between two
networks. Looking for a potential matching among
nodes means finding an optimal alignment between
networks. In the space X, this is equivalent to find
the optimal permutation of networks nodes. Node
permutations, that can be grouped in a set T, are
possible in X via permutation matrices.

The Graph Space X := X/T is the quotient space
of the flattened adjacency matrices space in which
two networks are equivalent if they differ only by a
node relabelling. In other words, [x] € Xp includes
all the networks in X that can be obtained from
x € X by permutations of the nodes labels.

A metric dx in X implies a metric dx,. in Xp:

dxr([21], [22]) -= min dx (1, 22) (1)

To perform tests on unlabelled networks, we consider
the permutation test, as in [2]. The permutation test



is an exact and consistent non-parametric hypothesis
testing procedure. This strategy is computationally
heavier with respect to parametric tests, but it does
not require tight distributional assumptions or large
sample sizes.

3. Intrinsic Approach

Given two sample of unlabelled networks in the
Graph Space with sample sizes m; and msy, we want
to test differences between their distributions.

In particular, consider a sample of i.i.d. network
random variables G11,...,G1m, ~ F1 and a sample
of i.i.d. random variables Ga1, ..., Gam, ~ Fs; then,
the test can be expressed as:

H() : F1 = FQ against H1 IF1 # F2 .

As said before, we rely on the permutation test.
The most natural choice of test statistic would be
a distance between the sample Fréchet means but,
since the sample Fréchet mean may be not unique
in the Graph Space [1], it would lead to ambigu-
ous results. Following [2], we adopt in our method
inter-point statistics based on distances between the
pooled observations.

In (1), we explain that a distance in the Graph Space
X7 is defined by a distance in the original space
X of flattened adjacency matrices. In particular,
whenever we need to compute in Xp an intrinsic
distance between two networks, we are computing
a distance between classes of equivalence. In X, it
is the same as computing the distance between the
first network and the second one subject to a node
relabelling that minimizes this distance. In other
words, to compute an intrinsic distance in X7 it is
required to find the optimal alignment between two
networks with respect to a certain distance in X.
Since our method is based on intrinsic distances in
X7 that require alignments between networks, we
refer to our method as the Intrinsic Approach.

In the following, we summarize steps of our method.
The first step requires to add null nodes to networks
in the two populations that present fewer nodes. In
this way, we can work with fixed-size adjacency ma-
trices.

Then, in order to evaluate the test statistic, we com-
pute all the inter-point distances between networks
in X7 as in (1), looking for optimal nodes matching.
The exact matching of nodes is practically unfeasi-
ble, since it scales rapidly with the number of nodes.
Hence, we rely on approximate matching algorithms.
For example, [3] propose the graph matching al-
gorithm with indefinite relaxation of the objective
function, counting on the Frank-Wolfe methodology.
This algorithm is based on the Frobenius distance
between networks, that is the most natural choice
among distances, since it corresponds to the Eu-
clidean distance in the X.

After distances computation, the permutation test is
performed.

Finally, the Dwass-Phipson-Smyth p-value is com-
puted.

4. Simulation studies

We perform simulations in order to show: (i) the ef-
fectiveness of the Intrinsic Approach, (ii) the proper
test statistic to choose whenever the Frobenius dis-
tance is selected and (iii) the reliability of our
method with respect to the alternative one, that we
call Extrinsic Approach.

To achieve these results, we compute the Monte-
Carlo estimate of the power in various scenarios.
For the Intrinsic Approach we pick the Frobenius
distance, using the indefinite relaxation approximate
matching algorithm.

The Extrinsic Approach share the same statistical
framework related to the Graph Space proposed for
the Intrinsic Approach, but it employs extrinsic dis-
tances in X7 based on maps from X7 to a lower
dimensional space that are invariant to node rela-
belling. For this reason, the Extrinsic Approach does
not require any alignment between networks. In sim-
ulations we choose the spectral distance for the Ex-
trinsic Approach.

In the first simulation, we compare different inter-
point test statistics. We replicate the same sim-
ulation study led by [2], concentrating on IP-
StudentFisher, energy, density-based and general-
ized edge-count statistics. In particular, we gener-
ate two samples of unlabelled networks whose edge
weights follow an i.i.d. binomial distribution. We
treat these graphs as unlabelled networks in the
Graph Space, i.e., as if we do not have any a pri-
ori knowledge of correspondence in nodes labels. We
consider 3 scenarios in which the distributions of the
two samples differ by location-only, scale-only and
both location-scale differences, respectively.

We notice that our method gives expected results.
Both for location-only and location-scale differences,
the power grows coherently with the increasing value
of differences; this is also valid for scale-only, except
for the energy statistic that has low power. The
IP-StudentFisher statistic performs well in each sit-
uation, and it is the best statistic in detecting differ-
ences in mean and simultaneously in mean and vari-
ance; the density-based statistic has similar perfor-
mance and it is slightly more powerful than the IP-
StudentFisher in finding scale-only differences. The
generalized edge-count has lower power in each sce-
nario, meanwhile the energy statistic reaches good
performance in location-only and location-scale dif-
ferences but, as reported before, it has very low
power in detecting differences in variance.

In the second simulation, we compare the Intrin-
sic Approach with the Extrinsic Approach. Espe-



cially, we show that our method is able to detect
actual differences in distribution of the two samples
in situations in which the alternative one fails. More
precisely, the Intrinsic Approach is not critically re-
stricted to the choice of a specific metric, since intrin-
sic distances in the Graph Space preserve the original
structure of the graph. Instead, the choice of a dis-
tance for the Extrinsic Approach is crucial, since it
maps the network in a lower dimensional space with
resulting loss of information; as a matter of fact, the
chosen embedding may not capture important fea-
tures of the graph structure.

We generate networks that share the same spectrum
distribution, but two different sets of eigenvectors,
one for the first sample and the other for the second
sample.

To make a fair comparison, we choose the IP-
StudentFisher statistic, since it reaches good perfor-
mance for both methods.

As expected, the Extrinsic Approach with spectral
distance is not able to detect differences between
samples under the alternative hypothesis of differ-
ent distributions, meanwhile the Intrinsic Approach
has very high power.

5. Application to football data

To show the usefulness of our method, we apply the
Intrinsic Approach with Frobenius distance and the
IP-StudentFisher statistic on a real example in the
field of sports analytics.

Our aim is to analyse football passing strategies.
This task can be achieved by the study of the players’
passing network, i.e., a weighted graph with nodes
representing the players in a team and edges express-
ing the number of passes between two players in a
match. Football passing networks are perfect exam-
ples of unlabelled networks since, even in the same
team, there may be different players that take part
to games.

We create passing networks from a football database
available in StatsBomb Open Data repository [4].
We focus on the UEFA EURO 2020 and Lal.iga com-
petitions.

In order to understand relations between samples,
we perform a hierarchical agglomerative clustering.
Moreover, Fréchet means are computed, to make
qualitative comments on clusters.

In UEFA EURO 2020 competition, we consider two-
sample tests in which we compare two by two passing
strategy distributions between all the 24 competing
teams in UEFA EURO 2020. We assign to each team
a passing network for every game it plays. We notice
that teams can be grouped in 4 clusters of passing
networks. Qualitatively, Fréchet means tell us that
clusters are based on high, medium-high, medium-
low and low number of passes during the match.

In Laliga competition, we compare the passing
strategies adopted by different Barcelona managers

from October 2004 to May 2021, i.e.: Frank Ri-
jkaard, Pep Guardiola, Tito Vilanova, Gerardo Mar-
tino, Luis Enrique, Ernesto Valverde, Quique Setién
and Ronald Koeman. We assign to each manager a
passing network for every match they play. We no-
tice that Rijkaard implemented a different passing
strategy with respect to all the other managers and,
qualitatively looking at Fréchet means, it is prob-
ably because large number of passes are restricted
only to few players in comparison to other managers’.
Observing Guardiola, Vilanova and Martino Fréchet
means, we can deduce that these managers adopted a
passing strategy that favours large number of passes
between all the players. This latter comment is ap-
plicable in a more modest way to the other managers,
i.e., Setién, Koeman, Enrique and Valverde that can
be grouped as an unique class.

6. Discussion

The Intrinsic Approach is a new method that al-
lows hypothesis testing between two populations of
unlabelled networks. Its innovation lies in the inte-
gration of Graph Space theory in testing framework.
The strength of our method is supported by a great
flexibility in the choice of test statistics and intrin-
sic distances. In contrast to the alternative method,
i.e., the Extrinsic Approach, the Intrinsic Approach
preserves all the information about networks, reach-
ing reliable results. Moreover, the permutation tests
do not need critical distributional assumptions, nor
particular requirements on the sample sizes.

The main limitation of this approach derive directly
from drawbacks of the Graph Space and it is related
to the fact that approximate matching algorithms
slow down the entire method.

However, new algorithms may be studied and devel-
oped in order to improve this aspect and to support
other intrinsic distances besides the Frobenius one.
Moreover, further developments can be done provid-
ing quantitative tools to properly interpret results
from testing in populations of unlabelled networks.
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